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Abstract

Clément (2013) derived a second order ordinary differential equation (ODE)
satisfied by the free-surface Green function in the frequency domain. Since
then, similar ODEs for the gradient of the Green function have been developed.
Unfortunately, all these ODEs degenerate at zero frequency. Therefore, it is
not possible to initialize the numerical solution of these ODEs from this zero
frequency. Alternative methods based on the shifting of the initial condition to
frequencies strictly greater than zero have then been developed.

The present paper describes an alternative approach to address this issue.
It involves a new function which is the solution of a modified ODE which can
be solved from the zero frequency.

Finally, comparisons with evaluations of the Green function using the classi-
cal direct integration method are provided. They show that the new ODE can
provide accurate estimates of the Green function.

Keywords: ordinary differential equation, Green function, frequency domain,

singularity

1. Introduction

Boundary element method (BEM)-based codes are widely used in the indus-

try and in academia to investigate wave structure interactions effects on marine
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structures. BEM codes rely on the frequency domain linear free-surface poten-
tial flow theory which involves the free-surface Green function and its gradient.
An important part of the numerical burden in BEM codes relates to the numer-
ous numerical evaluations of the free-surface Green function. Indeed, they must
be evaluated for a large set of geometrical configurations and for a wide range
of frequencies to assess the structure response across all possible incident wave
conditions.

Various analytical formulations and algorithms for the calculation of the free-
surface Green function and its derivatives have been proposed. Pioneering work
was performed by Noblesse [, 2, B] and Newman [4, 5l [6] using sub-domains
methods with series expansions and polynomial approximations. Double Cheby-
shev polynomials approximations methods with special functions were proposed
by Chen [7,[8] and Wang [9]. Other efficient methods include tabulated functions
with Lagrange interpolations [I0], approximation methods with coordinates-
transformation [I1} 12], eigen-function expansion [I3], semi-analytical method
based on a singularity subtraction technique [14], multipole expansion method
[15]. Recently, Wu et al. [I6] [I7] proposed a global approximation based on
Noblesse’s method [2 [3]. It uses a simple approximation involving elementary
functions for the local flow component. It does not required dividing the com-
putational domain into multiple sub-domains. All those methods were recently
reviewed in [I8].

The analytical formulations typically include a source term, an image term,
and a singular integral. The algorithms implemented in most common BEM
softwares (WAMIT [19], HydroStar [20] or NEMOH [2I] for example) are based
on integral formulations.

A different approach was introduced by Clément [22] who showed that the
frequency domain Green function is the solution of a second order ordinary dif-
ferential equation (ODE) of the frequency variable. Thus, the Green function
can be evaluated by integrating numerically this ODE, provided that initial con-
ditions are available. Since then, similar ODEs for the gradient of the frequency

domain Green function have been established (see [23] and [24]).
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The remaining challenge for the evaluation of the frequency domain Green
function and its gradient using ODEs is the evaluation of the initial conditions.
Indeed, despite the values of the Green function and its first derivatives are
known for w = 0, the method cannot be started from that point because the
ODEs degenerate for w = 0. Thus, in [24], the ODEs are initialized at the non-
zero frequency w = 1. A power-series expansion method is used to solve the
ODE:s for w < 1 while a trigonometrically fitted block Numerov-type method is
used for w > 1. Note that it is not explained in [24] how the initial conditions
are obtained for w = 1. In [23], initial conditions for arbitrary values of w were
obtained using methods relying on the numerical approximations of the singular
integral.

In this paper, we present an alternative method which enables using w =0
for the initial conditions. The ODEs for the Green function and its derivatives
are recalled in section 2. The singular behaviour for w = 0 is highlighted.
In section 3, the singularity is extracted and a modified ODE is introduced.
Numerical results and comparisons with direct numerical integration are shown

in section 4. Finally, a conclusion is given in section 5.

2. ODEs for the Green function and its derivatives

In this study, only the infinite water depth free-surface Green function is
considered. The coordinates and variables are depicted in Figure [l The mean
free surface level is located at the plane z = 0. The vertical axis z points
upwards. The gravity constant is denoted g. The source point P(xp,yp,zp)
and the field point M (2, yar, 2ar) are both lying on or under the free surface
(zp <0, zp <0). The image source point P'(xp,yp, —zp) is the mirror of the
source point P with respect to the mean free surface. The horizontal distance
between the source point P and the field point M is denoted by r. The vertical
distance between the image source point P’ and the field point M is —Z. The
distance between the source and field points is denoted by R and the distance

between the image source point and the field point is Ry = /72 + Z2. The
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angle 0 is defined by cosf = —Z/R; and sin€ = r/R;. The relations between

the coordinates are given by:

r=+(zn —2p)2+ (ym — yp)?

Z =zy+zp (1)

R=+/(zm —2p)2+ (ym — yp)? + (2m — 2p)?

Figure 1: Definition of source point (P), field point (M) and other notations

2.1. ODEs with nondimensional original variables

The wave frequency is denoted w and the time dependent factor of the com-
plex potential is e ~*. The frequency domain Green function G, can be writ-
ten:

1 1

—4AnGoo(r, Z,w) = TR +G(r, Z,w) (2)
1

with

G(r, Z,w) = 2PV / e*Z Jo(kr)dk + 2imkoe*Z Jo(kor) (3)
0

k— ko
where ko = w? /g is the wave number and Jo(+) is the Bessel function of the first
kind and zero order.

Let us consider the nondimensional Green function Goo = GooL. Let: R =

R/L, R, = Ry/L, 7 =r/L, 7 = Z/L, ]2'0 = k‘oLZLUQL/gz(IJQ, k= kL, G =



»  GL where L denotes a reference length. The non-dimensional Green function

has the same form as the Green function with dimensional variables:

—4nGoo (7, Z,0) = % — Ril +G(F, Z,) (4)
with
_ S = ReZ 17
G(F, Z,0) = 2PV / - e Jo(kF)dk + 2imkoe*? Jo(koT) (5)
0 — RO

The ODEs for the nondimensional Green function and its derivatives can be

written [23]:

_9 7 2
a2 o on 3 4o mon os - 201+ Zw?)
Gow —0(@°Z + 1)Go + (077 + 27) + Z+1)G—W (6)

~2 e 7 =2
d 7 7)(:@ + @+ 2%+ 302 Z +3)Gr = —6r(1+ 207 Jf 207)
(F2+Z2)3/2

=~ |

—4Z(2+ Z&?) + 27%w?

C o @G 24 1) (& (P4 2°) 4357 24 0)C g = 32
4 (72 +22)
(®)

s For i = 0, the values of the Green function and its first gradient can be obtained

from equation . They are given by:

_ 2 _
o (99)
_ —9F _
Gf:—i7Gf@:0 9b
% (9)
_ 927 _
Gy=-—=2Gyu=0 (9c)
4 R% Z

It can be observed that for w = 0, equations @, and degenerate into

zero order equations. Thus, they cannot be used to obtain the second derivatives

ot
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of the Green function for that frequency. This singularity prevents using @ = 0
as the initial condition for the ODEs.

The ODEs apply both to the real and imaginary part of the Green function.
However, the imaginary part can be expressed analytically [I8], [6], [2]. Thus, in
the following, we shall focus only on the evaluation of the real part of the Green
function. Moreover, the ~ on top of the variables will be omitted as hereafter we

only discuss the nondimensional Green function.

2.2. The singularity of the Green function for w =10

The difficulty to use w = 0 as the initial condition for the ODEs arises not
only from the fact that they degenerate for that frequency but also because of
the singular behaviour of the Green function for w = 0.

Let us recall the modified Haskind representation of the Green function [25],
[26]:

0 _—w?t
)+ %/Z ﬁdt] (10)

where Hg(-) denotes the Struve function as defined by Abramowitz and Stegun

2
G(r,Z,w) = B wae“’zZ[HO(WQT) + Yo (w?r
1

[27]. By using a Taylor expansion, the Green function can be rewritten:
2

2
G(T’, Z, (JJ) = E — 2(4}2 IH(UJQ) — 2w2('y + ln(m

) +0Wwh) (1)
where v is the Euler’s constant.

Let us now differentiate twice this last equation to obtain the second deriva-
tive of the Green function as function of w. One can show that for w — 0,

0?G/0w? — —8Inw. Thus, the second derivative of the Green function tends

to infinity for w = 0.

2.3. ODEs with nondimensional natural variables

In [23], ODEs as function of the natural variables (u,w) were introduced.

The natural variables are defined from the original variables through the change



of variables (r, Z,w) « (R1, i, @):

, Ri = (r2 4 22)1/2
Z =Su =-Z/?+ 22 = _Z/R, (12)
w w =wr?+ 72 =wuVR;,
Ry ro=Ryy/1—p?
u =7 =—uR, (13)
w w =w/VR

Note that as Z has values in [—00, 0] and r has values in [0, o], the range of
uo  possible values for u is limited to [0, 1].
The set of ODEs as function of the natural variables are [23]:

1 -

Zw2(~¥ww + w(pw? — Z)Gw + (@ — pw® +1)G =1 - ?p (14)

1 ~ 7.~ -
ingTww'f'w(MwQ_Z)er+(w4_3uw2+3)Gr =-3y1- M2(1_Mw2) (15)

1t (2 — )Gt (3 +4)C 5 = 2u(2 - ) + (1)
(16)

with G(r, Z,w) = 2/ R1G(u, @).
The initial conditions for o = 0 as function of the natural variables can be

obtained according to @ are:

G=1,G5=0 (17a)
~ r ~
r= T »YUrw — 17b
G =G (17b)
. 7 .
= —— o = 1
Gz Rl,GZ 0 ( 70)
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As for the case of the original variables, it can be observed that the ODEs
degenerate for w = 0. Thus, the ODEs as function of the natural variables

cannot be integrated from w = 0 either.

2.4. Relations between the Green function and its spatial derivatives

The vertical derivative of the Green function can be obtained directly from
the Green function itself [I8], [6], [2]. In the following, we show that the same
applies to the horizontal derivative.

Let us recall the nondimensional time-domain free-surface Green function,
Fo(r, Z,t) 27], [28):

AnF(r, Z,1) = 6(1) (11% - 1;) +H(OF(r, Z,1) (18)

with

F(r,Z,t) =2 / h Jo(Kr)e®?VK sin(VKt)dK (19)
0

where ¢ is the time variable, 0(-) is the Dirac delta function and H(:) is the
Heaviside unit step function. The terms associated to the Dirac delta function
are often referred to the impulsive part of the Green function while the term
with the Heaviside unit step function is called the memory part.

F is solution of the following partial differential equation :

Using the change of variables with 7 = t/y/Ry, one can show:
2F,, + ptFy —2(1 — p®)F, +3uF =0 (21)

with F(r, Z;t) = 2Ry *?F(u, 7).

Applying the Fourier transform as in [22], one can show that the Green func-
tion as function of the natural variables is a solution of the partial differential
equation:

@Gy — (20? = 21)G — 2(1 — p*)G,, = 2u (22)

Thus, the derivative of the Green function éu can be obtained from the

knowledge of G and Go.



From Gu and G, the horizontal derivative of G can be obtained using:

N - O
Gr == G‘ua

9w

+Go 5 (23)

Recalling that G = R, /2G, G = v/R1/2G,,, the horizontal derivative of the

Green function as function of the original variables can be obtained by using:

G = 2a 7

- =5 24

140 Thus, equations and provide a way to evaluate the horizontal
derivative of the Green function from the Green function itself without hav-

ing to solve an additional ODE.

3. A new ODE free of the singularity at the origin

3.1. Deriwation

145 The ODEs @ can be written in a general form as follows:

22y" 4 (co12? + cor)xy’ + (caox™ + ca0z? + coo)y = co + cox? (25)

where co1, Co1, Ca0, C20, Co0, Co, C2 are parameters independent on the variable z,
x > 0. Note that = is the frequency variable, which is either w or w depending
on the considered ODE. y is the non-dimensional Green function or one of

its derivatives as function of the non-dimensional or natural variables. The

150 parameters are given for each equation in

The initial conditions are:

y(0) = co/coo (26a)

y'(0)=0 (26Db)

According to , the asymptotic form for y when x is close to 0 is:

y(x) = co/coo + arz*log x + b1x? + o(z?) (27)



with

ay = —4,by = —2(y +log(r?/(2(Z + Ry)))), for G (28a)
a1 = 0,by = —4(% —rJQRU(Z+ R1)), for G (28D)
4 = —2,by =log2 — v —log(1 + u), for G (28¢)
a1 = 0,0 = /T2 (Ra(L+ ), for Gy (284)

The asymptotic form for the first derivative of y is:

y'(z) = a1z(2logx + 1) + 2b1z + o(x) (29)
155 Let us define the new function z(z) as the difference of the original function

y minus the two leading terms in :

2(x) = y(x) — co/coo — a1 log (30)

Thus, y(x) and its derivative are given by:

y(z) = 2+ co/coo + ar2* log (31a)

y'(z) = 2 +2a1xlogx + a1z (31b)

By introducing into , one can show that z(x) is the solution of a
the following ODE:

222" + c(x)xd +d(z)z = 2% f(2) (32)

with
c(x) = ez + cop (33a)
d(a:) = 040.’174 + 020.1'2 + Coo (33b)
f(x) = —cgoarz* log x + [—(2¢o1 + c0)ar logx — ca1ay — caoco/coo] 2°  (33c)

+ [=(2 + 2co1 + coo)ar log & — (3 + co1)ar + ca — caoco/coo]

10
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For the case y = G, the coefficients involved in the last bracket of f(z) are
cor = —3, a1 = —2, co = —4p, coo0 = —4p, cg = 4 and cgp = 4 according to .
Thus, 2 4 2¢p1 + coo = 0 and —(3 + co1)a; + c2 — ca0¢o/coo = 0. It can be shown
that it is also the case for y = G, y = G, and G, using @, and . f(z)

can then be rewritten:
f(z) = —caoarztlog z + [—(2¢21 + c20)a1 log & — ca1a1 — ca0¢0/coo) x2 (34)

For z — 0, c¢(z) — co1 and d(x) — coo according to equation while
f(x) — 0 according to equation (34).

Moreover, it can be noted that for z — 0:

2(x) = biz® + o(z?) (35a)

2'(x) = 2byz + o(x) (35b)

according to the asymptotic expression of y(z). Thus, z(z) — 0 and
Z'(x) = 0 for x — 0.

In comparison with the second-order ODE for y(z), the second order
ODE for z(x) is of the same form on the left hand side. However, it has a
non-homogeneous term on the right hand side whose leading order is * log x for
x — 0. Therefore, in contrast to y”(z), z”(z) tends to a finite value for x — 0
(that is 0 according to equation (34)). The ODE for z equation is free of

the singularity for x — 0.

8.2. Practical representation of the new ODE for its numerical integration

The direct application of a numerical integration scheme (e.g. Runge-kutta
(RK4)) for the ODE ([32)) remains difficult in practice because of the coefficient
x? associated with z”. Hereafter, we present a method to deal with this issue.

Let us assume that  # 0. The ODE can be re-written as:

2 () Jo +d(x)z/2? = f(x) (36)

11



Let us define the new variables (u,v) = (2/,2/x). Their derivatives are:
(u,v") = (& u/x —v/x).
By introducing the new variables in the second-order ODE , one can

obtain the system of differential equations:

Y =F(z,Y/x) (37)
15 with Y and F defined by
y=0 " U ad Paym=d f@ L@ d@ e
v 0 -1 1

The initial values for x — 0 are

0
Y, =
0
N Y 2
Yo=—|os0= b1 (39)
€T 1
—(coo + 2¢
Fo — (coo 01) by

1
in which we used || to obtain Y, and for ¢(0) = co1, d(0) = coo and
f(0) = 0 to obtain Fy defined by (38).
Both the initial values of Y and Fy being finite, usual numerical integration
wo schemes can be used to integrate (37 in order to obtain values of the Green
function from the initial conditions at *+ = w = @w = 0. The coefficients in
equations and and relation between y(z) and z(z) for G, G,., G, G,
are given in

4. Results

105 In this section, the results of the evaluation of the Green function and its
horizontal derivative by using the ODE are compared to the results obtained

using the direct integration method as described in [23].

12
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The Green function as function of the original and natural variables are
evaluated by solving the system by using the Runge-Kutta 4 method with
a constant step size Aw = 0.001.

The initial conditions are for w = 0 from equation . The results are
shown in Figure 2| for @ € (0,8], u € [0,1). The error is defined as the differ-
ence between the values of the Green function obtained by integrating the ODE
and the direct integration method with 8 decimal accuracy [I8]. One can see
that a 6 decimals (6D) accuracy is obtained. Thus, the method using the ODE
is as accurate as the most accurate of the other numerical methods for evalu-
ating the Green function [18], that are based on the approximations of integral
formulations.

The horizontal derivative of the Green function is obtained from the Green
function itself using . The values and errors are shown in Figure (3| for
w € (0,8], and p € [0,1). A satisfactory absolute accuracy of 4 decimals is
obtained.

Results for the Green function as function of the original variables and its
horizontal derivative are shown in Figure [d and 5] A 6D accuracy is obtained.

Therefore, the ODE-based method can predict the Green function as accu-
rately (6D accuracy) as existing alternative methods. Nevertheless, it can be
noted that 4D accuracy is expected to be sufficient for practical applications

according to[16] [17, 29]

13
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(a) G (b) Gerror

Figure 2: Results for the evaluation of ¢ with the ODE and error with the direct integration
method. The ODE is solved using the RK4 method with Az = 0.001 w € (0, 8], and p € [0,1)

(b) Grerror

Figure 3: Results for the evaluation of G, and error with the direct integration method. The

ODE is solved using the RK4 method with Azw = 0.001 w € (0, 8], and p € [0,1)

14
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(b) Gerror

Figure 4: Results for the evaluation of G and error with the direct integration method. The

ODE is solved using the RK4 method with Aw = 0.001.

(b) Grerror

Figure 5: Results for the evaluation of G, and error with the direct integration method. The

ODE is solved using the RK4 method with Aw = 0.001.

5. Conclusion

In this paper, we present a new ordinary differential equation for the evalua-
tion of the frequency domain Green function. In contrast to original Clément’s
ODE, this modified ODE allows for the zero frequency to be used for the ini-
tial conditions. Comparisons with the direct integration method show that 6D
accurate estimates of the Green function can be obtained with this ODE. This

method may be used for calculating the Green function and its gradient. It will

15



be investigated in future work whether it is more efficient than conventional

methods for the calculation of hydrodynamic coefficients in BEM codes.
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20 AppendixA. The coefficients of ODEs for G, G, é, C:‘r

For sake of clarity, the parameters co1, co1, 40, C20, Coo, Co, C2 for G,

G, G,

G, are listed in following. The ¢(z), d(z), f(z) and —(coo + 2¢o1) in equations

[33), are also given and y(x) is expressed by z(x).

o G
235 According to equation @,
co1 = —4Z;5c01 = —3;
ca0 = 4(r® + Z%); co0 = 4Z; co0 = 4;
co = 8/Ry;co = 8Z/Ry;
Thus:
clr) = —4Z2% -3
d(z) = 4(r® + Z*)a* + 4Z2% + 4
f(z) = —42*(Ria12? logx — Zay logx — Zay + 2R,)
— (coo + 2¢o1) =2
y(x) = 2(x) + 2/Ry — 4a*log
o (G,

According to equation ,

co1 = —4Z5c01 = =T
ca0 = 4(r% + Z%); ca0 = 127; co0 = 12;

co = —24r/R3;cy = —24rZ/ R3;

16

(A.1)



Thus:

c(x) = —4Z2* -7

d(z) = 4(r® + Z%)a* + 12Z2% + 12
f(z) = 8rz?/R;

— (coo +2c01) = 2

y(z) = z(x) — 2r/R}

o (&

According to equation ,

co1 = 4p; co1 = —3;
ca0 = 4;¢00 = —4p;c00 = 4

co = 4502 = =4y

Thus:
c(z) = 4px® — 3
d(z) = 4a* — dpa® + 4
flz) = —4x2(a1x2 logx + paylogz + pay + 1)
— (coo + 2¢01) =2
y(x) = z(x) + 1 — 22 log
240 [ ) é’l‘

According to equation ,

co1 = 4p;co1 = — T,

Cq0 — 4; Coo = —12#; Coo — ].2,

co = —12¢/1 — p?;c0 = 12u/1 — p?;

17

(A.5)
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260

Thus:

c(x) = 4pa® — 7 (A.8a
d(z) = 4z* — 12p2® + 12 (

)
)
fla) =4/1— 2 (A.80)
)
)

— (coo + 2co1) =2 (A.8d
y(@) = 2(z) — V1 —p? (A.8e
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