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NEW EXAMPLES OF PROBABILISTIC WELL-POSEDNESS FOR
NONLINEAR WAVE EQUATIONS

CHENMIN SUN, NIKOLAY TZVETKOV

ABSTRACT. We consider fractional wave equations with exponential or arbitrary poly-
nomial nonlinearities. We prove the global well-posedness on the support of the cor-
responding Gibbs measures. We provide ill-posedness constructions showing that the
results are truly super-critical in the considered functional setting. We also present a
result in the case of a general randomisation in the spirit of the work by N. Burq and
the second author.

1. INTRODUCTION

Our goal in this work is to give new examples of probabilistic well-posedness for non-
linear wave equations with data of super-critical regularity. More precisely, we consider
fractional wave equations with exponential or arbitrary polynomial nonlinearities. We will
prove the global well-posedness on the support of the corresponding Gibbs measures (and
also a result for more general random initial data). We will also provide ill-posedness
constructions showing that the considered problem is super-critical in the sense that the
obtained solutions crucially depend on the particular regularisations of the initial data.
Let us recall that in the case of a deterministic low regularity well-posedness for dispersive
PDE’s, the obtained solutions can be seen as limits of approximated smooth solutions,
independently of the choice of the approximation of the low regularity initial data (see e.g.
113, 19, 20]).

1.1. The case of exponential nonlinearity. Let (M, g) be a compact smooth riemann-
ian manifold of dimension d without boundary. Let A, be the associated Laplace-Beltrami
operator. For o € R, we set D7 = (1 — A,)?/2. Consider the following (fractional) wave
equation

(1.1) Otu+ D**u+e" =0,

where u : R x M — R. The case a = 1 corresponds to the usual wave (or Klein-Gordon)
equation posed on M. Let u be a smooth solution of (LI]). If we multiply (L)) by O:u
and integrate over M, we get

d 1 1

et (0 2 (D% 2 u ] =0.

dt[/M(z( )+ (D) )

Let (¢n)n>0 be an orthonormal basis of L?(M) of eigenfunctions of —A, associated with
increasing eigenvalues ()\%)nZO- By the Weyl asymptotics A, ~ ni. With v = Osu, we
rewrite (ILI)) as the following first order system:

(1.2) du=v, Ow=—D*— e
1
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The system (L.2)) is a Hamiltonian system of PDEs with the Hamiltonian:

1
(1.3) H(u,v) = —/ ((D“u)? + v?) —|—/ et
2/m M
The Hamiltonian H (u,v) controls the H® norm of (u,v), where we denote
H* = H*(M) x H>=“(M)
for any s € R, and H*(M) is the classical Sobolev space of order s. For o >

(1.4) ( /M e

and therefore for these values of o the potential energy can be seen as a perturbation. In
particular we can show the global well-posedness of ([.2]) for data in H*.

[\][sH

)

Theorem 1.1. Leta > 4. The Cauchy problem associated with (L) is (deterministically)
globally well-posed for data in H®, s > a.

We omit the proof of Theorem [I.1l It follows from a standard fix point argument, based
on (L4).

Let (gn, hn)n>0 be a family of independent standard gaussians on the probability space
(Q, F,P). The gaussian measure y is the image measure under the map w — (u,v%)
defined by

(1.5) u¥(x) = Z ?;(C;O)l on(z), v (x)= Z hop (W) @n(x) .
n=0 \"" n=0

We can see p as a probability measure on H?, o0 < a — d/2. One has the following key
property of pu.
Proposition 1.2. Let a > d/2. For 0 < a —d/2, |D%u|| e is finite p-almost surely.
More precisely
2
s D%l e gy > A} < C e
for some C,c > 0 independent of A > 1.

The proof of Proposition follows directly from the same argument as in the proof of
Proposition B3] in particular from (3I0). Applying Proposition with § = 0 we obtain
that [,, " is finite y almost surely and we can define the Gibbs measure p associated with
(2] as

dp(u,v) = e~ I dp(u,v) .
Indeed, using that if u =" ¢, then

1 a, \2 = 2c0 2

9 (D%u)” = Z(An> Cn»

M n=0

we deduce that one may interpret u as a renormalisation of the formal measure

771 e 2 (D)%) gy, gy
and therefore p becomes Z'e~H(®) dudy which reminds the Gibbs measure for finite
dimensional systems. We have the following result.
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Theorem 1.3. Let o > %l and 0 < 0 < a — %. The problem (L2l is p almost surely

globally well-posed. Moreover p is invariant under the resulting flow ®(t) in the following
sense. There exists a measurable set ¥ C H with full u measure, such that ®(t)(X) = X
and for any measurable set A C X, we have p(A) = p(®(t)A) for all t € R.

The main difficulty in Theorem [[.3] comes from the fact that the random data (L5 is
not in the scope of applicability of the deterministic well-posedness result of Theorem [Tl
We however have the following connection between Theorem [I.1] and Theorem [I.3]

Theorem 1.4. Let (u§(t,x), v (t,z)) be the solution of (L2) given by Theorem [L1] with
smooth data

=3 290 ), @) = 3 halw)en(a).

(07
A <N {An) A <N

Then almost surely in w, (uf(t,x),v5(t,x)) converges to the solution (u,v) of (L2) con-
structed in Theorem [L.3, in C(R;H?) (and uy, converges to u in L3S (R x M)).

loc

The restriction o > d/2 in Theorem [[.3]and Theorem [[.4]is optimal in the sense that for
a = d/2 the construction of the measure p fails because f e is ill defined on the support
of . However, for d = 2 one may suitably renormalise [ €. Such a renormalisation would
unfortunately lead to a change of the equation. In the case of the renormalisation used in
[17, [14] [15] one would obtain the wave equation, without the mass term, but with a source
term, related to the curvature of M. One can also use a renormalisation as in [I1] which
would avoid the source term in the equation but the mass term should be kept. In the case
of both renormalisations we have just mentioned, one can apply compactness techniques
as employed in [11l 23]. The obtained solutions would however be non unique and an
approximation result as the one of Theorem [I.4] is completely out of reach of the scope of
the applicability of these weak solution techniques. We believe that obtaining a result as
Theorem [[.4] in the case a = 1 (d = 2) for the above mentioned renormalised equations is
an interesting and challenging problem. It is worth mentioning that the relevant parabolic
equations have been recently studied in [16].

A novelty in the proof of Theorem [[L3] and Theorem [[L4] compared to [3, 4} 9] 10, 28]
is that because of the exponential nonlinearity, we need to prove probabilistic Strichartz
estimates involving L° norms with respect to the time variables.

1.2. The case of arbitrary polynomial nonlinearity. The strategy to prove Theo-
rem [[.3] and Theorem [[.4] works equally well for power type nonlinearity of an arbitrary
degree, as follows

(1.6) O*u + D*u + vt =0,
We have the following statement in the context of (L.G]).

Theorem 1.5. Let o > % and 0 < 0 < a — %l. Then ([L0) is u almost surely globally
well-posed.

Note that from the scaling consideration: wu(t,x) — A% u(\*¢, Az), the critical index

is s, = %l — . Therefore, if s < %l — ¢, ([LG) is super-critical with respect to H*. As a
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consequence, we have an ill-posedness result, Proposition [6.1] proved in Section 6.

We underline that Theorem is really a super-critical result, in the sense that the
way to approximate the solution in C'(R;H?) by smooth solutions is very sensitive. More

precisely, as a consequence of Theorem and Proposition [6.1] we have the following
remarkable statement.

d
Corollary 1.6. Assume that 0 < 0 < o — 5 Let k € N such that

(2k —1)d kd d 20 d

«
kr1 Y ’ 2 2%—1- %

o For almost every (uf,uy) € H7, there exists a sequence
uf(t,xz) € C(R;C°(M)), N=1,2,---
of global solutions to (LG such that

i [} (i (0), 0ruiy (0) = (ug), uf) e — 0,
—00

while for every T > 0,

[l () zee fo,y;0 vy — 00

o Let (u§(t,x),v%5(t,x)) be the solution of (LB) with smooth data

@ = 5 0w, o) = X ko).

An<N An<N

Then almost surely in w, (ux(t,x),v%(t,x)) converges to the solution (u,v) of
(L8) constructed in Theorem in C(R;HT).

Remark 1.7. For fized k € N, if

(2k—1)d<a<@
2k +1 2’

d 2 d  « d
(5‘%??5‘%)“@ﬂ‘5>¢”

Remark 1.8. The first assertion of this corollary will follow from the strong ill-posedness
result of Proposition [6.1l. Unlike usual ill-posedness construction near the zero initial
data, we prove norm-inflation near any smooth data of arbitrary size. The restriction
a > (22kk;11)d here is only a technical assumption (see case 2 in the proof of Lemma[G3 for
detailed discussion). It would be interesting to decide whther the same conclusion holds
for the full range %l <a< %.

then
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1.3. General randomisations. We remark that for the polynomial nonlinearity, if the
underlying manifold is M = T¢, we could also treat the general randomisation introduced
in [9]. More precisely, for any (ug,vg) € H*(T¢) x H*~1(T%),

uo(x) = ag + Z (an,1cos(n-z) + apzsin(n - x)),
nezd\{0}

vo(x) = bo + Z (b1 cos(n - x)x + by 2sin(n - z)),
nezd\ {0}

we consider the randomisation around (ug,vp):
0§(2) = aogo(@) + 3 (@n1Gn1(®) c0S(n - @) + n2gn 2(w) sin(n - ),
nezd\{0}

vy (z) = boho(w) + Z (bp1hp1(w)cos(n - z)x + by 2hy 2(w) sin(n - x)),
nezd\{0}

(1.7)

where {go(w), gn.; (W), ho(w), hn j(w) : n € Z%\ {0},7 = 1,2} are independent standard
Gaussian variables. Denote by

uf v (x) = aogo(@) + Y (anign1(w)cos(n - x) + an2gna(w)sin(n - x)),
In|<Nn£0

v v () = boho(w) + Z (bp,1hn1(w) cos(n - x)x + by 2hy 2(w) sin(n - z)),
In|<N;n£0
We have the following almost surely global existence as well as uniqueness theorem:
Theorem 1.9. Assume that M = T?, o > %l. Let (ug,v9) € H® with @ < s <
a. Then almost surely in w € Q, (LO) with initial data (uf,v§) is globally well-posed.
Moreover, the sequence of smooth solutions un(t) to (LE]) with initial datum (uf x,v5 )

converges in C(R; H*(T%) x H*~1(T%)) to the solution u*(t) with initial data (u,vs).

We will sketch the proof in Section 7. The only additional ingredient in the proof of
Theorem is an energy a priori estimate, following the method of Oh-Pocovnicu [24]
(see also [26]). The crucial fact we use to prove the energy estimate is the almost sure
L*> bound for the linear evolution of the Gaussian random initial data. This is the reason
to restrict our consideration to M = T¢ in Theorem For general randomisations on
arbitrary manifold, the almost sure L> bound does not always hold true (see for example
[1]). However, as in [25], using the idea of Burg-Lebeau [6], such an L® bound can be
achieved by imposing some assumptions on the variations of the Fourier coefficients of
(u07 UO) :

It is worth mentioning that there are many situations when the energy method of Oh-
Pocovnicu does not cover the results obtained by exploiting the Gibbs measure. Indeed,
for general randomisations, we need s — « as k — oo while for data on the support of the
Gibbs measure we need 0 < s < a — %l, independently of k.
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2. CONSTRUCTION OF THE (GIBBS MEASURE

2.1. Notations. Denote by II the sharp spectral projector on Ex = span{y, : A, < N}.
Let mn be a smooth projector where

7TN( Z Cn(Pn) = Z V(A /N)enen,
n=0 n=0

where 1 € Cg°(R) ¢(r) > 0 and ¢(r) = 1 if r < 1/2, ¢(r) = 0 if r > 1. By convention
T = Id. Clearly, we have
Ny = 7N, wnIlyyg = Iy

We will also use the notations:

my =1d—ny, Iy :=Id—Ily.
2.2. Definition of Gibbs measure. Denote by piy the distribution of the Eny x En
valued random variable

or (X 5500 3 halwlonta)
An<N VP A <N

Consider the Gaussian measure iy induced by this map, which is the probability measure
on R24m(EN) defined by

- A _OF+1D%E  bp 1
dMN _ H <2L>e_ +2 _Tdandbn — Z_e—H()(a'mbn) H dandbn7
<N AT N An<N

where Hj is the free Hamiltonian
1
Ho(u,0) = 5 [ (D% +1of?).
2 Jum

Now we define a Gaussian measure on H?(M)(o < a — d/2) be the induced probability
measure by the map

(An)®

The measure y can be decomposed into u = pN @iy for all N, where ;% is the distribution
of the random variable on E]# X E]# Now we define the Gibbs measure p by

dp(u) = exp ( - /M e“) du(u).

Fy(u) = /MeﬂNU, Flu) = /Me“

w (i gn(w) on (), i hn(w)cpn(x)) .
n=0 n=0

We denote by
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Glu) = exp - /M ). Gulu)=exp (- /M ).

To be precise, we firstly define its finite dimensional approximations
(2.1) dpn (u) = G (uw)din(u),  dpn(u) = Gy (w)dp(u) = dp™ @ dpy.
The following proposition justifies our definition of dp(u).

and

Proposition 2.1. We have the following statements :

(1) The sequences (Fy(u))n>1 and (Gn(u))n>1 converge to the limits F(u),G(u) in
LP(du(u)), 2 < p < oo, respectively. In particular, G(u) exists almost surely with
respect to (.

(2) G(u)~! =exp (fy, ") is almost surely finite with repsect to pu.

(3) impy 00 pn(A) = p(A), for every Borel set A C H.

Proof of Proposition 2. (1) As mentioned in Remark 3.8 of [27], in order to prove that
Fn(u), Gy (u) converge to F(u),G(u) in LP(dp), it will be sufficient to show that

o [|Fn(w)ll e lIGN (W) Lp(dyu) are uniformly bounded.

e Fy(u), Gn(u) converge to F(u), G(u) in measure.
Now we verify the boundeness in LP(du). Note that G (u) < 1, we only need to check for
Fn(u). We write

|Fn(u)] < vol(M)ellmvuleean

Therefore using Proposition [[.2] we write for A > 1,

log(A _C(lo _
p(u s [Fx ()] > X) < plu |[myul| oo > gg )) < e ClosN)” < oA,

for every [ > 1. This proves the uniform in N boundedness of || Fn(u)| rr(qyu) for every
p < 0o. Next, we claim that Fi(u) converges in measure to F'(u). Once this is justified,
the convergence in measure for Gy (u) would follow automatically since Gy = e V. For
Ny > Ny, we observe that

[ Fivy (1) — Fivg (u)] S/ |, U — Tyl - el Ul
M

<Cllmnyu — vy ul| 2oany exp ([|wn, ull oo (ary + | ull oo (ar)) -

Therefore by Cauchy-Schwarz, || Fy, (u) — Fn,(u)|z1(qy) is bounded by

Cllllmnyw = mnpull 2 an || 2 g | exp (Imnulloe (ary + levyull oo an)) 22 ) -

The first factor is clearly going to zero as N1, No go to infinity. One can show that the
second factor is uniformly bounded, exactly as in the proof of the uniform boundedness
of |Fx(u)llre(ay) - Therefore (Fi(u)) is a Cauchy sequence in L'(dp) which implies its
convergence in mesure. This in turn implies the convergence in measure of the sequence
(Gn(u)) (Gn is a continuous function of Fy).

(2) To show that [, e" is almost surely finite, it will be sufficient to verify that

E, [/Me“] < 0.
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From the proof of (1), E, [elmvullLeean] is uniformly bounded in N. Thus we conclude by
the dominated convergence.

(3) It will be sufficient to check that, for all Borel set A C H? (M), we have
lim lyeca|Gn(u) — G(u)|du(u) = 0.
N—o0 Ho (M)

This is a simple consequence of L?(du(u)) convergence, since

/H o Luea|Gn(u) — G(u)|du(u) < |Gn(u) — G(w)| L2 (g 1A — 0,
as N — oo. This completes the proof of Proposition .11 O

3. PROBABILISTIC LOCAL WELL POSEDNESS

3.1. Deterministic local well-posedness result. Consider the following truncated ver-

sion of (2]
(3.1) du=wv, Ow=—D"u—my(e™"),
with initial data
(3.2) Ulp=ty = w0, V|t=t, = Vo.
Let us next define the free evolution. The solution of
du=v, Ow=—D>*,

subject to initial data
u(0,2) = uo(x), v(0,2) = vo(x)

is given by

S(#)(uo, vo) = (S(t)(uo, vo), BeS(t)(uo, v0)),
where

S(t)(ug,vg) = cos(tD)ug + D~ “sin(tD)vg
and

0pS(t)(ug,vg) = —D*sin(tDY)ug + cos(tDY)vy .
Assume that ¢g < 1, 1 < ry < oo such that
d d
—<eg<a— =,
o 2
which is possible since o > %l. In order to establish the probabilistic local well-posednesss

as well as globalising the dynamics, we need some auxillary functional spaces X'5#, VP 28
defined via the norms

) llys = S A+ sup [1S(2) (s ) lweoroany
ez I<t<l4+1
[ (w, v)|| xs8 = [ (w, V)l + [[(w, 0)[|ys
and

(w,0)lzo =D (L) sup [[S(t)(w,0)l| o (ary-
ez I<t<l+1
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Note that
a—s 1 1 . b s —
d —5—%Wlt so—a—§+%>eo,

thus H*(M) C W (M) C L>®(M) (with continuous inclusions). Moreover, J# C 2.
The definition of these weighted in time spaces Y2, Z? is inspired by the work of N. Burq
and the second author (a similar definition appears in [9]). The weight 5 > 1 will be fixed
in the sequel to ensure the {! summation, without other importance. These norms are
only designed to treat the linear evolution part of the solution, since unlike [I0], the linear
evolution is not periodic in time.

Denote by ®n(t) the flow of the truncated equation (BI)-(B.2). In components, we
write

v () (uo, vo) = (@ (t)(uo, vo), B3 (1) (uo, v0))
with @1 (¢)(uo, v0) = un(t), ®% (t)(uo, v0) = dpun(t). Similarly, we denote by

@ (t)(uo, vo) = (@ (t)(uo, v0), D*(t) (uo, v0)),

where ®!(t)(ug,vo) = u(t), ®2(t)(uo,vo) = Gyu(t) for solutions of the non truncated equa-
tion
at2u + DQOCU +et = 07 ('LL, 8tu)‘t=0 = (Uo, UO)’

We also denote the nonlinear evolution part by
W(t)(uo, ’UQ) = <I>1(t)(u0, ’UQ) — S(t)(uo, Uo),

Wi (t)(uo,v, vo,n) == v (1) (uo,v, vo,n) — S(t) (uo,n, vo,n)-
The next proposition contains the local theory for (8I) and the original system (L2]).

Proposition 3.1. Let N € NU{oco} and B > 1. There ezist ¢ > 0 and k > 0 such that the
following holds true. The Cauchy problems B.I)-B.2) and ([L2) are locally well-posed for
data (ug,vo) such that S(t)(ug,vo) € L¥(M). More precisely for every R > 1 if (ug,vo)
satisfies

(33) ”(U’O?UO)HZB <R,
then there is a unique solution of BI)-B2l) on [to — 7,10 + 7|, where
(3.4) T =ce "l

which can be written as

(u,v) = S(t — to)(uo,vo) + (@, D),
with
(@, 9)[lpe < C.

In particular, the Cauchy problems BI)-B.2) and (L2)) are locally well-posed for data
(ug,vo) € X9, for all t € [tg — T,tg + 7], provided that o < o — %l.

Proof. We can write (3.1)-(3.2) as
(u(t),v(t)) = S(t — to)(uo, vo) + (Fi(u), Fa(u)),
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where
¢
Fi(u)=— [ D “sin((t —7)D% 7N (e”N“(T))dT,
to
t
Fy(u) = —/ cos((t — 7)DY) (e”N“(T))dT.
to

If we write (u,v) = S(t — to)(uo,v0) + (@, ), we obtain that (u,7) solves
o=, O =—D>0—my(e™EFSHuov0))

with zero initial data. Therefore @ solves

(3.5) u(t) = Fi(a+ S(t — to)(uo, vo)) -

Once we solve ([3.5)), we recover © by © = 0,4. Define the map ®,,, ,, by

Doy 00 (1) == Fr(u+ S(t —to)(uo,v0)) -

It follows from the definition that

<CT|jemntst=toltwovol ||} oo ra )

<CT(vol(M))2 [ 5D | oy o )

(36) P w0 (W)l Loo ([20,t0+T); H (1))

where I = [tg,to + T]. Since 7y is bounded on L (see e.g. [5]), a use of the Sobolev
embedding H*(M) C L*°(M) yields the estimate

1P w0 (W)l oo (7:770 (1)) < OTCllIS(E=to)(wo,v0))l[Loe (1x a1y gllullLoe (e (ary)

Note that
1S(t = to) (uo, vo)l Lo (1xary < Cll(uo, vo)| 25,
hence under ([B3]) we deduce that
(3.7) P w0 (W) || oo (12 (a1)) < CTe Rellvlle e
Similarly we obtains that
(3.8) [ Pusg,00 (1) — Pug,w0 (U)||L°°(1;Ha(M))
<CTe exp (|Jull ooz (a)) + 91| oo (1 (ary)) 10 = 0l Lo (132 (1) -
Define the space X7 as
Xy ={ue C(I; H*(M)) : |[ullpee(r;me(ar)) < 1}
Using (3.7)), we obtain that for 7" as in ([3.4]) the map ®,,, ., enjoys the property
(I)uo,vo (XT) C Xp.

Under the same restriction on 7', thanks to (3.8)), we obtain that the map ®,,,, is a
contraction on X7. The fixed point of this contraction is the solution of (B.5). This
completes the proof of Proposition 3.1 O

In the same spirit of the proof, we establish a local convergence result, which will be
needed to construct global dynamics in Section 4.
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Lemma 3.2. Assume that 0 < 0 < o — %l and B > 1. There exist Ry > 0,¢ > 0,k > 0
such that the following holds true. Consider a sequence (ug,n,,voN,) € En, X En, and
(up,vo) € X7, with N, — co. Assume that there exists R > Ry such that

| (wo,n,,, vo, N, )l o8 < Ry (w0, v0) || xes < R,
and

pli_)H;o 17N, (uo, N, vo,N, ) — (g, vo)||3e = 0.

Then if we set 7 = ce™ "%, the flow @, (t)(uo,ny,vo,N,), P(t)(uo,vo) ezist for t € [—7,7]
and satisfy
[®n, () (v0,n,, vo,N, ) oo ((mr o8y < B+ 1, [|@(F) (w0, v0,) | oo (= r,rpsx08) < R+ 1.

Furthermore,

Tim [, @, (1) (00,3, 00.3,) = D(8) (0, 00) | (r ey = O,

and

Jim v, Wi, (8) (w0, v0.5,) = W (£) (w0, v0) | oe ((r.7)s 0y = 0.

Proof. The existence of @y, (t)(uo,n,,vo,n,) and ®(t)(uo, vo) as well as the bound on [—7, 7]
are guaranteed by the local well-posedness result, Proposition B.Jl We only need to prove
the convergence.

Denote by

(up (), Dy (8)) = D, (1) (w0 vy v, )5 (), Beu(t)) = B () (uo, vo).
From local theory, we can write
up(t) = S (tto,n,  vo,) + wplt), u(t) = S(E)(uo, v0) + w(d),
such that
([ (wp, Oewp)l[ Lo 0,710y < R+ 1, [[(w, Opw) [ 1o o, r)10) < R+ 1.
The convergence of the linear part
178, S(t) (wo,n, » vo,n,) — S(t) (u0s v) || Lo ([0.7)32) = 0

follows from the assumption and the boundedness of my, on W0 (M).
Next we estimate the nonlinear part

|73, wp () — w(E) || e (ar) -
Writing w,, w by the Duhamel formula and using triangle inequality, we can bound the
quantity above by the three contributions:

I(t) == /Ot

t
I1(t) :== / H WS (uo,v0) _ g, (w(E)+S(E) (wo,v0)
0

N (1 () +S () 0,y 00,3)) _ gy (w(E)+S(t') (w0 0))

at’,
L2(M)

— e

at’,
L2(M)

dt’.

¢
L L w®)+S# ) (uo,vo0)
IT1(¢) ._/0 HﬂNe )
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Since
v (OF5Owo0) ¢ [20([ 1 7] x M),
we have that
[HII[| oo ([—r7]) = Op—oa(1).
For I(t) and II(¢), we can bound them by

t
CR.7) (0pome(1) + [, nt) = 0o’ ).
By applying Gronwall inequality, the proof of Lemma is complete. O

3.2. Large deviation estimate for linear evolutions. Proposition[3.Ilis deterministic.
The probabilistic part of the analysis comes from the following statement.

Proposition 3.3. Assume that 8 > 1. There are positive constants C' and ¢ such that for
every R > 1,

P2
p((uo, vo) = [I(uo, vo)llys > R) < Ce*

As a consequence, we also have a similar bound for the Gibbs measure
P2
p((uo,v0) : [[(uo,v0)[lys > R) < Ce™et.

Observe that in the case of an exponential nonlinearity, we need a large deviation
estimate for L> norms in time (in [9] only LP in time for a finite p were established).

Proof of Proposition[3.3. Let n € C§° be a bump function localising in the interval [—2, 2].
Denote by n;(t) :=n(t — 1) for | € Z. We need to show

| >0 Im®)S(t) (w0, vo) = oo
lezZ

<CVp.

LP(du)

Coming back to the definition of S(t), we observe that it suffices to prove the bound

HZ ﬁHn > o “”elt%n(x)(]

< Cyp,

Lo° (R;W <070 (M) ‘ LP(Q)

where |c,,| is bounded. Thanks to 8 > 1, we have Zl<l>_5 < oo, thus it suffices to prove
the bound

< Cvp,
Loo(RsWeoro (M) || Lp ()

Hm(t) > —C’gi’;;ij) e gy ()

n=0

uniformly in [ € Z.

To simplify the notation, we only write down the case where [ = 0. For other [, the
arguments are exactly the same. Using the Sobolev embedding with a large ¢ and a small
) (depending on ¢) we obtain that its is sufficient to obtain

ot 3 e )

< Cybp,

LQ(R;L"O(M)‘ Lr(Q)
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where DY = (1 — 97)%/2. Since D¢p,, = (\,)® @, we are reduced to prove the bound

I3 e enrence)

where oy, (t) = D?(n(t) exp(itA®)). Applying the Minkowski inequality, we deduce that it
suffices to prove that for p > q > rg,

<Cyb,

LP(Q)

La(R;L70 (M) ‘

<CVp.

L70(M;L9(R))

I3 e enrence)

Lr(Q) ‘

Observe that in this discussion ¢ is large but fixed and p goes to co. Now for a fixed (¢, x),
we can apply the Khinchin inequality and write

HZ Cngna o (’0"(‘%)‘ Lr(Q) <Z |O‘” I |:fnﬁo o >;'

Therefore, we reduce the matters to the deterministic bound

Z |an |90n )|2
2(a €0)

For a fixed z, we apply the triangle inequality to obtain that

!an ! !cpn x)[? = on(a)? )
(3-9) H Z (a—e0) ‘LQ/Q(R) = ;WHQ”HL(I(R) .

Lemma 3.4. There is C such that for everyn > 1, |lan| ag) < CAS?.

L7o/2(M;L9/2(R) —

Proof. Let B(t) = n(t)e™ =, we have that
lonllLaey < CllBlILace) + CllBl 53, (r)-

From the characterisation of Besov spaces (see [2]), we have that

2
¢ dr
2
Hﬁ“ggg’“/ (/ 1Bt + 1) — )|th> ek
We write

n(t) exp(itAy) —n(7) exp(iTAy) = exp(itAy) (n(t) — 1(7)) + n(7)(exp(itAy) — exp(iTAT))

which yields two contributions. The first one is again uniformly bounded. Therefore the
issue is to check that

2
7' Z dT (0%
/ </ In(t) T — ithn )‘th> ‘7’14—26 < (C)‘né)z-

For |7] < A, we use
e — 1] < |7IA7,
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2
i(t+T)AG 1% ¢
/|T<c)\ a |T|1+25 </ In(?) e )|th> i
2
/ 2a4
S/l e W </R\n(t)\q\T!qA%q> dr < CAG*.
T|<cAn

The other contribution for |7| > ¢\, ® can be bounded by

2
/ (/ |277(t)|th> “dr < X209,
|T|>eAn @ R

This completes the proof of Lemma [3.4]

and thus

Coming back to (3.9) and using Lemma [3.4] we deduce that it suffices to majorize

|3

Using the compactness of M, it suffices to get the following estimate

sup Z ’(p" < 00.

(a—eo— a6)

Lro/2(M)

Fix 0 sufficiently small such that B = 2(a — €9 — ad) > d (here we fix the value of ¢ as
well). Therefore we need to show that

!cpn
3.10 su < o0, B>d.
(3.10) sup 2 Z

Estimate (3.10]) is direct if |, (x)| are uniformly bounded (this is the case of the torus). In
the case of a general manifold, it is not true that |, (z)| are uniformly bounded. However
(BI0)) is true thanks to [18]. More precisely for a dyadic N, we can write

S |(’”<§( >23| <ONT? N (@)
N<(Ap)<eN N<{(An)<2N
Thanks to [18] there is C' such that for every dyadic N > 1 and every x € M,

(3.11) > len(@)P < ONY
N<(An)<2N

This readily implies (8:I0). The proof of Proposition [3:3]is completed. O

We complete this section by proving following probabilistic bound for the tails of sharp
spectral truncation, which will be used in the proof of Theorem [I.4]

Proposition 3.5. Assume that 2 < rg < 00, €g < a — %l, O<s<a-— % — €y and B > 1.
Then there exist C > 0,¢ > 0, such that for any R > 0, we have

7 <(U0,Uo) : N*|Ty (uo, vo)|lys > R) < Cee,
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Proof. Following the same notations as in the proof of the Proposition B3l It suffices to
prove that

(3.12) nt) 3 @) sy ) < ON“* B,

(An)™
An>N Leo(RsWeom0 (M) || 1p ()

for p large enough. From Sobolev embedding, we are reduced to prove the bound

Cndn\W o
S P <o
An>N La(R;L70 (M) || 1p ()

where o, (t) = D9 (n(t)e™ 7). From Minkowski inequality, it will be sufficient to prove that
for D =4,p = To,

Cngn (W s
(3.14) 3 (Ai—j_ian(tmm < ON—* V5
An>N LP(Q) || La(R;Lro (M)

We can apply the Khinchin inequality and write

H Z C"g"a e Cn(D)on (@ )HL P () ( Z ‘an ‘2(‘:;0”60))‘ )

)\>N

D=

By taking § > 0 small and ¢ > rg to be large enough and using Minkowski inequality
again, we are reduced to prove the bound

Z ‘an HSOn )‘ < CN—s.

2(a €0) -
Anzl L0/2(M;La/2(R)

Using the bound ||a, (t) || pag) < CX2° and (BI1), we have for each = € M,

[ion (@) S |ion (@)
PO Wi R DI DR W e =

A >N k=0 2kN<)\n<2k+1N

(2"N)4
CZ 2kN (a—ep—ad)

SC/ 2(a €0—ad— d/2)’

provided that o — eg — ad > %l. This completes the proof of Proposition O

4. GLOBAL EXISTENCE AND MEASURE INVARIANCE

4.1. Hamiltonian structure for the truncated equation. We consider here the trun-
cated problem

(4.1) Opu = v, 0w = —D*u — TNe™%;  (u,v)|t=0 = (uo,v0) = TN (up,v0) € Ex X En.
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For (u,v) € Ex x Ey, we write

An An
(uvv) = Z (0 <W> anPn, Z Y <W> bnon |, an,b, € R.

An <N An<N
Consider the Hamiltonian
1 ) 2 .
J(al’... 7(1N§b1,“‘ 7b]\[) — — Z 'l)[) o (<>\n>2aai+b%)+/ eZ)\ngNw(AW)anSDn(x)‘
2 N M
An<N
One easily verifies that ([4.1]) is just the Hamiltonian ODE
day, oJ db,, oJ

dt  ob,” dt  Oa,

Recall that ®n(t) denotes the flow map associated with (4.I]). Thus from Liouville theo-
rem, the measure py is invariant under the flow @y (¢).

4.2. Construction of global solution.

Proposition 4.1. Fizr0 <o < a— %l and 8 > 1. There exists a constant C > 0 such that
for all m € N, there exists a pn measurable set X' C En X En so that

pn(En \ ) <27
For all (f,g) € i’]\’}, t € R,

(4.2) 125 (6)(f: 9l < C/m+log(1 +t]).

Moreover, there exists ¢ > 0 such that for allto € R, m e N, N > 1,
_ | legUtltoD) | o

(4.3) Py (to)(ER) C Ty [ :

Proof. We follow closely [10]. Define the set

BW*(D) == {(ug,v0) € Ex x En : ||(uo, v0)||lys < DVm + k},
where D > 1 is to be chosen later. From Proposition [3.1] the time for local existence is
—CDvVm+k k
bvmtk on BYH(D).

Tm,k -= C€

Then for any [t| < 7y, 1,

(4.4)
@ (t)(By" (D)) C {(uo,v0) € En x Ey : o @ (t)(uo, vo) ||l xos < DV + k + 1}
t STm,k
Moreover,

pn(En x Ex \ BR*(D)) < u(Ey x Ex \ By*(D)) < CemeP"m+h),
thanks to Proposition B3] and Proposition .5l with N = 0 there.
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Now we set

SRED) = () en(—imms) (BRH(D)).

. ok
= |=2s]

Thanks to (£.4]), we obtain that the for any (ug,vg) € i%k(D% It] < 2,
12 (t) (w0, v0) || vo.s < DV + K+ 1.

Since the measure py is invariant by the flow ®x(¢), we obtain that

pN(En x EV\ERE (D) < Y pn(En x Ex \ ®n(—j7m ) (BY (D))
g1< 267k ]
k42
(4.5) gT—kpN(EN x En\ Bxk(D))
<}2k+2eCD\/m—+k—cD2(m+k) < 9~ (m+k)

provided that D large enough, independent of m, k and N.
Next, we set

sm <m,k
N=[)ZH"(D).
k=1

Thanks to (£5), we have
pN(EN X EN \ E%) < 27,

Moreover, we have for any ¢t € R, (ug,vg) € i%,

1@ (£) (w0, vo) || xos < C/ma+ 2+ log(1 + [t]).

Let us turn to the proof of (£3]). The point is that the indices m, k are symmetric in the
definition of B]T\r,"’k(D). Fix (ug,v0) € Y%, and let ko € Z so that 2k0~1 < |¢| < 2%, From
[#2) , we know that for any k > ko,

1@ N (£)® v (to) (1o, v0) || wes < Dy/m + k + ko + 1,

which by definition means that ®x(t)®n(to)(uo, vo) € BX}JrkOH’k(D). This implies that
(I)N(to)(UQ,’UQ) S i%+k0+l’k, Vk € Z.

Thus

_ m+2+ log(1+(tgl)
@N(to)(UQ,’UQ) S E%—H{O—H C EN { log 2 J

This completes the proof of Proposition .11 O

In what follows, we always fix 8 > 1. For integers m > 1 and N > 1, define the
cylindrical sets

S = {(u,v) € X5y (u,v) € SR
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For each m > 1, we set
nT = {(fa g) € X771 3N, = 00,3(fp, gp) € E%papli)nolo 7, (for 9p) — (s 9) I = O} :

Lemma 4.2. X is a closed subset of H° and

limsup X% = ﬂ U ¥y cxm
N—oo N=1N'=N

Moreover,

(4.6) p(X7) = p(H7) —27™.

Remark 4.3. Due to the lack of periodicity of the linear evolution, the definition of
X" and the proof given below is a little different, compared to [10]. Indeed, the strong
convergence in H and the weak convergence in X%P will fullfil our need.

Proof. For the closeness, take a sequence (f* ¢*) € ¥™, such that (f*, ¢*) — (f,g),
strongly in H?. By definition, for each k, there exists a sequence ( Iﬂ“k, g;fk) € Emk, such
that

”7TNk(f]])€k7g;];k) - (fk7gk)”?(‘7v5 < 2_k’
In particular, ( ;fk,g;fk) — (f,g), strongly in H?. Hence (f,g) € ™.
Next, for any (f, g) € limsupy_, ., X7, there exists N, = oo, such that 7y, (f,g) € i’]\’}p

Denote by (fp,9p) := 7N, (f,g). Obviously we have ||(fp, 9p) — (f, )|l — 0 as p — oo.
The next goal is to show that (f,g) € Y?. First we claim that from

> sup 1\|77Np5(t)(f, 9 llweoroary < CVm,
+

= Ist<

and the fact that ||7x]lyw<o.roan)—weoroary < C, we have ||(f,9)[lys < Cy/m.

Indeed, for any fixed | € Z, mn,S(t)(f,9) — S(t)(f,9), strongly in L>([l,1 + 1]; H?).
From Banach-Alaoglu theorem, 7y, S(t)(f,g) converges in weak™ topology of the space
L([l,1 4 1]; Weoro(M)), up to a subsequence. Thus mn,S(t)(f,9)x — S(t)(f,g) in
L°([l,1 + 1]; WeoTo(M)). Moreover, we obtain that

1S(E)(f, 9) || Lo (i1 weoro(aryy < liminf  sup  ||wn, S()(f, 9)llweoro (an-
P00 <t<i+1

Applying Fatou’s lemma to the summation over [ € Z, we conclude that

D sup ISO(F: 9)llweoroary < Cv/m.

ez 1<t<l+1

To prove ([46]), we use Fatou’s lemma to get
p(E™) =p <lim sup E%) > limsup p(X%).
N—o00 N—o0
By definition,
p(EN) = [  Gudu(u), pn(ER) = [ Gn(u)dun(u).

2N 2N
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From Lemma 2.1] we know that
lim (p(S5) — p(S3)) = 0.

N—oo

Thanks to Proposition Bl pn (X7%) > pn(H) —27™, thus
limsup p(E%7) > limsup(pn(H?) —27™) = p(H) — 27
N—o00

N—oo

This completes the proof of Lemma O

As a consequence, thet set
o
(4.7) o=z
m=1
has the full p measure. Following similar argument in [10], we have the following global

existence results for the Cauchy problem (L2]) with any initial condition (ug,vg) € X.

Proposition 4.4. For every integer m € N, the local solution u of ([2l) with initial
condition (ug,vp) € ™ is globally defined and we will denote it by (u, dyu) = D (t)(uo, vo).
Moreover, there exists C > 0 such that for every (ug,vg) € ¥ and every t € R, we have

19(t) (10, v0) | xors < Cv/1m + log (1 + [t]).

Furthermore, there exists (ug k,vok) € i’]\’}k, N, — oo, such that

(|7, v, (1) (uo e, vo,k) — (8) (w0, vo) [lwe = 0,
and for everyt € R,
(4.8) kh_?;lo W (t)(uo,vo) — 75, Wy, (8) (o i vo.) | e (ar) = O-
Finally, for everyt € R, ®(¢)(X) = X.

Remark 4.5. Unlike [10], here we only have the strong convergence for the norm H for
linear evolution instead of the norm X%P, a counterpart of the norm Y in [10]. However,
weak convergence holds true in the functional space XP, which allows us to get the desired
bound of the X%P for the limit.

Proof. By assumption, there exist sequences Nj, — 00, (ug k, Vok) € i’]\’}k such that

lim |7y, (uo,k; vo,e) — (w0, vo) [l = 0.
k—o00
From Proposition [, we know that for any ¢ € R,
(4.9) 1785, P v, (8) (o 5 v0.1) || vos < C/m+ log (1 + [¢]).

Denote by A = Cy/m +log(1 + |T|) for any given T > 0. In order to apply Lemma [3.2]
we need show that there exists a uniform constant C’ > 0, such that

(4.10) 1 (t) (w0, v0) | oo ((—7.77;200.8) < C'Ar.

Note that we could not obtain (410 by passing to the limit of (£.9]), since we do not know
the whether [|(uo k,vox) — (10, v0) Loo (j—7,17,8) converges to zero.
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Since (ugk,voxr) — (uo,vo) strongly in H? and ||S()||ge—ne < 1, we have that
S(t)(uok, vor) = S(t)(ug,vo) in C(R; H?(M)). From

Z<l>_5 sup [|S(t + s)(uo ks vo.x)llweoroary < Ar,
ez I<s<l+1

Banach-Alaoglu theorem implies that S(¢)(ug k, vo )" — S(t)(uo, vo), in the weak™® topol-
ogy of L>®([l,l + 1];We"0(M)), up to a subsequence in priori. Note that the conver-
gence indeed takes place for the full sequence, since it converges in the strong topology of
L>([l,l +1]; H7(M)). Consequently, we have

15(t)(wo, vo)ll oo (11w <0-r0 (aryy < Hminf [|S(E) (uo,k, vo,e) | ow (1113 <0-10 (11 -

Multiply by (1)~ in both sides of the inequality above and sum over I € Z, we have that

[ (w0, v0)llys < Ar,

thanks to Fatou’s lemma, .
Now, we are in a position to apply Lemma from for |t| < 7 =T 1 1= ce "M The
outputs are

Jim (Wi, (8) (o, vor) = W () (uo, v0) | ow (—rr); o (ary) = 0,

kli}H;O 73, @ v, (7) (0,5 vo,k) — P(7) (10, v0) || Lo ([—7,7];20) = O
The same weak convergence argument yields
|®(t)(uo, vo)llys < 2Ap, V|t| <.

We can then apply Lemma [3.2] successively with the same constant A7, to continue the
flow map ®(t)(ug,vo) to |t| < 27,37,--- up to T. The key point is that at each iteration
step, the argument above does not increase the constant Ap, hence the length of local
existence can be always chosen as 7.

In order to check the invariance of the set X, note that from Proposition 1]

log(1
og( +|t0|)J Lo

«m <m-+I
O 1) (E,) € S5, i) = | PEL

Thus for any (ug,vg) € X™, there exists a seugence (ug n,,vo N, ) € XN, such that
lim |7y, ®(to) (uo,k, vo.k) — P(to)(uo, vo)|lne = 0.
k—00
By definition, this implies that ®(to)(ug,vp) € L™ T), Thus ®(X) c ¥. From the

reversibility of ®(¢), we have ®(¢)(¥) = X. This completes the proof of Proposition
44 O



SUPER-CRITICAL WAVE EQUATIONS 21

4.3. Measure invariance. The proof follows from several reductions and an approxima-
tion lemma. One should pay attention to the topology used here.
By reversibility, it suffices to show that

(4.11) p(4) < p(®(t)A)

for all t € R and every measurable set A C X C X%P. Note that the flow ®(t) is well-
defined on ¥ ¢ X?#. By inner regularity of the measure u (hence for p ), there exists a
sequence of closed set F,, C A, with respect to the topology of H7, such that

p(A) = lim p(F,).

Note that ¥ and X%? both have the full p measure, hence it is reduced to prove @II)) for
all F' C 3, closed in H?. Indeed, F,, C A implies that ®(¢t)F,, C ®(¢)A, thus

p(A) = lim p(F,) < lim p((t)Fy) < p(P(t)A).

Next we reduce the matter to prove (4.I1]) for all B C X, closed in H?, while bounded in
X%P. Given F C ¥, closed in H?, we set Fp := F N Bga’ﬁ, where we use the notation
B}é to denote the ball of radius R with respect to the norm of the specified Banach space
Y. From the large deviation bound p(F§) < Ce | we have that p(F) = Rh—]g;o p(FRr).

Therefore, if (£II]) is true for all such Fgr, we immediately have
p(F) = lim p(Fg) < lim p(®(t)Fr) < p(P()F).

For the third step, we reduce to prove ([dI]]) for all K C X, compact with respect to the
H topology, while bounded in the norm of X*# by R.
Indeed, given B C ¥ N Bfgg, we define the set

d
K, = {(u,v) € B:|[(u,v)]lyor <n}, o< o <a-— 5

From Rellich theorem, we know that K, are compact sets in H?. From the large deviation
bound of of the type p(KS) < C'e=“"*, we know that

p(F) = lim p(K,).

n—oo

Thus the same argument as above yields
p(B) = lm p(K,) < lim p((H)K,) < p(®(1)B).

Finally we assume that K C X is a compact set with respect to the topology of 7, which
is bounded by R in the norm of X%, To prove ([@II]) for K, we need an approximation
lemma:

Lemma 4.6. There exists Cy > 0 such that the following holds true. For every R > 1,

e > 0, every set K C Bf{a'ﬁ, compact with resepct to the topology of H?, there exists
No > 1 such that for all N > Ng (ug,v) € K, and all |t| < To,r = ce "8 we have

|®(t) (uo, vo) — P (t) 7N (o, vo) | ne < €.
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Proof. The proof is just a refinement of the proof of Lemma 3.2l Denote by mn(ug,vg) =
(uo,N,v0,N), and write

D (t) (o, vo,n) = S(t)(uo,n, vo,.n) + (wn(t), dewn (t)),
®(t)(uo,v0) = S(t)(uo,vo) + (w(t), Fw(t)).
Note that
[S(t)(1 = 7n) (uo, vo)[lne = [|(1 = 7 ) (uo, vo) le — 0, as N — oc.

From compactness of K, this convergence is uniform. It remains to prove the uniform
convergence of the nonlinear part ||(wy(t), Orwn (t)) — (w(t), Opw(t))|| e -
First note that

sup 1S (t) (uo, vo) lw<oro(ary < R, sup 1S (t) (o, vo,n) llweoro(ary < CoR,
[t1<3 t|<3

w1th Co = supy ||7|lweo:r0sooweomo. From local existence theory, for all (ug,vg) € K C
B¥ % , for any N, we have

(e (8), B ()l oe (rey i) < CoRAL, [ (@0(8), D00 o (r i) < BAL.

To boung [|wy (t) — w(t)||gre(ar), as in the proof of Lemma [3.2] we have to estimate three
contributions

I(t) == /t

/ H ) (uosv0) _ g (w(t)+S(E) (o 0))

at’,
L2(M)

(TN (N )+ ) (o, 00,N)) _ eﬂN(U}(t’)-FS(t’)(UO,Uo))‘

TTI(t / H L w(t)+S(t)(uo,v0)

L*(M)

The sum of the three contributions can be bounded by

ey ([ on(®) =~ w®lsndd +owre())

It is not enough to conclude. We note the on_ (1) consists of the expressions of the form
L
| exp(w(t) + S(t)(uo, vo)) ”LC’O([—TCOR,TCOR}?LQ(M))
+[S () (wo = wo,v; v0 = vo,N) | oo (=70 70 m1 L2 ()

and the second term above converges unifromly to 0 since (ug,vg) varies in a compact set
K. The first term above can be bounded by

N—0||ew(t)+5(t)(uO,vo)||HU(M) < O N llw®)+5(#)(uo,v0)ll oo (ar) w(t) + S(t)(uo,vo)HHo(M),

which converges to 0 uniformly. The proof of Lemma is complete. O
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Now we can complete the proof of (AI1]) for K. From local well-posedness, there exists
A > 0, such that for all € > 0, and |t| < 7, we have

Oy (t) (K +BX") c dny(t)K + BY .
Thus
p(®(t)(K) + B}) >limsup pn(®(t)(K) + BJ")  Fatou’s lemma

N—oo

> limsup pn (P () ((K + Biffii) NEy)) Lemma

N—oo

> limsup pn (®n (t)(K N EN))

N—oo

>limsup py(K N Ey)  invariance for finite dimensional system
N—oo

>p(K).

By taking € — 0, we have that p(®(¢t)K) > p(K), for all |[t| < 7g. Finally, for any ¢t € R,
we can conclude by iteration.

5. UNIQUE LIMIT FOR SMOOTH APPROXIMATION: PROOF OF THEOREM [[4]

Fix 8 > 1 in this section. Take s > 0,0 > 0 suchthat 0 < s+ < a — %l — €9, as in the
Proposition Define the set

Kn = {(ug,vp) : N8\|H]lv(u0,v0)||y5 <1} K:= U ﬂ K.
N=1N'=N

Thanks to Proposition 3.5, we have
n(Ksy) < Cem N,

Hence the convergence of the series

o0

S nlKS) < oo

N=1
implies that u(K) = 1. Recall that 3 defined as (A7) in section 4 has full p measure. It
also has full © measure, thanks to the fact that exp ( I} M e“) is p almost surely finite. Set

gZ:ICQZ, Q():j_l(g)a

where j :  — H7 is the canonical mapping defining the Gaussian measure p on H?. Note
that P[] = 1, our goal is to show that for all w € €, the sequence of smooth solutions
to (L2) with initial datum

My (@), @) = [ 3 290 ), 3 ha(@)pn(®)

An<N {An)® An <N

converges to the global solution constructed through Proposition [£.4] with initial data

(ug (x), vg (x)) == (Z %%(whzhn(wwn(wo :
n=0 n n=0
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We first show that the convergence holds on a small time interval.

Lemma 5.1. There exist ¢ > 0,k > 0, such that for all R > 0, if
H(UO,UO)HXU»B <R, and lim ||H]J\7(U(),U0)||y/3 =0,
N—oo

then
hm sup || ® () x (ug, vo) — D(t)(ug, v0)|| xos = 0,
N—oo 4e1

where I = [—ce " ce 1.

Proof. The proof is very similar as in the proof of Lemma Denote by
()N (uo, vo) = (un(t), Orun(t)),  (t)(uo,v0) = (u(t), ru(t)),
and write
un(t) = SN (uo, v0) + wn(t), u(t) = S(t)(uo,vo) + w(t).
The existence and uniqueness of the flow ®(¢) on I is guaranteed by Proposition BI], pro-

vided that we take the same constants ¢ > 0,k > 0 as in that proposition. Consequently,
we have

(5.1) [ (wn, Orwn )| oo (1:310) + [ (w, Oew) || oo (120 < 2C.
We first show that the convergence for the linear evolution part. Obviously,
A}im ”S(t)HJJ\_f(u(% UO)HL""(I;H") =0.
—00
For the Y® norm, by definition,

sup [|S(# )Ty (uo, o)l ys < 2I|TIy (o, vo)lys,
el

hence it converges to zero. For the nonlinear part, using Duhamel, we write

w(t) — w(t) = / Sm((t;# (eSO o) () _ o) o)) gy
0

As in the proof of Lemma B.2] we have
lwn (t) = w@)|| e (ar

t
< / ellS @)y (o wo)loe o HIS(W ) o w0l 0w ) . el ()00 ) || S (1YL (ua, o) || 2 gt
0

t
+/ ellS@)(wo,wo)llzee ary . gllwn (E)Izoe auny HllwE)llzoe ary ||y (¢) — w(t)|| 2 anydt.
0

From Sobolev embedding W™ C L H® C L*°, we have the bounds
1S ()N (w0, vo) || oo (ary < 2| (w0, vo)llys < 2R, [Jwn ()] Loy < lwn @)l e ary < C,
[S5(#)(uo; vo)llLoe(ary < 2R, [[w(®)llLear) < C,
thus
[wn (8) = w(t)|| geary <CLR) ISy (w0, v0)l| L (1:L2(01))

LCy(R / o (£) — w(t) | o ary .
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This implies that

l‘ t) — t co(J-Ho - O,

NgnoonN() w(t)]|r, (I;H (M)
thanks to Grwonwall inequality. Applying similar argument to dywy — dyw, we complete
the proof of Lemma [5.11 O

The next lemma is the convergence on successive intervals.

Lemma 5.2. With the same ¢,k > 0 in Lemma [521), the following holds true. For any
R>0, if

sup || (t)(uo, vo) || xos < R,
to<[t[<to+1

and
lim [ ®(to)n (uo, vo) — P(to)(uo, vo)[ xes =0,
N—oo

then for I = [tg — ce ™", tq + ce "], we have

lim sup || () (ug, vo) — P(¢)(uo, vo)|| xo8 = 0.

Proof. The proof is similar. Denote by
O () (uo, vo) = (un(t), Orun(t)),  B(t)(uo,vo) = (u(t), Oru(t)).
We write
un(t) = St —to)P(to)In(uo,vo) + wn(t), wu(t) =St —to)P(to)(uo,vo) + w(t).
For the linear evolution part, we observe that
Sup 15(t = t0) (@ (to)ILy (uo, vo) — P(to)(uo,v0))llys

=sup Z(l +IN7F sup ||S(s +t — to)(®(to) M (ug, vo) — ®(to)(uo,vo))llweoro(ar)
tel 1=y s€[l,l+1]

<2[|@ (o) N (uo, vo) — P(to)(uo, vo)llys,

which converges to 0 by assumption. Next, from local Cauchy theory, the solution
& () (up, vo) concides with the solution construced by Proposition B.I] with initial data
O (to) N (uo, vo) for t € I, thus

SUII) |® () (uo, vo) || xos < 2R
te

for N large enough. Now the convergence for the nonlinear part can be obtained in the
same way as in the proof of Lemma [5.Il This ends the proof of Lemma, d

Now we finish the proof of Theorem [I.4]

Proof of Theorem [T} Fix T > 0, and (ug,vo) € ¥¥NK for some k € N, it will be sufficient
to show that

(5.2) lim sup ||¢>(t)HN(u0,vo) — q)(t)(uO,’Uo)HXo,B =0.

By definition of £* and Proposition B4, for all |t| < T,

(5:3) 1@ (t) (o, v0) | xes < Ok +log(1 +T).
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Set
Ryt = C\/k+log(1+|t]), 7= :=ce "iker
as in the Lemma [5.1] and Lemma 5l Applying Lemma 5.1 from [0, 7], we obtain that
lim ”(I)(t)HN(uO,U()) - @(t)(uo,'UO)”LOO([OJ_];XO',B) = 0.
N—oo
We can then successively apply Lemma with R = Ry, o7 on
[7—7 27—]7 [27_7 37—]7 Ty [(m(] - 1)7—7 mOT]

for T < mor < T + 7. The key point here is that we have a uniform bound for
|®(t)(ug,vo)|| yo.s on each interval. Once we prove the convergence on [mt,(m + 1)7],
the initial convergence condition holds for the successive interval. Finally, we conclude
lim sup ||¢>(t)HN(u0,v0) — q)(t)(’LL(],’U(])HXa,,B =0.
N—oo 0<t<T
Using the same argument for the negative time ¢ € [0,—T], we conclude the proof of
Theorem refthma3.

d
6. ILL POSEDNESS FOR POWER TYPE NONLINEARITY
Here we consider the ill posedness of the equation
OPu + D*u 4wt =0,
for 2 € T4 and a > %l. We are going to prove the following ill-posedness result.
Proposition 6.1. (1) If0 < s < % — &, then there exist a seqeunce un(t,xz) €

C(R;C*°(M)), solutions to
agun + D2aun + Ui]ﬁ_l = 0, (un, 8tun)|t:0 = (un,O, un,l),
and a sequence t, tending to zero, such that
[ (w05 Un,1)llags — 0,
while
[[tn (En) |7 (ar) — 00

(2) In addition, z'fg - % <s< % — %, then for any (ug,ur) € C°(M) x C*(M),

there exists a seqeunce uy(t,z) € C(R; C>°(M)), solutions to
8?un + D%, + u%kﬂ =0, (un,Oupn)|t=0 = (Un,0,Un1),
and a sequence t, tending to zero, such that
([ (un,0, un,1) = (uo, ur) s — 0,

while

||un(tn)||H5(M) — 00.
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Note that to pass from (ug,u1) € H*(M), one can use the diagonal argument as in [28].
We refer to [7, 12, 21], 22, 29] for similar ill-posedness results of dispersive equations. The
novelty for the present proposition is that under the additional assumption: g — % < s,
we obtain norm inflation near any smooth data (ug,u1) € C*(M) x C*>°(M).

Before proving Proposition [6.1, we remark that our construction is purely local, hence
we may assume that M = T% to avoid needless complications in the argument. The proof
of Proposition [6.1] will be divided into several lemmas which we will establish in the rest

of this section.

6.1. Unstable ODE profile. Before constructing unstable profile, we need a lemma.

Lemma 6.2. Assume that F € C?(R;R,), F'(v) = f(v) and f(0) =0, f (v) > 0. Then
the solution V' of the ordinary differential equation

{ V"4 f(V) =0,

(6.1) V(0) =V, >0,F (Vo) > F(0),V'(0) =0

is a globally defined smooth function. Moreover, t — V (t) is periodic.

Proof. The proof is standard, and the key points are the following facts:

e v — F(v) is decreasing for v < 0 and increasing for v > 0. For any a > F(0),
there are exactly two roots v_ < 0,v4 > 0 such that F(vy) = a.
e First integral:

V()] = 2(F(Vo) — F(V (t).

From the V" = —f(V), we know that V”(0) < 0, hence V'(t) < 0 for ¢ > 0 small.
Thus there exists tg > 0 such that V(¢y) = 0, and V'(tg) < 0,V"(tg) = 0. For t slightly
larger than tg, t — V’(t) is increasing while remaining negative. Therefore, there exists
Ty € (tg, +o0], such that

V(Ty) =0, V'(t)<0, Vt<T.

Moreover, we have
V(T1) <0, F(V(I1)) = F(Vo) > F(0).

From the first integral of V', we have

Vo dv
= /V(Tl) V2(F(Vo) = F(v))

Using the fact that |f(V))| # 0, we deduce that the integral above is finite, thus 77 < co.
Then from the same argument, one conclude that there exists 7' € (77, +00), such that
V(T) =0,V (Ty) = Vp. Moreover,

r=h= /wm NEROEEO R

This implies that the function V(¢) is periodic with period 7" = 2T3. This completes the
proof of Lemma [6.2] O
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We will use Lemma [6.1] to the special case f(v) = v?**1, F(v) = —2k1+2v2k+2. Denote by
V (t) the global periodic solution of the ODE
(6.2) V' +VHL =0, V(0)=1,V'(0)=0.
We construct nonlinear profiles
vy + v =0, (vn, Opvn) |10 = (mnn%_sgp(nzn),O),
with
fin = (log )~

to be chosen later. From a scaling property, we have

(6.3) vp(t,z) = (mnng_sgp(na:)) 14 <t </{nn§l_5<p(nx)>k> ,
Moreover, we have
Vo (t,x) = </~inng_8n(V<p)(n:E)) [kt)\ngp(nzn)kV'()\ntgo(nx)k) + V()\ntgp(na:)k)] .
where
Ap = </{nn%_s)k.
We now estimate various Sobolev norms of v,,.

Lemma 6.3. Let
ty = ((log n)‘szn_(%_s))k
for some d3 > &1, then we have for all t € [0,1,],
(1)
v (ta)ll s = crin(Antn)®.

(2)
lon (O |lrre < Chn(Antn)°n® %Yo =0,1,2,--- .

(3) 1
[ (£)]| e < CAE = C(logn)"n2~>.

Proof. We only prove (1), since the upper bounds follow directly.
Case A: 1<s<sc:%—%: From

1—1 1
[on @)l < a2 * loa @)1 75

we need majorize ||v,(t)||r2 and minorize ||v,(t)||g1. For the upper bound, from the
construction of v,, we have

lon(®)llz2 S k™, [IVoa(®)llze S Antrnn' ™.

For the lower bound, it would be sufficient to minorize the dominant part in Vu,, (up to
some constant)

Anthinnt™ - nt (gongoV/()\ntgok)) (nx).

To bound it from below, unlike in [28], we present a geometric argument.
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Lemma 6.4. Assume that 1) € C(R?) and ¢(x) > 0 for all |x| < 1. Let W be a periodic
continuous function, W £ 0. Then there exist cg > 0, \g > 0, such that for all A > X\, we
have

[H(@)W (A ()] L2 (ay = co > 0.

Proof. The proof of this lemma can be found in [28]. Here we present a different proof.
From the support property of 1, there exist 0 < a < b < 1, such that

Cap:={z €RT:a < |2| <b} C {z €RT: [Vi(2)| 2 e1}

for some uniform constant ¢; > 0. Denote by ¥, := {z : ¢(z) = s}. After shrinking a, b if
necessary, we may assume that 1)(C, ) is foliated by Xy, s € [a, b]. Assume that

max ¢(z) = B, min (x) = A,
xECmb

xECmb

By co-aera formula, we have for any continuous function F',

/Ca,b F(¢(z))dx = /se[A,B] F(s)ds /ES ’VCZZ?;)‘

Therefore,
)W (b ()] 2ty > /C ()2 W (ap()) P
| 2 2 dUZs(fE)
(6.4) Z/se[A,B}S |[W(As)|*ds o Vo)

> c/ s2|W (\s)|?de,
S€E[A,B]

where to the last inequality, we have used the continuity of the map
s € [a,b] » ML),

and M9 ! denotes the d — 1 dimensional Hausdorff measure. Finally, by changing of
variable, we obtain that

/ W(\s)%ds > 2 / (w)dw > ¢o > 0.
se[A,B} wWE[NA, AB
This completes the proof of Lemma, [6 O

Lemma [6.4] is sufficient to finish the analysis in Case A.
Case B: 0 < s < 1: By definition, we have the trivial bound

[0 () ||z < Chin(Ant)*n®~*.

From interpolation, we get

1—s
[on ()]l g1 < Cllun(t )H on (@Ol 2"
Thus
[vn () |lms = chin(Antn)®.
This completes the proof of Lemma O



30 CHENMIN SUN, NIKOLAY TZVETKOV

6.2. Energy estimate. Denote by (u,,0iu,) the solution to
82u + D%y 4 2R+ =,
subject to the initial data
(u, Oyu)|t=0 = (ug, u1) + (v,(0),0).
Lemma 6.5. Fizx k € N and o > %l. There exists 05 > 61 > 0 and € > 0 such that for
t, = (log n)k‘szn_k(g_s) the following holds true.
(1) If 4 — 29 <s< &2 then for any (ug,u1) € C=(T?) x C=(T?),

sup |[un(t) — S(t)(uo, u1) — v ()l s (ary < 10
te[0,tn]

(2) If s < 4 — 529, and (ug,u1) = (0,0), we have

sup |un(t) — v (t)||lmsary S n~°
te[0,6n]

Proof. Denote by
Wp = Up — S(t)(U(), ul) — Un, ('wny 8twn)’tzo = (07 O)

Define the semi-classical energy

1 1
En(w)(t) = =5 10wz + ——5 1 D*w ()72
n2(a—s) n2(a—s)

We have that w,, satisfies the equation:
O*wy, + D**w, = —D**v,, — (f(vy +up +wp) — f(vn)),
where

ur (t) = S(t)(uo, ur)-
Multiplying by d;w,, and integrating over T% to both side, we obtain that

Ld /atwn- E,(t)dx

(6.5) s
<[|O¢wn | 2| Fn ()] 22,
where F,(t) = D**v, + (f(vn +ur + wy,) — f(vy)). Thus

B (1n(0)] £~ (Bulwn(0) P IF D12

To simplify the notation, we denote by

en(t) = Sup En(wn(T))l/z’
0<r<t

10w ()72 + 1D wn(t)[72) <

<

From Lemma [6.3] for all 0 <t < ¢,
1Ea ()]l 22 < Crn(Antn)?2n2 = + | Gp()ll 2 < Cllogm)a® (aTU0p20=s G (1)) e,
with G, = f(vn + ur + wy) — f(vn). Thanks to ur, € C°(R x T%), we have

(6.6) |Gl < Clwal(joal™ + |wal™ +1) + Clugva]*.
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By writing (using w,, (0, z) = 0)

t
wn(t,$):/ atwn(7_7$)d7—7
0

we obtain that
t d
Gtz <C [ 19en ()2 (I (E + (O ) 4+l 0(E)
0

<Cn®teq(t) (Jlon(®lF + fwn(t) |3 ) + D)=,
From Lemma [6.3] we majorize the terms involving v, by
Cn*"*ten(t)(log n)_zk‘sln%(g_s),

For the terms involving w,, using the assumption that o > %, we have

= 1- a—s £ a—s 1- 5L
lwn(®)llzoe < lwn (0 Follwn (Bl 2 * < C(*en(t))2e (0 ten(t)) > .

Therefore,
=@ |Gy (1)|| 2 <Cnh-D(5=5)=0
+Cten(t)n?(572) 4 Cte, (1) (n® e, (1)) 242 (1-55)

Thus
i(En(wn(t))l/z) SC(logn)g‘S?—(gH)ﬁna+Cn(2k—1)(g_s)_a
(6.8) dt
d
FCtnen(t)n2(575) 4 Ct}f%(l_%)en(t)%ﬂnzk(o‘_s)_
By monotonicity and definition, we observe that
dey (t) d s
< _En n(l / .
2 < | Ba(wa(t)
Thus
den <C(logn)a® (£+1)0 0 4 o k=1)(§—5)—a
(6.9) dt
Note that
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thanks to
s <

a >

| QL

o
k’ 2

Consequently, we obtain that

Dn  C(1og n)Et= (100 4 k-1 (4-s) -0
(6.10) dt

FORF(E75) (e, (1) + en(£)2F ).

(21

. d d _
Casel.2 2k1§8< T

In this case,

hence for all t € [0, t,,]

(6.11) ddit" < C(logn) ( +1)51 n® 4+ Cn ( )(en(t) —I—en(t)2k+l).

Since e,,(0) = 0, we may assume that e, (t) < 1. Using Gronwall inequality and bootstrap
argument, we finally obtain that

en(t) < C(logn)(k‘b—(g‘*l)‘sl) a—k(§—s) ,Ct(logn)2~2 < O

)

provided that &9 is small enough, thanks to s < 5 — 7. The remaining part follows from

interpolation, since E,(wy(t)) essentially controls the norm H*(for high frequencies).
2a
2k—1

Notice that under the additional assumption that (ug,u1) = 0, the term |ug||v,
(6.:6) does not appear. Hence we have the same estimate (6.11]). The rest of the arguments
are the same. The proof of Lemma is now completed. O

’2]@ in

As an immediate consequence of Lemma [6.5], the proof of Proposition [6.1] is also com-
pleted.

7. POLYNOMIAL NONLINEARITY IN THE CASE OF A GENERAL RANDOMISATION

We study the fractional Klein-Gordon equation with polynomial nonlinearity:
(7.1) OPu+ D¥u +u T =0, (u,0u)|i=0 = (us,v),

for general randomized initial data ([L7]). We will sketch the proof of Theorem Com-
paring to the previous situation where we globalize the solution via invariance of the Gibbs
measure, now we construct global dynamics by energy method, in the spirit of [9]. The
key point is to establish a probabilistic energy a priori estimate.

To state the key proposition, we decompose the solution into linear evolution part and
nonlinear part:

u(t) = z(t) + w(t), =z(t) =S(t)(uo,vo)-

Proposition 7.1. Assume that s > (=Da 1) , then we have for some s1 < s, close enough
to s,
(7.2) OiltlETE[w]( ) < G+ HDSlZHiliﬁo T]de)) exXp (T * ”DSlZHilefo T}de)T) '
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Note that when d = 3, = 1, k = 2, the restriction s > % coincides with the one in [24].
Before giving a proof, we briefly recall the idea of Oh-Pocovnicu, which will give us the

restriction s > (k kl) in Prop081t10n [TIl After integrating by part in ¢, the worst term in

the expression of F[w](t)
/ / 2k+1atz_/ / w2kl po,
Td Td

We could then distribute D*~* to the w?*t! side. Then in principle, we need estimate

t
(73) /0 [ () D1 (8)]| 1 agy -
Now we put D 5w € LF*(T%) and w? ¢ L%(Td). Then by the Gagliardo-Nirenberg

inequality, we have
1D w]| prr < CIDw]| 2 [[w]l 2 e

b _ams (1 ), 170
k+1  d 2 d 2(k+1)

Thus we majorize (7.3) by

with

CrBlul# - Blulf 32,

To apply Grownwall, the restriction & 5 + 2k +2 < k—+1 must hold, hence (modulo the end-

point issue) s > £-la.

Proof of Proposition [7.1. We have that w satisfies the equation
w4+ D*w + (2 +w)* T = 0.

Denote by the energy of w

1 N 1
Elw](t) :/TJ (10cw]* + | Dwl?) +/Td ST L

and we have

2k+2
dE 2k +2 1
(74) dt Z( m >/Td2k+2—mt(w )z

m=1

This yields

2k+2 (24+2)
Blult) =Y / /T W (" ddt

2k + 2 m
(75) _2532 (2%2) 2, w2 (L ) da
=2k +2—m Jpa ’ '
=I+1IL

Each summation in the second term II can be bounded by Young’s inequality as:

» ()| 2dz + O (e / |2()*+2dz < eBw](t) + Cle) 2|75
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for any € > 0. Thus
11 < C(e) - CBw](t) + C(e)C|2(t) | 752

Now we estimate I. Noticing that 9;(z™) = mz""10,z, the term [, w
of the form

/ w’t "z DU
Td

with Z = 2™ 1, U = D~%0,z, and p = 2k + 1. Note that if m > 1, for any o1 > 09
1D Zl| oty < Con 1D 2l ooy |21y
and
D7 U|| oo (ray < Cl|D7* 2| poo 14y
From Littlewood-Paley decomposition, we could write
/ wPti="mz . 7. DU = > / Py (wPt=™. 7). Py(D®2Z)
Td N,N":N'/2<N<2N'

< N DU || oo pay | P (P " Z) | po .
N>1

We further decompose
Py (wPtm7)

= > pim > Py (erﬁmPNyw-PMZ)

N12N22-Npi1-m Jo=1 M<Njg v=1

+ > > Py <p+ﬁmPNyw'PMZ>

N1>N22>-Npt1-m M>Ny v=1
=T +1I.

Applying Hélder inequality, we obtain

2k+2—m | at (Zm

) is

p+1—-m
Tl 1 (pay < > Yool Prywl 2 d)HPMZHLoo(Td>
N1>No>--Npi1— m,N1>2( ==y Jjo=1 M<N
(7.6)
p+1—-m
X H PNVU)
i=2 L5 (74)
From interpolation and Bernstein,
2ma 2m p—1-—2m

I1Prwl, g o <7 Tl [0l
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we have

p+1 m 2m p— m+ p—1—2m

@) < > > N Pzl ll el

N1>Na>-- Np+1 m’NIZZ(p+1) Jjo=1 M<NJ()

<CpEw] 'N_ﬁ 10g(N)”Z”Lo<>(1rd)-
To ensure the convergence of the dyadic sum in N, we need
(p—2m — 1)«
p—1

For the term II', in a similar way, we have

s >

pt+l—m

Y| 1 pay SCpN™*||D* Z|| oo (pa) log (N) E[w] 777

To ensure the summability in IV, we need

Q@
S > Sg > 5
Therefore, if
k27

we can find some sy < s1 < s, close to s such that
2k+2 2k+2

Z 2k+2—

<G (14107 2|22 / Blw

2k+2 ma )dl’dt,

(7.7) T

Lo ([0,T];L>°(T4))

Note that if & > 2, we have automatically that 2 %) > 5. An extra argument for the
case k = 1 is much simpler, following from a direct use of the Sobolev inequality. The

proof of Proposition [Z.1]is now complete. O

The almost sure boundedness of the linear evolution part is guaranteed by the following
lemma, see for example Proposition 2.7 in [26].

Lemma 7.2. Forany 1 < ¢ < 00,2 <7 <00 ande > 0, there exist C,c > 0 such that for
any T > 0,

cA\?
P |[|S(t)(ug, vy r Al <C — .
(1805wl rz1z 0500 > ] < eXp( max{l,T2}\|<uo,vo>||i€(Td))

Now the probabilistic estimate above, the local well-posedness result (analogue of Propo-
sition [3.1]) and Proposition [Tl yield the following almost almost sure global well-posedness
and the convergence result.

Proposition 7.3. Given $=1% < s < o, for any data (ug,vo) € H(TY), let (ug,vy) be

the randomisation defined as (LT). Then given any T > 0,e > 0, there exists Q. C 2
such that

(1) P[Q\ Q] <€



36 CHENMIN SUN, NIKOLAY TZVETKOV

(2) For anyw € Qr, there exists a unique solution (u®(t), dyu®(t)) to (TI)) with initial
data (uf,vg) in the class:

(S()(ugs v5), 05 (t) (ug, vg)) + C([0,T]; H?).
Moreover, the nonlinear part w*(t) = u®(t) —S(t)(ug,v§) satisfies the probabilistic
energy bound:
(7.8) sup {|(w*(t), 0yw® ()l (ary < C(T €, || (wo, vo)[ls)-
0<t<T

(3) Denote by (ug n,v5 n) = Hn(ug,vg), then for any w € Qre, the smooth solu-
tion (uf, Opuy) of (LI) with indtial data (ug y,v§ ) converges to the solution
(u®(t), Opu®(t)) constructed in (2), in H?.

The proof of (1) and (2) in this proposition is standard, see for example [24] or [26].
The proof of (3) follows from the similar argument as in Section 5. The key point is the
analogue of Lemma [5.J] which guarantees the convergence in a short time interval. Then
thanks to the global energy bound (8] of the nonlinear part w(t), the time interval of
the local convergence can be chosen to be uniform. Finally, we obtain the convergence up
to time t =T

To pass to the global existence and convergence, we define the set

Qr = Qro-n
k=1
We have that Qr is of full probability. Now let 3 = lim sup 27, then 3 still has full

T—o0
measure. Furthermore, for any w € X, the conclusions (2), (3) of Proposition [7.3] hold true
up to T'= +4o0.
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