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1 Definitions
For any scalars or vectors x and y with convenient sizes, we define:

T, =elx
Ryy = Ex,y[xyT]
Rx = Rxx

where e, is the (n + 1) element of the canonic base. The operator Ey y[xy'] represents the statistical average
with respect to x and y.

*

For any matrix A, we define A* the conjugate matrix of A, AT its transpose matrix and AT = (AT)
2 Context & Problem formulation

We suppose having the following expressions:

r =HUs+w
I(f,p) =fir+p
J(f,p) = Ez¢e,p) |Z(f,p) — 3n|2

where :
e f:a (2N x 1) vector,
e p: a scalar,

e H: a (2N x 2N;) deterministic convolution matrix,

U : a (2N, x Ny) up-sampling matrix,
e D =U': a down-sampling matrix,

s: a (N,x1) probabilistic vector such that E[s] = s? and R
V4 = diag(v?),

= (vi+|s522)5(n—m) = E [(s —s?) (s — sd)q =

Sn,Sm

w : a (2N x 1) probabilistic vector such that E[w] = Oy and Ry = 02 I,



Typically, the vector r represents a band-limited received signal after the convolution operation of the shaping
filter and the channel H, corrupted by a centered circular white noise w with average power o2,. Moreover, this

holds if and only if the shaping filter bandwidth is bounded by Tl Hence, r represents a Fractionanally-Spaced (FS)
system model where Z(f, p) is the estimator of s with Mean Square Error (MSE) 7 (f, p). Furthermore, considering
the prior information (s¢, V?) on s leads to an Interference-Cancellation (IC) structure.

Problem formulation: We search for §¢ = Z(f,,p,) , 9% = J (£, pn) such that:

(£, pn) = argmin J (£, p)
(f.p)

Consequently, oS represents the Minimum MSE of the considered system model (FS-MMSE-IC) and with esti-
mator 35, of sp,.

3 Problem resolution

3.1 Expression of the MSE minimizers

j(fap) = EI(f,p) |I(fvp) - sn‘z
= fIR,f + f'E[r]p* — f' R, + pE[r']f + |p|? — pE[s;] — Rs,»f — E[s,]p" + Ry,

Minimizing J (f, p) leads us to nullify its the first partial derivatives.

% =0 < 2R.f, + 2E[r|p;, — 2R,s, =0
— fn = R;l (Rl‘sn - E[r]p:L)
6‘78(;])) =0 <= 2E[r']f, + 2p; — 2E[s}] =0

< pp = E[s,] — £ E[r]

We check that such an extremum corresponds to a minimum :

*°J(f.p) _
ot =220

3.2 Computation of the MSE minimizers

Let us first compute :

E[sn] = Sz
E[r] = HUs?

R, = HUR,DH' + 21y
Rrsn = HURssn



Then, the MSE minimizers can be computed:

= (R, = puER']) REY
(RH—Esn Efr'] + £} [E[r)|°) Ry
= (Ro,x — Els]E[F']) Ry (Iy — B[] R 1)~
= (Ry,r — E[saE[rT]) R — [E[r]]*) 7"
~ (R,s — Els,JE[s']) DH' (HU(R, — E|s*)DH' + 02 Ly )

viel DHT (HUVUlDHT +o2Ty) !

Using twice the Woodbury identity on any (K7 x Ka) matrix A and (K2 x K;) matrix B:

ABA +1g,) ' = ABIg, A +1g,)™ !
= A(Ig, - B(Ix, + AB)'A)
= (Ix, — AB(Ig, + AB) " HA
= (ABIg, +1Ig,) 'A
= (AB +1Ig,) A
A= U;QDHJr

B — HUVH leading to:

We identify {
fi = vlel DH' (HUV'DH' + 02 IQN) !
— vlel (DHHUV? 4 021y) ' DHI

=vlel 27'DH!

n-n

where & = GV?+ 021y is the MMSE equalization matrix and G = DH'HU is also called global filter and gathers
the up-sampling, channel and matched filtering and down-sampling operations.

Pn = E[Sn] - fTE[ ]
= 54 — Uy, eTE 1Gs?

3.3 Computation of the FS-MMSE-IC and its estimator
The FS-MMSE-IC estimator is given by:

Sy = ffLr + P
= sd + vdeJr »-! (DHTr — Gsd)
_s + v, eTE (y—Gsd)

where y = DHr represents the received signal after matched filtering and down-sampling.



The FS-MMSE-IC %¢ of the estimator 5 can be computed by first deriving:

R = [s2[” +2(s8)" v e Re (Z7'Ey[(y — Gs%)]) + (v)%el Z'Ey[(y — Gs?) (y — Gsd)T]E*”en
b|2(ﬁﬁ@z*&mhyyﬁﬂ+nﬂwfz*%n
— 52> + ()%l ST DHE, , [HU(s — s%) + w|* £ e,
=522 + (v)%el =T'DH (HUV'DH' + 02 I,x) HUE 'fe,
Is2? + (v)%el=~! (DHTHUVY 4 021y ) DHTHUE e,
= |spl* + (v) %, =" Ge,

R s, = Ey[(s) +vnel BT (y — Gs7)) 57]
= [sd]? + vie! BT GEG[(s — s%) 57
= [spl® + (v7)’el = 7' Ge,
= R
R;, = |5gz|2 + U;jz
This leads to the FS-MMSE-IC ¢¢, expression:

78 = Ege |38 — s,

= Rg% - Rgf;,vsn - Rsn7§% + Rsn
=R, =R, 5

_d2 o d d2 d\2 .t -1

- |Sn + Up — |Sn - (Un) enz Gen

=l (1 — vffc")

where ¢, = ef 27 1Ge,,.

3.4 Unbiased FS-MMSE-IC and its estimator
We can note that the estimator 3¢, of s,, has a residual bias :
E (5 |Elsn] = ] = Es_(,, wlsy +vnel S (v — Gs) [Elsn] = 4
= s + vneLZ 'GE, S fn} [s - sd|IE[sn] = ,u]
— s+ (i — sdvllen
=vlep+ sd(1—vie,)

where the vector s} represents all the components of s but s,,.

Removing the additive term s (1 — vlc,) and dividing the multiplicative term vlc,, leads to:

s v Cn)” ( — 1— vdcn))

:sn—l—cnlenE 1(y—Gs )



We compute the new statistical matrices:

Ro: = |s2)” + ¢ %l 7B [(y — Gs?) (y — Gs) |3 e,

= [snl* + !

R s, = Eyl(s + ¢, el 7 (y — Gs%)) 5]
=st? + ¢, lel Z T GE[(s — %) 57
= [sq|* +vp

R,

= [sp|* +p

n

And finally we find we unbiased FS-MMSE-IC:
vy, = Bge |ss — sn\Q
= ]Rnsf1 - Rsfl,sn - l:{‘sn,sf1 + Rsn
= |spl? + et = Isal? — vt = |sql? —vp + [si]? 4+ opy

_ .1 d
=Cp T Uy

4 Conclusion

The biased FS-MMSE-IC receiver is given by:
{5; — st 4 odel 21 (y — GsY)

e =l (1 — vgcn)

where ¢, = el ¥71Ge, is a scalar, y = DH'r is the receive signal after matched filtering and down-sampling,
G = DH'HU is the global effect including up-sampling, channel and matched filtering and down-sampling, 3 =
GV?+ 021y is the MMSE equalization matrix.

Moreover, the unbiased FS-MMSE-IC receiver is given by:

—1 d

st =sd+clel B (y — Gs?)
Ufz =Cp Uy

Consequently, the FS-MMSE-IC receiver leads to a FS matched filter followed by a symbol time
equalizer.
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