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ABSTRACT. In this paper, we first introduce the concept and properties of w-
periodic limit process. Then we apply specific criteria obtained to investigate
asymptotically w-periodic mild solutions of a Stochastic Differential Equation
driven by a Brownian motion. Finally, we give an example to show usefulness
of the theoritical results that we obtain in the paper.
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Keywords : Square-mean asymptotically periodic, Square-mean periodic limit,
Stochastic differential equation, Semigroup Mild solution.

1. INTRODUCTION

The recurrence of dynamics for stochastic and deterministic processes produced by
many different kinds of stochastic and deterministic equations is one of the most
important topics in the qualitative theory of stochastic processes and functions, due
both to its mathematical interest and its applications in many scientific fields, such
as mathematical biology, celestial mechanics, non linear vibration, control theory,
to name few. The concept of periodicity was studied for dynamics of stochastic
processes and functions. However the dynamics observed in some phenomena in
the real world are not periodic, but almost approximately or asymptotically peri-
odic; see for instance [1, 2, 3] for almost periodic observations.

In the past several decades many authors suggested and developed several exten-
sions of the concept of periodicity, in the deterministic and stochastic case, such as
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2 ASYMPTOTICALLY PERIODIC SOLUTION OF A SDE

the almost automorphy, pseudo almost periodicity, asymptotically periodicity, etc.
(see 4, 5,6, 7,8,9, 10, 11, 12, 13, 14, 15, 16, 17] and references therein)

Recently, the concept of periodic limit function has been introduced by Xie and
Zhang [18] to generalize the notion of asymptotic periodicity. The authors inves-
tigate some properties of periodic limit functions in order to study the existence
and uniqueness of asymptotically periodic solutions of some differential equations.
However, to the best of our knowledge, there is no work or applicable results for
stochastic differential equations.Therefore, in this paper, we will introduce the no-
tion of square mean periodic limit process. Then we’ll investigate their qualitative
properties in order to study the existence of square mean asymptotically periodic
mild solution to the following Stochastic Differential Equation (SDE) driven by
Brownian motion :

{dX@y:AX@Mﬁ+ﬂmX@nm+gmxu»ﬂ%m t>0
X(O) = Co,

where ¢y € L?(P,H) and A is an infinitesimal generator which generates a Cp
semigroup, denoted by (T'(t)):>0. In addition,

f R x L*(P,H) — L*(P, H),

g: R x L*(P,H) — L*(P,H)

are Lipschitz continuous and bounded, and B(t) is a two-sided standard one-
dimensional Brownian motion, which is defined on the filtered complete prob-
ability space (Q,F,F;,P) with values in the separable Hilbert space H. Here
Fi =o{B(u) — B(v)/u,v < t}.

The paper is organised as follows: In Section 2, we preliminarily introduce the space
of square-mean w-periodic limit process and study properties of such processes. It
also includes some results, not only on the completeness of the space that consists
of the square-mean w-periodic limit processes but also on the composition of such
processes. Based on the results in Section 2 and given some suitable conditions,
we prove in Section 3 the existence as well as the uniqueness of the square-mean
asymptotically w-periodic solution for the above SDE. Finally, an illustrative ex-
ample is provided to show the feasibility of the theoretical results developed in the

paper.

2. SQUARE MEAN OMEGA-PERIODIC LIMIT PROCESS

This section is concerned with some notations, definitions, lemmas and preliminary
facts that may be used in what follows. Throughout this paper we consider a real
separable Hilbert space (H,||.||) and a probability space (2, F,P) equipped with
a filtration (F;);. Denote by L?(P, H) the space of all strongly measurable square
integrable H-valued random variables such that

E||X|12 = / 11X (@) [PdP(w) < oo.

For X € L2(P,H), let ||X|]2 = (E[|X||?>)}/2. Then it is routine to check that
L?(P,H) is a Hilbert space equipped with the norm ||.|2.
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Definition 2.1. A stochastic process X : Ry — L2(P,H) is said to be continuous
whenever

lim E| X (t) - X(s)])* = 0.

—S

Definition 2.2. A stochastic process X : Ry — L2(P,H) is said to be bounded if
there exists a constant K > 0 such that

E|IX®)|)?<K Vt>0
By CUB (R+,L2 (P, ]HI)) we denote the collection of all continuous and uniformly
bounded stochastic processes from Ry — L2(P, H).

Definition 2.3. A continous and bounded stochastic process X : Ry — L*(P,H)
is said to be square mean w-periodic limit if there exists w > 0 such that

. % 2 _
nEIJxrlooEHX(twan) X ()| 0
is well defined for each t > 0 when n € N for some stochastic process
X Ry — L2(P,H).

Remark 2.1. For all t > 0, X(t) is the limit of X(t 4+ nw) in L2(P,H) when
n — +o0o, when it exists. The collection of such w-periodic limit processes is denoted
by PWL(RJF,LQ (P,H)). Note also that the process X in the previous definition is
measurable but not neccessarily continuous.

In the following Proposition, we list some properties of square mean w-periodic
limit process.

Proposition 2.1. Let X be square mean w-periodic limit process such that
. v 2 _
HETOOEHX(tanw) X ()| 0
is well defined for each t > 0 when n € N for some stochastic process

X :Ry — L2(P,H).

If X, X1, X2 are square mean w-periodic limit processes then the following are true

(a) X1 + X3 is a square mean w-periodic limit process.
(b) ¢X s a square mean w-periodic limit process for every scalar c.
(c) We have
E[| X (t +w) — X(t)|*> = 0.
(d) X is bounded on Ry and ||X||e < || X||oo < K.
(e) Xu(t) = X(t+ a) is a square mean w-periodic limit process for
each fized a € R.

Proof. The proof is straightforward but we will only prove the statement in (c).
To this end, note that for each n > 1, we have :

OSEHX(t—i—w)—X(t)HQ g2EHX(t+w)—X(t+(n+1)w)H2

2B [ X (et (o + 1) - X0

Let € > 0, for N sufficiently large if n > N then

IEHX(twLw) CX(t+ (n+1)w)H2 < e/2
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and
E ] ’X(t +(n+ ) — X(t)H2 <e/2.

~ ~ 2 - - 2
so that EHX(ter) —X(t)H < e. Thus EHX(ter) —X(t)H —0. 0

Because of the above Proposition, we give name of w-periodic limit process in
Definition 2.3.

Remark 2.2. Note that if
E|X(t+w) - X(#)|*=0

then B ~
E||X (t + pw) — X(t)||> = 0 for all p > 1.

Theorem 2.1. The space PWL(R+,L2 (P,H)) s a Banach space equipped with the
1/2
norm [|X||oo = sup;so (Bl X (#)]1?)"" = sup;sq || X (2)]]2-

Proof. By Proposition 2.1, PWL(]RJF,IL2 (P,H)) is a vector space, then it is easy
to verify that ||.||s is a norm on P,L(R;,L?*(P,H)). We only need to show that
P,L(Ry,L?(P,H)) is complete with respect to the norm ||.||sc. To this end, assume
that (Xn)n>0 € PoL(Ry,L2(P,H)) is a Cauchy sequence with respect to ||.||o and
that X is the pointwise limit of X,, with respect to ||.||2 ; i.e.

lim E[|Xn(t) - X(t)]]* =0 (1)

n—-+oo

for each t > 0. Note that this limit X always exists by the completeness of I.%(P, H)
with respect to ||.]|2.

Since (X,,)n>0 is Cauchy with respect to ||.||cc the convergence in (1) is uniform
for t > 0. We need to show that X € P,L(Ry,L?(P,H)). First note that X is
stochastically continuous from the uniform convergence of X,, to X with respect to
[|.]]2 and the stochastic continuity of X,,. Next we prove that X is a square mean
w-periodic limit process. By the definition of (X, )n>0 € PwL(RJr,LQ(]P’, ]HI)) we
have for all ¢ > 0, :

. ) v 2 _
Jm E[LX(t +nw) — Xi(1)]° =0, (2)

for some stochastic process X; : Ry — L2(P, ]HI)) Let us point out that for each
t >0, the sequence (X;(t))i>o is a Cauchy sequence in L2(P, H)). Indeed, we have

~ ~ 2 ~ 2
IEHXi(t) - Xk(t)H < 3]EHXZ-(t) — X, (t + nw)H
+ 3E || X, (t + nw) — Xp(t + nw)||?

2
+ SE”Xk(t +nw) — Xk(t)H _

By (2) and the fact that the sequence (X, )n>0 is Cauchy, we get that the sequence

(Xi(t))i>o is Cauchy.

Using the completness of the space L2(P, H)), we denote by X the pointwise limit
of (Xl (t))iZO such that
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lim E||X1(t) - )~((t)||2 =0. (3)
11— 400
Let us prove now that
. % 2 _
nll}r_POOEHX(t—i—m‘J) X(@)|* =0,

for each t > 0. Indeed for each 7« > 0, we have

E|[x(t 4+ nw) - X@)HQ < 3E || X (¢ + nw) — Xi(t + nw)|?
+ 3E HXi(t + nw) — Xi(t)HQ

+3EH)~Q(t) fX(t)H?

By (1), (2) and (3) we get

lim E||X(t+nw)— X(t)|>=0.

n—-+o0o

The proof is completed. O

Definition 2.4. A continuous and bounded process X : Ry — L2(P,H) is said
to be square mean asymptotically w-periodic if X =Y + Z where Y and Z are
continuous bounded processes such that

E|lY(t+w)—Y®)|*=0 and tlin([)loEHZ(t)HQ =0.

We write Y € P, (Ry,L*(P,H)), Z € Co(R4,L*(P,H)) and we denote the space of
all square mean asymptotically w-periodic stochastic process X : Ry — L2(P, H)
by AP, (R+, L2(P, H))

Lemma 2.2. The space AP, (R+,L2 (P,H)) s a closed subspace of
P,L(Ry,L?*(P,H))
Proof. Note that
AP, (R4, L2(P,H)) C P,L(R,,L*(P, H)).
Indeed, if X € AP, (R+, L2(P, ]HI)) then we have for all n > 1, ¢ > 0,
BIX (1 + ne) — ¥ (1)
< 2R || X (t + nw) — Y (t + nw)||> + 2B ||Y (¢ + nw) — Y (#)|?
< 2R Z(t 4 nw)|]> + 2E||Y (t + nw) — Y (£)

) 2
=2E||Z(t 4+ nw)|]?

so that
lim E||X(t+nw) —Y(@®)|*=0

n—oo

for all t > 0.
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Now let’s show that AP, (R4, L*(P,H)) is a closed space.
Let X € AP, (Ry,L2(P,H)); there exist X, € AP, (Ry,L?(P,H)) such that
lim,, 00 Xn, = X. Since X,, € AP, (Ry,L*(P,H)), we have X,, =Y, + Z,, where
Y, € P,(R4,L*(P,H)) and Z, € Cp(Ry4, L*(P,H)).
If Y, or Z, does not converge then X,, will not converge. Thus, there exist Y and
Z such that lim, . Y, =Y and lim,,_,oo Z, = Z. We have X =Y + Z.
In the sequel well show that Y € P, (Ry,L?(P,H)) and Z € Co (R4, L3 (P, H)).
Firstly, we have

E[lY (t+w) - Y1)

< BE|Y (t+w) — Yo (t +w)||? + 3E|| Yy (t +w) — Yo ()]

+3E|[Y, (1) - Y (1)[]?
= 3E||Y (t + w) — Ya(t +w)|[* + 3E|[Yn(t) = Y(1)]?

For N sufficiently large, if n > N then
E[lY (t+w) — Yot +w)|> < €/6

E[|Y,(t) = Y (#)|* < ¢/6.
Therefore for n > N,

E|lY(t+w)-Y(@®)|? <e
Thus

BllY (t+w) = Y(®)|* =0,
so that Y € P, (R4, L*(P, H)).

On the other hand
E||Z(8)||* < 2E||Z(t) — Zn(t)I|* + 2E|| Za(t)]]>.

Foralle >0,37T. >0, t>T. =
E[|Z,(t)|]* < /4.
There exists N e N, n > N =
ENZ(t) = Zu(0)|? < /4.
Therefore for all n > N and ¢t > T, we have
E||Z®#)|> <e/24+¢/2 =,

so that Z € Co(Ry, L*(P,H)). O

From the above Lemma, we have the following conclusion by the fundamental
knowledge of functional analysis.

Theorem 2.3. The space AP, (R+, L2(P, H)) s a Banach space equipped with the
norm ||.||oo-

The following result provides some interesting properties.
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Theorem 2.4. Let X be a continuous and bounded stochastic process and w > 0.
Then the following statements are equivalent

(i) X € AP, (R+,L2(P,H))
(ii) We have
lim E||X(t+nw) = Y(#)|> =0
n—o0
uniformly on t € Ry for some stochastic process Y : Ry — L2(P, H).
(iii) We have
lim E||X(t +nw) — Y ()| =0
n—o0
uniformly on compact subsets of Ry for some stochastic process
Y : Ry — L2(P,H).
(iv) We also have

lim E||X (¢ + nw) — Y(®)|> =0
uniformly on [0,w] for some stochastic process Y : Ry — L2(P, H).

Proof. Clearly Statement (ii) implies (iii) and (iii) implies (iv). Suppose that (i)
holds and let X =Y + Z where Y € P, (Ry,L?(P,H)) and Z € Co (R4, L?(P, H)).
Now for n € N

X{t+nw)=Y{t+nw)+ Z({t+nw) (). (4)
Let € > 0. Since Z € Cy(Ry,L?(P,H)) there exist Ny such that
E||Z(t+nw)||?> < €/2 whenever n > Nj for every t € Ry. Then using (4), we obtain

EJ| X (t + nw) — Y (1)||* < 2B[| X (t + nw) — Y (t + nw)]|?
+ 2E[|Y (t + nw) — Y (t)]]?
= 2E||Z(t + nw)|]?
<e

whenever n > Nj for every ¢t € R;. This shows that
lim E||X(t+nw) —Y(@®)|]* =0
n—oo
uniformly on ¢ > 0 for some stochastic process Y : R, — L2(P, H).
Hence (i) implies (ii).
Finally, suppose that (iv) holds. It is clear that Y is bounded on R and
E|Y(t+w)—-Y()*=0
for each ¢t > 0 like in Proposition 2.1 , part (c).

Thus, to show the continuity of Y on R we only need to prove that Y is continuous
on [0,w]. Now, take any fixed tg € [0,w] and let t € [0,w]. For each n € N, we have

E[[Y () = Y (to)|[* < 3E|[Y(t) — X (t +nw)||”
+ 3E || X (t 4+ nw) — X (to + nw)]| (6)
+ 3E || X (to + nw) — Y (to)||” (7)
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Let € > 0. By Assumption in (iv), we conclude that there exists a positive integer
N5 such that

E||Y (t) — X (t +nw)||* < ¢/9 (8)
for t € [0,w] and n > No.
On the other hand, since X (t+ Now) is in Cy (R, L?(P, H)) then there exists § > 0
such that

E || X (t + Naw) — X (to + Now)|[* < €/9 (9)
for |t7 t0| < 4.
Using (5) to (9) we conclude that

E||Y(t) = Y (to)]|* < e when |t — to| < 4,
which show that Y is continuous on [0,w]. Hence Y € P, (R, L?(P, H)).

Next, we will show that X —Y € Cy (R+, L2(P, ]HI)) Suppose that € > 0 and there
exists a positive integer N3 such that
E||X(t+nw) —Y()]]* <e
when n > N3 uniformly for ¢ € [0,w] by Assumption in (iv) again.
Thus, for n = N3+ k, k=0,1,2, ..., we conclude that
E|[X(t+ (N3 +k)w) - Y(1)|° <e

uniformly for ¢ € [0,w]. Moreover, if we denote t' = t+ kw, where t' € |kw, (k+1)w],
t € [0,w] and k =0,1,2, ..., then we obtain

E [|X (' + Naw) — V(¢ + Naw)||*
= E||X(t+ (N3 + k)w) — Yt + (N5 + k)w)||?
=E|[[X(t+ (Ns+kw) - Y (1) <e

for t' € [kw, (k+ 1)w], k=0,1,2,....
That is
E[X(H) =Y <e (t>Naw)
which show that X —Y € Co (R, L?*(P,H)). Hence X €€ AP, (Ry,L*(P,H))
and (iv) implies (i). O

The following generalizes the Definition 2.3.

Definition 2.5. A continuous bounded process f : Ry x L2(P,H) — L2?(P,H) is
called square mean w periodic limit in t € Ry uniformly for X in bounded sets of
L2(P,H) if for every bounded subsets K of L?(P,H), {f(t,X):t € Ry;X € K} is
bounded and )

lim IEHf(t—i—nw,X) —f(t,X)H —0

n—-+oo

is well defined when n € N for each t > 0 and for some process f : Ry xL(P,H) —
L2(P,H) .

We have the following composition result:
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Theorem 2.5. Assume that f : Ry x L2(P,H) — L?(P,H) is a square mean w-
periodic limit process uniformly for Y € L?(P,H) in bounded sets of L?(P,H) and
satisfies the Lipschitz condition, that is, there exists constant L > 0 such that

El|f(t,Y)— f(t,Z)|* < LE||Y - Z|* Vt>0,VY,Z e L*(P,H).

Let X : Ry — IL2(P,H) be a square mean w-periodic limit process. Then the process
F(t) = (f(t,X(t)))t>0 s a square mean w-periodic limit process.

Proof. Since X is a square mean w-periodic limit process we have :

lim EHX(t—f—nw)—f((t)HQ:O (10)

n—-+o0o

for some stochastic process X : Ry — L2(PP, H).

By using Proposition 2.1 (4), we can choose a bounded subset K of L2(P,H) such
that X (t), X (t) € K for all ¢ > 0. Then F'(t) is bounded.
On the other hand we have :

lim EHf(t +nw, X) — f(t,X)H2 —0, (11)

n—-+o0o

for each t > 0 and each X €~K. 5 o
Let us consider the process F': R, — L2(P,H) defined by F(t) = f(t, X(t)).
Note that

E|[£(t -+ nw) — F)|| = B || £+ nwo, X0+ n)) — Flo. X)) |
< 2EHf(t+nw,X(t+nw)) - f(tJrnw,X(t))HQ
+ 21EHf(t+nw,X(t)) - f(t,X(t))H2
< 2L]EHX(t+nw) —X(t)H2
+9E Hf(t+nw,f((t)) - f(t,f((t))HQ

We deduce from (10) and (11 ) that

- 2
lim EHF(t—i—nw) —F(t)H ~0

n—-+o0o

is well defined for F(t) = f(t, X (t)).

Now, let us end this section with the following property of a Brownian motion.

Proposition 2.2 (Weak Markov Property). Let B = (B(s))s>0 be a two-sided
standard one-dimensional Brownian motion and set for h € R,

B"(u) = B(u+h) — B(h),u € R.

Then the process B" is a two-sided Brownian motion indpendent of {B(s) : s < h}.
In others words, B(u + h) has the same law as B"(u) + B(h).
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3. A STOCHASTIC DIFFERENTIAL EQUATION

In this section, we investigate the existence of the square mean asymptotically
w-periodic solution to the following SDE :

{ dX (t) = AX (t)dt + f(t, X (t))dt + g(t, X (t))dB(t), t>0 (12)

X(O) = Cp,
where A is a closed linear operator and

£ iRy x L3(P,H) — L2(P, H),

g: Ry x L*(P,H) — L*(P, H)

are Lipschitz continuous and bounded, (B(t)); is a two-sided standard one-dimensional
Brownian motion with values in H and F;-adapted and ¢y € L2 (P,H). Recall that
Fi =o{B(u) — B(v)/u,v < t}.

In order to establish our main result, we impose the following conditions.

(H1): A generates an exponentially stable semigroup (7'(t));>0 in L*(P,H), that
is, a linear operator such that :

T(0) = I where I is the identity operator.

TH)T(r)=T(t+r) for all t,r > 0.

. The map t + T(t)z is continuous for every fixed x € L?(P, H).

. There exist M > 0 and a > 0 such that ||T'(¢)|| < Me= for t > 0.

oo o =

Definition 3.1. The F;-progressively measurable process {X (t), t > 0} is said to
be a mild solution of (12) if it satisfies the following stochastic integral equation:

X(t):T(t)cO—i—/O T(t—s)f(s,X(s))ds—i—/O T(t — s)g(s, X (5))dB(s).

Now, we’ll establish some technical results.

Lemma 3.1. Let F' be a square mean w-periodic limit process in 1L2(P,H). Under
Assumption (H1) the sequence of stochastic processes (Xp(t))n>1, t > 0, defined by

X, (t) = /O"W T(t+ s)F(nw— s)ds

is a Cauchy sequence in L2(P,H) for all t > 0.

We shall denote by U = (U(t));>0 the limit process of (X, (t))n>1, t > 0, in
L2(P, H).



ASYMPTOTICALLY PERIODIC SOLUTION OF A SDE 11

Proof. We have,

Bl Xntp(t) = Xn(t)]]?

(n+p)w nw

=E /0 T(t+ s)F((n+p)w—s)ds — /0 T(t+ s)F(nw — s)ds
(n+p) ?

<2E / T(t+ s)F((n+p)w — s)ds

+2E‘ /O"W T(t+ s)(F((n+ pw —s) — F(nw — s))ds

= Il(t, n,p) + IQ(tan)p)

where
2

(n+p)
I(t,n,p) =2E / T+ s)F((n+ p)w — s)ds

w

2
Ly(t,n,p) = 2E

/Onw T(t+s)(F((n+p)w—s) — F(nw — s))ds

We have

(n+p)
I(t,n,p) =2E / T+ s)F((n+ p)w — s)ds

w

QE(/(W)M IT(t + 8)F((n + p)w — s)]| ds)2
28

I /\

(n+p)w
| I 9 1P+ e = s)ds)

IA
%)

(n+p)w 2
B( [ Mt (o - o)ds)

w

IN

(n+p)w (n+p)w
2/ M2e‘2“<t+s)d8/ E[|F((n + p)w — s)||*ds

w nw
“+oo
< 2M2pr/ e 2955
nw
< 2M2pwK
- 2a
Now we consider the integers N; and Ny such that
M?pwK
a

e—2anw.

e < e \Yp > Ny

SM2K
2

€72 e p > N,
a

and set N = max (N7, N3). For n > N, we have :
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2
I2(ta nvp) = 2E‘

/O"w T(t+s)(F((n+pw—s) — F(nw — s))ds

2E/ Tt + 8)||||[F((n + p)os — 5) F(nw—s)||ds)2

(
<am( [ U NP+ o 5) -~ Fln = )as)’
(

+4E‘/ 7+ ) E(n+ P — 8) — Flnes — )] ds)

< I3(t,n,p) + I4(t,n,p)

where

a(tonp) = 4B( [T+ P+ p) = 5) = Pl = 5)]ds)

nw

Iaftn,p) = 4B( [ 1T+ 1P+ ) = 5) = Flnw = 9)ds)

Nw

From F € PWL(R+, L2 (P, H)) , there exist a stochastic process
F:R; — L2(P,H) such that

lim E||F(t+ kw) — F@#)|[*=0
k——+oo

is well defined for each t > 0 when k£ € N.

Now, wee have :

IB(tvnap)
Nw - 2
< 8]E( Me=*U=stN || F((n — N + p)w + s) —F(S)HdS)
0
Nw

- 2
+ 8E( 0 Me=at=s+N&) || P((n — N)w + s) — F(s)||ds) :
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and by Cauchy Schwarz inequality, we obtain
I3 (ta nap)
Nw Nw B
< 8/ M2e_2“(t_s+N“)ds/ E||F((n — N +p)w + s) — F(s)||?ds
0 0
Nw Nw N
48 [ arremoe g [UpR (0 - N+ ) - Bl s
0 0
Nw Nw B
< 8M2/ 6_2“(_S+N“’)ds/ E||[F((n — N + p)w + s) — F(s)||?ds
0 0
Nw Nw 5
+ 8M? / e*2a<*S+NW>ds) / E||F((n — N)w + s) — F(s)|[*ds
0 0

8M?
<

Nw
/0 E|F((n— N+ plw + s) — F(s)|[?ds

8M?

+2a

Nw 5
| BN = N+ ) = Fo)Pas

Using the fact that
max{E||F((n — N + p)w + 5) — F(s)|[*, E||[F((n — N)w + s) — F(s)||} < 2K,
it follows that
lim I5(t,n,p) =0 forall ¢t >0,
n—oo

by Lebesgue’s dominated convergence theorem.

Similarly,
2

Iy(t,n,p) = 4E H/Nn: T(t+s)(F((n+p)w—s) — F(nw — s))ds

< 4B ([T I IF (0 + ) = 5) = Flow = 9)llds)

Nw
nw

2
< 41@( Me=t+) ||[F((n + p)w — 8) — Flnw — s)||ds)
Nw

nw 7@ 7@ 2
—4E Me= 49 ¢ F(49) || F((n + p)w — 5) — F(nw — s)||ds) .
Nw

Again, using Cauchy Schwarz inequality, it follows that

I, <4 MQe_“(tJrs)ds/ e IR F((n + p)w — 5) — F(nw — s)||?ds
N

Nw w

“+oo —+o0
<4 MQefans/ e “E||F((n+ p)w —s) — F(nw — s)||*ds.
Nw Nw

Since E||F((n + p)w — s) — F(nw — 5)||* < 2K, we obtain

SM?K
2

a

I4 S e—Qan
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and hence Iy <e.
This shows that (X,,(¢))n>1, t > 0, is a Cauchy sequence in L?(P, H).

Lemma 3.2. Let F be a square mean w-periodic limit process in L2 (P, H)
such that
lim E[|F(t +nw) — F(t)|]> =

n—-+o0o

for all t > 0. Define V(t) = fot T(t — s)F(s)ds. Under Assumption (H1)

we have

lim E||V(t+ nw) — *(t)||2 =

n—-4o0o

uniformly on t > 0 where

Proof. Let us rewrite

t+nw
V(t + nw) / T(t+nw—s)F(s)ds
0

(s + nw)ds

I
’ﬂ
|
o
@
+
3
E
&
%)
+
hﬁ

P!
|
&

t
Tt+s s—l—nwds—l—/Tt—s (s 4+ nw)ds
0

= X, (t,n) + I(t,n).

We have,

E||V (t 4+ nw) — V*()||? = E’ X, (t) + I(t,n) —U(t) —/0 T(t — s)F(s)ds

< 2E||Xu(t) — U(t)|?

+2F ’I(t,n) — /OtT(t— s)F(s)ds

Using Lemma 3.1, it follows that
2
El[Xn(t) =U®)|]" =0
for all t > 0.

Note that for mw <t < (m + 1)w; m € N, one has
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t
EHI(t,n)—/ T(t—s)F dsH
0

2

EH/OtT(ts)(F(SJrnw) —F(s))ds

SE(/Ot||T<t_s>||||F<s+W> ~ F(s)lds)”
<x( Mema9) (s ) — F(s)ds)’

mw - 2
< 2E( Mefa(t*S) ||F(5 + nw) — F(S)HdS)
0

t . 2
—|—2IE( Me= =) || F(s + nw) —F(s)||ds) .

mw

But firstly,
mw ~ 2
2IE(/ Me= =) ||F(s + nw) — F(s)||ds)
0
m—1 . (k+1)w - 2
<2M’E( Y / e =09 || F(s + ) — F(s))|ds)
k=0 7k
m—1 w - 2
—20B( Y [ e 0 B (st (4 ) — P+ b))
k=0 70
w m—1 5 w ~
< 2M2/ (37 eelt=(kri) ds/ E|[F (s + (n+ k)w) — F(s + k)| ds.
0 k=0 0
Since

lim E[|F(s + (n+ k)w) — F(s + hw)|[* =

for s € [0,w] and the fact that
E||[F (s + (n+ k)w) — F(s + kw)||* < 2K,

it follows by Lebesgue’s dominated convergence theorem that :

w

lim E||F(s + (n+ k)w) — F(s + kw)||> =

n—-+o0o 0

Note that

m—1 1

eat=(k+w) « _— __ ypifmorly in ¢,

k:O 1 —e aw

therefore
mw 2
QE( Me—a(t=s) [|F (s + nw) 7F(S)||d5)2 < (12]\Z7_2L)26.
0 _

On the other hand,
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QE(/t Me=* =) ||F(s + nw) — F(s)||ds)2

mw

< 2M2E(/

mw

(m+1)w N 2
[ (s +nw) — F(s)]|ds )

= QMQE(/Ow [|1F(s+ (n+m)w) —F(s+mw)||ds)2

<2M?w /w E||F (s + (n+m)w) — F(s + mw)||*ds.
0
But,
E[|F (s + (n + m)w) — F(s + mw)||* < 2E[|F (s + (n + m)w) — F(s)||?
2| P (s + ) — F(s)|

so that
hIJIrl E||F (s + (n+m)w) — F(s +mw)||*> = 0.
n—-+0o0
Again, using the Lebesgue’s dominated convergence theorem we have

w

lim E||F(s + (n +m)w) — F(s + mw)||?ds = 0,

n—+oo 0
and hence
t - 2
lim 2]E(/ Me=9) || F(s + nw) —F(s)||ds) =0.
n——+00 mw
Thus
t - 2
li EHIt, — | Tt —s)E(s)ds|| =
Jim 516 — [ 70— Fwas]| =0
for all t > 0.
Therefore
. _ * 2 _
HETOO]EHV(t—i—nw) V)| =0
uniformly on ¢ > 0 for some stochastic process V*(¢) : Ry — L2?(P, H). O

Lemma 3.3. Let G be a square mean w-periodic limit process in 1L.2(P,H) and
B(t) a two-sided standard one-dimensional Brownian motion.

Under Assumption (H1) the sequence of stochastic process (Yn(t))n>1, t >0,
defined by

0
Y, (t) = / T(t — s)G(s + nw)dB(s)
is a Cauchy sequence in IL?(P,H) for all t > 0.

We will denote by U* = (U*(t))i>0 the limit process of (Y,,(¢))n>1, t > 0, in
L2(P, H).
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Proof. We have,

0
E||[Yn+p(t) = Ya ()| = E /_( o T(t—s)G((n + p)w + s)dB(s)

2

_ /0 T(t — s)G(nw + s)dB(s)

< 2E

/—"w T(t—s)G((n+ p)w + s)dB(s)
—(n+p)w

+2EH /_OWT(t—s)(G((n—i—p)w—i—s) —G(nw—i—s))dB(s) 2

<om( [ - ollG (o + pho + 9l1dB )

—(n+p)w

+ 2]E(/ (= )G+ P+ 5) — Gl + 9)]|dB(s))

—nw

<28 [ T S|P G+ po + 9] Pds
—(n+p)w

0
+2E[ Tt — s)|[*|G((n 4 p)w + s) — G(nw + s)||*ds

(n+p)w
< 21@/ Tt + )| [|G(n + p)w — 5)]%ds

w

R / 1T+ )|[2 [|G((n + pleo — 5) — Gl — 5)|Pdis

S Jl(tanvp) +J2(t7nap)

where

(n+p)w
Ji(t,n.p) = 2E / T+ 9)]2 11G(n + pho — )] Pds

nw

Jo(t,m.p) = 2 / N+ PG+ ) — ) — Gl — 5)]Pds.

Estimates of Jy (¢, n,p).

(n+p)w
Ji(t,n.p) = 2B / T+ )2 1|G((n + p)w — 5)|ds.

nw

17
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(n+p)w
§2E/ Tt + )| [|G(n + p)w — 5)]%ds

w

(n+p)w

< 2/ M2e200HE(|G((n + plw — s)|[%ds
(n+p)w

S 2M2K 672asdS

nw

+oo
< 2M2K/ e~ (s

< 2M2Ke—2anw
- 2a
Now we consider the integers N; and Ny such that
2
M672a"“’ <e Yn>N;
a
AM?K
ef2anw S € VTL Z ]\]2
a

and set N = max (N7, N3). For n > N, we have :

b@mm:JEAWHﬂ#HMQMWn+mw—ﬂ—Gmw—$W%

< 2/ M?e200+9) B(|G((n + p)w — 5) — G(nw — 5)||?ds
0

Nw
<2 M2e—2a(t+s) EHG((” +p)w — s) — G(nw — S)||2d5
0
n 2/ M2e—2a(t+s) E||G((n + p)w — 5) — G(nw — 5)||*ds
Nw
S JS(ta nvp) + ‘]4(t7nap)

where
Nw
Ja(tnp) =2 [ M2 I E|G((n + plw — 5) — Glnw — 5)|[*ds
0
A@mMZQ/ M2 I E||G((n + p)w — 5) — Glnw — 5)|[2ds.
Nw

Since G is a square mean w periodic limit process then

lim E||G(t + kw) — G@#)|[> =0, Vt>0

k——+oo

is well defined for each ¢t > 0 when k € N for some stochastic process
G : Ry — L*(P,H).
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Now,

Nw
Js(t,m,p) =2 [ MPe I R|G((n+ plw — 5) — Glnw — s)|°ds
0

Nw
_ 2/ M2e—2a(t—s+Nw) E||G((n = N +p)w +s) — G((n — N)w + s)||*ds
0
<4 M2e200=stNO R G((n — N + p)w + s) — G(s)||*ds

0

Nw
+4/‘.M%ﬁﬂﬁﬁmﬂmw«nfww+s%4ﬂﬁww
0

Since
lim E[|G((n— N +pw+s) - G(s)||? =0
ILm E||G((n — N)w +5) — G(s)||> =0

and using the fact that ~ ~
max{E||G((n — N + p)w + s5) = G(s)|I*, E[|G((n — N)w + s) = G(s)|[*} < 2K,
it follows by Lebesgue’s dominated convergence theorem that

lim Js(t,n,p) =0
n— o0
for all t > 0.

On the other hand,

Iitnp) =2 [ M BG4l 8) - Gl - )|
Nw
Since E||G((n + p)w — s) — G(nw — 8)||> < 2K, we get
+oo
Ju(t,n,p) <AM*K M?2e=295(s
Nw
AMPK  _oun.,
< 4M2K€—2aN2w
a
so that
Ju(t,n,p) <e.
This shows that (Y,,(t))n>1, t > 0, is a Cauchy sequence in L2 (P, H) O

Lemma 3.4. Let G be square mean w-periodic limit in 1L2(P,H) such that
. A 2 _
nEIJIrlooEHG(tﬁan) G@)|*=0

for allt > 0. Define



20 ASYMPTOTICALLY PERIODIC SOLUTION OF A SDE

Under Assumption (H1) we have

lim E||H(t +nw) — H*t)|* =0

n—-+o0o

uniformly on t > 0 where
t
H(t) = U*(#) +/ T(t — 5)G(s)dB(s).
0
Proof. Let us rewrite,
t+nw
H(t +nw) = / T(t+ nw — s)G(s)dB(s)
0

:/t T(t — s)G(s + nw)dB(s + nw).

—nw

Let B(s) = B(s + nw) — B(nw) for each s € R. By the weak Markov property B is
also a two sided Brownian motion and has the same distribution as B. Moreover
{B(s),s € R} is a two sided Brownian motion independent of B(nw). Thus

¢

H(t+ nw) = / T(t —s)G(s + nw)dB(s)

—nw

= /O T(t — s)G(s +nw)dB(s) + /Ot T(t — s)G(s + nw)dB(s)

—nw

=Y, (t) + J(t,n)

where

J(t,n) = /0 T(t—s)G(s +nw)dB(s) = /0 T(t —s)G(s +nw)dB(s).
We have

EJ|H(t + nw) — H* (1)

= E} Y, (t)+ J(t,n) —U*(t) — /0 T(t — s)G(s)ds

<E||Ya(t) - U @)

+E HJ(t,n) - /Ot T(t — s)G(s)ds

Using Lemma 3.3, it follows that
E[[Ya(t) = U*(@®)[]* =0

for all £ > 0, when n — +oc.
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For mw <t < (m+ 1)w; m € N, one has
’2

= ]| [ 70t 5)(s + )~ Gls)ass)| |

E’ ’J(t,n) - /Ot T(t — s)G(s)dB(s)

< [ 1T 1606 + ) ~ G 1aBe)
<& [ e s + ) - G)aB(6)°

t

_ / M2~ B||G (s + nw) — G(s)||*ds
0

< M2€72a(tfs) EHG(S + nw) - é(s)||2d5
0
t

+/ M2e20=5) E||G(s + nw) — G(s)||2ds.

mw

Now,
/ M2e™ U |G (s + nw) — G(s)||*ds
0
m—1 (k+1)w ~
< M2 / e=20(t=(-+1w) B | G(5 + nw) — G(s)|[2ds
k=0 kw
wm—1 N
Y / e 2= D9) B[ |G(s + (1 + k)w) — G(s + huw)|[2ds
0 k=0
wm—1 "
< 2M2/ e—2a(t—(k+1)w) E||G(s + (n + k)w) — G(s)||2ds
0 k=0
wm—1 - ~
L 2M2/ e 2a(t=(k+ D) || G(s + kw) — G(s)|[2ds
0 k=0
wm—1 N
_ 2M2/ e~ 2a(t=(k+1w) Bl G(s + (n + k)w) — G(s)|[2ds
0 k=0
because
EI|G(s + hw) — G(s)[2 =0 Vk > 0.
Since

lim E[|G(s+ (n+ k)w) — G(s)||> = 0,

n—-+oo
for s € [0,w], k > 0 with E||G(s 4 (n + k)w) — G(s)||* < 2K
and using the fact that

m—1 1

Z e2alt=(kth)w) <~y >,
1— €—2aw
k=0
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it follows by Lebesgue’s dominated convergence theorem that :

wm—1
lim [ e 2D E|G(s + (n+ kw) — G(s)][*ds = 0

uniformly on ¢ > 0.

On the other hand,

t
/ M2~ 2= |||G(s + nw) — G(s)|[*ds

mw

(m+1)w ~
< / M2 20U B||G(s + nw) — G(s)||?ds

mw

= / M?Ze=2alt=s=m) ||G (s 4 (n + m)w) — G(s + mw)||*ds
0

§M2/ E||G(s + (n + m)w) — G(s + mw)||*ds
0
§2M2/ E||G(s + (n + m)w) — G(s)|[2ds
0
+on? / E||G(s + mw) — G(s)||ds
0

=2M? /OW E||G(s + (n + m)w) — G(s)||?ds

because

E||G(s +mw) — G(s)[|> =0 V¥m > 0.
Since

lim E[|G(s + (n+m)w) — G(s)||* =0,

n—-+o0o

for s € [0,w], m > 0 and
E[|G(s + (n +m)w) = G(s)||* < 2K,

again by the Lebesgue dominated convergence theorem, we have :

lim 2M2/ E||G(s + (n+ m)w) — G(s)||>ds = 0

n—-+oo 0
so that .
/ M2e=290=5) || G(s + nw) — G(s)|2ds.
In view of the above, it follows that

t . 2
lim E|[J(t,n) - / T(t— 5)G(s)dB(s)|| =0
n—+oo 0
uniformly on ¢ > 0.
Therefore

lim E||H(t+nw) — H*@#)|> =0

n—-+o0o
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uniformly in ¢ > 0 for the stochastic process H*(t) : Ry — L2(P, H)
defined as above. O

Now we can establish the main result of this section.
Theorem 3.5. Let f,g : Ry x L2(P,H) — L?(P,H) be square mean w periodic
limit processes in t > 0 uniformly in X for bounded subsets of 1L?(P,H). Assume

that f,g satisfies a Lipschitz condition, uniformly in t > 0 : that is, there exist
constants Ly > 0 and Ly > 0 such that

E[[f(t,X)— ft,Y)|* < LyE||X - Y| ¥t>0,VX,Y € L*(P,H)

Ellg(t, X) —g(t,Y)[|* < LyE[X - Y[[* Vt>0,VX,Y € L*(P,H).
If
2M?(L 1 L1 1
( fﬁ* ga)<

then, there is a unique square mean asymptotically w-periodic mild solution
of problem (12).

Proof. We define the continuous operator I' on the Banach space
AP, (R, L2(P,H)) by

(TX)(t) =T(t)co + /0 T(t—s)f(s,X(s))ds + /0 T(t—s)g(s, X (s))dB(s).

Note that T'(t)cg is in Cp(Ry, L?(P,H)) C AP, (R4, L2 (P, H))
Now we denote F(s) = f(s, X(s)), G(s) = g(s, X(s))

In view of Theorem 2.5 if X € AP, (R;,L?(P,H)) then

F,G € P,L(R,,L2(P,H)).

Applying Lemma 3.2, Lemma 3.4 and Theorem 2.4, it follows that

/0 T(t—s)f(s, X(s))ds € AP, (Ry,L*(P,H))

and
/0 T(t — 8)g(s, X ())dB(s) € AP, (Ry,L*(P, H)).

Hence the operator I' maps the space AP, (R, L?(P, H)) into itself.
Finally for any X,Y € AP, (R,,L?(P,H)) we have
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E[TX(t) - TY (t)]|*

t t
< 202 / e~ ds) B / e[ £ (5, X (5)) — £(5. Y (s)|Pds

+2M?E /
0

t
< 2M2L;supE||X (s) — Y(s)||2(/ e (t=9) gg)
s>0 0

t

720 |lg(s, X () — g(s, Y ()| *ds

t
2L supBIX ()~ Y )? [ ey
s>0 0

1 1
< 2M2(LfE + Lga) s1>113]E||X(s) —Y(s)|]%

This implies that
1 1
2 2 2
IEX = Y[ < 2M2(Ly— + Lo=)|IX — Y.
Consequently, if 202 (Lfa—lz + Lg%) < 1 then I is a contraction mapping.

The proof is completed by using the well-known Banach fixed-point theorem.
O

4. AN ILLUSTRATIVE EXAMPLE

In order to illustrate usefulness of the theoretical results established in the preceding
section, we consider the following one-dimensional stochastic heat equation with
Dirichlet boundary conditions :

du(t,x) = ZBED dt 4 f(t,ult,2))dt + g(t, ult, z))dB(1)

w(t,0) = u(t,1) = 0,t € RY, (13)

u(0,z) = h(zx), = € [0,1].
where B(t) is a two-sided standard one-dimensional Brownian motion defined on
the filtered probability space (Q, F,F;,P), h € L?[0,1] and the functions f and g
are defined as

f(ta u(t’ 'T)) = u(ta ZCW(t) and g(t, u(ta z)) = u(t7 .Z‘)Qﬁ(t),
where 9 and ¢ are w-periodic limit (function) deterministic processes. Clearly both
the f and g satisfy the Lipschitz conditions with L = ||9)||sc and Ly = ||¢||ec. For
instance, ¥(t) and ¢(t) can be chosen to be equal to the following 2-periodic limit
(function) deterministic process (see [18]) given by

1, t=2n—1,neN
a3 () =14 0, te{0,2}u{2n+1—k,JU{2n+1+k,} (14)
linear, in between.
where {k,} C|0, 1[ such that k,, > k.41, k, — 0 as n — +o0.
Note that if we define b : Ry — R by
b(t):{ 1, t=2n—1,neN

0, otherwise. (15)
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then we have b(t) = lim, 4 oo a{,} (t+2m) so agy, } is a 2-periodic limit (function)
deterministic process.
Define

D(A) = {v continuous/v’(r) absolutely continuous on [0,1], v”(r) € L?[0,1]
and v(0) = v(1) = 0}
Av =" forallv € D(A).

Let ¢n(t) = V2sin(nxt) for all n € N. ¢, are eigenfunctions of the operator
(A,D(A)) with eigenvalues \,, = —n?. Then, A generates a Cy semigroup (7'(t)) of
the form

T = e ™ b, ¢n)bn, Yo € L2[0,1]
n=1
and
|T(t)]] < 6_”2’5, forallt >0

Thus M =1 and a = =2.

The equation (12) is of the form

dy(t) = Ay(t)dt + f(t,y(t))dt + g(t, y(t))dB(t),
y(0) = co.

By using Theorem 3.5, we claim that

Theorem 4.1. If ||[¢)||oo +||¢]|com? < 74/2 then the equation (13) admits a unique

square mean asymptotically w-periodic mild solution.

Conflict of Interests. The authors declare that there is no conflict of interest
regarding the publication of this paper.

Acknowledgements. We thank the anonymous reviewers for their careful reading
and their many insightful comments and suggestions.

REFERENCES

[1] C. Corduneanu, Almost periodic oscillations and waves, Springer, New York (2009)

[2] K.S. Kundert, G.B. Sorkin and A. Sangiovanni-Vincentelli, Applying harmonic balance to
almost periodic circuits, IEEE Transactions on Microwave Theory and Techniques, 36 (2),
366378 (1988)

[3] S. Ahmad, On almost periodic solutions of the competing species problems, Proceedings of

the American Mathematical Society, 102 (4), 855861 (1988)

P. Bezandry and T. Diagana, Square-mean almost periodic solutions nonautonomous sto-

chastic differential equations, Electronic Journal of Differential Equations, 2007(117), 1-10

(2007)

[5] YK. Chang, ZH. Zhao and G. M. N’Guérékata, A new composition theorem for square-mean

almost automorphic functions and applications to stochastic differential equations, Nonlinear

Analysis : Theory, Methods and Applications, 75(6), 2210-2219 (2011)

P. Bezandry and T. Diagana, Fuxistence of square-mean almost periodic solutions to some

stochastic hyperbolic differential equations with infinite delay, Communications in Mathe-

matical Analysis, 8(2), 103-124 (2010)

[7] S. M. Manou-Abi and W. Dimbour, S-Asymptotically w-periodic solutions in the p-th mean
for a stochastic evolution equation driven by Q-Brownian motion, Advances in Science,
Technology and Engineering Systems Journal, 2(5), 124-183 (2017)

[8] J. Cao, Q. Yang, Z. Huang and Q. Liu, Asymptotically almost periodic solutions of stochastic
functional differential equations, Applied Mathematics and Computation. 218, 1499-1511
(2011)

(4

[6



26

[9]

(10]

(11]

ASYMPTOTICALLY PERIODIC SOLUTION OF A SDE

YK. Chang, ZH. Zhao and G.M. N’Guérékata, Square mean almost automorphic mild solu-
tions to mon-autonomous stochastic differential equations in Hilbert spaces, Computers and
Mathematics with Applications. 61, 384-391 (2011)

C. Cuevas and J. C. de Souza, S-Asymptotically w-periodic solutions of semilinear fractional
integro-differential equations, Applied Mathematics Letters, 22, 865-870 (2009)

W. Dimbour and S. M. Manou-Abi, Asymptotically w-periodic solution for an evolution
differential equation via w-periodic limit functions, International Journal of Pure and Applied
Mathematics, 113(1), 59-71 (2017)

[12] W. Dimbour and S. M. Manou-Abi, Asymptotically w-periodic functions in the Stepanov

13]
14]

(15]

sense and its application for an advanced differential equation with piecewise constant argu-
ment in a Banach space, Mediterranean Journal of Mathematics. 15:25 (2018)

Z. Liu and K.Sun, Almost automorphic solutions to SDE driven by Levy noise, Journal of
Functional Analysis, 266(3), 1115-1149 (2014)

Z. Xia, Almost automorphic solutions semilinear stochastic hyperbolic differential equations
in intermediate space, Kodai Mathematical Journal, 40(3), 492-517 (2017)

Z. Xia, D. Wang, Measure pseudo almost periodic mild solutions of stochastic functional
differential equations with Lévy noise, Journal of Nonlinear and Conver Analysis, 18(5),
847-858 (2017)

[16] R. Xie and C. Zhang, Criteria of asymptotic w periodicity and their applications in a class

of fractional differential equations, Advances in Difference Equations. 20 pages (2015)

[17] M. Zhang and G. Zong, Almost periodic solutions for stochastic differential equations driven

by G-Brownian motion, Communications in Statistics Theory and Methods, 44(11), 2371-
2884 (2015)

[18] R. Xie and C. Zhang, Space of w periodic limit functions and its applications to an Abstract

Cauchy problem, Journal of Function Spaces, 2015, ID 953540, 10 pages (2015)



