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The Picard group of unipotent groups

Raphaél Achet *

Abstract

Let k£ be a field. In this article, we study the Picard group of the smooth connected
unipotent k-algebraic groups, and more generally the Picard group of the forms of the affine
n-space Aj.

To study the Picard group of a form of the affine n-space with geometric methods, we
define a restricted Picard functor. First, we prove that if a form of the affine n-space X
admits a regular completion, then the restricted Picard functor of X is representable by
a smooth unipotent k-algebraic group. Then, we generalise a result of B. Totaro: if k is
separably closed and if the Picard group of a smooth connected unipotent k-algebraic group
is nontrivial then it admits a nontrivial extension by the multiplicative group. Moreover,
we obtain that the Picard group of a unirational form of A} is finite.
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Introduction

Let k be a field. In this article, we study smooth connected k-group schemes of finite type,
we call them k-group.

Background

Over a perfect field, any unipotent k-group is isomorphic as a k-scheme to the affine n-space
A} (where n = dim(U), see [DG70} Th. IV.4.4.1, and Cor. IV.2.2.10]). Thus, over a perfect
field, the Picard group of a unipotent k-group is trivial; and, the only unipotent k-group of
dimension 1 is the additive group G k.

Over a non perfect field, none of the above affirmations are true. From now on, we
assume that k is non perfect of characteristic p.

Ezample. We consider ¢ € k \ kP, and G the k-subgroup of Gi,k defined as
G:={(z,y) € Gi,k | 4P = x + taP}.

Then G is a unipotent k-group of dimension 1, such that Gy1/p) = G js1/0). We denote
the regular completion of G by C, then

C={lr:y:2]€P?|yP =a2P"! +taP}.

As a set C'\ G is a unique point of residue field k(t'/P) # k. Thus, G is not isomorphic to
Ga,k- Moreover, the degree morphism deg : Pic(C) — Z induces a morphism

deg : Pic(G) — Z/pZ,

that is surjective [Ach17l (2.1.3)]. Hence Pic(G) # {0}.

A unipotent k-group U is said k-wound if U does not admit a closed k-subgroup iso-
morphic to Gg,;. The group G of the example above is a k-wound unipotent k-group.
The k-wound unipotent k-group have been studied by J. Tits [Tit67], P. Russell [Rus70],
T. Kambayashi, M. Miyanishi and M. Takeuchi [KMT74, [KM77] and J. Oesterlé [Oes84].

Recently, a major contribution to the subject of linear k-groups has been made with the
study of the structure of pseudo-reductive groups by B. Conrad, O. Gabber, and G. Prasad
[CGP15, [CP16]. For any linear k-group G, we denote by R, (G) the k-unipotent radical of
G ie. Ry k(G) is the maximal unipotent normal k-subgroup of G. Then, G is said to be k-
pseudo-reductive if Ry, ,(G) = {1}. If the base field is perfect, k-pseudo-reductive groups are
reductive groups; over a non-perfect field the notion of k-pseudo-reductive group generalizes
that of reductive group.

In characteristic p > 5 every k-pseudo-reductive group is obtain via the standard con-
struction (see [CGP15, Def. 1.4.4, and Th. 5.1.1]); in characteristic 2 and 3, the situation
is more complicated. The standard construction essentially reduces the classification of
the k-pseudo-reductive groups to the particular case of the commutative k-pseudo-reductive
groups, which seems intractable.

For any linear k-group G, there is an exact sequence:

1= Rur(G) = G— G/Rui(G) =1,



where Ry, (G) is unipotent and G/R, k(G) is k-pseudo-reductive. As any linear k-group
is the extension of a k-pseudo-reductive group by a unipotent k-group, there is a renewed
interest in the structure of unipotent k-group over non perfect-field.

Hence, there are two main motivations to study the Picard group of unipotent k-group.
First, the study of the Picard group of the unipotent k-group is a necessary step to study
the Picard group of the linear k-group. The second motivation is linked to the structure
of k-pseudo-reductive group: commutative k-pseudo-reductive groups are extensions of a
commutative unipotent k-group by a k-torus [DG70, Th. IV.3.1.1]. B. Totaro prove that, if
U is a commutative unipotent k-group, then Extl(U, G, k) identifies with the subgroup of
the translation invariant elements of Pic(U) [Totl3] Lem. 9.2]. Then, B. Totaro deduce that
if U is a k-wound unipotent k-group of dimension 1, then Ext'(Uy,, G x,) # {0} [Tot13,
Lem. 9.4]. And finally, B. Totaro obtain a classification of the 2 dimensional commutative
k-pseudo-reductive groups [Totl13, Cor. 9.5].

Main results and outline of the article

Definition. let X, and Y be k-schemes (resp. k-group schemes). We call X a form of Y
if there is a field extension K /k such that X is isomorphic as a K-scheme (resp. K-group
scheme) to Yik.

In [AchlT], we studied the Picard group of the forms of the additive group G, ;. More
generally, we used geometric methods to study simultaneously the Picard group of the forms
of the additive group G, j and of the affine line Aj.

Let X be a regular k-algebraic varieties. We call a regular proper k-algebraic variety X
a regular completion of X, if there is an open dominant immersion X — X. The (canonical)
regular completion C' of a form X of A} is an important invariant, as the Picard group of
C is related to the Picard group of X [Achl7 §2.1]. Moreover, we have a powerful tool to
study the Picard group of C: the fppf Picard functor Picc /. It is a representable functor
[BLR90, 8.2 Th. 3] that can be study with geometric methods.

A unipotent k-group of dimension n is a form of the affine n-space [DG70, Th. IV.4.4.1].
As in the dimension 1 case, we would like to use geometric methods to study the Picard
group of the forms of A?. If n > 1, there is no canonical regular completion. And worst,
the existence of a regular completion is only proved yet if n < 3 [CP14, Th. 1.1].

To obtain an object that replace the Picard functor Picg/, we are going to follow an
idea of M. Raynaud and consider a Picard functor restricted to smooth schemes.

Definition. Let X be a k-scheme, we consider the contravariant functor

Picj(/k : (Smooth Scheme/k)° — (Group)
Pic(X x4 T)

T
P3Pic(T)

where (Smooth Scheme/k) denotes the category of smooth k-scheme, (Group) the category
of “abstract” group, and ps : X x; T' — T is the second projection.
We call Pic}'(/k the restricted Picard functor of X.

One of the main result of this article is the following representability Theorem:

Theorem. [1.]]

We consider a form X of A} which admits a reqular completion.

Then, the restricted Picard functor Picj(/k is represented by a smooth commutative unipo-
tent k-algebraic group whose neutral component is k-wound.

This Theorem is proved in Section [0 The proof is quite technical, but the idea behind
it is rather intuitive. If X is a regular completion of X, then there is an exact sequence:

0 — D — Pic (X) — Pic(X) — 0, (%)

where D is the free Z-module generated by the divisors in X \ X.



The idea is to generalize this exact sequence. The fppf Picard functor Picy Jk is repre-
sentable by a locally algebraic group [BLR90, 8.2 Th. 3], we still denote it Pic¢ k- We are
going to use Picy /K 8S 8 middleman to show that Pic} Ik is representable. More precisely,

inspire by P. Deligne definition of 1-motifs [Del74l §10.1] and by the exact sequence ()
we are going to look at the quotient of Picy Jk by the constant k-locally algebraic group

generated by the divisors in X \ X.

Let us present two consequences of Theorem [[T} First, in Section [} we study the group
Ext' (U, G, 1) of extensions of a commutative unipotent k-group U by the multiplicative
group G, 5. In Subsection Bl we give a summary of some results of [Tot13] §9] and
[Ros18]. In Subsection B.2] we define an action of U on Pic}; /- In Subsection B3 we

consider a fixed point functor Pic‘g /lkj, and we use the representability of Pic$ /i o prove the

representability of Pic?} /g (Proposition B4]). Then, we obtain the following generalization
of Lemma [Tot13, Lem. 9.4].

Theorem.
We consider a unipotent k-group U which admits a regular completion. Then:

(i) if Pic(Uy,) is finite, then Ext* (U, G, 1) = Pic(U);
(i) if Pic(Uy,) is infinite, then Ext*(Uk,,Gm ,) is likewise infinite;
(iii) if Pic(Uy,) # {0}, then Ext*(Uy., Gpr.) # {0}.

The full statement of Theorem includes a result on PicJUr /ij. Finally in Subsection
BA, we give an ad hoc criteria for the commutative unipotent k-groups that are quotients of
a commutative k-pseudo-reductive k-group.

The second consequence of Theorem [l concerns the unirational forms of A}. Let
us recall that an integral k-variety X is called unirational if there is a dominant rational
map P¢ --» X (for some d € N). In Section @l we study the subtle relationship between
the notion of unirationality and the unipotent k-groups. The k-wound unipotent k-groups
have strange properties: while some are unirational, others do not contain a nontrivial
unirational k-subgroup. In Subsection [, we study an example of k-wound unirational
unipotent k-group. In Subsection 2] we make a dévissage of the commutative k-group
between unirational k-group and strongly-wound k-group (see Definition EL.G]).

The main result of Section [l is the following;:

Theorem. [£.1]]
Let X be a unirational form of A} which admits a regular completion. Then:

(i) the unipotent k-algebraic group Picj(/k is étale;
(ii) the groups Pic(X) and Pic(Xy,) are finite.

Theorem [£TTlis proved in Subsection4.3] it is a straightforward consequence of Theorem
[L1l In Subsection £ we study the torsion of the Picard group and of the restricted Picard
functor of a form of A}.

The author hopes that the consequences of Theorem [[LT] and the relative simplicity of
their demonstrations will convince the reader that the restricted Picard functor is the right
object to look at. Some questions (questions 316 [4.2] and [L.9) will require more work to
have a satisfying answers.
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Conventions

We consider a field k, unless explicitly stated, k is a non perfect field of characteristic p > 0.
We fix an algebraic closure k of k, and we denote by ks C k the separable closure of k in k.
For any non-negative integer n, we denote the field {x € k such that 2?" € k} by kP

All schemes are assumed to be separated and locally noetherian. For every scheme X,
we denote the structural sheaf of X by Ox. We denote the ring of regular functions on X
by O(X), and the multiplicative group of invertible regular functions on X by O(X)*. For
every « € X, we denote the stalk of Ox at x by Ox ,, and the residue field of Ox ;, by x(z).

The morphisms considered between two k-schemes are morphisms over k. An algebraic
variety is a scheme of finite type over Spec(k). In order to lighten our notation, we will
denote the product X Xgpecry Y for X and Y two k-schemes by X x; Y. And for any field
extension K/k, we denote the base change X xj Spec(K) by Xx. We denote the function
field of an integral variety X by x(X).

A k-scheme is said to be smooth if it is formally smooth [EGAIV4] Def. 17.1.1], separated
and locally of finite type over Spec(k). A group scheme locally of finite type over k will be
called a k-locally algebraic group. A group scheme of finite type over k will be called a k-
algebraic group. A smooth connected k-algebraic group will be called a k-group. A unipotent
k-group U is said to be k-split if U has a central composition series with successive quotients
isomorphic to G, . A unipotent k-group U over k is said to be k-wound if every morphism
of k-scheme A} — U is constant (with image a point of U(k)); an equivalent definition of
k-wound is that U does not have a central subgroup isomorphic to G, [CGP15 Pro. B.3.2].

1 Representability of the restricted Picard functor

This section is dedicated to the proof of the following theorem:

Theorem 1.1. We consider a form X of AZ which admits a reqular completion.
Then, the restricted Picard functor Picj(/k is represented by a smooth commutative unipo-
tent k-algebraic group whose neutral component is k-wound.

In Subsection [[LIl we gather some preliminary results. In Subsection [[.2] we prove
Theorem [[1] assuming k is separably closed. Finally, in Subsection [[L3] we use a Galois
descent argument to finish the proof of Theorem [[.1

1.1 Picard functor of a normal completion of a form of the affine
space

In this Subsection, we consider a form X of A¢ (d > 1) and Y a normal completion of X
(i.e. a normal proper k-variety Y such that there is a dominant open immersion X — Y).
We are going to describe the fppf Picard functor Picy . First, we have some preliminary
lemmas.

Lemma 1.2. Let X be a form of AL, then X7 is k-isomorphic to A%.

Proof. The proof use a standard argument: there is a field extension K/k such that X
is K-isomorph to A%. We can assume that K is algebraically closed, and that K is an
extension of k. Then, K is the inductive limits of its finite type sub-k-algebra; thus, there is
a finite k-algebra A such that X 4 is isomorphic to the A-scheme A% [EGAIV3, Th. 8.8.2].

Moreover, as A is a finite type k-algebra and k is algebraically closed, there are non
trivial morphism of k-algebra A — k. Hence, X7 is k-isomorphic to A%. O

Recall that the fppf Picard functor Picy y is representable by a k-locally algebraic group
[BLRIO0, 8.2 Th. 3].

Lemma 1.3. We consider a normal, proper, geometrically integral k-algebraic variety Y,
and V' an open of A}l (n € N). Then, any morphism V — Picy is constant (of image a
k-rational point).



Proof. We can assume that k = ks. We are going to show that any morphism V' — Picy g,
whose image contains the identity element e of Picyy, is constant of image e.

Let po : Y X V. — Vand p; : Y XV — Y be the two projections. According to
Proposition [BLR90| 8.1 Pro. 4],

Pic(Y x5 V)

Piey/(V) = piPic(V)

Moreover, Pic(V') is trivial, so Picy,; (V) = Pic(Y x V).
In addition, the group morphism:
p] : Pic(Y) = Pic(Y x; V)

is an isomorphism. Indeed, any k-rational point a of V' defined a section of pj, so it is
injective. And pj is surjective [EGAIV4, Cor. 21.4.11].
Let a be a k-rational point of V, the point a induces a k-group morphism:

a* : Picy, (V) — Picy (k) = Pic(Y).

The elements of the kernel of a* are the k-scheme morphisms f:V — Picy/; such that
f(a) = e. So there is an isomorphism

Pic(Y x5, V)
ker(a*) = .
er(@’) = JoPie(v) x p3Pie(V)
Indeed, if z is a k-rational point of Y (such a point always exists if k = k, [Liu00,

Pro. 3.2.20]), then
a* x z* : Pic(Y xz V) — Pic(Y) x Pic(V)

is a retraction of
py X p5 : Pic(Y) x Pic(V) — Pic(Y x; V).

O

Remark 1.4. Let T be a k-torus. With the hypothesis of Lemma [[L3] any morphism of
k-scheme T — Picyyy, is constant of image a k-rational point of Picy .

Indeed, we can assume that k = ks, so that T is a split torus. According to Lemma [[.3]
dim(T)
m,ks

In general, the Picard schemes of a k-projective variety is a non-necessary smooth k-
locally algebraic group. In order to deal with the lack of smoothness, we will use the
following “smoothification” lemma:

Lemma ([CGPI5 Lem. C.4.1)).

Let X be a k-scheme locally of finite type. There is a unique geometrically reduced closed
subscheme X+ of X such that X+(K) = X(K) for all separable extension fields K/k (no
hypothesis of finiteness here). The formation of X is functorial in X and commutes with
the formation of products over k and separable extension of the ground field. In particular,
if G is a k-locally algebraic group then GT is a smooth k-locally algebraic group.

any morphism G — Picy, sk, Is constant.

We call GT the smoothification of G. We remark that if G is a k-locally algebraic group
and T is a smooth k-schemes, then we have the equality G(T') = G (T).

Proposition 1.5. Let X be a form of Ag, and let Y be a normal completion of X. Then,
the Picard functor Picy,y is representable by a commutative k-locally algebraic group, and

Pic}t/g is a k-wound unipotent k-group.

Proof. The Picard functor Picy,, is representable by a commutative k-locally algebraic
group [BLRI0, 8.2 Th. 3]. So Pic¢ Ik is a smooth commutative k-locally algebraic group and

the neutral component Pic)t /2 of Pic)t /k is a commutative k-group.



The construction of the neutral component and the smoothification process commute
with separable extension. Moreover, a unipotent k-group U is k-wound if and only if Uy, is
ks-wound [CGPI5L Pro. B.3.2]. Thus, we can suppose that k = ks (and then, X (k) # 0).

Let A and B be two k-groups. We denote Hom,, (A, B) the set of k-scheme morphisms
from A into B such that the image of the identity element of A is the identity element of
B, and by Homg,,, (A, B) the set of k-group morphisms from A into B.

We consider A a k-abelian variety. According to Proposition [Bril7, Pro. 3.3.4]:

Hommgy,, (A, Picf, } ) = Hom,, (4, Picfj).
And, as A is smooth, we have the following equality:

Hom,y, (A, Picy ) ) = Homy, (4,Pic},, ).
Moreover

Pic (Y x4 A)
piPic(Y) x piPic(A)

= HOHlptv (Y, PiCA/k) = Hompt. (Ya Plc%/k) :

Hommyy. (4, Pic},;, ) = Homyy. (A, Picy,x) =

And

Homy,, (Y, Picg‘/k) C Homyy, (X, Pic%/k) .
As X3 = A%, the morphisms from X3 into PiciXF /i are constant (Lemma [[3)). And, as
0
Ag/k?
and finally Homg,p, (A, Pic;;/z) = {0}.

A k-semi-abelian variety is a k-algebraic group obtained as the extension of a k-abelian
variety by a k-torus. Any commutative k-algebraic group G has a largest k-semi-abelian
subvariety Ggqp [Bril7, Lem. 5.6.1]. Moreover, if G is smooth and connected, then G/Gqp
is unipotent [Bril7, Th. 5.6.3].

Let us denote (Pic)t/%) as H. According to Remark [[4] H is a k-abelian variety.

sab
Moreover, we just show that there is no nonconstant morphism from an abelian variety into

Picy, /2. Thus H = {0}, and Pic;, /2 is a unipotent k-group. Finally, according to Lemmal[l.3]
it is k-wound. O

Pic%/k Xy k = Pic the set Homy,. (X, Pic%/k) is reduced to the constant morphism,

1.2 Separably closed case

In this Subsection, we prove Theorem [[L1] assuming k is separably closed. We denote by X
a regular completion of X.
Let T be a smooth k-scheme, then we note:

T=]]m,

icl

where the T} are the open irreducible component of 7. Then for all 4, the k-scheme X x, T}
and X xj T; are regular [EGAIV2, Pro. 6.8.5 (i)] and irreducible [EGAIV2| Cor. 4.5.8 (i)].
Thus, we can identify the class group of X x T; with its Picard group, and likewise for
X x3, T; [Liu06l Pro. 7.2.16).

Moreover, we denote D = X \ X. Then, D is pure of codimension 1 in X [EGAIV4,
Cor. 21.12.7]. Thus, D the union of a finite number of divisors of X; we denote:



We consider D and the D; with their structure of reduced closed subscheme.
As k = kg, the D; are geometrically irreducible. For any 4, we have an exact sequence:

@Z[D] Xk Tz] — Cl (7 Xk TZ) — Cl(X Xk Tz) — 0.
j=0

Indeed, the morphism CI (Y X I Ti) — Cl(X X T;) is the restriction of Weil divisor of

X %, T} to X Xy 15, so it is surjective. Its kernel is generated by the class of the irreducible
divisor of X x5 T; \ X X3 T; = D X, T;, so by the [D; x5 T;] for 1 < j < n.
Moreover, the kernel of the morphism

@B zD; xi Ti] = CL(X x4 T)
j=0

is generated by the principal divisor of X xj T; without zero, nor pole outside of D xj T},
so by the image of the morphism

div: k (Y Xk Tl) — Div(y Xk Tz)
restricted to O (X xj, T;)". Let us show that O (X x; T})* = O (T})". Indeed,

But X5 = A%, and we can assume that T; is affine. As R* = R[x1,...,x,]* for any integral
domain R, then O (X x3Tip)" = O (Ti)". So @)y Z[D; xi T}] = CL(X x4 T;) is an
injective group morphism.

Hence, the sequence

0—2" L CL(X x4 T)) = CL(X %} T)) = 0

is exact, where f is the application which map the j-th element of the canonical base of Z™
to the class of the Weil divisor [D; x T;].
We identify the Weil class group and the Picard group, and obtain the exact sequence:

0 — Z" — Pic (X x; T;) — Pic (X x4 T;) — 0.
Moreover, by combining all these sequences for ¢ € I, we obtain the exact sequence:

0— JJZ" — Pic(X x T) — Pic (X xx T) = 0.
icl
We denote py : X X, T — T and g : X %, T — T the second projections. The intersection
of the image of ¢} : Pic(T) — Pic (X xj T') with the image of
[1z" — Pic (X xx T)
il
is trivial. Thus the sequence:
Pic (X x, T)  Pic(X x4 T)

LGP pyPie(D) (1)

0—>HZ"—>
iel

is exact.
By hypothesis k = ks, so X has a k-rational point and likewise X. According to Propo-
sition [BLR9(, 8.4 Pro. 1],
Pic (7 Xk T)
Picy,, (1) = ————+
texn (1) q;Pic (T)



We denote Zj} the constant k-locally algebraic group associated to the formal group Z".
For any j, the divisor [D;] defined a k-rational point of Picy /- The morphism Zj; — Picg .
induced by the D; is a monomorphism between two k-locally algebraic groups, thus it is a
closed immersion [SGATITI, VIB Cor. 1.4.2].

We can rewrite the sequence (L)) as:

0 — Zi(T) — Picg ,,(T) = Picy . (T) — 0.

We now consider Pic% Ik the smoothification of Picy Ik As Z7 is smooth, the morphism
7y — Pic Ik factorizes as

ZZ —_— PiCy/k

|

.
PlcY Ik
As 73 — Picx k18 8 closed immersion, Zj — Pic% Ik is also a closed immersion. The fppf
quotient Pict = /Z? is representable by a k-locally algebraic group [SGATIII, VIA Th. 3.3.2];

X /k
we denote G this quotient.

We are going to show that Z7 N Pict 0 = {0}. Indeed, Pic%0 is a unipotent k-group

X /k /k

(Proposition [[3)), so it is of p™-torsion for some m > 0, and the closed points of Z} ﬁPic%/Ok
+
X/k
There is a commutative diagram of k-locally algebraic group:

are of p™-torsion. But Z} — Pic is a monomorphism, thus Z; N Pic+07/k = {0}.

0 0
.40 ~ 0
04>P1C,X/k 2 G 0
0 VAS Picy/k G 0
)

where the three columns and the second line are exact. Moreover, the morphism ¢ is a
closed immersion (it is a monomorphism) which is faithfully flat, thus ¢ is an isomorphism.

So GO = Pic+0§ /k 1s a k-wound commutative unipotent k-group. As k = k;, all the groups of
the third line are constant groups, in order to show that the third line is an exact sequence
it is enough to show that the sequence induce on the k-points is exact, this is a consequence
of the snake Lemma.

Next, we prove that G represents the restricted Picard functor. In order to prove that
for all smooth k-schemes T', we have G(T') = Pic} Ik (T'), we obtain the existence of a section
X

section of g (Pic%M) — 7o(G). Indeed, if s is such a section, the morphism Pic%w — G

of the quotient morphism Pic — G. To choose such a section, one just need to choose a

induces a morphism f, : Pic+%(';3€ — GY where G is the fiber in v € 7y of G — 7y (G)

(likewise for Pic+%(';3€). As k = ks, the Pic% /Ok—torsor Pic+%(';3€ is the trivial one, and likewise

9



G" is a trivial G%-torsor. Thus, the morphism f, is an isomorphism. Hence, we obtain a

morphism [[ f,1: G — Pic% Ik which is a section of Pic% Ik — G. Finally, choosing a section

of m (Pic%/k — mo(G) is the same as, choosing a section of 7 (Pic%/k) (k) = mo(G) (k)

[IDGT0L 11.5.1.7] (as k = ks any section is equivariant for Gal(ks/k) = {0}).

The last thing to prove, is that G is of finite type over k, or equivalently that m (G) (k)
is a finite set. There is a purely inseparable extension K of k such that X = A% so
Pic(X) = Pic}/k(k) = G(k) is of p™-torsion for some m > 0 [Achl7 Pro. 2.6]. More-
+
X /k
of connected components, this closed immersion induces a morphism of constant groups

over, there is a closed immersion Pic — Picx Jk- By universal property of the scheme

o (Pic% /k) — mo(Picg,;,). The kernel of this morphism corresponds to connected com-
0

ponent of Pic% Ik which are closed subscheme of Pic% , : as Pic% . is of finite type over k,

X /K X /k
this kernel is finite. According to Neron-Severi Theorem [SGAVI, XIII Th. 5.1}, the abelian

group 7 (Pici/k) (k) is of finite type. Thus, g (Pic%/k) (k) is the extension of a com-
mutative group of finite type by a finite commutative group, therefore it is a commutative
group of finite type. Hence, 7 (G) (k) is a commutative group of finite type of p™-torsion,

so it is a finite unipotent k-group [DGT70, Exa. b) 1V.2.2.2].

1.3 General case

In this subsection, we are using a Galois descent argument to show the representability of
Pic} Ik without hypothesis on the base field.

First, we define an action of I' = Gal(k,/k) on Pic}k Jk,- The argument is standard,

any o € I' induces a k-automorphism Spec(ks) — Spec(ks) that we will also denote o. Let
T be a smooth ks-scheme, we have a commutative diagram of k-scheme:

idXXTXG'
st Xk T4>st Xk T

le lpz
’idT Xo

T T

| |

Spec(ks) ————— Spec(ks).

Then, we have the following commutative diagram of abelian group:

(idXXTXU)*
_—

PiC(XkS Xk T) PiC(XkS Xk T)

* *
PQT le

Pic(T) Pic(T).

(idpxo)*
Thus, o induces a group morphism denoted o7:
op Pic;ks/ks (T) — Pic}ks/ks (T).

Hence, according to Yoneda Lemma, ¢ induces a k-morphism between ks-groups denoted

o*:

* ., Piat st
fo P1chs/kS — PICXkS/kS'
As the ks-group Pic}ks Ik, is affine, there is a ks-algebra of finite type A such that
Pic}k b = Spec(A4). Let V C A be a ks-vector space of finite dimension such that V'

generate A as kg-algebra, then there is a kg-vector space of finite dimension W such that
VCcW C A and W is stable under the I'-action (indeed, any element of a base of W is
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stabilized by a subgroup of T" of finite index). Thus, there is a I'-equivariant isomorphism
between A and Sym(W)/I where I is a I'-stable ideal of Sym(W). Moreover, Sym(W) =
O(WY) (where WV denotes the dual of W), thus the ks-scheme Pic}k /i, identifies T'-

equivariantly to the closed space of the affine space WV defined by I. Finally, there is a
finite separable extension L/k and a L-scheme Y such that

Pic;ks/ks >~Y xr, Spec(ks)

is a I'-equivariant isomorphism of ks-schemes.

We can assume that L/k is a Galois extension. Thus, we have an action of Gal(L/k)
on Y compatible with the action of Gal(L/k) on Spec(L). This action defines a descent
datum on Y [BLRO0, 6.2 Exa. B]. Moreover, as Y is an affine L-scheme (Y}, is affine, so Y
is affine) the descent is effective [BLRO0, 6.1 Th. 6]. Hence, we obtain a k-scheme Z such
that Z x Spec(L) 2 Y.

We need to prove that for any smooth k-scheme of finite type 7"

Z(T) = (Pic}ks/ks (Tks))r-

Let f : Ty, — Zi, be a I'-equivariant morphism. As T is a k-scheme of finite type and Z is
an affine k-scheme of finite type, there is a finite separable extension M/k and a morphism
g : Thy — Zjr such that the diagram

Ty, —L > 7,

Ty —= Zm

is commutative [EGAIV2, Pro. 4.8.13], where p : Ty, — Ty and q : Zx, — Zp are the
projections. As the morphism g is Gal(M/k)-equivariant, there is a k-morphism h: T — Z

such that the diagram

Ty —2= Zy

L

T ——Z
h
is commutative [BLRI0, Th. 6 (a)]. And, by construction of Z, we have

r
.
2(T)  (Pick, 1, (Tk)) -
Moreover, the exact sequence

PiC(XkS Xk Tks)

0 = Pic(T, ) % Pic(X T
— Pic(Ty,) ic(Xg, xx, Tr,) — PPic(TL)

— 0,

admits a I'-equivariant retraction. Indeed, let e € Xy, then
p; : PiC(TkS) — PiC(XkS Xk Tks)

admits
(6 X ’LdT)* : PiC(XkS Xk Tks) — PiC(TkS)

as a ['-equivariant retraction. Hence

r __ PiC(XkS Xk Tks)r
~ psPic(Ty,)"

Picj(ks s, (T,

11



Next, we consider the exact sequence of low degree of Hochschild-Serre spectral sequence
[SGATV2, VIII Cor. 8.5]:

0 — H' (k, O(X, X, Tr.)") — Pic(X x,T) — Pic(Xp, 2, Tk.)" — B2 (k, O(Xy, x5, T1.)*),

and
0 — H' (k,O(T}.)*) — Pic(T) — Pic(Ty,)" — H? (k,O(Ty,)*).
As O(X,)* = kX, we have O(Xy, Xk, Ti,)* = O(T,)*. Thus
r _ PiC(XkS Xk Tks)F _ PiC(X Xk T)
piPic(Ty, )T p3Pic(T)

Pic;ks/ks (Tk.) = Pic}/k(T).

Finally, for any smooth k-scheme T of finite type,
Z(T) = Picy, 5, (Tr.)" = Picy , (T).

More generally, if T is a smooth k-scheme, then T = [] 7; where the T; are smooth k-
il
schemes of finite type. And,

2(1) = [ [ 2(T) = [[ Pick, i (Th) = Picx, (T).

Thus Z represents the group functor Picj( e This concludes the proof of Theorem [T

2 First properties and examples

2.1 Restricted Picard functor and projective limit

In this subsection, we denote a projective limit (also call inverse limit) by lim and an
+—
inductive limit (also call direct limit) by lim.
—
Proposition 2.1. Let X be a form of A} which admits a regular completion.

Let (T5, fij); be a projective system of smooth k-schemes of finite type such that for any
i < j €1, the k-scheme morphism f;; : Ty — T} is affine. Then:

(i) the projective limits T = lim T; exist in the category of k-schemes;
— i
(i1) Pic(T) = lim Pic(T;) and Pic(X x; T) = lim Pic(X x; T;);
— i —

. Pic(X x,T
(i) Plc;/k(T) = %.

Proof. (i) and (i7) are consequences of [Stal8 Tag 01YX] and [Stal8, Tag 0B8W].
Let us show (iii): first of all, the functor Pick /i 1 Tepresentable (Theorem [[T). Thus
Pic;/k(T) is well defined and:

Pict (T) — lim Pict (1)) — tim DA e T) B P X T pie(X 1)

i = lim Pi ;) = lim , = — = -

X/k S XUk -4 piPic(Ty) pilim Pic(T;) p3Pic(T)
— 1

The first equality come from [Stal8l Tag 01ZC], the second equality is the definition of
Pic; Jk the third one is a consequence of the fact that an inductive limit of exact sequence

is still exact, the last equality is (i4). o
Remark 2.2. Let X be a form of A} with a regular completion.
(¢) Recall that ks = lim k) where k) are the finite separable extensions of k. So according
= A

to Proposition 2Tt
Picy ;. (ks) = Pic(X, ).

12



(#i) More generally, if F'/k is any separable extension, then F' = lim k) where F/ky/k
=X

are finite separable extension of k. So according to Proposition 2.1t
Pic}/k(F) = Pic(Xr).

Remark 2.3. (i) A nontrivial form of A} never becomes isomorphic to the affine line after
a separable extension. T. Kambayashi proved the forms of A? have the same properties
[Kam75, Th. 3]. In the particular case of unipotent k-group, in any dimension, a unipotent
k-group is k-wound if and only if it is L-wound (for any separable non necessarily algebraic
field extension L/k) [CGP15 Pro. B.3.2].

But, in dimension 3, there is still no proof that A3 is the only real form of A? [Kra95)
Rem. 5.4].

(1) If X is a form of A} with a regular completion, then for any separable extension
L/k, the group Pic(X) is a subgroup of Pic(Xy). Thus, if Pic}/k # {0}, then X does not
become isomorphic to A} after any separable extension.

2.2 Examples

Ezample 2.4. Let Py be a point of P} such that x(Px)/k is a purely inseparable extension.
We consider X = P}, \ {Px}, then X is a form of A}. And Picj(/k is representable by the
constant group (Z/[k(Px) : k]|Z),..
Ezample 2.5. Let X be a form of A}, we denote by X its (canonical) regular completion.
Then Pic; Ik is representable by a unipotent k-group.

Moreover, if X has a k-rational point, then

0 = Pick,, — Pick ), = (Z/[r(Px) : K|Z),, — 0.

/
is an exact sequence of algebraic group (where {Po.} = X \ X, see [Rus70, Lem. 1.1]). Thus,
the neutral component of Picj( Ik is Pic% . and the group of irreducible component of Pic; Ik

is the constant k-group (Z/[k(Px) : k|Z),.
Ezample 2.6. We consider k = Fs(a). We denote G' the form of G, define as a subgroup
of Gi,k by the equation 3> = = + tz>. We consider the regular completion Gt of G?.

If ¢ is not in k3, then there is a closed immersion G* — Pic%/k [KMT74] Th. 6.7.9].
0

el Plcgt%.

If t = a, then G'(k) = {0}, so Pic(G*) = Z/3Z. Let n be an integer, we consider q = p"
and t = a+a9t? 442913 ... 4 (P=2)a+P=1 Then G*(k) is a finite group of cardinal greater
than p2"/2" [AV96, Th. 4.1].

As Pic (G) is an extension of Z/3Z by G'(k), the group Pic (G") is finite of cardinal as
large as one may wish.

Thus, we have obtain a family of forms of G, ; with finite Picard group of unbounded
cardinal.

Moreover, in this case dim Pic%—t/k =1, so G = Pic

We recall that there is two Frobenius morphisms. The n-th-absolute Frobenius morphism
denoted F% : X — X is the identity on the topological space and is the p™ power on the
structural sheaves.

Let m : X — S be a morphism of Fj-schemes. We denote X®") the product X xg S,
where S is seen as a S scheme via Fg. The second projection ps : X®") 5 S defined a

structure of S-scheme on X ®"). Moreover, we denote P X®") 5 X the first projection.
Then, we define the n-th relative Frobenius morphism denoted F'g /s with the universal

13



property of the Cartesian product:

[ —)
FS

We obtain in a previous article two theorems, one about the Picard group of the form
of A} (Theorem [AchI7, Th. 2.4]), the other concerns the Picard functor of their regular
completion (Theorem [AchI7, Th. 4.4]). We translate them in terms of restricted Picard
functor. First recall some definitions from [Ach17, §1.1].

Definition 2.7. Let X be a form of A}C. We consider the two following invariants:
(i) we denote by n(X) the smallest non negative integer such that X ") = Al
(ii) we denote by n’(X) the smallest non negative integer such that r (X ®")) = k(t).

Proposition 2.8. We consider X a form of Aj.. Then, Pic;/k s representable by a unipo-

tent k-group of p™X) -torsion whose neutral component is ofp"/(X)—torsion.
If X is a nontrivial form of A, then Pic}/k # {0}.

Proof. See [Achl7 Th. 2.4 and Th. 4.4]. O

Ezample 2.9. We consider k = F,(a,b). B. Totaro proved that if U is the subgroup of Ggyk,
defined by the equation
x+axf +by? + 2P =0,

then Pic(Uy,) = {0} [TotI3l Exa. 9.7].
In order to show this, he considers the regular completion

X = {[z,y,2,v] cp? |xwp_1+axp+byp+zp:0}

of U. Thus U satisfies the hypothesis of Theorem [T} so Picz; /k is a k-group such that
Pic[";/k(kzs) = {0}. By density of the ks-rational points, Picg/k = {0}.

If p =2, then U is a rational unipotent k-group.

Else p > 2, we are going to show that the only unirational subgroup of U is the trivial
one. Let k' = k[bl/p], then Uy is k’-isomorphic to G X G where G is the subgroup of
Gi w defined by the equation = 4 ax? 4+ y? = 0. If U was unirational, then G’ would also be
unirational. But G is a nontrivial form of G, ;- in characteristics greater than 2, thus G is
not a rational curve [KMT74, Th. 6.9.2] (so it is not a unirational curve). Moreover, U does
not admit a dimension 1 unirational subgroup as such a subgroup would be a nontrivial
form of G k.

The example above is a k-wound unipotent group of dimension 2 with a trivial Picard
group, such a group does not exist in dimension 1.

2.3 First properties of the restricted Picard functor
In this subsection, we look at some well known properties of the Picard group and we
translate them in properties of the restricted Picard functor.

Remark 2.10. If X is a form of Az and Y is a form of A}, then any k-morphism f: X — Y
induce a natural transformation f* : Pi(‘; K Pic; Ik

Moreover, if Pic;; e and Pic; /i are representable, then f induces a morphism of k-

algebraic groups also denoted f* : Pic;/k — Pic}/k.
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Lemma 2.11 (Homotopy invariance).
Let X be a form of Az, we denote py : X xi A}, — X the first projection. Then, the
morphism p1 induces a natural isomorphism p} between the functors Picj{xAl/k and Pic}/k.
Moreover, if X admits a reqular completion, then the functors Picj(/k and Pic}xAl/k are
both representable, and p1 induces an isomorphism of k-groups:

. piot i
Pl PlCX/k — PICXXAl/k'

Proof. Let T be a smooth k-scheme, we denote pr : X x Aj X T — X x;, T the projection.
We have a commutative diagram of abelian group:

Pic(X xj T) —=> Pic(X x AL x;, T)

T |

Pic(T) ————— = Pic(T).

Moreover pi is injective, indeed any k-rational point e € A} (k) induces a section of pk.:
e* : Pic(X xj, Aj x5, T) — Pic(X x; T).

And p% is surjective [EGAIV4] Cor. 21.4.11], so p is indeed a bijection. Hence, the mor-
phism p; : X x5 A} — X induces a natural isomorphism pj : Pic}xAl/k — Picj{/k.

Let X be a regular completion of X, then X xj P} is a regular completion of X xj, Af.
Thus, the functor Pic} /i I8 representable (Theorem [[L1]), and likewise Pic;r(X ALk Finally,
according to Yoneda Lemma pj is an isomorphism of k-algebraic groups. O

Lemma 2.12 (Product).

We consider a form X of Az and a form'Y of Ay. The morphisms p1 : X X Y — X
and ps : X X Y — Y induce a natural transformation of functor of the category of smooth
k-schemes into the category of groups:

P X ph: Pic;/k X Pic}t/k — Picj(xy/k,
with trivial kernel, i.e. for any smooth k-scheme T, the morphism of commutative groups:
(p7 x p5)(T) : Pic}/k(T) X Pic;/k(T) — Pic}xy/k(T)

1S injective.
Remark 2.13. Over a perfect field of characteristic p > 0, there are non smooth k-algebraic
group. Over a non perfect field, there are non smooth unipotent k-algebraic group of positive
dimension with trivial smoothification!

Indeed, let G be the subgroup of Gi,k defined by the equations zP = ay? where a €
kE\ kEP. Then G is reduced but is not geometrically reduced. Moreover, G(ks) = {0}, so the

smoothification GT of G is trivial, but dim(G) = 1.
Thus, we cannot directly deduce from Lemma [2.12] that if Pic}; e and Pic; e and

Pic;xy /i are representable, then p} X p3 is a closed immersion.
Finally, we generalize the fact that we can restrict the study of the Picard group of

unipotent groups to the k-wound case. First, we need two preliminary lemmas.

Lemma 2.14. We consider X a k-scheme, Y an affine k-scheme and f : X =Y a Gg -
torsor.

Then f:X =Y is the trivial torsor, in particular X is isomorphic as k-scheme to
Y Xk Ga,k-

Proof. The morphism f admits local sections [Ros56, Th. 10]. So the Gg p-torsor f is
locally trivial. The isomorphism classes of the locally trivial G, g-torsors are classified by
H!(Y, Oy). By hypothesis Y is affine, so H! (Y, Oy ) = {0}. Hence f is the trivial torsor. [
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Lemma 2.15. Let U be a unipotent k-group, we recall that there is a unique normal k-split
subgroup Uspiit, of U such that the quotient Uwq = U/Uspiie is k-wound [CGP15, Th. B.3.4).

Then, the quotient morphism f : U — Uyq s a trivial Uspiig-torsor, in particular U is
tsomorphic as k-scheme to the product Uyq Xy Ugpiit-

Proof. If Uspiiy = {0}, there is nothing to do. Else, Uspiit is of dimension n > 1. As Ugpiie is
k-split, there is an exact sequence of k-groups

Usplit

1= U =2 Ger = Uspliv — — 1.

1
Then, U/Us — Uwa is a Uspiiy/Uz-torsor, and Uspiiy/Un is still k-split [Bor12, Th. V.15.4]. By
induction the Uspiit/Ur-torsor U/U; — Uyq is trivial. Moreover U — U /U is a G, g-torsor,
hence trivial (Lemma [2ZT4). Thus, the Uspiic-torsor U — Uwq is trivial. O

Proposition 2.16 (Restriction to the k-wound case).
Let U be a unipotent k-group then, the morphism q : U — Uyq (see [CGP13, Th. B.3.4])
induce a natural isomorphism q* : Pic$ kT Pic;;/k.

Proof. According to the Lemma [ZT5] the Ugpiie-torsor U — Uyq is trivial. Let us recall
that any k-split unipotent k-group of dimension n is isomorphic as k-scheme to A} [DGT70,
Th. IV.4.4.1]. Thus U is isomorphic as k-scheme to A}} X, Uywqd, where n = dim(Uspiit). The
conclusion follows immediately from n applications of Lemma 2111 O

2.4 A dévissage of the Picard group of unipotent groups

In this Subsection, we provide a method to obtain some explicit informations on the Picard
group of a form of G} ,. First, we obtain a dévissage proposition.

Lemma 2.17. Let f : X — Y be a fpge morphism where X is a locally factorial (i.e.
for every x € X the local ring Ox o is factorial) k-scheme and Y is an integral normal
k-variety of function field K = k(Y'). We assume that the fiber X, is integral for anyy € Y
of codimension 1. Then,

Pic(Y) L5 Pic(X) L5 Pic(Zx) — 0
is an exact sequence, where g : Zx — X is the generic fiber of f.

Proof. The exactness at Pic(X) is a consequence of Corollary [EGAIV4] Cor. 21.4.13].
Moreover, we can identify the Picard group of X and of Zx with their divisor class group
[EGATV4] Cor. 21.6.10 (ii)]. And, every divisor of Zk extends to a divisor of X [EGAI
Cor. 6.10.6], thus g* is surjective. O

We consider G a k-group, and f : X — Y a G-torsor. We denote by G the character group
of G. Then, there are two natural group morphisms x : O(X)* — G and v : G — Pic(Y)
(see e.g. [Brildl §2.3]).

Proposition 2.18. We consider G a k-group, and f : X — Y is a G-torsor. We assume
that f : X — 'Y wverifies the hypothesis of Lemma[2.17 Then,

# —~ * *
0 0) L5 0(X)* 5 G 2 Pic(Y) L5 Pie(X) L5 Pie(Zk) — 0

is an exact sequence. And the generic fiber Zx — Spec(K) is a Gy -torsor over the field
K =k(Y).

Proof. The sequence is exact in O(Y)* and, O(X)* and, G and, Pic(Y) [Brilf, Pro. 2.10].
And the rest of the sequence is exact by Lemma 217 O
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We can apply Proposition 218 to any exact sequence of unipotent k-groups. Thus, the
exact sequence of unipotent k-groups,

1=-U—-U —-U" =1,
imply the exact sequence of Picard groups:
0 — Pic(U") — Pic(U’) — Pic (ZH(U/)) — 0,

where the generic fiber Z, ) — Spec(k(U")) is a Uy y)-torsor.

We are now going to focus on the particular case of a form U of Gy . Then, U is iso-
morphic to the closed subgroup of GZ;l = Spec (k[z1, ..., 2Zn+1]) defined by a p-polynomial
P(x1,...,2ns1) [CGPIB, Pro. B.1.13].

Any surjective linear morphism f : k"*! — k"1 induces a morphism of k-group
F: GZ;l — ngcl. If the kernel of f does not contain the line define by the degree 1
monomial of P (we identify them with a base of k"*1), then the kernel of Fy is a form of
Gox and Fly : U — GZ’;l is a fppf morphism.

Ezample 2.19. Let k be the field F(a,b). We consider the form U of G ; defined as the
subgroup of szk by the p-polynomial P(z,y,z) = az?” + bpyp2 + 27" 4. Then,

Uy ey o

0->G— ak — 0

is an exact sequence of k-groups, where G C Gi’k is a form of G, isomorphic to the
subgroup of Gi,k defined by the equation azx?’ + 27" + 1 =0.

As shown by the example above, the situation is quite explicit. With Proposition 18]
we have reduced the problem of the description of the Picard group of the form of Gy ; to
the study of the Picard group of the G-torsor over a field for G any nontrivial form of Gg .

We have an upper-bound on the torsion of the Picard group of a form X of A}v, and
we know that if X (k) # 0, then Pic(X) # {0} [Achl7l Th. 2.2]. The problem is that if
X — Spec(k) is a G-torsor, then X (k) # @ imply that the torsor is trivial; and if U is a
k-wound unipotent k-group, the G-torsor obtained by the method described above is always
nontrivial.

In general, knowing if the Picard group of a form X of A} without a rational point is
trivial or not is a complicated question. We denote X the regular completion of X, and P
the unique point P, = X \ X [Rus70, Lem. 1.1]. Then

0 = Pic® (X) = Pic(X) 5 Z/[k(Px) : k]Z

is an exact sequence [AchI7, Eq. (2.1.3)]. Computing Pic’ (X) is a hard, it is easier to
compute the image of the degree function. Indeed, the computation of [k(Px) : k] is easy.
Thus, to obtain that the Picard group of X is nontrivial, we look for a point defined over
an extension of degree strictly inferior to the degree of the point at infinity.

Ezample 2.20. We go back to Example 2.19
The Picard group of U is isomorphic to the Picard group of the form Zj, of A}c(t) defined

as a closed subscheme of Ai(t) by the equation aX? 470 4 X = —ppt?’ (Proposition 218)).

Then, Zj+) does not have any k(t)-rational point. But, the point at infinity of the regular
completion of Zj ) is of degree p? and (X, Z) = (0, —b'/Pt) is a point of Zy of degree p.
Thus Pic (Zk(t)) # {0}. Hence, the Picard group of U is nontrivial of p?-torsion [AchI7,
Th. 2.2 a)].

3 Extensions of a unipotent group by the multiplicative
group

The main goal of this section is to generalize the following Lemma:
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Lemma ([Tot13l Lem. 9.4]).
Let U be a k-wound unipotent k-group of dimension 1 over a separably closed field k.
Then Ext' (U, G ) # {0}.

The proof of Lemma [Tot13, Lem. 9.4] relies on the fact that the neutral component
of the Picard functor of the regular completion C' of U is a unipotent k-group. Our main
tool to generalize Lemma [Tot13| Lem. 9.4] is the neutral component of the restricted Picard
functor Pic"[; /i. It coincides with Pic% /i in dimension 1 and generalise it in higher dimension
(see Example [2.1]).

In Subsection Bl we give a summary of some results of [Tot13, §9] and [Rosl§]. In
Subsection 3.2, we define an action of U on Pic["; e In Subsection B.3] we consider the

functor Pic'[;;]k of fixed points of Pic$ Jk under the action of U. Then, we state and prove
Theorem B.0] that generalize [Tot13, Lem. 9.4]. Finally, in Subsection B8l we give an ad hoc
characterisation of the commutative k-pseudo-reductive groups among the linear commuta-
tive k-groups.

3.1 Extensions of an algebraic group by the multiplicative group

In this subsection, we gather some results on the extensions of a k-group G by the multi-
plicative group G, from B. Totaro [Tot13] and Z. Rosengarten [RosIS§].
First, we consider Extl(G, Gm,i), the set of the exact sequence of k-group scheme:

1-Gpir—-E—G—1,

modulo the usual equivalence relation. Then, such extension is necessary central, so the
Braer sum of two extensions is well defined; the Braer sum induce a commutative group
law on Extl(G, Gm,k). Moreover, if G is commutative, then any such extension E is also
commutative [Ros18, Lem. 5.3].

There is a natural map between Ext'(G,G,, ;) and Pic(G). Indeed, we can see any
extension on G by Gy, i as a G, p-torsor over G. Moreover, the equivalence classes of such
torsors are classified by the cohomology group HY (G, G, x); and HY(G, G,,, 1) identifies with
Pic(G) [DGT0, Pro. I11.4.4.4]. Thus, there is a morphism of commutative groups:

¢ : Ext'(G, G x) — Pic(G).

We consider £ an element of Pic(G), and a € G. Then, there is two natural maps from
G () into G: the projection p, and m o (idg x Z,) (where Z, is the canonical morphism
Spec(k(a)) — G associated to a, and m is the group law of G). Then, we denote the
pull-back
(mo (idg x Z,))" : Pic(G) — Pic(Gy(a))

by T, (translation by a). We say that £ is translation invariant if for any a € G, we have
To(L£) = p*(L) in Pic (Gy(a)). We denote the subgroup of translation invariant elements in
Pic(G) by Pic(G)¢.

Let A be a k-abelian variety, it is well known that ¢ identify the group Ext'(A,G,, x)
with the subgroup Pic’(A) of Pic(A) (see [Ser12, VII §3.16 Th. 6] for the algebraically closed
case and [Oor66, Th. 18.1] for the general case).

Recently, B. Totaro obtained the following analogous for commutative unipotent k-
groups:

Lemma ([Tot13| Lem. 9.2]).

Let U be a commutative unipotent k-group. Then, o identifies the group Extl(U, Gm.k)
with the subgroup of elements L € Pic(U) such that the translation T, L is isomorphic to L.
In short: Ext'(U, G, 1) = Pic(U)V.

The group Extl(U, G k) can also be described as the subgroup of primitive elements in
Pic(U), i.e.

Ext' (U, G 1) = ker (m* — ¢} — ¢ : Pic(U) — Pic(U x;, U)),

where m s the group law of U and q1,q2 : U X U — U are the two projections.
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Z. Rosengarten has generalized the second affirmation of the above Lemma: for
any k-group G, the morphism ¢ induced an isomorphism between Extl(G,Gm,k) and
ker (m* — ¢ — ¢3 : Pic(G) — Pic(G xi G)) [Rosl8, Pro. 5.1].

Thus, we have the following generalisation of [Tot13] Lem. 9.2]:

Proposition 3.1. We consider a k-group G, then the morphism
¢ : Ext'(G, G ) — Pic(G)

identifies Ext' (G, G ) with Pic(G)C.
Moreover, the group Extl(G, Gm,k) can also be described as the subgroup of primitive
elements in Pic(G), meaning that

Ext' (G, G k) = ker (m* — ¢ — ¢5 : Pic(G) — Pic(G x; G)),
where m is the group law of G and q1,q2 : G X G — G are the two projections.
Proof. The only part left is to show that

ker (m* — ¢} — ¢3) = Pic(G)°.

As the inclusion ker (m* — ¢} — ¢3) C Pic(G)¢ is obvious, let us show the other inclusion.
Let £ be a G-invariant element of Pic(G). We denote

M =m"(£) = ¢1(£) — ¢ (£) € Pic(G x, G).

We consider g : G (q) — G xj G the generic fiber of the first projection ¢1. Then, as £ is
invariant by translation by the generic point, g*(M) = 0 in Pic (Gy(q)). So M = ¢i(N)
for some N € Pic(G) (Proposition B.0]). Let e € G(k) be the identity element of G, then
N = (idg x e)* o gf(N) = (idg x e)*(M) = T.(L) — L in Pic(G). As L is invariant by
translation by e, we obtain N'= 0. Thus M =0, and £ € ker (m* — ¢} — ¢3). O

3.2 Action of U on Pic;/k

In this subsection, we consider a unipotent k-group U, which admits a regular completion
(thus Pic‘g Ik is representable). We are going to defined an action of U on Pic‘g e We denote
m:U X, U — U the group law of U.

If f € U(T), then f induces a morphism of k-scheme F' : T — U X T defined by the
universal property of Cartesian product:

Thus we have a commutative diagram:

idUXF m><idT

UxpT ———UXxpUxpy T ———U x3; T

r| = |

T ——— U x; T T.
F P2

idr
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So (m x idr) o (idy x F) induces by pull-back a morphism of abelian group:

Pic(U x4, T) _ Pic(U x4 T)
Ar(f): P5Pic(T) P5Pic(T)

By definition of Pic‘g/k, we have

Pic(U x;, T)

= Pict, (T).
i) o)

Thus, for any smooth k-scheme T, there is an application

A7 : U(T) x Picj;

(1) = Picy, , (T).

Next, we will show that Ar is a group action of U(T) on Pic‘g/k(T). Let f and G be
two morphisms 7' — U, then we denote f.g the morphism:

fg:TL% U, v

We denote F.G the k-scheme morphism 7' — U xj T induced by f.g. Then, we have
the commutative diagram [B)) (see next page). So, Ar(g) o Ar(f) = Ar(g.f), and Ap is
indeed an action of abstract group.

Moreover, the definition of Ar is functorial in 7. Thus, we defined a natural transfor-
mation A between the functor of smooth point of the smooth k-scheme U xj Pic‘g Ik and
Pic‘g Ik As U xy Pic‘g Ik and Pi(‘,$ /K are representable by smooth k-schemes, according to
Yoneda Lemma, the morphisms A7 induced a morphism of k-schemes

AU %y Picfy , — Picf .

Moreover, the diagrams,

.+ m><id+ .+
_
U %, U Xy PICU/k kaPlcU/k

idUXAL LA

.+ A . 4+
_—
U xp, PICU/k PICU/k,

and,

e><id+ .
—U Xk PIC;

A

.
PICU/k,

st
Picg ), /k

are diagram of smooth k-schemes that induce a commutative diagram for any smooth k-
scheme T'. So according to Yoneda Lemma, there are commutative diagram of k-scheme.
Hence A is an action of the k-group U on Picz;/k.

3.3 Translation invariant restricted Picard functor

In this subsection, we interpret Lemma [Tot13, Lem. 9.2] in terms of restricted Picard functor

(Proposition B.4]) and we generalize Lemma [Tot13, Lem. 9.4] (Theorem [B.6). As in the

previous subsection, we consider a unipotent k-group U which admits a regular completion.
We defined two functors of fixed point.
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Definition 3.2. First, we consider
Pic;;/U]C : (Smooth Scheme/k)° — (Group)

the functor of invariants of Picz; Ik under U: for any smooth k-scheme T', the group Picz;;k (T)
is the subgroup formed of the elements L € Pic'[; /k(T) such that for all smooth T-schemes
S, the element Lg induced by £ in Picak(S) is U(S)-invariant.

Next, we consider

Picg/k : (Scheme/k)° — (Group)
the “usual” functor of the invariants of the k-schemes Picz; /k under the action A of the

k-group U (see [DGTQ, Def. d) I11.1.3.4]).

To show that Pic;ik is representable, we are going to use the fact that Picg /k 1S TeEpre-
sentable [DG70, Th. d) I1.1.3.6].

Lemma 3.3. For any smooth k-scheme T,

U

Picy ) (T) = Picf ,(T).
Proof. We consider the functor:
Homy, (U, Pic‘g/k) : (Scheme/k) — (Group)
T s Homp e, (U <1, T, Pic % T) .
We are going to define two natural transformations,

, A: Pich, — Homy, (U, Pics )
For any k-scheme X, and f € Pic;; /k(X ), we defined A(f) by the universal property of

Cartesian product:
U x k X

Likewise for u(f):

X Pic;;/kka—>X

St

Picz;/k — Spec(k).

With the notations above, according to Proposition [DGT0, Pro. I1.1.3.5], we have the
following Cartesian square (of functors of the category of k-schemes into the category of
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groups):

PicY Homy, (U, Picf; , )

ldiag
(o)

Picf; ,, —> Homy, (U, Picf; ;) x Homy (U, Picf; , )

Let T be a smooth k-scheme, and let f € Picﬁ/Uk(T). Then A(f) et p(f) are two
morphisms between two smooth k-scheme: U x; T — Pic$ /& Xk T. These two morphisms
coincide on the S-points for any smooth T-scheme S. We can look at A(f) and u(f) as two
natural transforms between the functors:

U xpT: (Smooth Scheme/T)° — (Set)
S = (U x,T)(9),

and
Pic;;/k X T : (Smooth Scheme/T)° — (Set)
s = (Pich, < T) (9).
By hypothesis, these two natural transformations are the same, and the k-scheme U x ;T
and Picg/k x T are smooth. Thus, according to Yoneda Lemma, A(f) = wu(f) hence

fe Picg/k(T). Conversely, by definition the elements of Picg/k (T) are U(S)-invariants for
any smooth T-scheme S. O

Proposition 3.4. We consider a unipotent k-group U which admits a regular completion.
U
Then, the functor Pic‘[;/k is representable by a smooth subgroup of Picak. Moreover, for

any separable extension L/ K,
U
Picf; (L) = Ext! (UL, G, L)- (3.2)

Proof. First of all, the functor Picg /i 1s representable by a closed subgroup of Pic["; /k [IDGT0!

Th. d) 11.1.3.6], we still denote this subgroup as Picg/k. Then, Pic‘[;;]k is representable by
the smoothification of Picg/k (Lemma B3] and [CGPT5] Lem. C.4.1]).
Finally, we prove the equality [3:2)). Let L/k be a separable extension, as

UL

. u .
PICJ[;/k(L) = Plcz;L/L(L),

we can assume that L = k. By definition, Pic;;]k(k:) is the set of the equivalence classes of
line bundle £ € Pic(U) such that for any smooth k-scheme T, the pull-back L € Pic;;]k(T)
is U(T)-invariant. Let f : T — U be a morphism of k-scheme, the diagram

idUXF m><idT

Uxpy T ———UXx, UXxp T ———U x;, T

| b

Ux, T ———— U x, U ————=U
idy x f m

is commutative. The morphism of the first line (idy x F') o (m X idr) defined by pull-back
the action of f on Pic(U X T'). The morphism of the second line is the translation by f

denoted Ty. By hypothesis L = piL = Ap(f,Lr) in Pic;};]k(T). But, according to the
diagram above, Ap(f, L) = T7L. Thus £ is invariant by translation by f. Hence, £ is an
element of Ext' (U, G,, x) (Proposition B]).

23



Conversely, we consider £ € Pic(U) such that m*L = ¢i£ + g3 L. Let T be a smooth
k-scheme and let f : T"— U be a morphism of k-scheme, we have the following commutative
diagram:
p2

UxpT T
l -....-.____idU><f \
= q2
U UxpU U
[
idU
U Spec(k).
Thus
(idy x f)y'm*L = (idy x f)"¢i L+ (idy x f)* a3 L =piL+ p3f*L
in Pic(U x, T). Hence A(f,£) = piL in ZeEZel) — Pich  (T). O

We can finally generalize [Tot13, Lem. 9.4]. The arguments used in the demonstration
are inspired by those of the demonstration of [Totl3, Lem. 9.4]: instead of the neutral
component of the Picard functor of the regular completion of a form of G, , we consider
the neutral component of the restricted Picard functor of U. First, we show a preliminary
lemma on the action of unipotent group on an other unipotent group.

Lemma 3.5. Let U and V' be two unipotent k-groups. We consider an action of V on U
denoted a : V x, U — U. If dim(U) > 0, then V acts trivially on a k-subgroup W # {0} of
U.

Proof. We denote the semi-direct product V x U (induce by the action «) by G, it is
a unipotent k-group. We consider a sequence of unipotent k-group, first Uy = U, and
then recursively U; = [G,U;—1] for i > 1 (see [DGT0l Pro. I1.5.4.9] for the definition and
representability of the commutator subgroup). Then, (U;); is a descending series of normal
k-subgroups of U.

Since G is unipotent, it is also a nilpotent group. So Uj; is trivial for ¢ large enough. Let
Jj be the last index such that U; # {0}, then V acts trivially on U;. O

Theorem 3.6. We consider a unipotent k-group U which admits a regular completion.
Then:

(i) if Pic;, is étale, then Picy,,, = Picf ,:

(i) if Pich;)) # {0}, then Picl;,, ° # {0};
(iii) if Pic(Uy,) is finite, then Ext* (U, G,y 1) = Pic(U);
() if Pic(Uy,) is infinite, then Ext' (Uy,, Gy,.x.) is likewise infinite;

s

(v) if Pic(Uy,) # {0}, then Ext' (Uk,,Gm.,) # {0}.

Proof. First, both Pic; /i and Picg;]k are representable (Theorem [[LT] and Proposition B4]).

Let us show (3), if Pic‘g Ik is an étale k-group then, as U is connected, the action of U on
Picy, ;. is trivial. Hence Pic;),, = Picf .

Then (i7) is a direct consequence of Lemma B3] applied to the action of U on Pi(‘,$ /2.

If Pic(Uy,) is finite, then Picjp is trivial so Picf, is an étale k-group [DGTO,
Pro. I1.5.1.4]. Thus (4i%) is a consequence of (i) and Proposition B4l

Likewise, if Pic(Uy,) is infinite, then Picf; ) # {0}. So by (ii), Picj;,° # {0} and
Extl(Uks,Gm,ks) = Pic'[;;]k(ks) is infinite.

Finally, (v) is an immediate consequence of (iii) and (iv). O
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3.4 Torsion of the extension group of a unipotent group by the
multiplicative group

In this subsection, we make an elementary study of the torsion of the Ext' (U, G, 1).

Lemma 3.7 (Restriction to the wound case).

Let U be a unipotent k-group. Let us recall that there is a unique k-split normal subgroup
Uspiit of U such that Uya = U/Ugpiiy is k-wound [CGP15, Th. B.3.4]. The morphism
q : U — Ugq induces a morphism

q: Extl(de,GWk) — Extl(U, Gum.k)s
which is an isomorphism of commutative groups.
Proof. The exact sequence of k-groups:
1= Uspiit > U = Ugwa — 1,

induces an exact sequence of extension group:

Hom(Uspic, Groi) — Ext! (Usd, Gog) D Ext (U, Gue) — Ext! (Uspiie, Grn.o)-

As Hom(Uspiit, G k) = {0} and Ext' (Ugpiit, G k) = {0} [SGATIII2, XVII Th. 6.1.1], the

morphism ¢* is an isomorphism. O

Let U be a unipotent k-group, let us recall that U is of p*-torsion for t € N big enough.

Definition 3.8. We denote the smallest integer ¢ € N such that U is of p’-torsion by ¢t(U).

Proposition 3.9. Let U be a unipotent k-group, then Extl(U, Gm,x) is of p"U) -torsion.

Proof. Let
15Gur—=ESU—=1
be an extension of U by G, ;. Then p'(V).[E] = [(pt(U)IdU)* E} where pt W) Idy : U — U.
But
* H(U) _
(pt(U)IdU) E = ker <U x, B2 Tdu=g, U> > U x5, G

Thus p"Y).[E] = 0 in Ext' (U, G, 1). |

Example 3.10. Let U be a nontrivial form of G, j, then Picz;;JkO is representable by a

commutative p-torsion unipotent k-group. Thus, Picz;;JkO is a form of Gik (withd > 0if U
is not rational) [CGP15 Lem. B.1.10].

As the Picard group of a form of G, is of p"(U)-torsion (see Definition 7 and [Ach17
Th. 2.2]), the group Ext' (U, G,, 1) is also of p™(U)-torsion. Thus, it is natural to ask if we
can compare these two invariants.

Lemma 3.11. If U is a k-wound commutative k-group, then t(U) < n(U).
Proof. Indeed, we denote n = n(U), then p"Idy : U — U factor as
p"Idy

U U
)

"

where FY; Ik is the n-th relative Frobenius morphism and V™ is the n-th shift morphism

[DGT0, TV.3.4.10]. As V™ is a morphism from a k-split unipotent k-group to a k-wound
unipotent k-group, it is trivial. Hence ¢(U) < n(U). O
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3.5 A criteria of pseudo-reductivity

In this subsection, we discuss which commutative unipotent k-groups are quotients of com-
mutative k-pseudo-reductive groups. B. Totaro reduce the problem to the case k = ks
[Tot13l Lem. 9.1], hence throughout this subsection we assume that & is separably closed.

B. Totaro proved that any k-wound unipotent k-group U of dimension 1 is the quotient
of a 2 dimensional commutative k-pseudo-reductive group [Tot13l Cor. 9.5]. More precisely,
he obtained that Ext' (U, G, 1) # {0} and that any nontrivial extension of U by G, is a
k-pseudo-reductive group.

The objective of this subsection is to obtain an ad hoc criteria for the commutative
unipotent k-groups that are quotients of a commutative k-pseudo-reductive groups (Propo-
sition B.I3)).

Lemma 3.12. Let U be a commutative unipotent k-group which is the quotient of a commu-
tative k-pseudo-reductive group. We consider a closed immersion i : V. — U where V # {0},
then Ext*(V, G, x) # {0} and the pull-back morphism i* : Ext" (U, G, ) — Ext*(V, G )

1S MONzero.

Proof. By hypothesis, there is an extension
0-5GL,—=E—=U=0,

where E is a commutative k-pseudo-reductive group. Let V' £ {0} be a closed subgroup of
U, we consider the pull-back:

0 G, & i*E 1% 0
0 G, \ E U 0.

As F is commutative k-pseudo-reductive, the closed subgroup i*E of F is also k-pseudo-
reductive. Thus, Ext'(V,G,, 1) # {0}, and i* : Ext'(U,G,, 1) — Ext’(V,G,,) is also

Nnonzero. O

Proposition 3.13. Let U be a commutative unipotent k-group such that for any closed
subgroup V = U with V # {0}, the pull-back morphism i* : Ext' (U, G, 1) — Ext'(V, G 1)
18 monzero.

Then, U is the quotient of a commutative k-pseudo-reductive group.

Proof. By hypothesis, for any d > 1, the group Ext'(U, G%,k) is nontrivial. Let E be
an extension of U by an,k, then the unipotent radical R, x(F) is a subgroup of U of
dimension n > 0. We consider an extension E such that n is minimal among all the
extensions of U by an , forany d > 1. If n = 0, then F is k-pseudo-reductive.

Let us assume that n > 1. Then, we denote V = R, ;;(F) and we have the commutative

diagram:

0 0
1% 1%
J i
0 Ge E U 0
) q
0 Gfln,k E)V —U/V ——0
0 0
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It induces a commutative diagram of Ext group:

q

Ext' (U, G, 1) Ext'(E, Gyn.1)

Ext'(V,Gpz).

As n > 1, in particular V # {0}. Thus, by hypothesis, the morphism i* : Ext'(U, G, x) —
Ext*(V, Gom,i) is nonzero, and j* : Extl(E,GWk) — BExt'(V, Gm,k) is also nonzero.

Let us consider [F] € Ext'(E,G,, ) such that j*[F] # 0 in Ext'(V,G,.). As
Ruk(F) NGy = {0}, we identify R, x(F) with a closed subgroup of V. Then j*F is
a nontrivial extension of V' by Gy, i, thus Ry (§*F) is a strict subgroup of V. Moreover,
the natural closed immersion Ry, ;(j*F) — Ry k(F') is an isomorphism.

Hence, F' is an extension of U by anﬂi with a unipotent radical of dimension strictly
lower than the dimension of V. This contradicts the minimality hypothesis on the dimension
of V. O

Checking directly the criteria of Proposition B.I3] is not reasonable. But, the proof of
the Proposition B.I3] contains an algorithm: we do not need to check if ¢* is nonzero for any
subgroup of U, we only need to do it for at most dim(U) subgroups.

Lemma 3.14. We consider _
0>V SUSW =0,

an ezxact sequence of commutative unipotent k-groups.

If the pull-back morphism i* : Extl(U, Gmpk) — Extl(V, G, k) is nonzero, then the pull-
back morphism ¢* : Pic(W) — Piv(U) is not an isomorphism (or equivalently the Picard
group of the generic fiber of U — V is nontrivial).

Proof. The diagram

0 — Ext' (W, G, ) — Pic(W) —= Pic(W x; W)

lw* lw* l(@xw)*

0 — Ext! (U, Gynp) —— Pic(U) —2— Pic(U x, U),

is a commutative diagram of commutative (abstract) group where o and 3 are the morphisms
of Lemma [Tot13l Lem. 9.2]; Thus the lines are exact.

If Pic(W) LN Pic(U) is surjective, then any element £ € ker() is the image of some
L' € Pic(W). As the diagram is commutative (¢ X ¢)* o a(L") = 0. Moreover, (¢ X ¢)* is
injective (see Proposition EZI8), thus £’ € ker(a). So Ext'(W,G,,1) — Ext (U, G, ) is
surjective, hence Ext! (U, G,, 1) N Ext'(V, G, 1) is the zero morphism.

Moreover, Pic(W) = Pic(U) is surjective if and only if the Picard group of the generic
fiber of U — V is trivial (Proposition 2.1I7). O

We are now going to simplify the criteria of Proposition B.13]in a special case.

Remark 3.15 (Extension of unipotent groups of finite Picard groups).

Let us consider V' and W two commutative unipotent k-groups such that Pic(V) and
Pic(W) are both finite (as we will see in the next section, the unirational unipotent k-groups
are an important class of unipotent groups that satisfy this hypothesis).

Let ]

0->VSUSW—0

be an exact sequence of commutative unipotent k-groups. We denote by Z,w the generic
fiber of U — W. As Pic(W) is finite, Pic(Z,w) is also finite, thus Pic(U) is finite
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(Proposition ZI8). And, as Pic(U) is finite, we have Ext* (U, G, 1) = Pic(U) (and likewise
for V and W). Thus, we can write the exact sequence of Ext-groups as:

0 = Pic(W) £5 Pic(U) 5 Pic(V).

Finally * is nonzero if and only if ¢* is not surjective. And ¢* is not surjective if and only
if Pic (Z.w)) # {0} (Proposition ZIF).

Question 3.16. Does the remark above generalize to any commutative extension of unipo-
tent k-groups (i.e. is the converse of Lemma[3.1] true)?

Finally, we apply Proposition [3.13] and Remark B3T3l to an explicit example.

Ezample 3.17. Let k be a non perfect field of characteristic 2, we consider a,b € k \ kP.
Let V (resp. W) be the unipotent k-group defined as the subgroup of G2, by the equation
yP = x + axP (resp. 2P =t + btP). 1

We consider a commutative extension of k-groups:

0=VLHUSW o

We denote by Z,(w) the generic fiber of U — W.

As Pic(V) = Pic(W) = Z, we are in the situation of Remark Thus, if U is the
quotient of some k-pseudo-reductive group, then Pic (ZH(W)) # {0}. Conversely, W admits
an extension G by G, that is pseudo-reductive [Tot13, Cor. 9.5], thus ¢*G is an extension
of U by G, with k-unipotent radical V. As Pic (Z,w) # {0}, there is an extension G’
of *G by G,y i, such that R, x(G’) is a strict subgroup of V, so R, x(G’) = {0}. Hence, U
is the quotient of a k-pseudo-reductive group if and only if Pic (ZK(W)) # {0}.

There are two cases, either Z, ) is isomorphic to Vi) (i.e. Z.uw) — Spec(k(W)) is
the trivial V, (y)-torsor). Then, there is an extension of U by G?n’  that is a commutative
k-pseudo-reductive group.

The other possibility is that Z, ) is a nontrivial V,, ) -torsor, then U is a nontrivial
extension of W by V, and Z,,(w)(k(W)) = 0. Moreover Z, ) (k(W)) = 0 imply that Z,
has no rational point on any extension of odd degree (see Corollary [EKMO0S, Cor. 18.5]
by T. A. Springer). And, Pic (ZK(W)) = Tm(deg)/2Z where deg : Pic (ZH(W)) — 7Z is the
degree function (see the exact sequence [Ach17, Eq. (2.1.3)]). Thus Pic (Z,w)) = {0}, and
U is not the quotient of some commutative k-pseudo-reductive group.

Finally, we give an example of nontrivial extension of W by V' with Z, w)(x(W)) = 0.
We fix k = Fa(a,b), we consider the subgroup U of G;k = Spec (k[z, y, 2, t]) defined by the

equations:
2% =t+bt?
y? =1+ ax? +t.
Then U is a form of G ;, and
(z,y) = (2,5,0,0)

0 14 U w 0
(@, 9,2, 1) = (2,1),

is an exact sequence of commutative k-groups.
The generic fiber Z, ) of U — W is isomorphic to the closed subscheme of Ai(W)

defined by the equation y? = z + az? +t where t € k(W).

klz,t]
And k(W) = Frac <m) = k(w) where w =t/z. As,

2 2
w=— t=—
t + bt2 1— bw?
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we have to show that the equation y? = z + az? + 1_“;)2

no solution. Let us show that the only solution of

— with  and y in Fa(a, b, w) have

(1 —bw?)A% = (1 — bw?)BC + a(1 — bw?)B? + w?C?,

where A, B,C € Fala,b,w]is A=B=C=0.
Let us look at the total degree of the polynomial in the above equation:

2deg(A) + 3 = deg((1 — bw?)BC + a(1 — bw?)B* + w?C?).

If deg(B) > deg(C), then deg((1 — bw?)BC + a(1 — bw?)B? + w?C?) = 4 + 2deg(B). Thus
2deg(A) + 3 = 4 4+ 2deg(B), this is false. If deg(B) < deg(C) — 1, then 2deg(A) + 3 =
2 + 2deg(C), this is impossible.

Hence deg(B) = deg(C) — 1, and the monomials of highest degree of bw?BC, abw?B?
and wQCE cancel each others. We denote the monomial of highest degree of B as E, and
likewise C for the monomial of highest degree of C. e _ _

Let us now look at the partial degree in a of bw?BC, abw?B? and w?C?. Then, as

deg, (abw2§2) =1+ 2deg, (E) £ 2deg, (5) — deg, (uﬂé?), we have
deg, (bw21§5) = deg, (w26’2) or deg, (mﬂéé) = deg, (abw21§2) .
If we have the first equality, then deg, (6) = deg, (E), 50
deg, (abw2§2) > deg, (bw2§6)

and these polynomial can not cancel each others. We have the same kind of contradiction
for the second inequality.
Thus Z,w) does not have any (W )-rational point, and the extension is nontrivial.

This example show that, even in dimension 2, the situation is unintuitive. A lot more
work is needed to obtain a complete classification of the unipotent groups that are quotient
of a commutative k-pseudo-reductive groups.

4 Unirational forms of the affine space

If K is a perfect field, then any linear K-group is unirational [Borl2, V Th. 18.2] and any
unipotent K-group is rational.

Over a non perfect field, the situation is way more complicated. The k-split unipotent
k-groups are rational. The reductive k-groups are still unirational [Borl2, V Th. 18.2].
And, if G is a perfect (i.e. G =[G : G]), then G is unirational [CGP15 Pro. A.2.11]. But
neither the k-pseudo-reductive groups, nor the k-wound unipotent k-groups are in general
unirational.

In this section, we study the subtle relationship between the notion of unirationality and
the unipotent k-groups. When possible we try to obtain results about unirational forms of
the affine n-space.

4.1 An example of unirational k-wound unipotent k-group

We consider a purely inseparable extension &’ of k, we denote p™ the degree of the extension
k' /k. We are going to study the quotient

U= Ry /i(Grmp) /G ks

where Ry /), denote the Weil restriction (see [BLRI0, §7.6] for definition and properties of
the Weil restrictions). J. Oesterlé proved that U is a k-wound unirational unipotent k-
group [Oes84l Lem. VI.5.1]. We are going to compute the Picard group of U and the group
Extl(U, G, i) of the extension of U by G, k-
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First, Ry k(G i) is isomorphic as a k-scheme to the principal open subscheme of Aﬁn
defined by the equation N # 0 where N is the norm of k'/k thus

PlC(Rk//k (Gm,k’)) = {0}
Moreover, the exact sequence of k-group:
0= Gur = Ry /p(Gmp) = U =0, (4.1)

induces an exact sequence of commutative group:

—

0— O(U)* — O(Rk’/k(Gm,k’))* — Gm,k — PIC(U) — PiC(Rk//k(Gm,k/)) = {0}

where ([?,-n\k is the character group of G, (Proposition 2.I8). Moreover, the quotient
O(Ry /(G p))* /K™ is the free Z-module generated by the class [N] induced by the norm

— —

N, and Gy, j; = Z. In addition, the image of [N] in G, % is p". Thus Pic(U) = Z/p"Z.

Let us recall that Ext' (U, G,, ;) identify with the subgroup Pic(U)V of Pic(U) consisting
of the translation invariant classes [Tot13l Lem. 9.2]. In this case, we have shown that the
group Pic(U) is generated by [N] and that [N] induces the extension of U by G, x given by
the exact sequence (.T).

Thus, we have obtain the following results:

Proposition 4.1. With the notations and the hypothesis above:

Eth(U, Gm,k) — PIC(U)U — PIC(U) _ 1%

Moreover, the restricted Picard functor Pic‘g Ik s representable and:

. Z
Piet = (7).

where ( Z ) 18 the constant k-group assoctated to
p"Z k

z
prL’

Proof. The only point left is the last one. We just have to remark that U admits a smooth
completion, indeed U = P}, \ V(N) where r = p" — 1, and V() is the closed subscheme
defined by the norm N of k'/k. Hence, Pic;;/k is representable (Theorem [LT)). O

This example is quite interesting because J. Oesterlé proved that if K is the function
field of a curve over a finite field, then the K-wound unipotent K-group of dimension strictly
inferior to p — 1 have a finite number of K-rational points [Oes84, Th. VI.3.1]. In particular
they are not unirational. If [K’ : K] = p and T'is a K-torus, then R/ /i (Tx)/T is K-wound
unirational and of dimension p — 1. This suggests that these groups play an important role
among unirational unipotent K-groups. Hence, J. Oesterlé asks the following question:

Question 4.2. [Oes8j, p. 80]
Does any unirational commutative unipotent k-group admit a subgroup isomorphic to
Ry i (Tw ) /T (where T is a k-torus and k' /k is a finite purely inseparable extension)?

Remark 4.3. (i) We can generalize Proposition £l Indeed, we consider k'/k a purely

inseparable extension of degree p™ and T a k-torus of dimension d. Then U = Ry (T} ) /T

is a k-wound unipotent k-group, and Pic(U) = Ext!(U, G, ) is a subgroup of (Z/p"Z)*.
(#4) Our arguments also apply to any finite field extension E/k:

Pi Rg/k(Gm,E) Z
1C = .
Gm.k [E: k]Z

But Rg/ip(Gm,e)/Gm,k is not necessary unipotent. For example, if E/k is separable, then
RE/k(Gm,E) and RE/k(Gm,E)/Gm,k are k-tori.
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(#ii) In the particular case where [k'/? : k] = p, J. Oesterlé has obtained an explicit
description of the unipotent k-group Ryi/s /i (G, 51/0) /G i [Oes84, Pro. VIL.5.3].

(iv) Let U be a connected unipotent k-group, the Picard group of U can be trivial even
if U is k-wound [Tot13| Exa. 9.7]. But if U has a quotient that is a nontrivial form G of
Ga,k, then the Picard group of U is nontrivial. Indeed, the Picard group of a nontrivial
form of G, is nontrivial [Achl7, Th. 2.2] and the group morphism Pic(G) — Pic(U) is
an injection (Proposition [ZI8)). The converse is false, at least if p > 2. Indeed, if k'/k is
a nontrivial purely inseparable extension, then the Picard group of Ry /(Gmrr)/Gm ke is
nontrivial. But U does not admit a quotient G which is a nontrivial form of G, . Because,
if G is such a quotient, then G is a unirational (so rational) form of G, 5. But, if p > 2, the
only rational form of G, is the trivial one [KMT74, Th. 6.9.2].

4.2 Unirationality and structure of commutative k-group

Proposition 4.4. Let G a commutative k-group, then there is a unique mazimal unirational
k-subgroup of G denoted by Gy, .

Moreover, if X is a geometrically reduced unirational k-variety, then any morphism
X — G whose image contains the identity element of G factors via Gy;.

Proof. We consider X a geometrically reduced unirational k-variety, and X — G a morphism
whose image contains the identity element of G. Then X generates a smooth k-algebraic
subgroup of G [SGAIIT1, VI.B Pro. 7.1] that is unirational [SGATITI, VI.B Pro. 7.6] and
connected [SGATITI, VI.B Pro. 7.2.1].

Thus, two unirational k-subgroups of G generate a third k-subgroup that is also unira-
tional. Hence, there is a unique largest unirational k-subgroup Gy, of G, and G, contains
the image of any morphism from a geometrically reduced unirational k-variety to G whose
image contains the identity element of G. O

Ezample 4.5. (i) If G is a k-abelian variety, then G, = {0}.

(i4) If T is a k-torus, then Ty, = T.

(#i7) If U is a commutative k-split unipotent k-group, then U,, = U.

(tv) If U is a nontrivial form of G, . Then, either char(k) = 2 and U is isomorphic to
the subgroup of G ; defined by the equation y* = z + az® where a ¢ k% and then U is
rational, thus U, = U [KMT74] Th. 6.9.2]. Or, U is not rational, and U,, = {0}.

(v) Let U be a nontrivial form of G, 5. We consider G an extension of U by G, . Then,
either U is rational, and G, = G. Or U is not rational, and G, = G, .

(vi) Let U be the group of Example[Z9 If char(k) = 2, then U,, = U. Else char(k) > 2
and Uy, = {0}.

(vii) If T is a k-torus, and k'/k is a finite purely inseparable field extension. Then, the
unipotent k-group

U= Ry /x(Tw)/T

is unirational, hence U, = U.

(viii) We consider the function field K of an algebraic curve over a finite group. Let
U be a commutative unipotent K-group of dimension < p — 1, then U,, = {0} [Oes84,
Th. VIL.3.1].

As a commutative unipotent k-group U such that U,, = {0} is k-wound, we use the
following terminology:

Definition 4.6. A commutative k-group G such that G, = {0} is called k-strongly wound.

Proposition 4.7. Let X be a form of A} which admits a regular completion, then Picj(/%
is k-strongly wound.

Proof. Indeed, if Picj( /% as not k-strongly wound, then there would be a nonconstant mor-
phism V — Pic} /(,)C for some open V of an A}. This would contradict Lemma O
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As a commutative k-group is in general neither unirational nor k-strongly wound; it is
natural to look for a dévissage results.

Proposition 4.8. Let G be a commutative k-group. Then, G admits a unique quotient G g,
such that Gy is k-strongly wound and any morphism G — H to a k-strongly wound k-group
H factors in a unique way into G — Gy follow by a morphism Gg — H. Moreover, the
kernel of G — G, contains G-

Proof. If G, = {0}, then G = G4,. Else, we consider G’ = G/Gy,, by induction on the
dimension of G, there is a unique quotient G’ — G, that is k-strongly wound and satisfies
the mapping properties. Finally, we remark that G, := G, suits. O

Question 4.9. Are the commutative extensions of a unirational commutative k-group by
an other unirational commutative k-group still unirational?

If the answer to the question above is affirmative, then the natural morphism
G/Gyr — Gy would be an isomorphism.

4.3 Picard group of unirational forms of the affine space

We denote by A and B two functors from the category of smooth k-schemes to the cat-
egory of sets, we assume that there is two natural transformations e : Spec(k) — A and
f : Spec(k) — B. Then, we denote by Nat(A, B) the set of natural transformations from A
to B, and by Naty,. (A, B) set of natural transformations n from A to B such that no f =e.

Lemma 4.10. We consider X a form of A} such that X (k) # 0. Then, for all smooth
k-schemes W such that W (k) # 0,

Pic (X xj, W)
piPic(X) x piPic (W)

In particular, if Y is a form of A§ such that Y (k) # 0, then

Naty, (W, Pick, ) =

Naty. (Y, Pic, ) = Naty, (X, Pics, )

Proof. First of all, according to Yoneda Lemma, Nat (VV, Pic;/k) = Pic;/k(W), and as W

is smooth,
. Pic(X xx W)
Nat (VV,P by ) =2
¢ CX/k) T T psPic(W)

Let e be a k-rational point of W, then e induces a morphism e* : Pic}/k(W) — Pic(X).

Likewise for f, a k-rational point of X. And, Nat,. (W, Pic} /k) is the kernel of e*. More-
over, e* X f*: Pic(X xj W) — Pic(X) x Pic(W) is a retraction of

pi X p5 : Pic(X) x Pic(W) — Pic(X x; W).
Thus, Nat,,;. (W, Pic}'{/k) is isomorphic to

Pic (X x W)
p;Pic(X) x piPic (W)’

O

The idea of Lemma [£.10] comes from a well known property of abelian variety. If A and
B are two k-abelian varieties, then Pic% /i and Pic% /i are two abelian varieties and with
the exact same arguments as in the proof of Lemma 410, we can prove that

Homy,, (A,Pic%/k) = Homyy. (B,Pic%/k) .

We are going to apply Lemma [.I0 to the study of the restricted Picard functor of
unirational forms of A7.
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Theorem 4.11. Let X be a unirational form of A} which admits a regular completion.
Then:

(i) The unipotent k-algebraic group Picj(/k is étale;
(i) The groups Pic(X) and Pic(Xk,) are finite.
Proof. First, (ii) is an immediate consequence of (i). To prove that Pick /i is an étale k-

algebraic group, we only need to prove that Pic;r(/(l)C is trivial [DG70], Pro. I1.5.1.4]. We can
assume that k = k;, then X admits a k-rational point.
The functor Picj( /k is representable by a smooth unipotent k-algebraic group (Theorem

[CT), thus PICX/k is a form of Af. According to Lemma [ TI0

~ : 0 :
Naty:. <X L /k) = Naty, (Pick . Pick ;)

Let W be an open of A? (n € N*), the only natural transformations from W into
Pic ;r + o are the constant one. Indeed, according to Lemma 410
CX/k

Pic (Pic}'(/(;C Xk W)

piPic (Pick 1) x pPic(W)

Naty. (W P1c X/k/k) =

Moreover Pic(W) = {0}, and
pj : Pic (Pic}/%) — Pic (Pic}/(;€ X k W)

is an isomorphism. Indeed, the group morphism pj is injective because p; admits a section
induced by a rational point of W, and p} is surjective [EGAIV4, Cor. 21.4.11].

Thus Nat,,;. (Pic}/%,Pic}/k) is trivial, hence Hom,;. (Pic}/%,Pic}/%) is also trivial. If
Plc} /(;c # {0}, then the identity is a nonconstant pointed endomorphism of Pic} /?C. Thus
Plc}/(;c = {0}, and we have prove (i). O

There is an other situation where the restricted Picard functor is étale:

Lemma 4.12. Let X a form of A} which admits a smooth completion. Then, Pic}'(/k s an

étale unipotent k-algebraic group.

Proof. Let X be a smooth completion of X, then Picj( /k ~ P1cy /Ok Moreover, for some

field extension K /k, we have X = A%L. And X g is a smooth completion of X, so

~ + 0 : +0
{0} = Pch /KfPch K= [(Plcf/k)K} .

Finally, by universal property of the smoothification, (PIC—O

X/k) is a subgroup of

+ 0
[(PiCY/k)K} . Thus it is trivial. O

Corollary 4.13. Let X be a form of A}, we assume that Pic;/k is representable by an étale

unipotent k-algebraic group (e.g. X is unirational and admits a regular completion,).
(i) Let W be a smooth k-scheme with a k-rational point. Then,

py X pi : Pie(X) x Pic (W) — Pic (X x; W)

is an isomorphism of commutative groups.
(i) We consider Y a form of Af,, and we assume that Pic;i/k is representable. Then, the

restricted Picard functor PchXy/k is representable and

* * . : 4+ : 4+ : 4+
p1 X D5 .Pch/k Xk Plcy/k — PchXky/k

is an isomorphism of k-algebraic groups.
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Proof. The affirmation (¢) is a consequence of the triviality of Pic; /?c’ and of Lemma [ T0

For (it), we can assume that k = k; then the proof followed from (7) and Yoneda Lemma. O

Corollary B.13] is not unexpected, as the result is well known if we assume that X is
rational. Hence, as far as the Picard group is concerned, unirational forms of A} behave
like the rational ones.

Corollary 4.14. Let U be a unipotent k-group. We assume one of the following hypothesis:
(a) U admits a regular completion, and U is unirational,
(b) U admits a smooth completion.
Then:

(i) The unipotent k-algebraic group Pic;;/k is étale.
.. . . U
(ii) Plc;}/k = P1c'[§/k.
(iii) Pic(U) = Ext" (U, G k) and this is a finite group of p"V)-torsion.

Proof. First (i) is a particular case of Theorem [Z11] or Lemma 12
Then, (ii) is a consequence of the fact that any action of a connected k-algebraic group

on an étale k-scheme is trivial, and of the definition of Pic'[;;]k.
Finally, (i) is a consequence of (i), (it), Proposition B.4] and Proposition 3.9 O

Finally, let us remark that the methods we use in Lemma [£T0 and Theorem [TIT] gener-
alize with the “usual” Picard functor.
Proposition 4.15. If X is a geometrically integral, geometrically normal, projective and
unirational k-algebraic variety, then (Picg(/k) ., 1s trivial. Where (Picg(/k) } 1s the unique

re re
reduced closed subscheme of Picg(/k having the same underlying topological space as Picg(/k

(see e.g. [Liu00, Pro. 2.4.2]).
Moreover, if k is a field of characteristic 0, then Picg(/k and HY (X, Ox) are trivial.

Proof. First, under our assumptions Picg( /1, is representable by a projective k-variety [KIe05,

Th. 5.4]. Thus (Picg(/k) is an Abelian variety whose formation commute with field

red

extensions [Bril7, Lem. 3.3.7]. We can assume that k = k, then X (k) # (). With the same
arguments as in Lemma 10 we have:

o (i) () L) = o (7))
= Homy,. (Picg(/k) d,PicX/k)

Pic (X x (P' 9 ) )

¢ k lcx/k red

piPic(X) x piPic ((Pia& /k)red)

= HOInptv (X, PiC(Picg(/k) /k> .
red

As (Picg(/k) ., is a smooth projective variety, any morphism from an open U of an
re

I

. is constant (Lemma [[.3). Thus (PicO ) is trivial.
Pic%/n),, /" ( X rea

The second point is a consequence of the first one and of [BLRI0, 8.4 Th. 1 (b)]. O

affine space to Pic<
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4.4 Torsion of the restricted Picard functor

The Picard group of a form X of Ag is of p™-torsion for some integer n larg enough [AchlT,
Pro. 2.6]. In this subsection, we try to find the minimal n such that Pic(X) is of p™-torsion.

In Subsection 2] we have defined two invariants n(X) and n’(X) of the forms of A}
(Definition 7). We can naturally generalize these definitions:

Definition 4.16. We consider a form X of Ag.

(i) We denote by n(X) the smallest non negative integer n such that (X, )®") = Af .
i) We denote by n/(X) the smallest non negative integer n such that (X, )®") is
(i) Y g g ke
unirational.

We are now going to generalize results obtain in a previous article about the torsion of
the Picard group of a form of A} [AchI7, Th. 2.4 and Th. 4.4].

Proposition 4.17. We consider a form X of A{. Then:
(i) Pic(X) is of p"X)-torsion;

(i1) if X admits a reqular completion, then Picj(/k is of p™X) -torsion;
(iii) if X and X<pn ) admit reqular completions, then Pic;r(/?C 18 ofp"/(X)-torsion.

Proof. Without loss of generality, we can assume that k is separably closed (see Subsec-
tion 2I] or the term of low degree of the Hochschild-Serre spectral sequence [SGAIV2]
VIII Cor. 8.5]).

In Subsection 221 we recall the definition of the absolute and relative Frobenius mor-
phism. In particular, there is a commutative diagram of morphisms of schemes (but not of
morphisms of k-schemes!):

Fx

F;/k P

x @)
Moreover, if £ is an invertible sheaf on X, then (F%)* (£) = L®P"; thus, (F2)* (L) = p".L
in Pic(X). In particular, if n = n(X), then (Fg)" (L) = (F)’é/k) (M) where

M = (¢%)" (£) = 0 in Pic (X)) = {0}. Hence, p".L = 0 in Pic(X), this is (i). Then, (i)
is an immediate consequence of (i) and Theorem [I11

Finally, we show (4i7). As neither F¥, nor ¢% are morphisms of k-schemes we need to
be a little bit careful when we define the pull-back on the restricted Picard functor. For any
smooth k-scheme T, there is a commutative diagram:

F"><
X s, T —2 X %, T

P2¢ \LPZ

T— T,
Fy

that is functorial in 7" Hence, the absolute Frobenius morphism induces a natural transfor-
mation of group functor
* .+ .+
(F¥)" : Picy, — Picy ;..

Likewise, there is a commutative diagram

} n s
X(p)kawx—XT>Xka

PZ\L \LPZ

T T
Fr
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that is functorial in 7". Hence, ¢’ induces a natural transformation

+

(¥%)" : Pick ), — Pic gny /-

Moreover, FY Ik is a morphism of k-scheme, thus it induces a natural transformation

(F;g/k) , with (F2)* = (¢%) o (F;g/k) . We apply it with n = n/(X), then Pict

X®") [k
is étale (Theorem [LIT)). Hence, (¢%)" : Picj(/% — Pic;(pn)/k is the zero-morphism. And
finally, Pic;r(/?C is of p”,(X)-torsion. O

4.5 Reduction to the k-strongly wound case

We consider an unipotent k-group U of dimension d such that PicJUr Ik is representable by
an étale unipotent k-algebraic group (e.g. U is unirational with a regular completion). Let
f:X —Y be a U-torsor, where Y is a form of A} (then X is a form of AZ"’d). We denote
by a: U x; X — X the action of U on X, and by p2 : U X X — X the second projection.
Then, for any smooth k-scheme T, the sequence of abstract groups

0 Pic, (T) 2% Pick , (T) "7, Picf, (1),
is exact (see e.g. [Brildl Pro. 2.10]). We will just say that
.+ f* .+ a*—l); . 4+
0— Plcy/k = PICX/k —_— P1cUXx/k,

is an exact sequence of group functors.
Moreover, we have a natural transformation

™« Pich, ) — Picy
induced by the the isomorphism of functor of Corollary [£13 (ii). We denote

o =m0 (0" —p).
Then,
0 Picy,, = Pick ,  Pic,

is an exact sequence of group functors.
Moreover, if Pic} Ik is representable, then Pic; Ik is representable by the kernel of .

And ¢ : Pic}/ok — Pic'[;/,C is trivial. Thus, Pic)t/g f—> Pic;r(/?C is an isomorphism of k-groups.
Hence, we have obtained the following result:

Proposition 4.18. We consider a unipotent k-group U, a form of the affine n-space Y and
a U-torsor f: X =Y. We assume that the restricted Picard functor of U is representable
by an étale unipotent k-algebraic group.

Then, the sequence of group functors:

0 Picf, 1 Pick , 5 Picf,

15 exact.
Moreover, if Pic}}/k s representable, then Pic;t/k s also representable and

40 £ p 40
P1cy/k —)PICX/k

s an isomorphism of k-groups.
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If U is a commutative unipotent k-group of dimension d, then there is an fppf morphism
f:U = Ugy, where Us,, is k-strongly wound (Proposition [L.8]). Let us assume resolution of
singularities in dimension inferior or equal to d. As Uy, is obtained after a finite number
of quotients by some unirational k-group, we can apply Proposition for each quotient.
And thus,

0 S+ 0
PlCUsw/k — PICU/k
is an isomorphism of k-groups.
Hence, we have reduced (up to resolution of singularities) the study of the neutral com-

ponent of the restricted Picard functor of a commutative unipotent k-group to the case of
commutative k-strongly wound unipotent k-group.

4.6 Mapping property of the restricted Picard functor of a form of
the affine line

In this subsection, we obtain a mapping property for the restricted Picard functor of a
form of Al with a k-rational point. This universal property is a particular case of the
universal properties of the “generalized Jacobian varieties”. Generalized Jacobian varieties
have been studied by M. Rosenlicht [Ros54, Ros57] and J.-P. Serre [Ser12, Chap. V]. In
this subsection, we use the more modern presentation of S. Bosch, W. Liitkebohmert and
M. Raynaud [BLRI0, §10.3].

Let us consider X a form of A} with a k-rational point . We consider the morphism
of k-scheme Zp, : X — Pic;r(/?c defined by the divisor A — [Py] x X on X xj X, where A is
the diagonal divisor [KMT74, Lem. 6.7.4]. Then, if the arithmetic genus of X is positive,
Zp, is a closed immersion [KMT74, Th. 6.7.9].

Proposition 4.19. We consider a form of A}, with a k-rational point Py denoted X, a
commutative k-strongly wound unipotent k-group U and a morphism of k-schemes f : X —
U such that the image of Py is the identity element of U.

Then, there is a unique morphism of k-algebraic group F : Pic;r(/?C — U such that the
diagram

ZPO
;40
X—>P1cx/k

N

15 commutative.

0

Proof. We denote by X the (canonical) regular completion of X, then Pic; /(,)c = Picy Ik is
k-strongly wound. Thus, the existence and uniqueness of F' is a particular case of Corollary
IBLR90, 10.3 Cor. 3]. O

We use the mapping property above and the results of Subsection 3] to compute some
particular case of Picard group of the product of two forms of the affine space.

First, we will recall a well known formula for the Picard group of the product of curves:
if C and C’ are two proper geometrically connected smooth k-curves, then

0 — Pic(C) x Pic(C") = Pic(C x4 C") — Homgyp, (Picg s Pic, /k) =0

is an exact sequence of commutative groups.

Proposition 4.20. Let X be a form of A}C with a k-rational point, and Y be a form of A}
with a reqular completion. Then,

0 — Pic(X) x Pic(Y) — Pic(X x5, Y) — Homygpp, (Pic; 9. Picf /2) 0,

18 an exact sequence commutative groups.
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Proof. This is a consequence of Lemma 10, and Proposition 119 O

Ezxample 4.21. Let k be a non perfect field of characteristic p = 2, and a,b € k such that
a ¢ k?orb ¢ k?. We consider G the form of G, ;. defined by the equation y* = x+bz?+a?z*.
Then the arithmetic genus of the regular completion of G is one, and Picg /(,)c is isomorphic
to G.

Moreover, Homg,, (G, G) = Z/2Z [Rus70, Th. 3.1]. Thus, we have an exact sequence:

Z
0 — Pic(G) x Pic(G) — Pic(G xj, G) — o7 0.

FEzample 4.22. Let k be a non perfect field of characteristic p = 3, and a € k such that
a ¢ k3. We consider G the form of G, defined by the equation y* = z + az®.

Then likewise, Picg/?C is isomorphic to G, and Homy,, (G,G) = Z/3Z |[Rus70, Th. 3.1].
Thus, we have an exact sequence:

0 — Pic(G) x Pic(G) — Pic(G xj, G) — SEZ — 0.
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