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S-ASYMPTOTICALLY w-PERIODIC SOLUTION FOR A
NONLINEAR DIFFERENTIAL EQUATION WITH
PIECEWISE CONSTANT ARGUMENT VIA
S-ASYMPTOTICALLY w-PERIODIC FUNCTIONS IN THE
STEPANOV SENSE

William Dimbour * Solym Mawaki Manou-Abi T

Abstract. In this paper, we show the existence of function
which is not S-asymptotically w-periodic, but which is
S-asymptotically w-periodic in the Stepanov sense. We give
sufficient conditions for the existence and uniqueness of
S-asymptotically w-periodic solutions for a nonautonomous
differential equation with piecewise constant argument in a
Banach space when w is an integer. This is done using the
Banach fixed point Theorem. An example involving the heat
operator is discussed as an illustration of the theory.

Keywords. S-Asymptotically w-periodic functions, differen-
tial equations with piecewise constant argument, evolutionnary

process.

1 Introduction

In this paper, we study the existence and uniqueness
of S-asymptotically w-periodic solution of the follow-
ing differential equation with piecewise constant ar-
gument

2'(t) = A(t)z(t) + f (&, z([t])), 1
_ (1)
x(0) = ¢o,

where X is a banach space, ¢y € X, [] is the largest
integer function, f is a continuous function on Rt x X
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and A(t) generates an exponentially stable evolution-
nary process in X. The study of differential equa-
tions with piecewise constant argument (EPCA) is
an important subject because these equations have
the structure of continuous dynamical systems in in-
tervals of unit length. Therefore they combine the
properties of both differential and difference equa-
tions. There have been many papers studying EPCA,
see for instance [14], [15], [16], [17], [18] and the ref-

erences therein.

Recently, the concept of S-asymptotically w-periodic
function has been introduced in the litterature by
Henriquez, Pierri and Téboas in [8], [9]. In [1],
the authors studied properties of S-asymptotically
w-periodic function taking values in Banach spaces
including a theorem of composition. They applied
the results obtained in order to study the existence
and uniqueness of S-asymptotically w-periodic mild
solution to a nonautonomous semilinear differential
equation. In [22], the authors established some suffi-
cient conditions about the existence and uniquenes of
S-asymptotically w-periodic solutions to a fractionnal
integro-differential equation by applying fixed point
theorem combined with sectorial operator, where the
nonlinear pertubation term f is a Lipschitz and non-
Lipschitz case. In [2], the authors prove the exis-
tence and uniqueness of mild solution to some func-
tional differential equations with infinite delay in
Banach spaces which approach almost automorphic
function ([6], [11]) at infinity and discuss also the
existence of S-asymptotically w-periodic mild solu-
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tions. In [20], the author discussed about the exis-
tence of S-asymptotically w-periodic mild solution of
semilinear fractionnal integro-differential equations
in Banach space, where the nonlinear pertubation is
S-asymptotically w-periodic or S-asymptotically w-
periodic in the Stepanov sense ([10], [20], [21]). The
reader may also consult [3], [4], [5], [7], [12] in order
to obtain more knowledge about S-asymptotically
w-periodic functions.  Motivated by [1] and [7],
we will show the existence and uniqueness of S-
asymptotically w-periodic solution for (1) where the
nonlinear pertubation term f is a S-asymptotically
w-periodic function in the Stepanov sense. The work
has four sections. In the next section, we recall some
properties about S-asymptotically w-periodic func-
tions. We study also qualitative properties of S-
asymptotically w-periodic functions in the Stepanov
sense. In particular, we will show the existence of
functions which are not S-asymptotically w-periodic
but which are S-asymptotically w-periodic in the
Stepanov sense. In section 3, we study the exis-
tence and uniquenes of S-asymptotically w-periodic
mild solutions for (1) considering S-asymptotically
w-periodic functions in the Stepanov sense. In sec-
tion 4, we deal with the existence and uniqueness
of S-asymptotically w-periodic solution for a partial
differential equation.

2 Preliminaries

Definition 2.1. (/8/) A function f € BC(RT,X)
is called S-asymptotically w periodic if there exists w
such that tlim (ft+w)— f(t)) =0. In this case we

say that w is an asymptotic period of f and that f
is S-asymptotically w periodic. The set of all such
functions will be denoted by SAP,, (R, X).

Definition 2.2. (/8]) A continuous function f :
RT x X — X is said to be uniformly S-asymptotically
w periodic on bounded sets if for every bounded set
K* CX, the set {f(t,x):t > 0,2 € K*} is bounded
and

lim (f(t,z) — f(t+w,z)) =0

t—o00

uniformly in x € K*.

Definition 2.3. (/8]) A continuous function f :
RT x X — X is said to be asymptotically uniformly
continuous on bounded sets if for every e > 0 and
every bounded set K*, there exist L. k- > 0 and
de.xc+ > 0 such that ||f(t,x) — f(t,y)|| < € for all
t > Le g+ and all z,y € K* with || — y|| < dc i+

Lemma 2.1. ([1]) Let X and Y be two Banach
spaces, and denote by B(X,Y), the space of all
bounded linear operators from X into Y. Let A €
B(X,Y). Then when f € SAP,(RT,X), we have
Af =[t — Af(t)] € SAP,(RT,Y).

Lemma 2.2. ([8]) Let f : RT x X — X be a func-
tion which is uniformly S-asymptotically w periodic
on bounded sets and asymptotically uniformly con-
tinuous on bounded sets. Let u : Rt — X be S-
asymptotically w periodic function. Then the Nemyt-
skis operator ¢(-) = f(-,u(-)) is a S-asymptotically
w periodic function.

Lemma 2.3. ([22]) Assume f: Rt x X — X be a
Sfunction which is uniformly S-asymptotically w peri-
odic on bounded sets and satisfies the Lipschitz cond-
tion, that is, there exists a constant L > 0 such that

1f (&, 2) = (& )|l < Lljz = yl], V¢ > 0,Vz, y € X.

Ifu e SAP,(R*,X), then the function t — f(t,u(t))
belongs to SAP,(R™,X).

Let p € [0, cc[. The space BSP(R*, X) of all Stepanov
bounded functions, with the exponent p, consists of
all measurable functions f : RT™ — X such that
fb € L=(R, LP([0,1];X)), where f° is the Bochner
transform of f defined by fb(t,s) := f(t + s),t €
R*,s € [0,1]. BS?(R*, X) is a Banach space with
the norm

t+1 1
Fllsr = 1l army = sup ([ ll5@lar)”
teRT t

It is obvious that LP(RT,X) C BSP(RT,X) C
Lfoc(R+7X) and BSP(R+7X) C BSQ(R+7X) for

p > q > 1. We denote by BS{(R™,X) the subspace
of BSP(R',X) consisting of functions f such that

JE £ (5)|[Pds — 0 when £ — cc.

Now we give the definition of S-asymptotically w-
periodic functions in the Stepanov sense.



S-asymptotically w-periodic

Definition 2.4. [10] A function f € BSP(RT,X)
is called S-asymptotically w-periodic in the Stepanov
sense (or SP-S-asymptotically w-periodic)if

t+1
lim

_ P _
Jim [N+ w) = F9I7 =0,
Denote by SPSAP,(RT,X) the set of such functions.

Remark 2.1. [t is easy to see that SAP,(RT,X) C
SPSAP, (R, X).

Lemma 2.4. Let u € SAP,(RT,X) where w € N* |
then the step function t — u([t]) satisfies

lim u([t+w]) —u([t]) =0.

t—o00

Remark 2.2. The proof of the above Lemma is con-
tained in the lines of the proof of the Lemma 2 in

7],

Corollary 2.5. Let u € SAP,(R",X) where w €
N*, then the function t — u([t]) is S-asymptotically
w-periodic in the Stepanov sense but is not S-
asymptotically w-periodic.

Proof. By the above Lemma we have :
Vel/P > 0,37 > 0; t > T = |Ju([t+w])—u([t])]| < /.

The function ¢t — uft] is a step function therefore it
is measurable on R;. Then for t > [T] + 1, we have

t+1
/ eds
t

< e

IN

t+1
1 (s +w]) — u((s)I?

Therefore the function ¢t — u([t]) is S-asymptotically
w-periodic in the Stepanov sense. Now since the func-
tion ¢ — w([t]) is not continuous on R, it can’t be
S-asymptotically w-periodic.

Definition 2.5. [10] A function f : Rt x X — X
is said to be uniformly S-asymptotically w-periodic
on bounded sets in the Stepanov sense if for ev-
ery bounded set B C X there exist positive func-
tions g, € BSP(R*,R) and hy, € BSH(RT,R) such
that f(t,x) < gp(t) for all t > 0, z € B and
[lf(t+w,x)— f(t,2)|| < h(t) for allt >0, x € B.

Denote by SPSAP, (RT x X, X) the set of such func-
tions.

Definition 2.6. [10] A function f : RT x X —» X
is said to be asymptotically uniformly continuous on
bounded sets in the Stepanov sense if for every e > 0
and every bounded set B C X, there existst. > 0 and
de > 0 such that

t+1
[ i) = sGs.lpas < e,
t
for allt > t. and all x,y € B with ||z — y|| < d..

Lemma 2.6. [10] Assume that f € SPSAP,(RT x
X,X) is an asymptotically uniformly continuous on
bounded sets in the Stepanov sense function. Let u €
SAP,(R*,X), thenv(.) = f(.,,u(.)) € SPSAP, (RT x
X, X).

Lemma 2.7. Let w € N*. Assume f:RT x X - X
be a function which is uniformly S-asymptotically w
periodic on bounded sets and satisfies the Lipschitz

condition, that is, there exists a constant L > 0 such
that

||f(t,£[]) - f(tvy)” < L||x_y||7Vt > O,V,’E,y eX
If ue SAP,(R*,X), then

(1) the bounded piecewise continuous function t —

f(t,u([t])) satisfies
tlggo(f(tjtw,u([t +w])) = ft,u([t])) = 0.

(2) the function t
SPSAP,(RT,X).

—  f(t,u([t])) belongs to

(3) the function t — f(t,u([t])) does not belongs to
SAP,(R*,X).

Proof. (1) Since R(u)
set, then for every
L. > 0 such that

||f(t+w7‘r) _f(tv‘r)” <

for every ¢ > L, and = € R(u
By Lemma 2.4, for every 57
such that for all ¢ > T,

llu([t +w]) = w(tDIl <

{u([t])]t > 0} is a bounded

={u
5 > 0, there exists a constant

[N e

)
> 0, there exist T, > 0

€

2L°
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We have
(¢ +w, u([t +w])) = £ u[t])]]
< N+ w,u([t+w])) = FEu((t+ )
+ [ u((t +w])) = ftu((E])]
< I+ w, ([t +w]) = FEu([t+w]))]]

+  Llu([t +w]) = u([t])]]-

We put T = maz(T.,L.). Then for all t > T we
deduce that
€ €
1+ u([t+w]) = ftu(iDI] < 5+Lgz
< €

(2) According to (1) we have

Jim (4w, u((t+ w]) = F(tu((e]) =0,

meaning that
Vel/P > 0,37 >0, t>T
= [1f(t +w,u([t + ) = ftu()]] < €.

The function ¢ — f(t, u[t]) is continuous on every in-
tervals Jn, +1[ but lim f(t,u([t])) = f(n,u(n — 1))
t—n—

and lim+f(t,u([t]) = f(n,u(n)). Therefore the func-
t—n

tion ¢ — f(t,u[t]) is a piecewise continuous function
and it is measurable on R;. Then for ¢ > [T]+ 1, we
have

t+1
/t 17 (s, u([s +w)) = f(s, u(sD)IP

t+1
/ € ds
¢

< e

IN

(3) Since the function t — f(t,u([t])) is not con-
tinuous on R,, it can’t be S-asymptotically w-
periodic. O

Lemma 2.8. Let w € N*. Assume that f : RT x
X — X is uniformly S-asymptotically w-periodic on
bounded sets in the Stepanov sense and asymptoti-
cally uniformly continuous on bounded sets in the
Stepanov sense. Let u : RY — X be a function
in SAP,(R",X), and let v(t) = f(t,u([t])). Then
v e SPSAP,(RT,X).

Proof. Set B =: R(u) = {uft], t > 0} C X.

Since f is uniformly S-asymptotically w-periodic on
bounded sets in the Stepanov sense, there exist func-
tions gg € BSP(RT,R) and hp € BSL(RT,R) sat-
isfying the properties involved in Definition 2.6 and
2.8 in relation with the set B =: R(u).

The function v belongs to BSP(R™,X) because

t+1 t+1
A Jo()|Pdr = l 1f(ryu(fr )P

t+1
[ lontrras
t

t+1
sup ([ llgn(r)ar).
t>0 t

IN

IN

Therefore

V| lLoe v+, 1y < lgB||s2-

We have for all ¢t > 0 :

t+1
1 1£(s + w,uls + ) — F(s, ul(s + w]))||Pds

t+1
s/ 1hs(s)||Pds.
t

Note that hp € BSH(R*,R); this implies that for
€ > 0 there exists t. > 0 such that for all ¢ > ¢ we
have

t+1
[ Ihsolrds <eye.
t

Thus

t+1
1 1£(s + w,uls + ) — F(s, uls + w]))||Pds

<eP/2 for all t > t.(x).

Furthermore since f is asymptotically uniformly con-
tinuous on bounded sets in the Stepanov sense, thus
for all € > 0, theres exists t. > 0 and é. > 0 such that

t+1
1 1f (s, ul(s +w])) — £ (s, u((s]))|[Pds

<eP/2 forall t >t

()
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because
llu([s + w]) — u([s)I] < de.

The estimates (x) and (xx*) lead to

t+1
1’|w@+m—v@W%

t+1
/t 1 (s +w,ulls + w])) = f(s, u(ls])[[Pds

t+1
< 1 1£(s + w, (s + )
— F(su(s + w]))|Pds
t+1
4 1 £ (s, ulls +w])) — £ (s, u((s]) | |Pds
< €P/24€P/2 =€,

Therefore for all € > 0 there exists T. = Max(t.,t.) >
0 such that for all £ > T, we have

(/tt+1 [lo(s +w) = v(s)||pds)1/p <e

We conclude that v € SPSAP, (R, X).

3 Main Results

Definition 3.1. A solution of (1) on R is a func-
tion x(t) that satisfies the conditions:

(1) x(t) is continuous on RT.

(2) The derivative x'(t) exists at each point t € RT,
with possible exception at the points [t], t € RT
where one-sided derivatives exists.

(3) The equation (1) is satisfied on each interval
[n,n + 1] with n € N.

Now we make the following hypothesis:

(H1) : The function f is uniformly S-asymptotically
w-periodic on bounded sets in the Stepanov sense and
satisfies the Lipschitz condition

||f(t,u)—f(t,v)|| SLHU‘_’UH? u, ’UEX, teRJr-

We assume that A(t) generates an evolutionary pro-
cess (U(t, s))i>s in X that is, a two-parameter family
of bounded linear operators that satisfies the follow-
ing conditions:

1. U(t,t) = I for all t > 0 where [ is the identity
operator.

2. U(t,s)U(s,r) =U(t,r) forall t > s >r.

3. The map (t, s) — U(t, s)z is continuous for every
fixed z € X.

Then the function ¢ defined by g(s) = U(¢, s)z(s),
where z is a solution of (1), is differentiable for s < ¢.

dg(s)

o = AU s)z(s) + Ut )2 (s)
= —A(s)U(t,s)x(s) + U(t, s)A(s)x(s)
+ U(t,s)f(s,2([s]))
= U(t,s)f(s,z([s])).

W) Ut 5) (s, 2(5))

The function x([s]) is a step function. By (H1),
f(s,z([s])) is piecewise continuous. Therefore
f(s,z([s])) is integrable on [0,t] where ¢t € RT. Inte-
grating (2) on [0,t] we obtain that

2(8) — U(t,0)co :/0 Ut 5)f (s, o([s]))ds.

Therefore, we define

Definition 3.2. We assume (H1) is satisfied
and that A(t) generates an evolutionary process
(U(t,s))t>s in X. The continuous function © given

by
z(t) =U(t,0)co + /0 Ul(t,s)f(s,z([s]))ds

is called the mild solution of equation (1).
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Now we make the following hypothesis.

(H2): A(t) generates a w-periodic (w > 0) expo-
nentially stable evolutionnary process (U(t, s))>s in
X, that is, a two-parameter family of bounded linear
operators that satisfies the following conditions:

1. For all t > 0,

U(t,t) = I where I is the identity operator.

2. Forallt>s>r,

U(t,s)U(s,r) =Ul(t,r).

3. The map (t, s) — U(t, s)z is continuous for every
fixed z € X.

4. For all t > s,
Ut +w,s+w)=Ul(t,s)
(w-periodicity).
5. There exist K > 0 and a > 0 such that
Ut 5)]] < Kem =)
for t > s.

Theorem 3.1. We assume that (H2) is satisfied
and that f € SPSAP,(RT,X). Then

(AHE) = /Ot Ul(t,s)f(s)ds € SAP,(RT,X),t € RT.

Proof. Let u(t) = fg U(t, s)f(s)ds.

Forn <t<n+41, n €N, we observe that

IN

IN

IN

IN

IN

IN

IN

IN

IN

IN

[lu(®)I]

/||U 9|l ds
/ [|U(t,s)f ||ds—|—/ [|U(t,s)f(s)|| ds
0

| e as
0

t
/ Mea=9)||£(s)]] ds

| e @) s+ [ )] ds
0 n

n-l ck41 t
MO |f()l| ds+ [ MIIfE)]| ds
k=0 n
n—1 k41

Meme D £(s)| ds

k=0"F
n+1
| sl as

ZMWW k1) /k £ ds

M/ 1£(s)]] ds

ZMe““" ( /k s &)’
M(/ 1P ds)”

n

M( e 1)1 f]ls»

M(1 )i llse.

Therefore v is bounded.

Now, show that tlim u(t + w) —u(t) = 0.

— 00
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We have where
t+w
utrw)—ut) = [ UErw o) Ton(8) = 7100 (7G5 )= 109)
t
- [t L) = X3 i Uts) (F(s+w) = £(s)) ds,
O I 3(t) zfnU t,s) (f(s—l—w)—f(s)) ds.
= / Ut +w,s)f(s)ds
0
+ e Ut + w, s)f(s)ds We observe that
- [ v a0l < [T W15+ ) = £ ds
= L(t) + I(t), m
R < et [T (s 4 w) — f(s)]ds.
where " 0
Il(t)_/ Ut +w,s)f(s)ds,
0 Therefore, there exists v, € N, v,,, > m such that
and for t > v,
t+w t
Ig(t):/ U(t—|—w,s)f(s)ds—/0 Ul(t,s)f(s)ds. 1o (1)]] < e.

We note that

L) = U(t—l—w,w)/ Ulw, 5)f(s)ds = U(t—l—w,w)u(w),USing Holder’s inequality, we observe also that
0

and by using the fact that (U(¢,s))>s is exponen- | I2.2(1)]]
tially stable, we obtain

k+1
—a < WU s)I[]f (s +w) = f(s)ll ds
L@ < Ke™|lu(w)]], Z/
. k41
which shows that < Z M/ —a(t—s) (s +w) — £(5)]] ds
lim Il t) =0.
t—o0 () k+1 ()
Let € > 0. Since f € SPSAP,(RT,X), there exists < Z ]\4/]C ¢ (s +w) = f(s)l|ds
m € N such that for t > m =
n—1 k+1
1 s < MY e [ s w) - )l ds
([ I +w) - solrds) < &, s
t n—1 k+1 1
For m <n <t <n+1, we have < Mze_“("_k_l)(/ ||f(s+w)—f(s)||pds>p
k=m k
t
L(t) = / U(t,s)(f(s +w) — f(s))ds < M(efa("fmfl) +ealnmm=2) L 4 1)e
0

M
< La(t) + I22(t) + L2 3(1), I _e—a®

IN
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We observe also that < Ke ottw) 4 gre—at,
t :
Therefore lim ||U(t + w,0) — U(t,0)|| = 0.
I2a®ll < [ 10117 +) — £G5)]ds e B 010 w.0) ~ U O
n According to the Lemma 2.7 (resp. lemma 2.8) the
_ function ¢ — f(t, #([t])) belongs to SPSAP, (RT,X).
a(t—s
< /n Me 1f(s +w) = f(s)llds According to the Theorem 3.1 the operator A1 maps
t SAP,(RT,X) into itself. Therefore the operator I'
< M/ [1f(s+w)— f(s)|ds maps SAP,(RT,X) into itself.
n We have
n+1
< M [ W) -l Iro)® - re))|
n+1 1
< M([Nfere) - felPas)T = H/ (1) (£ (s, 0((s) = (s, 26([s])) s
< Me.
< /0 U s)If (s, 0([s])) = f(s,¢([s])]|ds

Finally, for ¢ > v,,

t
1O < [[a@ll+ 122 0] + 230 s L / 10 s)l16(1s) = v(ls)llds

< (tr e M) < LM / o9 1g([s]) — w((sD s
thus tlirglofz(t) = 0. We conclude that u € _ LM/Otea(ts)Hgb—wHOOds
SAP,(RT,X). U N 0
Now we make the following hypothesis. < L Ml_ie_atu & — ¥||oo

LM ‘

Theorem 3.2. Let w € N*. We assume that the < THQb_wHOO'

hypothesis (H1) and (H2) are satisfied. Then (1)
has a unique S-asymptotically w-periodic mild solu-
tion provided that

Hence we have :

LM
106 = Tolloe < 06—

0 := LM <1

. a ' This proves that I' is a contraction and we conclude
Proof. We define the nonlinear operator I' by the ex- that I" has a unique fixed point in SAP, (R*, X). The

pression proof is complete.
. O

COW) = U0+ [ Ulto)f(s.(s))ds
0 . .
= U(t,0)c0 + (Mo)(1), 4 Application

where Consider the following heat equation with Dirichlet

conditions:

(u0 = V650 dult) _ 0°W) (3 ¢ gin(mt))u(t, ) + £ u(lt] ),
(t O)—u(t ) =0,t € R,
u(0, z) = o,

Ut +w,0) = U 0)[] < [[U(t+w,0)[[ +[[U(#0)]] 3)

According to the hypothesis (H2), we have
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where cg € L?[0, 7] and the function f is uniformly S-
asymptotically w-periodic on bounded sets and sat-
isfies the lipschitz condition, that is, there exists a
constant L > 0 such that

1f(tx) = f(t )l < Lilz —yll,

Let X = L?[0, 7] be endowed with it’s natural topol-
ogy. Define

vVt >0, Va,y € X.

D(A) = {u € L*[0, 7] suchthat u" € L*0, ]
andu(0) = u(mw) = 0}
Au=u" forallu € D(A).
Let ¢, (t) =
functions of the operator (4, D(A)) with eigenvalues

An = —n2. A is the infinitesimal generator of a semi-
group T'(t) of the form

e

\/gsin(nt) for all n € N. ¢, are eigen-

¢, dn)n, Yo € L*[0, 7]

and
ITOI < e, fort>0
(see [13],[19]).
Now define A(t) by
D(A)

{ D(A(t)) =
At) = A + q(t, ),

where ¢(t, ) = —3 + sin(nt).
Note that A(t) generates an evolutionnary process
U(t,s) of the form

Ut,s)=T(— S)efst q(v,@)dz

Since q(t,z) = —3 + sin(nt) < —2, we have

—2(t—s)

U(t,s) <T(t—s)e

and
U s)|| < |T(E = s)|le ) < e300,

Since ¢(t + 2,z) = q(t,z), we conclude that U(t, s)
is a 2-periodic evolutionnary process exponentially
stable.

The equation (3) is of the form

{ a'(t) = At)z(t) + f(t,z([t])),
,T(O) = Cp.

By Theorem 3.2, we claim that
Theorem 4.1. If L < 3 then the equation (3) admits
an unique mild solution u(t) € SAP, (R, X).
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