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A VARIATION ON A CONJECTURE OF FABER AND FULTON

MICHELE BOLOGNESI AND ALEX MASSARENTI

ABSTRACT. In this paper we study the geometry of GIT configurations of n ordered
points on P! both from the the birational and the biregular viewpoint. In particular,
we prove the analogue of the F-conjecture for GIT configurations of points on P!, that
is we show that every extremal ray of the Mori cone of effective curves on the quotient
(PY)" JPGL(2), taken with the symmetric polarization, is generated by a one dimensional
boundary stratum of the moduli space. On the way to this result we develop some technical
machinery that we use to compute the canonical divisor and the Hilbert polynomial of
(PY)" JPGL(2) in its natural embedding.
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INTRODUCTION

In one of the most celebrated papers [DMG9] in the history of algebraic geometry Deligne
and Mumford proved that there exists an irreducible scheme M, , coarsely representing
the moduli functor of n-pointed genus g smooth curves. Furthermore, they provided a
compactification Mg, of M, adding the so-called Deligne-Mumford stable curves as
boundary points. Afterwards other compactifications of M,,, have been introduced, see
for instance [Has03].

In this paper we are interested in the compactification of My ,, given by the GIT quotient
Y = (P1)y™3 ) PGL(2) of configurations of n = m + 3 ordered points on P! with respect
to the symmetric polarization on (P')". The aim of our notation is to stress the dimension
of the space. In particular, for m = 3 we obtain the celebrated Segre cubic 3-fold 33 C P*

[Dol5].
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2 MICHELE BOLOGNESI AND ALEX MASSARENTI

The moduli spaces ﬂg,n are among the most studied objects in algebraic geometry.
Despite this, many natural questions about their biregular and birational geometry remain
unanswered.

The F-conjecture, where as far as we know F stays for Fulton and Faber, for ﬂg,n is one
of the long-standing conjectures in the field. Its statement is the following:

Conjecture. [GKMO02, Conjecture 0.2] A divisor on Mg, is ample if and only if it has
positive intersection with all 1-dimensional strata. In other words, any effective curve in
Mg is numerically equivalent to an effective combination of 1- strata.

In other words, as we stated in the abstract, any extremal ray of the Mori cone of effective
curves NE(M, ,,) is generated by a one dimensional boundary stratum. In [GKM02] A.
Gibney, S. Keel and I. Morrison managed to reduce the conjecture for any genus g to the
genus zero case, that is My ,,. Anyway, so far the conjecture is known up to n = 7 [KMc96,
Thm. 1.2(3)] (see [FGL16] for a more recent general account), and the very intricate
combinatorics of the moduli space Mo,n for higher n seem an obstacle pretty difficult to
avoid if one wants to try his chance.

In this paper we go in a somewhat orthogonal direction. Instead of trying to show the
conjecture for n > 7, we modify it slighlty by allowing a little coarser moduli space into
the picture. In fact, we consider the GIT quotient >.,,,. This quotient offers an alternate
compactification of M ,, which is a little coarser than My, on the boundary, and in fact
it is the target a birational morphism Movn — Y, that we will recall in the body of the
paper, see also [Boll].

Nevertheless, also X,,, has a stratification of its boundary locus, similar to that of Mo,n,
and one can ask exactly the same question of Conjecture . We tackle this problem taking
advantage of the fact that ¥,, is a Mori Dream Space, while we know that M, is not
a Mori Dream Space for n > 10 |[CT15, Corollary 1.4], [GK16, Theorem 1.1], [HKL16),
Addendum 1.4]. Mori Dream Spaces, introduced by Y. Hu and S. Keel [HK00], form a
class of algebraic varieties that behave very well from the point of view of the minimal
model program. In particular, their cones of curves and divisors are polyhedral and finitely
generated.

By Proposition if n = m + 3 is even then Pic(X,,) = Z and its cones of curves and
divisors are 1-dimensional. On the other hand, if n = m + 3 is odd then Pic(%,,) = Z™*+3
and the birational geometry of X,,, gets more interesting. In this case we manage to describe
the cones of nef and effective divisors of ¥, and their dual cones of effective and moving
curves. The first main result of this paper says that the analogue of the F-conjecture for
GIT configurations of points holds.

Theorem 1. If n = m + 3 is odd then the Mori cone NE(X,,) is generated by classes of
1-dimensional boundary strata.

In Theorem we will also describe precisely what are these 1-dimensional strata. The
main ingredients of the proof of Theorem [l|is a construction of our GIT quotients as images
Y., C PV of rational maps induced by certain linear systems on the projective space P™,
due to C. Kumar [Ku00, Ku03]|, a careful analysis of the Mori chamber decomposition of the
movable cone of certain blow-ups of the projective space and some quite refined projective
geometry of the GIT quotients. More precisely C. Kumar realized 3, as the closure of the
image of the rational map induced by the linear system Lo, 1 of degree g hyersurfaces of
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P29~1 having multiplicity g — 1 at 2g + 1 general points if m = 2g — 1 is odd, and as the
closure of the image of the rational map induced by the linear system Lo, of degree 2g + 1
hyersurfaces of P29 having multiplicity 2g — 1 at 2g + 2 general points if m = 2¢ is even. In
particular, N = hO(P*~1 Lo, 1) if m = 2g — 1 is odd, and N = h(P%, Ly,) if m = 2g is
even.

The tools developed turn out to be useful in resolving a couple of other problems related
to GIT quotients of configuration of points on P'. Furthermore, thanks to recent results
on the dimension of linear system on the projective space due to M. C. Brambilla, O.
Dumitrescu and E. Postinghel [BDP15, BDP16], we obtain some explicit formulas for the
Hilbert polynomial of ¥, C P¥. These results are resumed in Corollaries We
would like to mention that an inductive formula for the degree of these GIT quotients
had already been given in [HMSV09], while a closed formula for the Hilbert function of
GIT quotients of evenly weighted points on the line had been given in [HHI14]. The main
results on the geometry of %, C PV in Sections and Corollaries can be
summarized as follows.

Theorem 2. Let us consider the GIT quotient ¥,, C PN. If m = 29 — 1 is odd we have

PiC(EQQ—l) =Z, KEQg—1 = 0229—1(_2)7
and the the Hilbert polynomial of Yog—1 C PN is given by

—2
gt +2g—1 . 1(29+ 1\ (t(g—r—1)+29g—1—r—1
h t) = -1t :
Z2y-1(%) ( 29 — 1 + 0( ) r+1 29 — 1

r=

In particular

—2

2g—1 ] r+1(29+1 29—1
dog(Say 1) = g0+ S (-1 (2 ) g1y,
r=0

If m = 2g is even we have

Pic(Xyy) 2 2973, Ky, = Os, (-1),
and the the Hilbert polynomial of Yoy C PN is given by

L2g71

s, (1) = <(2g + 1)t + 2g> N i (1) (29 + 2) (t(2g o —1)+29—71— 1>'

2g = r+1 2g
In particular
12452

a1 (29 +2
deg(¥og) = (29 + > + > (—1) < h )(29 —2r —1)%.
r=0

Furthermore, the automorphism group of ¥, is isomorphic to the symmetric group on
n=m+ 3 elements S, for any m > 2.
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Plan of the paper. The paper is organized as follows. In Section [I] we recall some well-
known facts and prove some preliminary results on GIT quotient, moduli spaces of weighted
pointed rational curves and we clarify the relations between them. In Section [2| we prove
the analogue of the F-conjecture for 3, with m = 2¢g even. In Section |3| we work out
explicit formulas for the Hilbert polynomial a the degree of 3, C PV. Finally, in Section
[4 we compute the automorphism groups of X,,.

Acknowledgments. We thank Carolina Araujo, Cinzia Casagrande, Han-Bom Moon and
Elisa Postinghel for useful conversations.

The authors are members of the Gruppo Nazionale per le Strutture Algebriche, Geo-
metriche e le loro Applicazioni of the Istituto Nazionale di Alta Matematica ”F. Severi”

(GNSAGA-INDAM).

1. GIT QUOTIENTS OF (PH)?

The main characters of the paper are the GIT quotients (PY)"/PGL(2), that we review
now very quickly. For details there are plenty of very good references on this subject
[MFK94, [Do03, Dol2, HMSV09, Bolll, DOSS.

Let us consider the diagonal PGL(2)-action on (PY)™. An ample line bundle L endowed
with a linearization for the PGL(2)-action is called a polarization. Such a polarization on
(PY)™ is completely determined by an n-tuple b = (b1, ..., b,) of positive integers:

Now let us set |b| = by + ... + b,. A point z € (P!)" is said to be b-semistable if for
some k > 0, there exists a PGL(2)-invariant section s € HO((P')", L®*)PGL(2) such that
X, = {y € (P)" : s(y) # 0} is affine and contains z. A semistable point = € (P!)" is stable
if its stabilizer under the PGL(2) action is finite and all the orbits of PGL(2) in X, are
closed. A categorical quotient of the open set ((P1)?)**(b) of semistable points exists, and
this is what we normally denote by X (b)/PGL(2). We will omit to specify the polarization
when it is (1,...,1). If b is odd, then HO((P')", L®F)PGL(2) = 0 for odd k, and

(1.0) (PHY™(b) JPGL(2) = (P')™(2b) ) PGL(2).

Therefore, by replacing b by 2b if necessary, we assume that b is even.

1.1. Linear systems on P". Throughout the paper we will denote by L,, 4(m1, ..., ms) the
linear system of hypersurfaces of degree d in P" passing through s general points p1, ..., ps €
P™ with multiplicities respectively my, ..., ms. It was pointed out by Kumar [Ku03|, Section

3.3] that the GIT quotients (P')"(b)/PGL(2) can be obtained as the images of certain
rational polynomial maps defined on P"~3.

Theorem 1.2. [Ku03l Theorem 3.4] Let us assume that b; < Zj# bj foranyi=1,..,n,
and let pi,...,pn—1 € P"73 be general points.
- If |b] = 2b is even let

L=1L, a5 4 (0—by—biysb—b; — by, b — by — by)

be the linear system of degree b—b,, hypersurfaces in P"=3 with multiplicity b—b; —by,
at Di-
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- If |b] is odd let
L= Lo s5p o, (b— 2by — 2y, ..., — 2b; — by, ... b — 2b,, — 2b,)

be the linear system of degree b — 2b,, hypersurfaces in P"~3 with multiplicity b —
Qbi — an at Pi-
Finally, let ¢y : P*=3 ——s P(HO(P"=3,£)*) be the rational map induced by L. Then ¢,
maps birationally P"=3 onto (PY)™(b)JPGL(2). In other words (P*)™(b)//PGL(2) may be
realized as the closure of the image ¢ in P(HO(P"=3, £)*).

Example 1.3. For instance, if n = 6 and by = ... = bg = 1 then b = 3, and £ = L32(1, ..., 1).
In this case the rational map ¢, is given by the quadrics in P? passing through five general
points, and (P')"(b)//PGL(2) C P* is the Segre cubic 3-fold. This is a very well-known
classical object, see [Dol5, [AB15, BB12] for some historic perspective and applications.

If n=>5and by = ... =bs =1 then £ = L93(1,...,1) that is the linear system of plane
cubics through four general points. In this case the quotient is a del Pezzo surface of degree
five.

1.4. Moduli of weighted pointed curves. In [Has03|, Hassett introduced moduli spaces
of weighted pointed curves. Given g > 0 and rational weight data A[n] = (a,...,an),
0 < a; <1, satisfying 2g — 2+ > | a; > 0, the moduli space M [n) Parametrizes genus
g nodal n-pointed curves {C, (1, ..., z,)} subject to the following stability conditions:
- each z; is a smooth point of C, and the points x;,,...,x;, are allowed to coincide
only if % a; <1
j=1%; = 4
- the twisted dualizing sheaf wo(ayx1 + - - - + anxy,) is ample.

In particular, ﬂg, A[n) is one of the compactifications of the moduli space ﬂg,n of genus ¢
smooth n-pointed curves.

1.5. For fixed g, n, consider two collections of weight data A[n], B[n| such that a; > b; for
any ¢ = 1,...,n. Then there exists a birational reduction morphism

B, Aln) : Mg, am) = Mg B

associating to a curve [C, 51, ..., 5n] € My apn) the curve ppp) ap([C, 51, ..., $p]) obtained by
collapsing components of C' along which we(bisy + ... + bysy,) fails to be ample, where we
denotes the dualizing sheaf of C.

1.6. Furthermore, for any g, consider a collection of weight data A[n] = (ay,...,a,) and a
subset A[r] :== (aiy, ..., a;,) C A[n] such that 2g — 2 + a;, + ... + a;, > 0. Then there exists
a forgetful morphism

), Alr) * Mgl = Mg, ap)

associating to a curve [C, s1, ..., 5] € M ap,) the curve m o i ([C, 51, .., $p]) obtained by
collapsing components of C' along which we(a;, si; + ... + a;,.s;,) fails to be ample.

One of the most elegant aspects of the theory of rational pointed curves is the relation
with rational normal curves and their projective geometry. This has been outlined by
Kapranov in [Ka93|]. Here below we briefly recall this, and his construction of My, as an
iterated blow-up of P73,
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Kapranov’s blow-up construction. We follow [Ka93]. Let (C,x1,...,x,) be a genus zero
n-pointed stable curve. The dualizing sheaf we of C is invertible, see [Kn83]. By [Kn83,
Corollaries 1.10 and 1.11] the sheaf wc(z1+...4+x,,) is very ample and has n—1 independent
sections. Then it defines an embedding ¢ : C — P"2. In particular, if C = P! then
deg(we (1 + ...+ xp)) =n =2, wo(xy + ... + ) = 0*Opn—2(1) = Opi(n — 2), and ¢(C)
is a degree n — 2 rational normal curve in P"~2, By [Ka93, Lemma 1.4] if (C, 21, ..., z,) is
stable the points p; = ¢(x;) are in linear general position in P2

This fact combined with a careful analysis of limits in Mgm of 1-parameter families
contained in My ,, are the key for the proof of the following theorem [Ka93, Theorem 0.1].

Theorem 1.8. Let py, ..., p, € P2 be points in linear general position, and let Vo(p1, ..., pn)
be the scheme parametrizing rational normal curves through py, ..., pn. Consider Vo(p1, ..., pn)
as a subscheme of the Hilbert scheme H parametrizing subschemes of P"~2. Then

- Vo(p1s -y pn) & Mopn. _
- Let V(p1,...,pn) be the closure of Vo(p1,....,pn) in H. Then V(p1,...,pn) = Mo .

Kapranov’s construction allows to translate many questions about My, into statements
on linear systems on P"~3. Consider a general line L; C P"~2 through p;. There exists a
unique rational normal curve Cp, through pi,...,p,, and with tangent direction L; in p;.
Let [C,x1,...,xy] € Mo,n be a stable curve, and let I' € V(p1, ..., pn) be the corresponding
rational normal curve. Since p; € I is a smooth point, by considering the tangent line T},,I"
we get a morphism

fi: Mo, — P73

)

(1.9) C,z1,...,zp] — T,T

Furthermore, f; is birational and defines an isomorphism on My,. The birational maps

fj o f;l

i Mon i
/fjofzf 1\J
Pn—S ,,,,,,,,, 5 ]Pm—3

are standard Cremona transformations of P*~3 [Ka93, Proposition 2.12]. Foranyi = 1,...,n
the class ¥; is the line bundle on My, whose fiber on [C,x1,...,x,] is the tangent line
T,,C. From the previous description we see that the line bundle ¥; induces the birational
morphism f; : Mo, — P73, that is ¥; = f7Opn-3(1). In [Ka93] Kapranov proved that ¥,
is big and globally generated, and that the birational morphism f; is an iterated blow-up of
the projections from p; of the points p1, ..., P;, ...pn and of all strict transforms of the linear
spaces that they generate, in order of increasing dimension.

Construction 1.10. Fix (n — 1)-points p1, ..., pn_1 € P" 3 in linear general position:

(1) Blow-up the points pi, ..., pp—1,
(2) Blow-up the strict transforms of the lines (p;,, i, ), i1,i2 = 1,...,n — 1,

(k) Blow-up the strict transforms of the (k—1)-planes (p;,, ..., i), i1 o, b = 1, ..., n—1,
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(n —4) Blow-up the strict transforms of the (n — 5)-planes (piy,...;Di,_4)s i1y ey in—a =
1,...,n—1.

Now, consider the moduli spaces of weighted pointed curves Xg[n] := MO’ An) for k =

1,...,mn — 4, such that
-a;t+ap,>1fore=1,...,n—1,
- aj, + ... +a;, <1 foreach {i1,..,i,} C{l,...,n—1} withr <n—k—2,
- aj, + ... +a;, > 1 for each {i1,...,iy} C{1l,...,n—1} withr >n—k — 2.

While apologizing for the new notation, we try to justify it by remarking that Xj[n]
is isomorphic to the variety obtained at the k" step of the blow-up construction. The
composition of these blow-up morphism here above is the morphism f,, : Mg, — pr—3
induced by the psi-class ¥,,. Identifying My, with V(pi1,...,ps), and fixing a general
(n — 3)-plane H C P"~2 the morphism f,, associates to a curve C € V(py, ..., pn) the point
T,,CNH.

In [Has03, Section 2.1.2] Hassett considers a natural variation of the moduli problem of
weighted pointed rational stable curves by considering weights of the type Z[n] = (ay,...,an)
such that a; € Q, 0<a; <lforanyi=1,..,n,and > a; =2.

By [Has03, Section 2.1.2] we may construct an explicit family of such weighted curves
C (Z) — Mo, over My, as an explicit blow-down of the universal curve over Mo.p,.
Furthermore, if a; < 1 for any i = 1,...,n we may interpret the geometric invariant theory
quotient (P!)" /) PGL(2) with respect to the linearization O(ay, ..., a,) as the moduli space

MO,E[n} associated to the family C(A).

Remark 1.11. Note that we may interpret the GIT quotient (P1)"(b)/PGL(2) as a mod-
uli space ﬂ& Aln) by taking the weights a; = %bi. Conversely, given the space MO, Afn)
with (ay,...,a,) = (%, vy %—:) such that ) "' ; a; = 2 we may consider the GIT quotient

(PH™(b) ) PGL(2) with b; = a; M, where M = LCM (3;).

Remark 1.12. Let MQ Aln) be a moduli space with weights a; summing up to two, and let
M, ajn) be a moduli space with weights a; > a; for any i = 1,...,n. By [Has03, Theorem 8.3]
there exists a reduction morphism p Aln] Aln] ° Mo, A — /\/l07 Aln] operating as the standard
reduction morphisms in [L.5

Proposition 1.13. Let ¢, : P32 ——» (P)"(b) JPGL(2) C P(H°(P"~3, £)*) be the rational

map in Theorem and let f; : Mo,n — P"3 in . Then there exits a reduction
morphism p : Mo, — (P1)"(b) ) PGL(2) making the following diagram

MO,n
p
n|
Pt -2 (P1)" )/ PGL(2)

commutative.

Proof. As observed in [Ku03] via the theory of associated points, each point x € P"~3 which
is linearly general with respect to the n — 1 fixed points in P*~3 defines a configuration of
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points on the unique rational normal curve of degree n—3 passing through the (n—1)+1 =n
points. Moreover, this configuration is the image of = in (PY)"(b)/PGL(2) via ¢,. Via the
identification Vy(p1,...,pn) = Mo, of Theorem one easily obtains the claim. O

From the next section on, we will always omit the vector b of the polarization since it
will always be either (1,...,1) or (2,...,2) when we consider an odd number of points,

according to (1.0]).
2. BIRATIONAL GEOMETRY OF GIT QUOTIENTS OF (P!)" AND THE F-CONJECTURE

In this section we will study some birational aspects of the geometry of the GIT quotients
we introduced. In particular, we will describe their Mori cone and show that its extremal
rays are generated by 1-dimensional strata of the boundary.

Let us now fix a suitable notation for the GIT quotients. We will denote by >, the GIT
quotient (P1)™+3 ) PGL(2).

2.1. The odd dimensional case. We start by studying the case where the GIT quotients
parametrize an even number of points, that is ¥o,_1, for ¢ > 2. This reveals to be less
complicated than the even dimensional one, that we will consider eventually. In any case it
is worth looking at it. In fact it will allow us to prove another interesting result in Theorem
that, as far as we know, does not seem to have appeared in the literature. First of all,
we need a preliminary result.

Let us define Log—1 := L9g-1,4(9 — 1,...,g — 1) as the linear system of degree g forms on
P29~1 vanishing with multiplicity g at 2g + 1 general points p1, ..., D2g+1 € P29~1, In [Ku00),
Theorem 4.1] Kumar proved that £o,_; induces a birational map

(2.2) Og: P29-1 ., IP’(HO(IP’Zg_l, Log—1)")
and that the GIT quotient Xo,_1, that is the Segre g-variety, in Kumar’s paper [Ku00], is
obtained as the closure of the image of o, in P(H?(P2971, Lo, _1)*).

Proposition 2.3. Let p1,...,pag41 € P29=1 be points in general position, and let Xjﬁgl be
the variety obtained the step g of Construction[I.10, Then we have the following commu-
tative diagram

2g—1
X%
h \
f
P29-1 777,?’977779 229_1 cP

That is, the blow-up morphism f : X;i;l — P29~ resolves the rational map og-

Proof. By Construction the blow-up ngl may be interpreted as the moduli space

m0714[29-"-2] with A[2g + 2] = éa ceey %7 1)

Y9g4—1 is the singular moduli space Mo A29+2] with weights
A2g+2] = <g%, s g%, g—j_l , and by Proposition [1.13|the morphism oy : X;ggl
exactly the reduction morphism p Al2g+2,A2g+2] ° Mo Apg42) — Mo, A20+2] defined just by

Furthermore, by Remark

— Mg is

lowering the weights. O
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This fairly simple result has some interesting consequences, that we will illustrate in the
rest of this section. Anyway, first we need a technical, and probably well-known, lemma.

Lemma 2.4. Let X be a normal projective variety and f : X --» Y a birational map of
projective varieties not contracting any divisor. Then Kx ~ f 1Ky

Proof. Since X is normal f is defined in codimension one. Let U C X be a dense open
subset whose complementary set has codimension at least two where f is defined. Since f
does not contract any divisor then its exceptional set has at least codimension two, hence
we may assume that f|;; is an isomorphism onto its image. Therefore Ky ~ (f, 1Ky)|U,
and since U is at least of codimension two we get the statement. O

The first consequence of Proposition [2.3]is the following.

Lemma 2.5. The canonical sheaf of $ag—1 C PV is Kx,,_, = Os,,_,(-2).

Proof. Let ng_l be the blow-up of P?9~! at 2g + 1 general points p1, .osyD2g+1, and let
fq: Xlzg_1 --» X94—1 be the birational map induced by the morphism &, : in;l — Yog-1
in Proposition We will denote by H the pull-back in X129 1 of the hyperplane section
of P?29~1 and by Ei, ..., Es441 the exceptional divisors.

The interpretation of o, as a reduction morphism in the proof of Proposition yields
that f, does not contract any divisor. Indeed f, contracts just the strict transforms of the
(9 — 1)-planes generated by g of the blown-up points. Since o4 is induced by the linear
system Lo4_1, the pull-back via f,; of a hyperplane section of Yo, _1 is the strict transform
of a hypersurface of degree g in P29~! having multiplicity g — 1 at pq, ..., P2g+1- Since

2g+1 2g+1
~Ky20-1 ~2gH — (29 -2) ) E;=2 <gH—(g—1> > E>
=1

=1

we have that —KX12g—1 ~ fyOs,, ,(2). Now, in order to conclude it is enough to apply

Lemma [2.4] to the birational map f, : X%g_l -=> Yog1. O

Proposition 2.6. The divisor class group of $ag—1 is Cl(Sgg—1) = Z2972. Furthermore
Pic(Xag—1) is torsion free.

Proof. The classical case of the Segre cubic Y3 C P* has been treated in [Hu96, Section
3.2.2]. Hence we may assume that g > 2.

Let Y = HNXy4_1 be a general hyperplane section of ¥a,_;. Since dim(Sing(¥94—1)) =0
by Bertini’s theorem, see [Har77, Corollary 10.9] and [Har77, Remark 10.9.2], Y is smooth.
Note that X = (54)"1(Y) C X;g 5! is the strict transform via f of a general element of the
linear system Loy inducing o,. Therefore, X is smooth and o4 x : X — Y is a divisorial
contraction between smooth varieties.

Since dim(X) > 2, the Grothendieck-Lefschetz theorem (see for instance [Ba78, Theorem

A]) yields that the natural restriction morphism Pic(Xsi 51) — Pic(X) is an isomorphism.

Therefore Pic(X) & Pic(X[95,") = Z", with h = 1+ (2g + 1) + (*%") + ... + (*%/"). By
the interpretation of o, as a reduction morphism in Proposition we know that the
codimension one part of the exceptional locus of g, consists of the exceptional divisors
the blown-up positive dimensional linear subspaces of P29~1. Therefore, Pic(Y) = Z29+2.

Indeed Pic(Y') is generated by the images via 74 x of the pull-back of the hyperplane section
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of P29~1 and of the exceptional divisors over the 2¢g + 1 blown-up points. However, since
Y9g—1 is not smooth we can not conclude by the Grothendieck-Lefschetz theorem that its
Picard group is isomorphic to Z2912 as well.

On the other hand, thanks to a version for normal varieties of the Grothendieck-Lefschetz
theorem [RS06, Theorem 1], we get that Cl(X2,—1) = CI(Y), and since Y is smooth we have
CI(Y) = Pic(Y).

Finally, by [KI66, Corollary 2] we have that, even when the ambient variety is singular,
the restriction morphism in the Grothendieck-Lefschetz theorem is injective. Therefore, we
have an injective morphism Pic(¥2,_1) < Pic(Y) = Z?9%2, and hence Pic(32,_1) is torsion
free. [l

This allows us to compute the Picard group of a,_1. By different methods, this com-
putation was also carried out in [MS16].

Proposition 2.7. The Picard group of the GIT quotient Y251 C PN is Pic(Xgg-1) =
Z (H), where H is the hyperplane class. In particular, we have that Nef(Xo4_1) = RZ0.

Proof. Let oy : Xg2
Y9g—1 in Proposition 2.3l Note that P1(3(X29 1) 2P X% , where p(X2g D=1+ @29+
1)+ (2g+1) + ...+ (2g+ ) and that o, contracts all the exceptlonal divisors of the blow-up

f: X;ﬁ 21 P29~1 over positive dimensional linear subspaces. Now, let E; C ng_l be

9 —» 2g—1 C PY be the resolution of the birational map o, :P2otl

the exceptional divisor over the point p; € P29~1 and let E ; its strict transform in X;ﬂ 51.
Furthermore, denote by e; the class of a general line in E; C X 29—1,
By Proposition [2.3| we know that, besides the divisors over the posmve dimensional linear

subspaces, 0, also contracts the strict transforms St, ..., S,, with r = (29;1), in X;Sl of
the (¢ — 1)-planes <p,~1, ey P g>. Note that the contraction of S; is given by the contraction
of the strict transforms of the degree g — 1 rational normal curves in <pil, weey Di g> passing
through p;,,...,p;,. In fact, any degree g — 1 rational normal curve through p;,, ..., p;, is
contained in <pi1, ey Di g> and a morphism contracts S; to a point if and only if it contracts

2g—1
all these curves to a point. We may write the class in the cone Ny (X;i;l)R ~ Rz of
the strict transform of such a rational normal curve as

(2.8) (g—Dl—e;; —...— ¢

where [ is the pull-back of a general line in P?9~!. Note that the classes in (2.8) generate
the hyperplane

g

2g+1

gl+ > (9-
j=1

in Ny (Xlzg_l)R =~ R29+2 where XZQ_1 is the blow-up of P29~1 at py, ..., pag+1. Therefore, the

birational morphism o, : X;g 9 — Xag_1 contracts the locus spanned by classes of curves

generating a subspace of dimension (QQ'H) +...+ (QQ'H) +2g+1 of N1(X, X2 1) ~ RA(XG7 )’

and then
29 +1 29 + 1
p(Sag-1) = p(X951) — (( 92 )+...+(gg_l>+2g+1):1.
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Since by Proposition the Picard group of s, is torsion free and X951 C PV contains
lines we conclude that Pic(¥o4_1) = Z (H), where H is the hyperplane class. O

2.9. The even dimensional case. In this section we investigate the geometry of the
counterpart of ¥a,_1, that is the GIT quotient (P1)"(b) / PGL(2) with b; =1 fori = 1,...,n
and n odd. The quotient here has even dimension 2g, for a positive integer g, and hence
we will denote it by Xa,. Of course, we have n = 2g + 3. Note that in this case all the
semistable points are indeed stable, and then ¥, is smooth. Recall that, by Theorem
Yoy C P(HO(P?9,Ly,)*) is the closure of the image of the rational map induced by
the linear system Ls,, where we define Lo, as given by degree 2g + 1 hypersurfaces in P29
with multiplicity 2g — 1 at p; for ¢ = 1,...,2g + 2. We will denote by p, : P29 ——» Yoy C
P(HO(P%9, L5,)*) = P¥ this rational map.

This case is far more complicated and interesting than the odd dimensional one, and we
will need a good amount of preliminary results.

Proposition 2.10. Let ngil be the variety obtained at the step g of Construction .
Then there exists a morphism [ig : Xiﬂl — X (b)/PGL(2) making the following diagram

2g
ngl

commute, where f : X;gl — P%9 s the blow-up morphism.

Proof. By Construction [1.10 X;ﬂl = mo,A[ngrs} with A[2g + 3] = (ﬁ, ceey T%rQ’ 1), and

: Y _ 2 2
2g+3] with A[2g+3] = (w, ceey m

ftg = p Al2g+3),A2g+3] - Mo, aj2g43 — ﬂo, A29+3] and argue as in the proof of Proposition
O

Remark 2.11. Note that arguing as in the proof of Proposition we see that the stan-
dard Cremona transformation of P29 induces an automorphism of Yoy C PV, Indeed
the automorphism induced by the Cremona and the group Ssg42 permuting the points
D1y D2g+2 € P29 generates the symmetric group Sag+3 acting on Yo, by permuting the
marked points.

by Remark|1.11) X5 = M, 3

) . Therefore we may take

2.12. Linear subspaces of dimension g in s, C PN, Let H; = Hil,...,z‘gH be the g-plane
generated by p;,,...,pi, ., € P29, The linear system Loy m; is given by the hypersurfaces of
degree 2g + 1 in H; = P9 with multiplicity 2g — 1 at p;,, ..., Piy,,,- Now, let H; C Hj be a
(g9 — 1)-plane generated by the points indexed by a subset J C I with |J| = g. Then the
general element of Ly, must contain H; with multiplicity g(2g —1) — (¢ —1)(29+1) = 1.
This means that the divisor D equals Uy ¢y, ||s=¢ 7. Note that deg(D) = g + 1 and
multpi]_ D = g for any i; € I. Therefore, Ly, is the linear system of hypersurfaces of
degree 29+ 1 — (g + 1) = g in H; = P9 having multiplicity 29 —1—g = g — 1 at p;; for any
ij € I. This is the linear system of the standard Cremona transformation of P9. Therefore,
pgl i (Hp) C Yoy C P¥ is a linear subspace of dimension g¢.
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Now, let EY ~! be the exceptional divisor over the strict transform of a (g—1)-plane of P29
generated by g of the p;’s. Note that the reduction morphlsm fig X; 1= M, A[2g+3] —
Yigg = MO,A[

in Proposition [2.10| contracts Eg to a g-plane fig(E7™ Y c Yog C PN

2g+3]

2.13. We found (2;:12) + (29;2) linear subspaces of dimension g in X9, C PV, We will
denote by

C = {’)/1, ...,’)/c}, D = {51, ...,(5(1}

where ¢ = (299:12) and d = (29;2), the families of the g-planes coming from the H;’s and

the E?il’s respectively. Note that:
- on any d; we have g+2 distinguished points determined by the intersections with the
g—1 of the ;s coming from g-planes in P? containing the (g — 1)-plane associated
to 51',
- on any 7;, say coming from Hj, we have g + 2 distinguished points as well: g+ 1 of
them coming from the exceptional divisors Ez_l with J C I, |J| = g, and another
one determined as the image of the point Hy N Hye, where I, = {1,...,2g + 2} \ I.

Note that the g + 2 distinguished points on v; and §; are in linear general position. This
is clear for the «;’s. In order to see that it is true for the d;’s as well, notice that way map
any d; to any 7; just by acting with a suitable permutation in Sa,43 involving the standard
Cremona transformation as in Remark R.11]

Finally note that on any 7; we have g + 2 distinguished points and one of them is the
intersection point of v; with a ~;. We call such a «y; the complementary of y;, and we denote
it by v; = 7je. Therefore ; and 7;e determine 2(g + 2) — 1 distinguished points for any
i=1,..,1 (29+2). Summing up we have

2\ g+1
(2.14) 1<29+2> 2(g+2)—1) = 2(2g+3)!

2\ g+1 ((g+1)!)?
distinguished points in the configuration of g-planes C U D.
Remark 2.15. Arguing as in and using the description of the sections of Loy in [Ku03),

Section 3.3] we get that in X, C P(HO(P29, £5,)*) = PV there are N+2 of the distinguished
points described in that are in linear general position in PV.

2.16. Let us consider the following diagram:

/\

X329t » Sag

where h : X;i =X 129 is the composition of blow-ups in Construction Note that, by
interpreting the varieties appearing in the diagram as moduli spaces of weighted pointed
curves, and h and fi, as reduction morphisms as in the proof of Proposition we see
that the rational map v : X 129 --+ Yo, is a composition of flips of strict transforms of linear
subspaces generated by subsets of {p1, ..., p2g+2} up to dimension g—1. In particular, ¢ is an
isomorphism in codimension one and Pic(Xy,) = Z29%3 is the free abelian group generated
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by the strict transforms via ¢ of H, E1, ..., Eag42. The Picard groups was also computed in
[MS16]. Our computation has the advantage of showing explicit generators.

As Han-Bom Moon has observed in a personal communication, Yo, is not Q-factorial,
and many boundary divisors are just Weil divisors. This is basically the reason why the
rank of Pic(X94—1) drops so dramatically from the rank of Pic(Xq).

Lemma 2.17. The effective cone EH(X%") C R29+3 of ng is the polyhedral cone generated
by the classes of the exceptional divisors E; and of the strict transforms H — Y, ; E;,
I C{1,..,2g9+ 2}, with |I| = 2g, of the hyperplanes generated by 2g of the p;’s.

Proof. The faces of Eff(X 12 9) are described in [CT06, Lemma 4.24], and in [BDP16, Corol-
lary 2.5]. It is straightforward to compute the extremal rays of Eff (ng ) by intersecting its
faces. O

Lemma 2.18. The canonical sheaf of Saq C PV is isomorphic to Os,,(—1).

Proof. Let X129 be the blow-up of P29 at 2g + 2 general points pi, .oy D2g+2, and let hy :
X%g --+ Yo, be the birational map induced by the morphism g, : X;f | — Y24 in Propo-

sition As usual we will denote by H the pull-back to X12g of the hyperplane section
of P?9, and by Ei, ..., Es4419 the exceptional divisors. In order to conclude, it is enough to

note that
2g+2

—K 20 ~ (29 + 1) H — (29 — 1) Y E
=1

is an element of the linear system Lo, inducing pi4 : P29 - Yog, and to argue as in the
proof of Lemma [2.5 O

As we have seen in [2.16[t Pic(3y,) = Z29™3. In the next section our aim will be to
describe the cones of curves and divisors of Xo,.

2.19. Mori Dream Spaces and chamber decomposition. Let X be a normal projec-
tive variety. We denote by N'(X) the real vector space of R-Cartier divisors modulo numer-
ical equivalence. The nef cone of X is the closed convex cone Nef(X) C N!(X) generated
by classes of nef divisors. The movable cone of X is the convex cone Mov(X) C N!'(X) gen-
erated by classes of movable divisors. These are Cartier divisors whose stable base locus has
codimension at least two in X. The effective cone of X is the convex cone Eff(X) ¢ N1(X)
generated by classes of effective divisors. We have inclusions:

Nef(X) ¢ Mov(X) C Eff(X).

We say that a birational map f : X --» X’ into a normal projective variety X’ is a birational
contraction if its inverse does not contract any divisor. We say that it is a small Q-factorial
modification if X’ is Q-factorial and f is an isomorphism in codimension one. If f : X --» X’
is a small Q-factorial modification, then the natural pullback map f*: N}(X') — N(X)
sends Mov(X’) and Eff(X’) isomorphically onto Mov(X) and Eff(X), respectively. In

particular, we have f*(Nef(X’)) C Mov(X).

Definition 2.20. A normal projective Q-factorial variety X is called a Mori dream space
if the following conditions hold:
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- Pic (X) is finitely generated,

- Nef (X) is generated by the classes of finitely many semi-ample divisors,

- there is a finite collection of small Q-factorial modifications f; : X --+ X, such that
each X; satisfies the second condition above, and

Mov (X) = U fi (Nef (X;))

The collection of all faces of all cones f;(Nef (X;)) above forms a fan which is supported
on Mov(X). If two maximal cones of this fan, say f;(Nef (X;)) and f;(Nef (X;)), meet
along a facet, then there exists a commutative diagram:

777777777777 X

\/

where Y is a normal projective variety, ¢ is a small modification, and h; and h; are small
birational morphisms of relative Picard number one. The fan structure on Mov(X) can be
extended to a fan supported on Eff(X) as follows.

Definition 2.21. Let X be a Mori dream space. We describe a fan structure on the effective
cone Eff(X), called the Mori chamber decomposition. We refer to [HK00, Proposition 1.11]
and [Ok16, Section 2.2] for details. There are finitely many birational contractions from
X to Mori dream spaces, denoted by ¢; : X — Y;. The set Exc(g;) of exceptional prime
divisors of g; has cardinality p(X/Y;) = p(X) — p(Y;). The maximal cones C of the Mori
chamber decomposition of Eff(X) are of the form:

Ci = Cone (gf(Nef(Y;)) , Exc(g;) )

We call C; or its interior C; a mazimal chamber of Eff(X).

Let m > 1 be an integer. Let X', 5 be the blow-up of P at m + 2 general points. It is
well-known that X" 5 is a Mori Dream Space [CT06, Theorem 1.3], [AM16, Theorem 1.3].
In what follows we will describe the cones of divisors of X', ,, as well as its Mori chamber
decomposition. Once this will be done, we will concentrate on the case where m = 2g
in order to use these results to compute the cone of curves of ¥a,. We will consider the
standard bases of Pic(X]), o)r = R™*3 given by the pull-back H of the hyperplane section
and the exceptional divisors Fj, ..., Emnio.

Theorem 2.22. Let X7, 5 be the blow-up of P™ at m + 2, and write the class of a general
divisor D € Pic(X" o)r as D = yH + S A2 2By Then
- The effective cone Eff (X!, 5) is defined by
y+x; >0 ie{l,...,m+2},
my + S x> 0.

- The Mori chamber decomposition of Eff(X],,) is defined by the hyperplane ar-
rangement
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(2.23) (Q—k?)y_zieliﬂi:O if IC{l,....m+2} [I|=k—-1,
' (m—k+1)y = i+ S0 2 =0 if 1S {Lom+2}, |1 =k,

with 2 < k < ™43,
- The mowvable cone Mov(X]" ,) is given by

(m — 1)3/—Z¢efxi+z:‘§2$i >0 if IC{l,..m+2}, [I]=2,
x; <0 ie{l,...m+ 2},

y+x; >0 ie{l,..,m+2},
my—i—zyzz x; > 0.

- All small Q-factorial modifications of X are smooth. Let C and C' be two adjacent
chambers of Mov(X), corresponding to small Q-factorial modifications of X, f :
X --» X and X --» )?’, respectively. These chambers are separated by a
hyperplane Hy in , with 3 < k < ™2 qand |I| € {k — 1,k}. Assume that
©(C) C (H; < k) and o(C') C (H; > k). Then the birational map f'of~*: X --» X'
flips a P*=2 into a PH17F,

- Let C be a chamber of Mov(X), corresponding to small Q-factorial modification X
of X. Let 0 C OC be a wall such that o C dMov(X), and let f : X — Y be the
corresponding elementary contraction. Then either o is supported on a hyperplane of
the form (y+xz; = 0) or (my—zygf z;=0) and f: X =Y is a PL-bundle, or o is
supported on a hyperplane of the form (x; = 0) or (m—1)y—> ., fCiﬁLZ?:f z; =0,
IC{l,....m+2}, |I| =2, and f : X = Y s the blow-up of a smooth point, and
the exceptional divisor of f is the image in X of either an exceptional divisor E; or
a divisor of the form H — % .. E; with I C {1,....,m + 2}, |I| = m.

Proof. The statement about the effective cone is in Lemma By [Ok16, Theorem 1.2]
the inequalities for the movable cones and for the Mori chamber decomposition follow by
removing from the analogous systems of inequalities for the blow-up of P in m + 3 points
in [AM16, Theorem 1.3] the inequalities involving the exceptional divisor F,,43. Similarly,
by [Ok16, Theorem 1.2] the last two claims follow easily from the last two items in [AMI6),
Theorem 1.3]. O

Remark 2.24. Theorem allows us to find explicit inequalities defining the cones
Eff (X)) 5), Mov(X)",,), and Nef(X), for any small Q-factorial modification X of X ,.
For instance, Nef(X]" ,) is given by

z; <0 ie{l,..,m+ 2},
y+zi+a; >0 4,5€{l,...,m+2} i#j.

2.25. The Fano model of X ,. First, let us consider the case when m = 2g is even.
Then the anti-canonical divisor

2g+2
~Kyzo  ~ 29+ 1)H - (29 1) Z; E;
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lies in the interior of the chamber Cpqyn, defined by
{ (1_9)3/—2 I$1:2O Zflg{177m+2}7 |I|:g>
gy—ziela:,—i-Z;nJ{ ;=0 if I C{l,...,m+2}, |I\:g—i—17

that is the chamber in of Theorem [2.22] “ fork=g+1. By Theorem 2{the chamber
CFrano corresponds to a smooth small Q-factorial modification X29 Fano of X 2g 4o Whose nef

cone is given by (|2.26} - By Lemma E 2.18 we get that

(2.26)

(2.27) XF 22y,
If m = 2g — 1 is odd the class
2g+1
~Ky2-1 ~2gH — (29— 2) Y E;

2g+1

lies in the intersection of the hyperplanes

{ =9y = Dierzi=0_ IC{l,..,2g+1}, |I| =g,
(=Y = Dierzi+>32 =0 IC{l,...2g+1}, [[[=g+1

The variety corresponding to the intersection (2.28)) is a small non Q-factorial modification
of X%g;ll , and by Lemma we can identify this variety with the GIT quotient ¥o,_1.

has (29;2)—%(2;:12) = (299:13) extremal

(2.28)

Corollary 2.29. The Mori cone NE(X

Fano) OfX
rays.

Fano

Proof. Since X3 is a Mori Dream Space, NE(X A
Furthermore, NE(X Ffmo) is dual to Nef(X Fano) Therefore, the number of extremal rays
of NE(X F "no) 15 equal to the number of faces of Nef (X%fm ,). Now, the statement follows

from . O

2.30. Fibrations on X}%‘in .+ Let us stick to the situation where m = 2g is the dimension

of the GIT quotient. By the isomorphism (|2 we may identify the Fano model X F o
with the GIT quotient Xs4, which in turn, by Remark (1.11) is isomorphic to the moduli
2
’ 2943

with weights A[2g + 3] = ( 2

) is polyhedral and finitely generated.

space ﬂo A 35730 3553 Now, let us consider the

with weights B[2g +3] = (29%" ,29%» and the reduction

morphism P A2g+3),B129+3] - MO Bl2g+3 ./\/l0 A[2g+3)" Note that k’2 5 > 1 if and only if
k>g+1, and k > g+ 2 implies that k:2 s> LT herefore, [Has03l, Corollary 4.7] yields

is an isomorphism, and we may identify X%{mo with the moduli space

2g+3]

moduli space MO B29+3]

that PA[

M0,§[2g+3}' o
Recall that by Remark we may interpret Yo, 1 as the Hassett space MO’ B2g+2]

with §[2g +2] = (ﬁ, e ﬁ) Therefore, for any ¢ = 1,...,2g9 + 3 we have a forgetful

2g+3],B[2g+3]

morphism

i MO ,B[2g+3] — XFano - M07§[29+2} = E29—1-
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Now, consider the g-planes in X?,gan , described in 1' Note that in CUD we have

(231) <29 + 2> n <29 + 2> _ <29 + 3>
g+1 g g+1

g-planes. From the modular point of view these g-planes parametrize configurations of
2g + 3 points (P!, zy, oy T2g43) in P! with g 4+ 1 points coinciding. Let us fix a marked
point, say ag43. For any choice of g 4+ 1 points in (21, ..., x2442) we get a g-plane H in
CUD and its complementary g-plane H¢. For instance, if H is given by (z1 = ... = £g41)
then H€¢ is defined by (xg12 = ... = %2442). Note that H and H€ intersects a point
representing the configuration (z1 = ... = xg41,Tg42 = ... = Tag+2,T2g+3), and that the

~ 29
082943 = Xirno — MO,§[29+2} Yog—1 contracts H U H¢ to the

singular point of ¥9,_1 representing the configuration (x1 = ... = xg41,Zg42, ..., Tag42) =
(w1, oy Lgtl, Lg42 = o0 = $2g+2,$2g+3)- .
Thanks to the modular interpretation of mo, 3 we see that W;g+3(p) =~ P! for any p €

morphism 7y, : M

Yog—1 \ Sing(¥ag—1), while 7r2*gl+3(pj) is the union of two g-planes in C U D intersecting in
one point for any p; € Sing(¥94—1). Indeed

1(2g+2\ [(29+1
2\g+1 N g

is exactly the number of singular points of ¥9,_1. More generally for any ¢ = 1,...,2g + 3
we may consider the set {x1,...,zi_1,Zit1,..., Tog+3}, and for any subset I of cardinal-
ity g +1 of {x1,...,%i—1,Zit1, ..., ¥2g+3} we have a g-plane H; defined by requiring the
points marked by I to coincide, and the complementary g-plane Hje defined as the locus
parametrizing configurations where the marked points in I¢ coincide. Then the morphism
i MQE[?M} = X%fmo M = Ygg—1 contracts the unions HUH® to the singular
points of ¥o4_1.

For any g-plane Hy in C UD we will denote by L; the class of a line in H;. Note that
Lt is the class of 1-dimensional boundary stratum of ¥y, corresponding to configurations
where the points in I coincide, other g points coincide as well, and the remaining two points
are different.

0,B[29+2]

Proposition 2.32. The classes Ly, Lic of lines in Hy, Hye = P9 described above generate
the extremal rays of NE(X32 ).

Proof. From the above discussion we have that for any L; there is a complementary class

Lpe, and a forgetful morphism m; : M, Blagrs) = X%fmo — M, Blagr2 = Y9g-1, such that

the fibers of m; over ¥o4_1 \ Sing(324—1) are isomorphic to P!, and H; U Hje is contracted
by m; onto a singular point of ay_;. Our aim is to compute the relative Mori cone NE(7;)
of the morphism ;. Let C C X %9 e a curve contracted by m;. Then C is either a fiber

Fano
of m; over a smooth point of ¥9,_1 or a curve in Hy U Hye. In the latter case the class of C
may be written as a combination with non-negative coefficients of the classes L; and Lje.
Now, for simplicity of notation assume that ¢ = 2g + 3, and consider the surface S C
X?,g(mo parametrizing configurations of points of the type (z1 = ... = x4, Zg41, Tg12 = ... =
T2g+1, 2942, T2g+3). Then the image of Ty 35 : S — Ygg—1 is the line I' passing through a

singular point p € ¥9,_1 parametrizing the configurations (z1 = ... = x4, Lg41, Tg42 = ... =
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L2941, T2g+42, T2g+3). Furthermore, 7r2_g1+3‘5(q) =~ P! for any q € T'\ {p}, and 7T2_gl+3|s(q) =
LU Lje. Therefore, the general fiber of w43 is numerically equivalent to L + Lye.

This means that NE(m;) is generated by the classes Ly, Lye for {x1, ..., -1, Tit1, ..., T2g+3}
with [I| = g+1. Finally, since by [De01, Proposition 1.14] the subcone NE(7;) of NE(X%gano)

is extremal, we get that L, L;c generate extremal rays of NE(X 29 ). ]

Fano

We are now in the position to claim and prove the F-conjecture for ¥o,.

Theorem 2.33. The Mori cone of the GIT quotient ¥o4 is generated by the classes Ly, Lie
of 1-dimensional boundary strata.

Proof. By Proposition the classes Ly, L generate extremal rays of NE(Xg,). By
(2.31) these are (299:13) rays which by Corollary is exactly the number of extremal rays
of NE(Xg). O

Remark 2.34. Consider the Mori chamber decomposition in Theorem Note that in
order to go from the chamber corresponding to Nef (ng 1o) to the chamber corresponding

to Nef(ng ) we must cross the walls in |) for any 3 < k < 2¢g + 1. Indeed by the

Fano
modular description of the small modification ) : ngg o~ X%—% no We see that it factors
as:

XO = X223+2 —dilé X1 —w—2-) XQ _’1113_) 1/—)9—;1 g—1 = X%%no
where v; : X;_1 --+ X; is the flip of the strict transform in X;_; of the i-planes in P%9
generated by i+ 1 among the blown-up points. These strict transforms are disjoint i-planes
in X;_1, while the flipped locus in X; is a disjoint union of (2g — 1 —4)-planes. In particular
the (2;7:12) + (29;2) = (2ggj13) extremal rays in correspond to the (Qggjlz) g-planes
coming as strict transforms of the g-planes in P generated by g + 1 of the marked points,
plus the g-planes that are the flipped loci of the (g — 1)-planes in P generated by g of the

marked points.

2.35. The cone of moving curves of X,. In this section we describe extremal rays
of the cone of moving curves Movi(3ag) of ¥as. Recall that an irreducible curve C' on
a projective variety X is called a moving curve if C is a member of an algebraic family
of curves covering a dense subset of X. By [BDPPI13, Theorems 2.2 and 2.4] the cone of
moving curves is dual to the cone of pseudoeffective divisor classes which is spanned by
classes that appear as limits of sequences of effective Q-divisors.

By Theorem we have that Eff(3a,) is closed and therefore Movy(Xg,) is the dual
cone of Eff(¥94). In particular, by the description of Eﬂ?(XQQ;7 o) in Theorem we get
that Movy(X9,) has exactly 2g + 3 extremal rays.

Theorem 2.36. The cone of moving curves Movi(Xag) of ¥ag is generated by the the
classes of the fiber of the forgetful morphisms m; : ¥og — Yog—1 fori=1,...,2g + 3.

Proof. By the description of the faces of Eff(XQQg o) in Theorem we see that the

2g + 3 extremal rays of Movl(X225+2) = EH(X22§+2)V are generated by the class of the strict

transform L; of a line through the blown-up point p; € P?9 for i = 1,...,2¢g + 2, and by the

class of the strict transform of a degree 2g rational normal curve C through p1, ..., pagt2.
Now, consider the following diagram
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where v : X22§+2 --+ Y4 is the sequence of flips in Remark p: Moogis — Sag
is the reduction morphism, f : ﬂo,gﬁg — X22§ o is the Kapranov’s blow-up morphism in
Construction i @ Yog — Yog—1 is a forgetful morphism, and 7; : M072g+3 — ﬂo,gﬁg
is the corresponding forgetful morphism on Mg 2,+3. Now, by [Ka93|] the fibers of the
forgetful morphism 7; : Mo ag4s — Mo 2442 are either the strict transforms of the lines
through a point p; or the strict transforms of the degree 2g rational normal curves through
D1, ..., P2g+2. Now, note that p, and hence 1, map a general fiber of 7; onto a general fiber
of 5.

Finally, to conclude it is enough to observe that since the L;’s and C generate extremal
rays of Mov; (X22§+2) and 9 : X223+2 --+ Yo, is a sequence of flips of small elementary
contractions [Bar08, Proposition 3.14] yields that the fibers of the forgetful morphisms
i : Ygg — Yog—1 generates extremal rays of Movy(a). O

2.37. Analogy with the geometric invariant theory of moduli of weighted pointed
curves. Finally, we would like to stress another link between the GIT quotients we are
studying and moduli of weighted curves. Consider the map:

2 . 2
(2.38) ¢: Eff(X5),,) CPic(X5)5)0 — Q29+3
(y, 1, "'73529+2) — (a1, ...,a2g+3)7
where
4= LR for j=1,...,29 42
7 2g+2 ) =1,... R
(29 + Dy + > 707" @
and

2g+2

a2¢+3 = 2 — Z a;.
=1

Note that ¢ maps EE(X225+2) onto the hypercube [0,1]293 ¢ R29+3, Furthermore, via
¢ the walls of the Mori chamber decomposition in translate into >, ;a; = 1 for
Ic{1,..,29+3}, with [I| € {k—1,k} and 2 < k < gTJr?’. These walls are exactly the
ones used in [Has03| Section 8] to describe variations of some GIT quotients of products
of P! in terms of moduli of weighted curves. Therefore, interpreting the rational numbers
(@1, ..., a24+3) as the weights of pointed curves, we have that the map ¢ in translates
the Mori chamber decomposition of Theorem [2.22] into the GIT chamber decomposition
from [Has03|, Section 8].

For instance, qS(—KXg,) =¢4,-2,..,—2) = (%, ceny %) and by Remark these are the

weights of the Segre cubic threefold. Similarly, taking D = 3H — E; — ... — Ej5, which is
ample on X3, we have that ¢(D) = ¢(3,—1,...,—1) = (%, ceey %, %), and by Construction

the moduli space with these weights is isomorphic to X 53 itself.

3. DEGREES OF PROJECTIONS OF VERONESE VARIETIES

In this section, we use part of the preliminary results developed in the preceding ones to
describe some projective geometry of the GIT quotients. In particular we make massive use
once again of the linear systems on the projective space of Theorem|[1.2), in order to compute
the Hilbert polynomial and the degree of Y5, 1 and X4 in their natural embeddings in the
spaces of invariants. A formula for the degree of the GIT quotients already appeared in
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[HKL16]. Our formula has the advantage of not being recursive, as it is that in [HKL16].
Similar methods allow us to show that Mg ¢ is a weak Fano variety.

For any integer 0 < r < s — 1 and for any multi-index I(r) = {i1,...,%,+1} C {1,..., s}
set

(3.1) kry = max{m;, + ... +m;,_, —rd,0}.

In [BDP15 Definition 3.2] the authors define the linear virtual dimension of the linear
system L, 4(mq, ..., mg) on P™ as the number

(52) (n+d) Szi 5 (_1)r+1(n+k1%—r—1>

r=0 I[r]C{1,...,s}

Furthermore, they define the linear expected dimension of L, 4(mi,...,ms), denoted by
ldim(L), as follows: if the linear system L, 4(m1,...,ms) is contained in a linear system
whose linear virtual dimension is negative then we set 1dim(£) = —1; otherwise we define

ldim(£) to be the maximum between the linear virtual dimension of £, 4(m1, ..., ms) and
—1.

Proposition 3.3. Let ¢, : X --+» P(H°(P", £)*) be the rational map induced by the linear
system L = Ly 4(m1,...,ms). Assume that ¢r is birational, and let Xy = ¢o(P?). If
s < n+ 2 then the Hilbert polynomial of X, is given by

= (M) e 3 ()

r=0 I[r]C{1,...,s}

In particular

s—1
deg(Xp)=d"+Y > (=) k.

r=0 I[r]C{1,...,s}

Proof. Polynomials of degree t € N on P(HY(P", £)*) correspond to degree td polynomials
on P vanishing with multiplicity m; at p;. Therefore, the Hilbert polynomial of X, is
given by
hx,.(t) = hO(P",tL).
Now, since tL is effective for any ¢ > 0, and s < n + 1 [BDP15, Theorem 4.6] yields that
RO(P™ L) = 1dim(tL)

where 1dim(¢£) is the linear expected dimension of t£ defined by (3.2)). To get the formula
for the Hilbert polynomial it is enough to observe that, in the notation of (3.1]), for the
linear system t£, we have

k[[r] (tﬁ) = max{t(mil + ...+ My, 1 — ) 0} tk[ 7”]( )

Finally, note that hx,(t) may be written as

dn+2r 0 I[r]C{1,...,s Ir
hx, (t) = n!} { } []tn+P()
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where P(t) is a polynomial in ¢ of degree deg(P) < n — 1. Therefore, the volume of the big
linear system L is given by

hx,
Vol(£) = lim sup "/n' = d" + Z Z kT

brrtoe =0 I[r|C{1,....5}

and Vol(£) is exactly the degree X, C P(H?(P", £)*). O

Recall from Section the we define Loy 1 = Log-14(9 — 1,...,9 — 1) as the linear
system of degree g forms on P29~! vanishing with multiplicity ¢ at 2¢g + 1 general points
D1, s P2g+1 € P29~ 1 and that it induces a birational map oy : P29~ ——» P(HY(P29~1, Loy _1)%).
The GIT quotient Yo, is the closure of the image of o, in P(H?(P?971, L5,_1)*).

Corollary 3.4. The Hilbert polynomial of Yo,—1 C P(H(P2971 Lo, _1)*) is given by
-2
gt+2g—1 . (29 +1\ (tlg—r—1)+29—-1—-r—1
h t) = -1 .
229-1(%) ( 29 — 1 +§( ) r41 29 — 1
In particular

-2
_ 3g—1\ < 29+1\ (3g—2r—3
hO]P)le _ — _17‘+1
( L2g-1) 29 — 1 +TZ:0( ) r+1 29 — 1

2 1
deg(Szg-1) = g%~ 1+Z 74+1< 9t >(gr1)29_1.

and

r+1

Proof. By Theorem Yog—1 = 04(P29~1), where oy is the map in . Then polynomials
of degree t € N on P(H?(P?9~1, L5, 1)*) correspond to degree tg polynomials on P29~
vanishing with multiplicity (g — 1) at p1,...,p2g+1. Note that in the notation of for
the linear system tL,—1 we have

{ tlg—r—1) if r<g-—2,
Frp) =

0 if r>g—1
Furthermore, note that in (3.2]) we have
(n+k‘1m 7’1) _ (2h1+t(gr1)r1> 40
n 2g —1
for t > 0 if and only if r < g — 2.

Now, in order to conclude it is enough to observe that for any r = 0,...,g — 2 we have

(Qngll) subsets of {1, ...,2g+1} of the form I[r]. Then the formulas for the Hilbert polynomial
and the degree of Ya,_1 follow from Proposition In particular, the dimension of the

linear system Lo, is then given by RO(P29-1, Log-1) = hsy, (1) O
Corollary 3.5. Let us consider the GIT quotient Xo4 and let n = 2g + 3 be the number of
points on P! that it parametrizes. The Hilbert polynomial of Yog is given by

|25

B, (1) = <(2g + 1)t + 2g> N i 1y (29 + 2) <t(2g —or—1)+29—1— 1>'

2g = r+1 2g
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In particular

L29;1
29 +2
— 2 r+1 2
deg(Xog) = (29 + 1)* + ;:0 (1) < .1 >(2g —2r—1)%

Proof. By Theorem |1 . 1.2 X9, C P(HO (P29, L9,)*) is the closure of the image of the rational
map induced by the linear system Lz, of degree 2g+1 hypersurfaces in P29 with multiplicity
2g—1at p; fort =1,...,2g+ 2. Now, to conclude it is enough to observe that for the linear
system tLo, we have

L[ t2g—1-2r) if r< |21,
M=o if > ng 1J.
and to argue as in the proof of Corollary O

3.6. ﬂoﬁ is weak Fano. In this section we prove that m(),ﬁ is weak Fano that is _Kﬂo .
is nef and big.

Construction 3.7. For any effective divisor D in £,, 4(m1, ..., ms), we denote by Dy, the
strict transform of D in the space X}' obtained as the blow-up of of P" along the linear
base locus of D up to dimension h, with h < n — 1. That is:

- Xy is the blow-up P" at the points p1, ..., ps;
- X7 is the blow-up of X along the strict transforms of the lines (p;,, pi,);

- X} is the blow-up of X}' | along the strict transforms of the h-planes <pi1, ey Dipis >

Note that the number kjj, defined in (3.1) is the multiplicity of a general element of

Ly q(mi,...,ms) along an r-plane <pi1, ...,piT+1>. Therefore, the strict transform Dy, of D
in X}’ may be written as:

Dy =dH — Z Z kI[r]EI[T]

r=1I[r|]C{1,...,s}
where H is the pull-back of the hyperplane section of P", and Ey,j, with I[r] = {i1, ..., 441},
is the exceptional divisor over the r-plane <pi1, s Di, +1>. Finally, let D:= Dy_.

Proposition 3.8. Let us denote by ¢p : P" --» PN the birational map induced by L :=
Ly a(mi,...,ms) with image Xz = ¢ (P™). If D is nef then

s—1
(3.9) deg(Xg)=d"+) > (="K,

r=0 I[r]C{1,....s}

In particular, if m1 = ... = mg = m and T is the mazimal dimension of a linear subspace
contained in the base locus of L then

(3.10) deg(Xy) d”+z T+1< Sl>((r+) —rd)"
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Proof. Polynomials of degree t € N on PV correspond to degree td polynomials on P"
vanishing with multiplicity tm; at p; for ¢ = 1, ..., s. Therefore, the Hilbert polynomial of
X is given by
hx,(t) = hO(P",tL).

By [DP14, Theorem 1.5] we have that

n

RO(P",tL) =1dim(tD) + Y (—1)'h*(Xp_1,tD)

i=1
Now, since by hypothesis Dis nef, the asymptotic Riemann-Roch theorem [La04, Theorem
1.4.40] yields that

(X, 1,tD) = O(t"™)
Now, we may compute the degree of X, as the volume of the big linear system L:
ldim(tD n Lo ldim(¢tD
Vol(£) = lim sup m(tD) + )iy O(") = limsup ldim(tD)
trs-00 t"/n! tstoo  t7/n)

Now, in order to conclude is enough to note that by (3.2)) we have

s—1
_ 1dim(¢D) 1
limsup — 2 ="+ 3 Y (<) g,
t—-+o00 13 /TL' r=0 ][T]g{l,...,s}

Finally, note that if m; = ... = ms = m and 7 is the maximal dimension of a linear subspace
contained in the base locus of £ then
- (r+1ym—rd if r<w,
=0 if r>7

Now, to get formula () in the statement, it is enough to plug these values of k| in

formula 1) and to notice that we have exactly (r—f—l) r-planes of type <pl-1, cees Di, +1> in
the base locus of L. ]

In Proposition when £ does not have fixed components and D is base-point-free -
so in particular D is nef - deg(X ;) may be also computed as the top self-intersection of
D. In the rest of this section we will work out the case n = 3, and while doing this we
will get a simple and direct argument proving that My ¢ is a weak Fano variety, that is the

anti-canonical divisor —Kxgz is nef and big.

Let us recall Construction for Mog: let p1,...,p5 € P? be points in linear general
position, and consider

- 1 : X — P2 the blow-up of pu, ..., ps,

- my : Y — X the blow-up of the strict transforms of the lines (p;, p;), 7,5 =1, ..., 5,
Then Y = Mo’ﬁ, and the morphism fg = 7 o mo : MO’G — P3 is induced by the psi-class
\IJG on M()’G.

By [KMc96, Theorem 1.2] the Mori Cone NE(Mgg) of My is generated by classes of
vital curves. Let us denote by FE; and E;; the exceptional divisors over p; and the strict
transform of (p;, pj) respectively.

In the first blow-up X the strict transforms of the lines (p;, p;) intersects the exceptional
divisor E; over p; in four points g; for j # i. Therefore, after blowing-up all the strict
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transforms of the lines, the divisor E; in My is isomorphic to the blow-up of P? in four
points. We denote by L};k the strict transform in F; of the line spanned by ¢;, and g, and
by R}'L the exceptional divisor over g. So, in any exceptional divisor, we get 10 vital curves:
6 of type L}, and 4 of type R},

Now, for any line (p;, pj) C P3 we have three planes (p;, p;, px) for k # i, j containing this
line. The strict transforms of the three planes intersects the exceptional divisor Ej; ; in three
vital curves aﬁj. Therefore, we have (g) -3 = 30 of them.

Now remark that E; ; is isomorphic to P! x P!. Note moreover that R;'- is numerically
equivalent to Rf for any 4, j because they are fibers of the same ruling of Ej; ;. Furthermore,
the Uﬁfj’s for k # ¢,j are all numerically equivalent because they are fibers of the other
ruling of F; ;. We conclude that NE(Myg) is a polyhedral cone generated by 50 extremal
rays.

Lemma 3.11. For any i we have H*E; = HE? =0, Ef’ = 1. Furthermore, HEZQJ = —1,
H2Em- =0 for any i, 7, and

o[ -1 itie {hE),
EZEM{ 0 ifid {h k).

Finally E?Eh,k =0 for any i,h, k, and Efj = 2.

Proof. We will denote by E; both the exceptional divisor over p; in X and its strict transform
in Y. Let H; be the strict transform of a general plane through p;. Then H; = H — E; and
H} = H® —3H?E; + 3HE? — E}, H} = H°E; = HE? = 0 yield E? = H® = 1.

Now, let us consider the following diagram, where L; ; is the strict transform of the line
<pi7pj>'

Ei; Y

| Jw

Lij —— X

where 7 = 7, ;. We have (H — E;;)? = H® — H*(H — E; ;) = 0. Therefore,

HE}; = ™ Hj B} ; = j. (B} jmyin H) = —1,

H?E;; = m*H?j E; j = ji(E; jm5i*H?) = 0,

EE}; = T EE}; = j.(Ef mpi*E;) = —1,

E?E; ; = T E?E; j = j.(E; jm5i*E?) = 0.
Finally (H — E; — Ej — E; j)° = H® — E} — E? — B}, + 3HE}; - 3E,E}; — 3E;E}; = 0 yields
E} =2 O

Proposition 3.12. The moduli space MO,b’ is weak Fano.

Proof. The anti-canonical bundle is given by

5 5
~Kyg,, = 4H =2 ZE - Z E;j.
i=1

1,j=1
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First we consider the curves of type L}Lk We have

LB = { 0 ifi#t.
Furthermore,
o 1 if s=dandt e {hk},
hkZsE 70 otherwise.
Finally, L} . H = 0, and _KﬂoeLZ;z r = —2(—=1)—(141) = 0. Now, let us consider a curve
of type R; Then R;-H = R;'-Ek = 0 for any 4, j, k, and

7 _ -1 if {ij} = {h;k}a
RjEnk = { 0 otherwise.

This yields —Kz;, 6R§ = 1. Finally, we consider a curve of type o; ;. Note that the normal
bundle of the strict transform of a line L;; = (p;,p;) is Ni,; = Op1(—1) © Op1(—1).
Therefore, O, ;(E; ;) = Og, ;(—1,—1). This yields

=1 i) = {hk,
Uz,JEth_{ 0 otherwise.

Furthermore o; ;H = 1 and

o1 ifhe{ig)

7igEn = { 0 otherwise.
Therefore —Kyz 0ij =4 — 2(1+ 1) — (—=1) = 1. This means that —K3q, , is nef. Now,
by the formulas in Lemma we get that (—Kﬂo 6)3 > 0 which implies that —Kxg,, 18
big. ’ O

We would like to stress that by [KMc96] My, is not even log Fano for n > 7.

Example 3.13. Under the hypothesis of Proposition let us consider the case n = 3,
my = ... = ms = m then kro = m, k) = 2m — d and

S
ﬁ =dH — ZmEZ - Z(Qm - d)EZJ
i=1 i#j
where F; is the exceptional divisor over p;, and Fj;; is the exceptional divisor over the strict
transform L;; in X of the line (p;, p;) C P3. By Lemma we have

S S
D* = d*H*+3d Y (2m—d)’HE; -3 m(2m—d)* Y EE;-> mPE}-> (2m—d)*E};
i#j i=1 i#j i=1 i#j
and then D3 = d3 — sm3+ (5)(2m—d)?, which is exactly formula lb forn =3 and7 = 1.

For instance, if d = 3, m = 2 and s = 4 then D3 =1. Indeed, in this case £ = £33(2,2,2,2)
is the linear system inducing the standard Cremona transformation of P3.
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4. SYMMETRIES OF GIT QUOTIENTS

In this section, in analogy with Section we describe a special arrangement of linear
spaces contained in Yg,_1, and exploiting these arrangements we manage to compute the
automorphism group of the GIT quotients ¥p; and ¥9,_1. In several cases, automorphisms
of moduli spaces tend to be modular, in the sense that they can be described in terms
of the objects parametrized by the moduli spaces themselves. See for instance, [BMel3],
[Mald], [MaM14], [MaM16], [EM16], [Mal6], [EM17], [Lin04], [Linil], [Ro71] for moduli
spaces of pointed and weighted curves, [BGM13| for moduli spaces of vector bundles over a
curve, and [BM16] for generalized quot schemes. We confirm this behavior also for the GIT
quotients Yo, and Yogs_1. We would like to stress that while the results in the above cited
paper relies on arguments coming from birational geometry and moduli theory, in this case
we use fairly different techniques based on explicit projective geometry.

4.1. The odd dimensional case. Let p1,...,pnr1 € P" be general points, and X7, ; be
the blow-up of P™ at p1, ..., pp+1. We may assume that p; = [1:0: ... : 0], ...;ppy1 = [0 :
...20:1]. Let us consider the standard Cremona transformation:

Yy PP -—» P
[o: o ixn] — [E ..

%.....wn

Note that 1, 0 ¢, = Idpn, and 1,1 = 1,. Let Hy, ..., H, 11 be the coordinate hyperplanes
of P™. Then 1), is not defined on the locus U1<i<j<n+1 H; N H;. Furthermore, v, is an
isomorphism off of the union J;;,, ., H;.

Now, 1, induces a birational transformation 1, : Xy - X and we have the
following commutative diagram:

Xﬁﬂ ”*wfnﬂ’ 77+1
Lo

Note that, since 1, contracts the hyperplane H; spanned by the n points p1, ..., Dis ovy Pnt1
onto the point p;, the map {Zn maps the strict transform of H; onto the exceptional divisor
E;. Therefore 1:/;” is an isomorphism in codimension one. Indeed, it is a composition of
flops. In particular ¢, induces an isomorphism Pic(X), ) — Pic(X}}, ).

Now, the linear system on P" associated to the standard Cremona transformation ), is
H = Opn(n) @ Lin—1)(p1+..4pns1)s that is H is the linear system of hypersurfaces in P of
degree n having points of multiplicity at least n — 1 in p1, ..., ppy1. Therefore, the inverse
image of a general hyperplane of P” via 1), is an hypersurface of degree n with points of
multiplicity n — 1 in py, ..., ppt1, and 1’/;,’;H =nH—(n—1)(F1+ ...+ Ent1).

Furthermore, since 1, contracts the hyperplane H; spanned by the n points p1, ..., D;, ..., Pn+1
onto the point p; we have J;';EZ =H-FE—..— EZ — . — FEpy.

Lemma 4.2. Let D C P" be a hypersurface of degree d having points of multiplicities
My ooy M1 U0 PLy vvy Pnt1, and let ¥y, : P* ——s P™ be the standard Cremona transformation
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of P". Then
n+1

deg(¢n (D)) = dn — Z m;

and
multy, Y¥n (D) = d(n —1) Zm]
JF#i
foranyi=1,...,n+1.

Proof. Let X!\ 1 = Bly, ... p, ., P", and U X n+1 -+ X],1 be the birational map induced
by ¢p. The strict transform of D in X7, | --» n+1 can be written as D = dH — Zn+11 m;F;.
Now, since ¥, H = nH — Z"H(n —1)E;, and UneE; = H — >4 Ei we get the formula

{/\;n*D = (nH ZnJrl E) Z?Jrll (H Zg;ﬁz )
dnH —d> " n —1)E; — Z"+1H+Z"“ mi> ;. E
(dn — Z?ﬂl mi)H — ZnH( (n—1)— Zj;ﬁi m;)Ej.

which gives exactly the statement. O

Proposition 4.3. The standard Cremona transformation g1 : P29-1 __s P29=1 induces
an automorphism of the odd dimensional GIT quotient ¥og_1.

Proof. Recall that $o,_ is closure of the image of the map o, : P21 ——» P(HO(P?971, L5,_1)*)
induced by the linear system Lg,_1 of degree g hypersurfaces having multiplicity g — 1 at

D1, ..., P2g and pag1 = [1: ... : 1]. Note that 1oy—1(p2g+1) = D2g+1-
Now, let D € HY(P2971 L9,_1) be a section. By Lemma we get deg(129—1(D)) =

9(29—1)=>22, mi = g(29—1)—29(9—1) = g and multy, Yog—1(D) = g(29—2)—; ,;m; =
9g29—2)—(29—1)(g—1)=g—1fori=1,..,2g.
Furthermore, since 19,_1 is an isomorphism in a neighborhood of psgs11 we have that
multy, ., Pog-1(D) =g —1 as well.
Therefore, 1941 acts on the sections of Lo,_1, and hence it induces an automorphism

1;29,1 of P(HO(P?9—1, Log—1)*) that keeps ¥o,_1 stable. O
Example 4.4. The famous Segre cubic 3-fold is the image of the map
o:P -5 P4
given by
o(xo, 1, T2, T3) = [ToTa — TT1 : TT3 — ToT1 : T1T2 — TOL] : T1T3 — TOT] © TaXs — ToL1)
and the standard Cremona transformation of P> may be written as
¢3(x0, 1, T2, T3) = [ToT1T2 : ToT1T3 : ToTT3 : T1XT2T3]

Let 2, ..., z4 be the homogeneous coordinates on P*. Then the equation of the Segre cubic
is

(4.5) 202172 — 202123 — 207223 + 212923 — 212224 + 202324 = 0
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and
$3(20) = ¢3(wox2 — woT1) = TOT1T273(ToT2 — TOT1)
¢3(21) = ¢3(wox3 — woT1) = TOT1T273(T1T2 — TOT1)
¢3(22) = ¢3(w172 — ToT1) = TOT1T273(T0T3 — TOT1)
$3(23) = ¢3(v123 — wo71) = TOT1T273(T173 — TOT1)
¢3(22) = ¢3(w2x3 — woT1) = TOT1T273(T2T3 — TOT1)

Therefore, 13 induces the automorphism 123(20,211,22,23,24) =[20:22: 21 : 23: 2] of P*
which clearly preserves Equation (4.5]).

4.6. Linear subspaces of dimension g in ¥,_1. In this section we will study a particu-
lar configuration of g-planes contained in ¥o,_1, and then we will exploit this configuration
to compute the symmetries of Yo,_1.

4.7. Let Hy = Hy, . i,,, be the g-plane in P29~1 linear span of the points p;,, s Digys
and let Ly 1), be the restriction to H of the linear system Lo;1 inducing o4. Then
Log_1m; is the linear system of degree g hypersurfaces in H; = PY having multiplicity
g—1at p;,...,pi,,,- This means that o, g, is the standard Cremona transformation of
P9, Therefore, o4(Hy) is a g-plane in 3, passing through the singular points given by the
contractions of the (g — 1)-planes generated by subsets of cardinality g of {pi;,...,pi,,, }.
Now let IIje the (g — 1)-plane generated by the points in {p1,...,p2g+1} \ {Diy, s Digys -
Note that Hje intersects Hr in one point, hence o4(Hy) passes through the singular point
o4(Hre) as well. We conclude that there are g+ 1+1 = g+ 2 singular points of X941 lying
on the g-plane o4 (Hy).

Now, let E?iQ C X;g 5! be the exceptional divisor over the (g — 2)-plane H j ~2 generated
by the p;’s for i € I. Then E?iQ is a P9-bundle over the strict transform of ngf2 in ngigl.

For any j ¢ I let H?J{lj} be the (g — 1)-plane generated by the p;’s for ¢ € I and p;. Note

that the strict transform of H ?u_ {lj} intersects E§_2 along a section s which is mapped by
the blow-up morphism isomorphically onto H 1972. Since the strict transform of H ?J {1].} is
contracted to a point by 74, the section s must be contracted to a point as well. Therefore,
&g(Ef_l) is a g-plane passing through g 4 2 singular points of ¥o,_1.

So far we have found (299:11) + 2g + 1 linear spaces of dimension g in ¥9,_1, and each of

them contains at least g + 2 of the (29;1) singular points of Ya,_1. We will divide the g-
planes inside ¥g,_1 passing through a singular point p € s, 1 into two families according
to their mutual intersection.

4.8. The singular locus of ¥9,_1 consists of (29;1) points corresponding to the ( linear

29+1)
g
subspaces (p;,, ..., pi, ) wWith {i1,...,ig} C {1,...,2¢ + 1} contracted by o,.

Now, let p € ¥9,_1 be a singular point. So far, we found 2g + 2 linear subspaces of
dimension g in Y941 passing through p € ;. These g-planes may be divided in two
families:

Ap = {051, ceey ag+1}, Bp = {51, ceey Bg+1}
with the following properties:
-a;Na;=piNPG;j={p}foranyi,j=1,...,9+1,
- ;N Bj = (p,qi) for any 4,5 = 1,...,g + 1, where ¢;; € Y41 is a singular point
4ij 7 P-
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The configuration is summarized in the following picture:

aq

asz

Qg qij

Qg+1
31 B2 B Bg+1
o o ° °

where the black dots should all be interpreted as representing the singular point p € Yo4_1.

4.9. Let R={I C{1,....2g}||I| = g}, S ={J C{1,....2g}[|J| = g—2}, and x] = @4, ...7;,
where I = {iy,...,iy}, and the z;’s are homogeneous coordinates on P29~1. By [Ku00,
Theorem 4.1] we have that

(4.10) HO(IP’29_1,CQQ_1):{ZCLIJU1 > afzowes}.

I€ER JCIER
By Propositionwe have hO(P2971 Loy 1) = (29) — ( 29 ) Now, set N = (299) — ( 29 ) -1,

9 9—2 g—2
and consider the expressions s; = ) ;.pajxr for i =0,...,N. Let Hy,..., Hy 2 be (g — 1)-
planes in P29~! generated by subsets of cardinality g of {[1 : 0 : ... : 0],...,[0 : ... : 0 :
1]} € P?~1. Note that imposing [s1(H;) : ... : sy(H;)] =[0:...:0:1:0:..:0], with
the non-zero entry in the i-th position, for i = 1,...,N + 1 we get N(N + 1) equations.
Furthermore, by setting [s1(Hy42) @ ... : sn(Hy42)] equal to [1 : ... : 1] we get N more

equations. Recall that by (4.10) for each ¢ = 0, ..., N there are (gz_g2) relations among the

ai’s. Therefore, we get (92_92 (N + 1) more constraints. Summing up we have a linear system
of N(N+1)+ N + (g2_92) (N 4 1) homogeneous equations in the (299) (N +1) indeterminates
a’. Note that

(2;’)(]\[“)— <N(N+1)+N+ (gQ_g2>(N+1)) =1,

hence there exists a non-trivial solution. Let sg, ..., sy be the sections of HO(IP’QQ*l, Log—1)
associated to such a solution. These sections yield an explicit realization of the map

og P21 s Sy C P(HO(PYL, Ly1)") = PV, 04(x) = [so(x) : ... : sy(x)]. By
construction and by the description of the singular locus of 3,1 in we see that, with
respect to this expression for o,, the points [1:0:...:0],..,[0:...:0:1],[1:...:1] € PV

are singular points of ¥9,_1.
Now we need two technical lemmas.

Lemma 4.11. Let p € Y941 C PN be a singular point. The tangent cone of Yog_1 at p

is a cone with vertex p over the Segre product P9~ x P9=1. In particular, Yog—1 has an

ordinary singularity of multiplicity (E?]g_ E?!))!g at p € Yog_1.

Proof. The statement follows from [HMSV09, Lemma 4.3]. O
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Corollary 4.12. Any automorphism of the GIT quotient ¥94_1 C PN s induced by an
automorphism of PV.

Proof. Recall that, by Proposition Pic(X94—1) is torsion free. Let ¢ be an automorphism
of ¥9y-1. Then ¢*Kx,, , ~ Ky, ,. Lemma [2.5|yields that ¢*Osx,, (1) ~ Ox,, (1), that

is ¢ is induced by an automorphism of PV. O

Theorem 4.13. The automorphism group of the GIT quotient Yog_1 is the symmetric
group on 2g + 2 elements:

Aut(Xg) = Szg42
for any g > 2.

Proof. Let p € ¥oy 1 C PV be a singular point, and H a g-plane inside Y9g—1 passing
through p. Then H is contained in the tangent cone of ¥, at p, and by Lemma
H must be a linear space generated by p and (g — 1)-plane in the Segre embedding of
P9~1 x P9~ and such a (g — 1)-plane must be either of the form {pt} x P9~1 or of the form
P9~ x {pt}.

Assume that H intersects the g-planes of the family A, in the line (p, g;;), where ¢; ; =
a; N Bj is a singular point of ¥9,_1, and the planes of the family B, in p. Our aim is to
prove that then H must be one of the 3;’s.

By Proposition the resolution o, has a modular interpretation as the reduction
morphism P A2g+2 AR2g+2] Mo af2g+2) = MO,Z[29+2]' The only g-planes in 3o, that are
images of subvarieties contained in exceptional locus of the blow-up f : MO’ Al2g+2] — Pp29—1

are the oy (Efl_l) described in Section Therefore, we may assume that H is the closure
of the image via o4 of a g-dimensional variety Z C P29-1 We may assume that p =
Ug(<p17 "'7pg>)7 and consider IT = Ug(<pg+1, '-'7p2g+1>)' Let gl = Og(<pg+17 "'7]51'7 "'7p2g+1>)
be the other g + 1 singular points of ¥y, 1 lying on 1I, and denote by m, : TC,X, —
P91 x P9=1 the projection from the tangent cone of Yo4—1 at p onto its base, and let
mi : P91 x P9~1 — P91 be the projection onto the factors for i = 1,2. Then H must be of
the form (71 o m,)~1(&;) for some i = 1,...,g + 1. Therefore, Z is of the form (py, ..., pg, pi)
for some i = g+1,...,2g+1. Hence o7 : Z --» H is the standard Cremona transformation
of P9 and H is one of the (;’s.

Now, assume that H is a g-plane inside ¥9,_1 through p intersecting the g-planes of the
family By, in the line (p, ¢;j), where ¢; ; = o; N ; is a singular point of ¥, 1, and that it
also intersects the planes of the family A, in p. By Proposition the standard Cremona
transformation of P29~! induces an automorphism ¢¢, : Yog—1 = Xog—1, set ¢ = dcr(p).
Note that ¢c, maps the family A, to the family B, and the family B, to the family
A,. Since in our argument p is an arbitrary singular point of Ya,_1, proceeding as in the
previous case we can show that H must be one of the «;’s.

0,A[20+2] with symmetric weights A[2g+2] = (gﬁ, ey g_%l, gﬁ),
the symmetric group Sag42 acts on a,_1 by permuting the marked points. Our aim is now
to show that Yo, has at most (2g + 2)! automorphisms.
Now, let ¢ : ¥oy_1 — o471 be an automorphism. If p € Yo, is a singular point then
29+1)
g

Clearly, since Y941 = M

¢(p) must be a singular point as well. Therefore, we have at most | Sing(¥24-1)| = (
choices for the image of p.
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By Corollary ¢ is induced by a linear automorphism of the ambient projective
space. Then ¢ must map g-planes through p to g-planes through ¢(p). In particular, since
¢ stabilizes Sing(¥2,-1), it maps A, U By to Ay, U By(y. In order to do this, we have the
following 2((g + 1)!)? possibilities:

{ Aip = Uigp) { Pip = Bjg(p)
Bip = Br.om) Bip = Qg g(p)

Summing up, we have
29 +1
2((g + 1)!)2< gg ) = (29 +2)!

possibilities. Now, assume that ¢(p) = p, and that ¢ maps a;, to «;p, and 3;, to 5, for
any ¢ = 1,...,g + 1. Then ¢ must fix all the singular points g;; determined by A, U B,,.

Now, let us take into account one of these points, say gg11,44+1. Since ¢ fixes g + 2 nodes
in linear general position on ay41, and g + 2 nodes in linear general position on 3,1 we
have that ¢ is the identity on both o441 and B441. On the other hand, agyy1 and Syy1
are elements of the configuration A, , UB,, ,, therefore all the singular points of ¥g;_1
determined by A, ., UBg , are fixed by ¢ as well. Proceeding recursively this way, we see
that ¢ must then fix all the singular points of Y,_1 C PN,

Note that, with respect to the expression for o4 given in the points [1 : 0... : 0], [0 :

i 0011 1] € B CP(HO(P2971, L5 1)) = PN are singular points.
Hence the automorphism of PV inducing ¢ fixes N + 2 points in linear general position.
Therefore, it is the identity and then ¢ = Idy,, . g

This completes the proof for ¥9,_1, in the next section we will go through to case of Xa,.

4.14. The even dimensional case. For the reader’s relief, in this section we will make
large use of results that we have already proven in the preceding sections. Let us recall
shortly the notation. Recall that Yo, parametrizes ordered configurations of n = 2g + 3
points on P!, with the democratic polarization. By Theorem Yog C P(HO (P, Log)*)
is the closure of the image of the rational map induced by the linear system Ly, see also
Section We denote by g : P? --» Sy, C P(HO(P%, Ly,)*) = PV the rational map
induced by this linear system.

Lemma 4.15. Any automorphism of Yoy C PN s induced by an automorphism of PV,

Proof. Recall that by Pic(3gy) = 72973, Then it is enough to argue as in the proof of
Corollary using Lemma [2.18 instead of Lemma [2.5 O

Theorem 4.16. The automorphism group of the GIT quotient ¥o4 is the symmetric group
on n elements:

Aut(Xog) = Sagi3
for any g > 1.
Proof. Let ¢ € Aut(Xy,) be an automorphism. By the discussion in ¢ induces a
pseudo-automorphism, that is an automorphism in codimension two,

0:=¢ logor: X9 ——» X9,

The pseudo-automorphism € must preserve the set of the extremal rays of Eff(X 129 ). Let
D C X129 be the union of the exceptional divisors E; and of the strict transforms of the



32 MICHELE BOLOGNESI AND ALEX MASSARENTI

hyperplanes generated by 2g of the p;’s. By Lemma [2.17] any irreducible component of D
generates an extremal ray of Eff(X 129 ). Furthermore, any of these irreducible components
is the unique element in its linear equivalence class. Therefore, # must keep D stable.

Set D = (D). Then the automorphism ¢ stabilizes D. As we did in Section we
will now consider g-planes; check that section for the needed definitions. Note that any
g-plane ~; € C is the intersection of (gf}) divisors of type ¢¥(H — > ,.; E;), and that any
g-plane §; € D is the intersection of g divisors of type 1 (F;). Therefore ¢ stabilizes the
configuration of g-planes C U D.

Now, let p € 33, be one of the distinguished points in Then ¢ = ¢(p) must be a

distinguished point as well. Let us denote by Hj, Hy the two g-planes intersecting in {p},
(2g+3)!
2((g+1)1)?

and by IIj, Iy the two g-planes intersecting in {¢q}. Therefore, by [2.14| we have

choices for the image of p.

Let p, p%, --~:P51;+1 and p, p%, - pgﬂ be the distinguished points on H; and Hs respectively.
Similarly, we denote by q,q1, ..., q;H and by ¢,q¢?, ..., q3+1 the distinguished points on II;
and Iy, respectively. Now, for the image of pi we have 2(g + 1) possibilities, namely
ai, ...,q; _H,q%, ...,qg +1- Once this choice is made, it is determined whether the image of

H; via ¢ is either ITy or ITy. Therefore, for the image of p} we have g possibilities, for pé
we have g — 1 possibilities, and so on until we are left with just one possibility for p; 11

Summing up, for the images of pi, ..., p; 41 we have 2(g+1)! possibilities. Similarly, we have
also (g + 1)! possibilities for the images of p?, ..., pg 41~ Finally, we have

(29 + 3)!
2(g+1)))?
possibilities. Now, assume that ¢ fixes the points p, pi, ...,péﬂ,p%, ...,pg_H. Since by Corol-

lary ¢ is induced by an automorphism of PV and the points p,p}, ...,p; 11 € Hy,
P, D3, ...,pgﬂ € Hj are in linear general position, then ¢ restricts to the identity on both
H1 and HQ.

Then, by the description of the configuration CUD in[2.13] ¢ must fix all the distinguished
points in C U D, and then Remark yields that the automorphism ¢ must be the

2(g+ D)l(g+ 1) = (29 + 3)! = |S24+3]

identity. O
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