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A NON-CONSERVATIVE HARRIS’ ERGODIC THEOREM

VINCENT BANSAYE, BERTRAND CLOEZ, PIERRE GABRIEL, AND ALINE MARGUET

ABsTrACT. We consider non-conservative positive semigroups and obtain necessary and suf-
ficient conditions for uniform exponential contraction in weighted total variation norm. This
ensures the existence of Perron eigenelements and provides quantitative estimates of spec-
tral gaps, complementing Krein-Rutman theorems and generalizing recent results relying on
probabilistic approaches. The proof is based on a non-homogenous h-transform of the semi-
group and the construction of Lyapunov functions for this latter. It exploits then the classical
necessary and sufficient conditions of Harris’ theorem for conservative semigroups. We apply
these results and obtain exponential convergence of birth and death processes conditioned on
survival to their quasi-stationary distribution, as well as estimates on exponential relaxation
to stationary profiles in growth-fragmentation PDEs.
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1. INTRODUCTION

We are interested in the asymptotic behavior of positive semigroups acting on a weighted

space of measures. For conservative semigroups, Harris’ ergodic theorem [12, 54, 40] provides a
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necessary and sufficient condition for the existence of a unique invariant probability measure and
the exponential convergence of the semigroup to this invariant measure for the weighted total
variation distance. It combines a Doeblin condition on small sets that provides a contraction
and a Lyapunov function that pushes back the mass to these small sets. For non-conservative
semigroups, the Perron-Frobenius [62, 35| and Krein-Rutman [46] theory gives conditions en-
suring the existence of a steady distribution which grows or decreases exponentially fast, see
[14, 43, 24]. We propose a Harris type theorem in that case. We obtain necessary and sufficient
conditions to guarantee the existence of a (unique) Perron solution and the exponential conver-
gence of the non-conservative semigroup to this solution, uniformly with respect to the weighted
total variation distance.

We start by stating the framework of our study. Let X be a measurable space. For any
measurable function ¢ : X — (0,00) we denote by B(y) the space of measurable functions
f+ X = R which are dominated by ¢, i.e. such that the quantity

_ o @)
e =522 o1

is finite. Endowed with this weighted supremum norm, B(y) is a Banach space. Let By (p) C
B() be its positive cone, namely the subset of nonnegative functions.

We denote by M, (¢) the cone of positive measures on X which integrate ¢, i.e. the set of
positive measures p on X such that the quantity

n(p) = / pdp
x
is finite. The space of weighted signed measures M(yp) is defined here by
M(p) = M+ (@) x M),

where (p1, p2) ~ (fi1, fi2) if p1 + fie = p2 + ji1. An element p of M(p) acts on B(p) through
n(f) = pa(f) = pa(f),

where (u1,p2) is any representative of the equivalence class p. This motivates the notation
@ = p1 — p2 to mean that p is the equivalence class of (u1,u2). Clearly M(yp) is canonically
isomorphic to the space of finite signed measures on X, but it is not a subspace except if ¢
is bounded from below by a positive constant. Through this isomorphism the Hahn-Jordan
decomposition of signed measures ensures that for any p € M(p) there exists a unique couple
(o, p) € Mi(p) x M, (p) of mutually singular measures such that p = py — p_. We endow
M(p) with the weighted total variation norm

[l pmpy = [I(0) = (@) + p—(p) =  sup  |u(f)]
1fllsoy<1

which makes it a Banach space, the canonical isomorphism with the space of signed measures
being actually an isometry if the latter is endowed with the standard total variation norm.

We consider two measurable functions V : X — (0,00) and ¥ : X — (0,00) and a positive
semigroup (My);>o acting both on B(V') (on the right f — M, f) and M(V) (on the left p +—
pM;). We also assume the standard duality relation (uM;)f = p(Myf) and we denote this
common value by pM;f. For two functions f,g: Q — R, we use the notation f < g when there
exists a constant C' > 0 such that f < Cg on Q. We now state our assumptions on M = (M;);>o.

Assumption A. There exist 7,T > 0, 3 > a >0, 0 > 0, (¢,d) € (0,1, K C X and v a
probability measure on X supported by K such that
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(A0) Y <V onX and V<4 onK; MV<V and M=% on[0,T]x X,
(A1) M,V < aV + 01k,
(A2) M > Bip,
(A3) For allz € K and f € By (V/¥),
M- (f)(x) > cv(f) Moap(x),

(A4) For any integer n,

d sup

sy 2 < (M)

(8

Assumption A is an extension of the criterion for exponential convergence of conservative
semigroups for the weighted total variation distance [410], see forthcoming Theorem 2.1. They
are linked to classical assumptions for spectral gaps of non-conservative semigroups, see in par-
ticular [58, 7, 21]. They relax these assumptions and provide necessary conditions for exponential
convergence in total variation distance.

More precisely, one can compare A to the assumptions of [58, Theorem 5.3|, where (A2) corre-
sponds to (2), while (1) and (4) seem to be relaxed and simplified here. In particular Doeblin’s
condition (A3) is less restrictive than assuming strong positivity or irreducibility.

Assumption A provides an extension of the conditions of [7] in the homogeneous case. In that
latter, Doeblin’s condition (A3) was required on the whole space X', which imposes the “coming
back from infinity” property. It does not hold for instance in the two applications we consider in
the present paper.

Our assumptions are very similar to [21]. Our approach is different, as explained below. In
particular, we relax the boundedness of ¢ required in [21] and we obtain necessary conditions for
weighted exponential convergence. As a by product, we can capture new regimes, see the two
applications and comments in Section 4.1 for convergence to quasi-stationary distribution.

The main result of the paper can be stated as followed. Its proof is postponed to Section 3.5.

Theorem 1.1. (i) Let (V,) be a couple of measurable functions from X to (0,00) which sat-
isfies Assumption A. Then, there exists a unique triplet (v,h,\) € ML(V) x BL(V) x R of
eigenelements of M with vy(h) = ||h||gv) = 1, i.e. satisfying for all t >0

yM; = My and Mh = eMh. (1.1)
Moreover, there exists C,w > 0 such that for allt > 0 and p € M(V),
e udts — (W) pugyy < € Nl e (12)

(#i) Assume that there exist a positive measurable function V, a triplet (y,h,\) € M (V) x
B (V)xR, and constants C,w > 0 such that (1.1) and (1.2) hold. Then, the couple (V,h/| h||z)
satisfies Assumption A.

In case (i) we have additionally the estimates log(8)/7 < A < log(ar + 0)/7 and (¢/V )% <
h <V for some g > 0. Besides, as explained in the next section and in the forthcoming proofs,
one can also provide quantitative bounds for all the constants above, expressed using the con-
stants of Assumption A.
Assumption A happens to be necessary for exponential convergence. We also provide in this
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paper more convenient sufficient conditions. In the conservative case, Foster-Lyapunov inequal-
ity (A1) is usually checked through a so-called drift condition on the generator [55]. In Section 2.4,
we give the counterpart in the non-conservative case. Loosely speaking, writing £ the generator
of (My)¢>0, we prove that

LV < aV + (i, b < Lyp <&,

entail that (A0), (A1) and (A2) hold. Furthermore, (A3) and (A4) can be easily checked under
irreducibility conditions when X is discrete, while in the continuous setting coupling methods
can be invoked.

Spectral results for semigroups have been obtained recently using stability theorems for
the associated Markov processes. Let us mention in particular works associated with growth-
fragmentation process [13] and Feynman-Kac semigroups [34]. The results here are related but
the proofs are different. We use a non-homogeneous Markov process rather than a penalization
of an homogeneous Markov process arising through Feynman-Kac formula. In particular, we
stress that our results provide the existence of eigenelements without needing the application of
Krein-Rutman theorem. Furthermore, our contraction method is extendable to non-homogeneous
setting and applications and in this vein we refer to [7] for the case of Doeblin conditions. Let us
finally mention [70, 71] for related works on exponential convergence for subconservative semi-
groups. It provides in particular relevant sufficient conditions for (A3) and (A4) when K = X.

The paper is structured as follows. In Section 2, we give the main statements and ingredients
of the paper, which both lead to the proof of Theorem 1.1 and provide additional quantitative
estimates. We first recall the classical conservative Harris theorem. Then, we introduce the
non-homogeneous conservative auxiliary semigroup which allows us to extend this result to non-
conservative cases by proving the existence of eigenelements and quantifying the spectral gap.
We end this section by stating some handy sufficient conditions. Section 3 contains the proofs
of these statements. In Section 4 we derive new results for two well studied examples, namely
the random walk on integers absorbed in 0 and the growth-fragmentation equation.

2. MAIN STATEMENTS AND OUTLINE OF THE PROOF

In this section, we explain the main steps of the proof of Theorem 1.1 and give more quantita-
tive estimates, especially about the spectral gap. We also introduce the key objects and ideas of
the paper. First, we recall the well-known Harris ergodic theorem, for conservative semigroups,
that we slightly adapt to our purposes, see forthcoming Theorem 2.1. Then, we introduce the
non-homogeneous conservative semigroup P®) via a h-transform. We provide for this semigroup
both a Lyapunov function (Lemma 2.2) and a Doeblin condition on small sets (Lemma 2.3) using
Assumption A. Theorem 2.1 can then be applied to this conservative semigroup and forthcom-
ing Proposition 2.4 yields a contraction principle for P®*). We can then prove the existence of
eigenelements (v, h, \) and control the growth of the mass M;v) by e* and conclude. Finally,
we give in Section 2.4 sufficient conditions for verifying Assumption A, which will be useful for
forthcoming applications. Let us stress that in the lemmas of Sections 2 and 3, Assumption A
is implicitly supposed to be verified.

2.1. Contraction in total variation for conservative operators. The following result is a
direct generalization of [40, Theorem 1.3]. The adaptation of the proof is briefly given in Sec-
tion 3.1 for completeness. We consider a positive operator P acting both on bounded measurable
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functions f : X — R on the right and on bounded measures p of finite mass on the left, and
such that (uP)f = u(Pf). Note that the right action of P extends trivially to any measurable
function f: X — [0, +00]. We assume that P is conservative in the sense that

P1=1,
or equivalently, if i is a probability measure then so does uP.

Theorem 2.1. Assume that there exist two measurable functions Vo, Vi : X — [0,00) and
(a,b) € (0,1)%, ¢ > 0, R > 2¢/(1 — a) and a probability measure v on X such that:

o forallz e X,
PVy(z) < aVi(z) + ¢, (2.1)
o for all x € {V; <R},
5,P > bu. (2.2)

Then, there exist vy € (0,1) and k > 0 such that for all probability measures p1 and s,

lp P — N2P||M(1+KVO) <yl - NZHM(H.,@Vl) : (2.3)
In particular, for any b’ € (0,b) and ¢ € (a+ 2¢/R, 1), one can choose
b’ 2 + kNRd’
= — = 1—(b—-b),—— 7.
=000 max{ ( )’2+m}
Usually, for conservative semigroups and Markov chains [54, 40], Theorem 2.1 is stated and

used with one single function Vi = V3. The contraction in total variation then gives the ex-
ponential convergence of the sequence (uP™),>¢ to the unique invariant measure. Hereafter, a
time-inhomogeneous semigroup is involved and a suitable family of functions Vj is considered.

2.2. Auxiliary conservative semigroup and Lyapunov functions. To exploit the previous
estimates, we need to consider a relevant conservative semigroup associated to M. Let us fix a
positive function g € B(V) and a time ¢ > 0. For any 0 < s < u < t, we define the operator

Ps(ff ) acting on bounded measurable functions f through

My _s(fM;_
P f = —toe j\;f t=ud) (2.4)
’ t—s9

We observe that the family P(*9) = ( Ps(,tqlg))o<3<u<t is a non-homogeneous conservative semi-

group (or semiflow, or propagator), meaning that for any 0 < s <u <wv <t,
PLOPEY = PO

It has a probabilistic interpretation in terms of particles systems, see e.g. [50] and references
below. Roughly speaking, it provides the position of the backward lineage of a particle at time
t sampled with a bias g.

The particular case g = 1:
Mufs(fMt7u1>

Mt—s]- ’
corresponds to uniform sampling and has been successfully used in the study of semigroups, see
[26, 27, 5, 20, 50, 7]. In particular [20, 7] obtain quantitative uniform exponential estimates of
M in the particular case K = X. More precisely, when K = X, [20] guarantees the equivalence
between assumptions (A3)-(A4) for M and the Doeblin assumption (2.2) for P®Y). However,

PV f =
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for several examples these conditions do not hold on the whole space X', see the applications of
Section 4. Such conditions are valid only on some (compact) subset K C X. A counterpart of
Harris ergodic theorem for non-conservative semigroup is then expected and obtained below.

Whenever possible, the right positive eigenfunction of the semigroup provides another relevant
choice for g. More precisely, if there exist a positive function h and a real number A such that
M;h = e*h for any t > 0, then (2.4) simplifies for g = h. Indeed,

M,(hf)

ersh

is a conservative homogeneous semigroup P. This transformation is usually called (Doob) h-
transform and we refer to [29, 60], [30, chapter VIII] or [65, Section 39 p.83]. It allows to derive
a Markov process from a non-conservative semigroup. This transformation provides a powerful
tool for the analysis of branching processes and absorbed Markov process, see e.g. respectively
[47, 32, 22] and [29, 23]. Let us explain here how to apply Theorem 2.1 with (Ps)s>0 and get
the asymptotic behavior of M. Inequality (2.1) with V5 = V; and P = P, reads P.Vp < aVp +¢
and that latter writes M, (Voh) < aVph + ch in terms of the original semigroup. This inequality
is guaranteed by (A1) by setting V' = Vph and ¢ = h. Additionally, Equation (2.2) corresponds
exactly to (A3). Thus, in cases we know a positive eigenelement h, checking (A1) and (A3)
with (V, h) allows to derive ergodic estimates for M using P and Vo = V/h.

h
Pf=pP"N =

In this paper, we deal with the general case and consider a positive function v satisfying (A2).
We introduce the following non-homogeneous conservative semigroup

Mu—s(fMt—uw)

Mtfs'(/) )
In general and at least for our applications, 1) will be not an eigenelement or 1. Nevertheless,
the analogy with the h-transform above suggests to look for Lyapunov functions of the form
Vo = V/4. The family of functions V/My,1 actually readily satisfies (2.1). But their level sets
may degenerate as k — 0o, which raises a problem to check (2.2). We compensate the magnitude
of My and introduce the functions

Mk‘rw V
Vk =V ( ) . 2.6
7/} Mlmﬂ/} ( )
The two following lemmas, which are proved in Section 3.3, ensure that (V)r>o indeed provides
relevant Lyapunov functions with Doeblin’s condition satisfied on the sublevel sets for P®*).

PO f=PEYf = (2.5)

Lemma 2.2. For allk >0 andn >m > k+ 1, we have

P(nT) anm S aank‘ + c,

kT,mT

where 9

o

a=— € (0,1), c=——>0.

Ol (=)

Lemma 2.3. Let R > 0 and set
2R (a+0)
p= {WJ +1 (2.7)
log(3/cx) ' '

Then, there exists a family of probability measures {vi ., k < n} such that for all0 <k <n-—p
and x € {V,_p <R},

(nT)
6acPk.,.7(k+p).,. > bug g,
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where b € (0,1] is defined by

(cd(B — ))*B 1
20(a+ 0)(aR + 0) Z (a/er)s

with R = supg V/4 and r = (8/(a(R+0/(8 — @) + 0))>.

b=

We can now state the key contraction result.

Proposition 2.4. Let (V, ) be a couple of measurable functions from X to (0,00) which satisfies
Assumption A. Let R > 2¢/(1 —a), b’ € (0,b), a’ € (a+2¢/R,1) and set

b’ 2 4+ kRa’
= — = 1—(b—p) 27
B A e
Then, for any p1, pe € M4 (V/1) and any integers k and n such that 0 < k <n —p,
(nT) (nT)
||N1Pm Getpyr — H2Phr (opyr HM(HRVR ) = <0l = p2llpmasny, 4 -

2.3. Quantitative estimates for non-conservative semigroups. We now derive from P
the expected estimates for the original semigroup M, under the conditions of Proposition 2.4.
Using notation introduced in the previous section, we set

2+ KR
with b’ € (0,b) and o’ € (a + 2¢/9R, 1). Let us first consider the existence of eigenelements.

Lemma 2.5. There exists h € BL(V) and A € R such that for allt >0

2 I
p:max{t),ap}:max{l—(b—b’),m,ap} € (0,1), (2.8)

M;h = eh.
Moreover,
w q
v <h<
() sare
with ¢ = log(er)/log(a) > 0 and there exists C > 0 such that for all p € M4 (V) and t > 0,
pMp ’ (V)2 14
h) — c ZLiEN 2.9
W= gy | = ui) 29
Lemma 2.6. There exists v € M4 (V) such that v(h) =1 and for all t > 0,
Y M, = e M.
Moreover, there exists C' > 0 such that for all t > 0 and p € M4 (V),
V() pMi(-) ’ <o (u(V) L9 >pu/m_ (2.10)
v(¥) pM () M(1+kVo) w@p) B«

Using Lemma 2.6 and (A0) and (A1), we have e*™y(V) = yM,V < (a+80)y(V) and e () =
yMyp > By(3). It yields the following estimate of the eigenelement
log(8) _ , _ logla+6)

T - T

(2.11)

We can now provide quantitative estimates for the exponential convergence to the profile given
by these eigenelements.
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Theorem 2.7. Under Assumption A, there exists C > 0 such that for all p € M (V) andt >0
we have

V) ¢ .
|| My — We/\tu(h)HM(V) < C/;((w))e “ min {,thq/J,,u(V)eM} , (2.12)
where )
p— T > 0.

pT
Remark 2.8. The rate o of exponential convergence is explicit in terms of the constants in
Assumption A. Notice that o is not equal to the spectral gap w in Theorem 1.1, which is obtained
by applying Theorem 2.7 with (V,h/||h||gry) after having checked that this couple satisfies As-
sumption A with other constants, see forthcoming Section 3.5. We recall that these spectral gaps
and multiplicative constants are explicit in the proofs.

Finally, the renormalisation of the semigroup by its mass M;1 may also be relevant for appli-
cations. Let us mention in particular the study of the convergence of the conditional probability
to quasi-stationary distribution and the study of the typical trait in a structured branching pro-
cess, see respectively Section 4.1 and e.g. [7, 50, 51]. For the sake of convenience, we use the
notation P (V') for the set of probability measures which belong to M(V).

Corollary 2.9. If Assumption A holds and infx V > 0, there exist C > 0 and w € P(V) such
that for every p € M (V) and t > 0,

i

s < MV et (2.13)
t

o M(h)

2.4. Sufficient conditions: drift on the generator and irreducibility. Assumptions (A0)-
(A1)-(A2) can be checked conveniently through conditions on the generator £ of the semigroup
(My)¢>0. We give here such sufficient conditions by adopting a weak but practical definition of
the generator, which can be seen as a mild formulation of £ = 0; My,_,, similarly as in [39]. For
F,G € B(V) we say that

LF=G
if for all x € X the function s — M,G(x) is locally integrable, and for all ¢ > 0

t
M F = F+/ MG ds.
0
In general for F' € B(V), there may not exist G € B(V) such that LF = G, meaning that F is
not in the domain of £. Therefore we relax the definition by saying that
LF <G, resp. LF > @G,
ifforallt >0

¢ t
MF — F < / MG ds, resp. MF — F > / MG ds.
0 0
We can now state the drift conditions on £ guaranteeing the validity of Assumptions (A0)-(A1)-

(A2). For convenience, we use the shorthand ¢ = v to mean that ¢ < ¢ < 1.

Proposition 2.10. Let V,¢,p : X — (0,00) such that v <V and ¢ ~ 1. Assume that there
exist constants a < b and ¢ > 0, £ € R such that

Then, for any T > 0, there exists R > 0 such that (V,v) satisfies (A0)-(A1)-(A2) with K =
{V <Ry}
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This result will be useful for the applications in Section 4. We provide now a sufficient
condition for (A3)-(A4).
Proposition 2.11. Let K be a finite subset of X and assume that there exists T > 0 such that
for any x,y € K,
5. M-({y}) > 0.
Then (A3)-(A4) are satisfied for any positive function ¥ € B(V).

This sufficient condition is relevant for the study of irreducible processes on discrete spaces. We
refer to Section 4.1 for an application to the convergence to quasi-stationary distribution of birth
and death processes. As a motivation, let us also mention the study of the first moment semigroup
of discrete branching processes in continuous time and more generally of the exponential of
denumerable non-negative matrices, for which irreducibility is generally easy to check.

We end this part by noting that Propositions 2.10 and 2.11 provide explicit constants for
Assumptions (A0)-(A1)-(A2) and (A3)-(A4), see the proofs in Section 3.6.

3. PROOFS

3.1. Conservative semigroups: proof of Theorem 2.1. For any function V : X — [0, c0),
let us define the distance disty on X by

0 r=y
24+ V() +V(y) z#y
We also introduce a semi-norm on measurable functions f : X — R defined by

[f(x) = f(y)]
disty (z,y)

disty (z,y) = {

Hf”Lip(V) = sup
T#Y
and the associated (Wasserstein) metric on P(X) given by

disty (u1, p2) = sup / (@) (1 — p2)(dx).
1l <12

We know from [40, Lemma 2.1] that for any couple of probability measures p; and po

disty (p1, p2) = [lpn = p2ll pagv -

The proof of Theorem 2.1 given below is a direct adaptation of the proof of Theorems 1.3 and 3.1
in [10].

Proof of Theorem 2.1. Let f be a test function such that ||fHLip(mVo) < landtakez #y. Fixa' €
(a+2c¢/M,1) and b’ € (0,b), and set k = b'/c and y = max {1 — b+ b, (2 + kRa')/(2 + kR)}.
Considering successively the cases Vi(x) + Vi(y) > R and Vi(z) + Vi(y) < R as in [10, Proof of
Theorem 3.1], and using (2.1) and (2.2), we obtain

so that
1P fllLip(evyy < 9-
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Finally, for any probability measure pq and po,

distey, (1P, psP) = sup /X Pf(a) (i1 — pa) (der)

1F leapgevg) <2

s suwp / Pf(x) (1 — po)(de) = pdist,er, (1, p2)
”PfHLip(mVI)SU X

and the proof is complete. O

3.2. Preliminary inequalities. We first give useful inequalities which are directly deduced
from iterations of inequalities in Assumption A. For all ¢ > 0, let us define the following operator

M, : f— My(1gef)

and for convenience, we introduce the following constants
0 V
©=——, R=sup—,
B -« R
which are well-defined and finite under Assumption A.
Lemma 3.1. For all k > 0, we have
i)
MEM.V < oF M.V,

ii) for all p € My(V),

pM Vo enlV)

)
pMirp = p(e) o

i) for allx € K andn >k,

Mn‘r’l/](x) S (Oé(R + 6) + e)kM(nfk)'rw(x%

i) for allx € K, and f € By (V/y),
My (fY) (@) > crgprv(f) Mgy (),

where

Ch1 = kTt <ﬂ>k . (3.1)
a(R+0©)+46

Remark 3.2. We observe that (cx)r>1 s a decreasing geometric sequence. Indeed (A0), (A1)
and (A2) ensure that on K

B < Mo < M;V < (aR+0)y,

so that B < (aR+6) < (a(R+ ©) + 0). Together with the fact that ¢ < 1, we get that (ck)r>1
18 a geometric progression with common ratio smaller than one.

Points ¢) and 4¢) of Lemma 3.1 are sharp inequalities , while iv) extends Assumption (A3) for
any time.
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Proof. Using (A1) we readily have 1x. M,V < oV and i) follows by induction.
Composing respectively (A1) and (A2) with My, yields

M11),V < aMy:V + OMi-tp; Mgq1)-9 = BMpyrth.

Combining these inequalities gives

M(kJrl)TV < aMkTV + Q
M(k-‘rl)‘rw - Mde} B

and 47) follows by induction recalling that a < 1.
By definition of R we immediately deduce from i) that for any = € K,

MkTV(Z‘)

M 0(2) <R+0.

Combining this inequality with
Myprt) < M1y M7V < My_1y,(@V 4 01),
coming from (Al) and ¢ <V, yields for z € K,
My 9(2) < (a(R + ©) + 0)Mg,—1)-1(2).
The proof of iii) is completed by induction.
Finally, let x € K. We have
Mnyy)- (fP) (x) M (Myr (f1))(2)

M 41y () Mpy1)-9()
M, (fll))) M y(x)
= ( b ) Mone(@)’

using (A3) with the function M, (fv) /¢. Besides,

, <Mm¢(f¢)> _, (MT(M(n;)T (fi/f)))

> cv (V <M(n11)p7' (fd’)) MQZ’L/)) > fv <M(n112}'r (f¢)> :

using again (A3) and (A2). Iterating the last inequality and plugging it in the previous one, we
obtain

My 1yr (f)) (2)
M(n+1)r¢($)

Moreover, for x € K, we have

Mpi1)-(2) < ((R+ 0O) + 0)" Mrp(x)

M ()

> n+1 on
= B M(nJrl)TT/)(x)

v(f)-

using #ii). We obtain for all z € K:

M1y (fY) (o) bl L n )
M(n-i—l)r‘/)(l‘) = (a(R+@) _|_9) (),

which completes the proof. |
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3.3. Contraction of P®): proofs of Lemmas 2.2 and 2.3 and Proposition 2.4. The
following statement proves that (Vj)r>o is a family of Lyapunov functions for the sequence of

operators (P,g (L+1) Jo<k<n—1-

Lemma 3.3. Forallk >0 and n > m > k, we have

m—

A )
Proof. By definition of Vj in (2.6), we have, for 0 < k < n,
MT VTL— Mnf T M’I’L* T MT
P((:_Ti)r orVn—k = Vo Min—19r) = u( (n=k) 1/J> 4
’ M(n—k+1)rw w M(n—k-‘rl)Tz/}

Using (A1) and (A2), we have M,V < oV + 0¢1x and M,_j),% < M(y_p11)-/B. We obtain
from the definitions of a and V,,_j,1 that

Mp—iy+ 0 01
(nT) V. V. (n—k)T K
P n—k < aVio_k +v ( ) .
(k=1)7,kT +1 m M(n—k+1)f¢

Besides, combining (A2) and (A3) with f = M, ;¥ /¢, we get

, (M(nk)'rw> Yik 1k
(0 M _py1)-0 — B

The last two inequalities yield

nT alK
N A

B

and the conclusion follows by iteration using that P,ET n)L‘rV = PISZT(L 1y P((:ZT)I)T N 7S

Proof of Lemma 2.2. Using that P,g;”(z - (1x) < 1 and a < 1, it is a direct consequence of

Lemma 3.3. 0

Using (A3) and (A4) and following [20, 7], we prove a Doeblin condition (2.2) on the set K for
the auxiliary semigroup P®). However, K is not in general a sublevel set of V. This situation
is reminiscent of [40, Assumption 3| and we adapt here their arguments. For that purpose, we
need a lower bound for the Lyapunov functions (Vj)r>0, which is stated in the next lemma.

Lemma 3.4. For every n > 0, we have

M-
(4

dlM(n—&-l)Tw <v < > MTV and Vn > d2,

with
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Proof. First, using (A4),
dM('rH»l)‘r’(p = dMT [1KM’!LT¢ + 1KCM’ILT¢]

<Mnr¢
G

<v

) Mq—'(/} + d]/W\TMm¢
Then, by iteration, using (A2) and ¢ <V,
MnT = AT Mnr n i~
Mt <v (M) Y g R < v (M) Y goRtL Y.
v )2 v )2
J J
Hence by Lemma 3.1 i)

dM, <
(n+1)‘rw =~ 1_a

1 (me
v

G

and the first identity is proved. From the definition of V,, we deduce

M(n+1)7w |4 B
> > =
Vi zdi My M,V = h

by using successively (A2), (A1), and ¢p < V. O

)y

da

We now prove the Doeblin-type condition (2.2) for the auxiliary semigroup.

Proof of Lemma 2.3. First, we introduce the measure v; defined for all integer 7 > 0 by

Vi(f)=V<f]\Tb>-

For any » € K, j < k <n, we have using Lemma 3.1 7v) with the function fM,_py-9 /1,
Mo j1yr (FMn-r)r)) () Mg—j+1)r¥ (@)
Mn—j+1)-9(2) Mn—j+1)r¥(@)
for any nonnegative measurable function f. Then, Lemma 3.4 and (A2) yield
(n7) Vn—k (f) M—jr1)- () i i Vn—k () Myap(x)
P > dycp_; > dycp_; J .
(J—l)T,ka(‘T) Z A1Ck—j+1 Vn,j(].) MTV(.%') = A1Ck J+16 Vn,j(l) MTV(.’L')
Recalling from (A1) and (A2) that for z € K,
Moy(@) |8
M, V(z) — aR+6’
and from Lemma 3.1 4i7) and v(K) = 1 that

ank(l) > 1
Vn—;i(1) = (a(R+ ©) + 0)k—3’

(n7) _
P(j—l)T,k‘Tf(x) =

> Ck—j+1 Vn—k (f)

we get for x € K,

P((;—Ti)f,kff(ﬁ) > pj

where

2
g B _ B
ai=he T TmTgT T (a(R+@)+9) ’
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The previous bound holds only on K. We prove now that the semigroup charges K at an
intermediate time and derive the expected lower bound. More precisely, setting

. ) )
a aR+6 a\J
w; = o and Sy = sz = 704).]-; (g) ,
Weobtainforkgn—landlgégn—k,
k+£

(n7) (n7) (n7)
R Z Wht 5P G0y PGy oy ()
] =k+1
| R

> = P 1P > i) Znok=to)
Sy J;AWHE T (J 0BG s ) 2 B Un—k—e(1)’

where the last inequality comes from (3.2) and
k+2

L nt
() Z qk+e- JPISTL; b (1K).
j=k+1

To conclude, we need to find a positive lower bound for B! L which does not depend on k
or n. For that purpose, we first observe that the second bound of Lemma 3.4 ensures that

PIEZT(LH)TV'L—R—Z > dy. Using now Lemma 3.3 yields

k+¢

¢
k40— (nT) d2 —a Vn—k
§ : a ijT (53— 1)7’1 EC/BT’
j=k+1

for n > k4 £. For x € {V,,_, <R} and ¢ = p defined in (2.7), we get
do 2 B3d2 1
208, ~ 20(a+0)(aR+0) " (a/er)
which ends the proof. U

BY) > cp

Proof of Proposition 2.4. Let n and k be two integers such that 0 < k < n — p, and consider
R > 2¢/(1 — a). According to Lemmas 2.2 and 2.3, the conservative operator PIE"T(L L p)- Satisfies
condition (2.1) with the functions V,,_;_, and V,,_j and condition (2.2) with the probability

measure vy . Applying Theorem 2.1 then yields the result. 0

3.4. Quantitative estimates: proofs of Lemmas 2.5 and 2.6 and Theorem 2.7. The
proof of Theorem 2.7 is split into several lemmas. We introduce the following constant

M
Co = sup max{‘ “/V ‘ , L }, (3.3)

s<pT
which is finite under Assumption (A0). We also consider for every u € M (V) the family of
operators (Q4');>o defined by

M, (¢
My (1)
for f € B(V;). Fixing the measure pi, the operator f — Q! f is linear. Observe that Q% = 6$P(§ft)

so that Proposition 2.4 implies contraction inequalities for §, — Qfﬁn. Notice that p — Qhpr
is non-linear and forthcoming Lemma 3.7 extends the contraction to general space of measures.
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Then, in Lemma 3.8, we extend the inequalities to continuous time by a simple discretization
argument. Finally, we prove the existence of the eigenvector and eigenmeasure, respectively
stated in Lemma 2.5 and Lemma 2.6. The section ends with the proof of Theorem 2.7.

Let us first provide a useful upper bound for V. For that purpose, we set

log (2(1+6/a)(© + R)) 2(a(R+©) +0)p+1.

1 C) = 3.4
log (1/a) - cep 1 P (34)
where (¢)g>0 is defined in (3.1).
Lemma 3.5. For all positive measure p such that
n(V)
Br) <9 41R, 3.5
n(¥) (35)
we have for all k > p,
M/mﬂ/}) ,UJMle[}
vl —— ) <C . 3.6
< v " u®) (30

The idea is the following: condition (3.5) ensures the existence of a time p at which the
semigroup charges K. Then, (A3) yields (3.6). It will be needed in this form in the sequel, but
could be extended to more general right hand sides in (3.5).

Proof. Recalling that M, = M, (1ke - ) and using that for all g € B(V'), M 41)r9 = M7 (1 My-g)+
]\//.TT(MkTg), we obtain by induction

k
Myrg = ng + ZMf_jMT (1KM(j71)‘rg) .
j=1
Let g = $1k. Using Lemma 3.1 iv) with f = 1x and that v(K) = 1, we have

k
Myr (1)) > > MFI M, (1 Mj-1)- (1))
j=1
k —~ .
> ch—leﬂMr (LxMg—1)+)
j=1

k
> 1y (MEI Mo = MEIM: (Lice Mg -1)t))
j—l

= Ck—1 Z (Mk I M, ]/W\f_jHM(j—l)Hﬁ)

— ek (Mw - M),

with the convention that ¢y = 1. Then, using (A2) and the fact that ]\//wa < M\fflMTV together
with Lemma 3.1 7) yields

Myr (1)) > cpo1 (B — o 1M, V).
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Next, (A1) and the fact that V' > ¢ yield
Myr (1gtp) > o1 ¥ (¥ —aF (140/a) V). (3.7)
Using the definition (3.4) of p and the fact that a < 1 ensure that a?2(1+6/a)(© + R) < 1,
and (3.5) yields
a (1+0/a) (V) < ()2
Then, (3.7) becomes
UMyr (1ich) > cp1 B u(v) /2. (3-8)
Using
,U'Mn'rw > NMpT(]-KM(n—p)Tw) = ,U'Mp'r(lKMT((M(n—p—l)Tw/'L/J)w))
for n > p and successively (A3) with f = M,_,_1),%/¢, (A2) and (3.8), we get
Mn— -1
MMnTw Z Ccpflﬁp-‘rl N(¢>V (n—p-1) w .
2 (G
Finally, combining this estimate with Lemma 3.1 ¢ii) ensures that
M'rlfw) 1 (M(npl)*rw> MMm¢
v —/— ) <(a(R+0O)+ 0Pty | L") <O ———,
(%) < atrror+) v )
which ends the proof. O

Lemma 3.6. For all positive measure p such that

u(V)
m <O+R,

we have for all s > pr,

Mg /NMsw
”< v )SCl ()

where C} = C2C1R.

Proof. Let uw = s — |s/7|7. First, by definition of Cy in (3.3), we have

M) > Cylap. (3.9)
Moreover, for x € K, using that ¢¥» < V and the definition of R, we get
Myyp(z) < M,V (x) < CoV(z) < CoRyp(x). (3.10)
Then, using successively (3.10) combined with the fact that v(K) = 1, Lemma 3.5, and (3.9),
we get
Msw) (M[s/rjr/lp) /’[’MLS/TJT,(/} /MMS'(/)
v|{—— | <CoRv | ——=— | < CyRC <C ,
( v ’ v @) ")
which ends the proof. O

In the next lemma, we generalize Proposition 2.4 to the families (Q}p;)n>0. Recall that p is
defined in Lemma 2.3, x and y are defined in Proposition 2.4 and p is defined in (2.8).
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Lemma 3.7. For all measures p1, 2 € My (V/9Y) and all n > 0 we have

V) | we(V)
Zl'r - ZzT < Cop" /~L1( + ) 3.11
s ’ HM(H”V‘)) =P <M1(1/)) pa () (3.11)
where

Oy = max {2a—p +KCy (1420a77),2(1+ kO)a~PHP) 4 m} (3.12)

with Cy, p defined in (3.4).

Proof. Fix py, po € My (V/9), f € B(V/Y) with || fll314rv,) < 1 and an integer n > 0. Set

p(V) | pa(V)
= log (m(w) + MZ(¢)) 1 (3.13)
plog (1/a) ’

and for convenience,
n=4prn, m=p7rm.
By definition of the auxiliary semigroup in (2.5), we have
w1 My (1)) paMnth — pa My (f1p) p1 Mutp

= [ sto) Moty (FZ000 - Bl )y

5:Pos — 8, Py

< [ M) Mus(o)
X
Using Proposition 2.4, we get for n > m,

/ffan(f¢) oMyt — N2Mn(fw) 1 Map (3’14)
<o | Mowte) Mus(y) oy @A)

Using the definition of the norm on M (14 £V{;,_p,)p) and the definition of V{,,_,), in (2.6), we
obtain

d dy).
M<1+w0>’“( ) pi2(dy)

61P0(:3 - 6yP0(,‘2x

5, Py — 5, P") 5, P — 8, P | (dz)

</X(1+f<aV(n_m)p(z))

MQA+6Vin—myp)
Moot (Ml (2) | MaV ()
(G Mup(z) — Matp(y)
Combining this inequality with (3.14) and p > v, we get
QU f—Qf
_ pr My (1)) paMuth — o My (f4) pn Mutp
Man¢-,u2Mn¢
_ _ Mn—m¢> (NleV N2va>)
<" 207"+ ko "V + .
p ( P r ( 1/) /LlMu'(/} ,UQMH'(/}
We now bound each term of the right-hand side. First, using that a? < p and (3.13), we have
(V) M2(V)>
ab < pm ( + . 3.16
() p2() ( )
Second, Lemma 3.1 i7) ensures that for p € {u1, pa},

L LA L 3.17
WM = () T (3.17

S2+/€V(

(3.15)
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Besides (3.13) also guarantees that for u € {1, p2}.
() —

It means that that the positive measure pM,, satisfies inequality (3.5), since 1 < R < R+ ©.
Then, Lemma 3.5 applied to uMy, with k = (n —m)p yields for all n > m + p/p,

My_wtv\ pMn,V Mg My pMyV uM,V
14 S Cl S Cl .
( uMy uMy uMyp puMuptp
Finally, using again (3.17) and (3.16), we get

v <Mnm'¢)) </~L1va + NZMmV>
(0 1 Mytp po M)

piMa Vo pa MV —p\ m (,Ul(v) ,U2(V)>
=G <M1Mm¢ * ,uszw) < Gi(l +26a7F)p pa () * pa(v) )

Plugging the last inequality in (3.15) ensures that for all n > m + p/p,
(V) uz(V)> n
pa()  pa(¥)
To conclude, it remains to show that (3.11) also holds for n < m + p/p. We have
1M 1% ,U/QMnV

M1 H2 < H1 K2 < 2 A
||Q Q ||,/\/l 14+xVp) HQ HM(1+HV0) + HQ HM(IJran) Tk Iuanw + K:/JQMHw

a

Qi f— Q2 f < (2a7% + kC1(1 4 20a77)) (

Using again (3.17), we have for g € {u1, ua}

M

pMatp = p(e)) T o)

so that

Vv %4
1QE — Q2 pyrmagy < 2 (14 #O) + rp” (“1( ) . el >).

Jr
pa()  p2(¥)
Finally, p > a® and n < m + p/p and (3.13) yield

| < pra—(EHmp) = (Hp) q—(m=1p < (o) (ﬂl V) V)> 7
- pa(¢) (%)
and we get
(V) (V)
W ey < "( 2(1 + kO)a~ PP 4k (M )7
QR = QR pmrnvy) < 2™ (2( ) @) @)
for all n < m + p/p, which ends the proof. O

We now extend the previous lemma to continuous time.

Lemma 3.8. For all py,p2 € M (V/¥) and all t > 0,

V) |V
18 — QU parmvs < Cap u/m< p (V) | pal )),

Jr
() p2(¥)
where C%y = C2Cy and Cy, Co have been defined in (3.3) and (3.12) respectively.
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Proof. Let n = [t/p7] and § = ¢ — np7 € [0, p7). According to Lemma 3.7, we have

to MO T Mg Mot M Mo
M M
< C2pn (/1’1 5(V) H2 J(V)> )
i Ms() e Ms(¥)
Using the definition (3.3) of Cj for the last term ends the proof.

M(1+£Vp)

19

O

We have now all the ingredients to prove the existence of the eigenelements and the associated

estimates. We start with the right eigenfunction and preliminary estimates.

Proof of Lemma 2.5. We define
n() =v(-/¥)

My My

and, for ¢ > 0,

M= L)~

The proof is divided into four steps. We begin by giving preliminary estimates on M. Next,
we show that h; converges in B(V?2/1) as t — oo. Then, we establish that its limit A is an

eigenvector. Finally, we give a lower bound for h.

Recalling the definition of Cp in (3.3) and using the first part of Lemma 3.4 and (Al), we

obtain for any ¢ > 0,

Myp(z) < CoM(4/7j41)r(x) < Cody ' (a + 0) (1M 1/7 ) )V (2).
Using now M |; /7 |- < CoMytp, we get

My < Cgdy (o + 0) (nMy) V.
Since || M) /Y]l g14xv,) = Supx Mt/ (¢ + KV'), we get for any t > 0,
‘ Ml/t’w B(1+xVp) < Codi (ot O)nis) LU RV = Cg(doi: :
Using again the definition of Cy, we get
NMyysth > C (M 4/ )7 ) (Mt)).

Besides, from Lemma 3.1 (ii) and the fact that V < Ry on K

MM \¢/r-V Lt/7]
TR/ < gty (V) +© < R+ O,
M)z -0 V)

0 pu = nM|;/7 |, verifies (3.5). Lemma 3.6 applied to u gives for all s > pr,

—1
(MM /7)) (Msyp) > O (M |17 79) (nMs2)).
Putting the two last estimates together, we get for all |s/7] > p

nMyystp > (CoCh) ™ (M 47 -20) nM3).

M.

(3.18)

(3.19)

(3.20)

(3.21)

We can now proceed to the second step: the convergence of (h;)i>o. Let pr € M4 (V). We use

that
_ pMyy s/ pMy)

p(hiys) = S YAy YAY p(he)
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to obtain that
M, My 1
|M(ht+s) _ﬂ(ht)| < ‘,LL t+ w _ niVig 4 1/} m
puMp nMyp | nMyy1p /nM)

o Msw> n(Msw)‘ My
‘Qt< v )9\ )

(ht)

Then, Lemma 3.8 yields

|u(hiys) = p(h)| < Coptt/Pm]

.
P

B(1+xVo) <Z((:;)) v (Z)) % (3.22)

Plugging (3.18), (3.20) and (3.21) into (3.22) yields for all |s/7] > p
‘ (h )7 (h )l <C4C/Cl (CM+0)2 [t/pT] <M+V<V>) (V)
Hiys) — )| = G Ly 2 B P 1(¥) ¥ BV

2
1

Recalling that v <V, V < Ry on K and v(K°) =0, we get for all |s/7] > p

uhera) = ko) < Capl* (3.23)

with C3 = C§C1C4 (a1 0)" (1+ R). Taking p = 6, we deduce

2
dik

hers — haellBvzyp) < Capt/PTl.

By Cauchy criterion, this ensures that h; converges as t — oo in B(V2/4)) to a limit denoted by
h. Moreover from Lemma 3.4, we have that do < V,, = V/h,,, and letting n — oo yields

h<dy'V. (3.24)
Letting s — oo in (3.23) implies (2.9).

We now move on to the third step and check that h is an eigenfunction. For all z € X', we

have
Msw Mt+sw(x) _ ( quzb )
M, = 0, M, .
! t<nMsz/J> M\ ML

Letting s — 400 in this identity and using boundedness condition from (3.19), we get
(nMih) . h(xz) = Mh(z).
Hence & is an eigenvector of M; associated to the eigenvalue nMih. Moreover,
M sh = nMy(Msh) = (nMsh) . (nMih),

and t — nMh is locally bounded, since from (3.24) and Assumption (A0) we have that Mh
MV < Von [0,T] x X for any T > 0. Then, there exists A € R such that for all ¢t >
nMh = e n(h) = e, since n(h) = 1, and this completes the proof.

S
0,

Let us proceed to the last step and show that h is lower bounded. Combining the fact that
My > My (L My 0) = My (L M ((M(y—i—1)-0/9)1)))
for all k < n with (A3) and (A2), we get
M2t > eB(nMn—g—1)7%) M7 (1 ¥).
Recalling (3.7) and dividing by nM,,-1, we obtain

Mz > cBey—1 (B — o (a+0) V)

T]M(n—k—l)rw
nMpcp —

nMy 9
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Let n — oo, the left-hand side converges to h and using from Lemma 3.1 iii) that

T]M(n—k—l)T’ll) N 1
My~ (a(R+0©) 4 0)F

and recalling the expression of ¢ in (3.1), we obtain

h>c(cr)” <1/1 - aklage‘/) .

Considering now
() B
log (V(z) 2(a+0))

k=k(z)= og(a) +2,
and recalling that 7 = 32/(a(R + ©) + 0)? ensures that
) — 120y > /2.
We get .
h>d @) ¥,
with ¢} = c(cr)zﬂog(%)/log(a) /2> 0 and ¢ = log(cr)/log(a) > 0. O

Remark 3.9. Notice that the eigenfunction h built in this proof satisfies v(h/v) = 1 and the
constants in (V/)1 < h <V depend on this normalization. If we normalize h such that
|hllsevy =1 as in Theorem 1.1 we get cyda (p/V)? ) <h < V.

We consider now the left eigenelement.

Proof of Lemma 2.6. Let us use again n = v(-/v). Applying Lemma 3.8 to u1 = n and pus = nMj,
we get for ¢,s > 0,

1% nM;V
no_on ! olt/pT] Z 5
||Qt+s Qy HM(H—HV@) < Gy (V (1/,) + 77Ms¢> :
Then, using Lemma 3.1 4i), V < Ry on K, v(K) =1 and the definition of Cj in (3.3), we have
1Q%s s = Q¥ yrrgy < Coplt/P™ (R +C2al/TIR 4 @> _

Therefore, the sequence of probabilities (Q}):>o satisfies the Cauchy criterion in M(1 4+ xVj)
and it then converges to a probability measure 7 € M(1 + V). Similarly, applying Lemma 3.8
to w1 = p and ps = nMs, we also have

T ILL(V) s/T
1Q2 = @l pursvay < Cool (u(w) b2l R 4 @>

for any p € M(1+ kVp). Letting s tend to infinity yields

(v .
I = Q¥ ey < Ca (//i((i//)) + 9) pl/PTl (3.25)
Now, we have w(h/v) < 7(V/y) = 7(Vp) < +00 and we can then define v € M(¢p + V) by
V() = m(f /)

— w(h/y)
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for f € B(y 4+ kV) = B(V). Observe that y(h) = 1. Next,

QU o(f/6) = QI(M. f /i) 1MV

NMyyst
Applying (2.9) to p = nM and p =,

M,
nM;p o NS
NMyi s t—+o0

(3.26)

Then, letting t — oo in (3.26), we obtain

w(f /) = m(Msf/$)e™,
which ensures that 7 is an eigenvector. Adding that 7(f) = v(fv)/v(¥) since 7 is a probability
measure, (2.10) follows from (3.25). O

Proof of Theorem 2.7. Using that

I — Q|| _ S V() _ th(ﬁ/})‘ _ H T Py ‘
FIMAERYO) st | V() pMyyp YW) M| jpppmvy
and multiplying (3.25) by uMzt), we get
H s < CL vl ( (V) +@) M, (3.27)
M(P+£V) ()

Moreover, h € M(y + KV) since h < V. As y(h) = 1, the previous inequality applied to the
eigenfunction h yields

pMp At 1t/ pT </~L(V) )
— p(h)er| < Chplt/PT [ 22 4 o) uMyyp.
ey | < e (505 0)
Then, recalling that ¢ <V, we have
Y At M) At
s = ()| S RO [T (3.28)
@) M(p+rV) V(%) M)

<y pliser) (u((w)) + @) uMyp x (14 K)y(V).

Combining (3.27) and (3.28), by triangular inequality, we get

14
|| My — e pu(h HM (Y+rV) = < Cyplt/v] (N((i/f)) + ®> pMyrp (L+ (14 £)y(V)) -
This gives the first part of (2.12). Finally, by integration of (3.18)

pMp < Cody (o + ) (M7 1240 /%) (V).

Adding that v(V)/v(x)) < © according to Lemma 3.1 i) and M|/, |, = M/ 7Ty from
Lemma 2.6, Lemma 3.5 applied to p = 7y yields

V(M7 )59/1) < Crer Tl
for ¢ > pT and we obtain
puMyp < CoCrdy (o + 0)elM (Ve
It proves (2.12) for t > pr with
C=Cy(1+0) 1+ (1+r)y(V))max(1,CoCrdy (o + 0)eA7).
The fact that (2.12) holds for some constant C' also for ¢t < pr is a consequence of (A0). O
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Proof of Corollary 2.9. For convenience and without loss of generality, we assume that V' > 1.
Then, (1) < co. Next, if 4(1) = 0, then y(X) = 0. In this case, v = 0, which is absurd because
v(¥)) > 0 and ¥ > 0. Therefore, (1) > 0.

We set 7(-) = v(+) /(1) and we have by triangular inequality
’ pMy < H pMy '
— <|\|—= -
M1 TV MMtl M(V)
He_/\t,uM —me MuM, 1”
uM 1 vy
e —At _ P\
< UM, 1 {He Py 'Y,U(h)HM(v) + |’Y(1)/’J(h) € ,UMt1| W(V)} :
From (1.2), we can deal with the first term of the right-hand side and
||efMth — (h)HM(V) < Cu(V)e v,
Using this estimate with V' > 1, we can also control the second term and
[y (D)p(h) — e M uM1| < Cp(V)e ™. (3.29)
Combining the three last estimates yields
p M e —wt
— <C V)e " (1 + w(V)). 3.30
A, S gtV R (3.30)

Now on the first hand, Equation (3.29) also gives
e MMl > y(1)p(h) — Cp(V)e ™!

and for any ¢ > t(p) = Llog (%%), we have

e MuM1 > p(h)vy(1)/2. (3.31)

Plugging (3.31) in (3.30) yields (2.13) when ¢ > t(u). Otherwise,

H /LMt S 1 < e*"-’te"-’t(ﬂ) < CN’(V) efwt7
pMil 1(h)
which ends the proof. O

3.5. Proof of Theorem 1.1.

Proof of Theorem 1.1 (i). We assume that Assumption A is satisfied by (V,v) for a set K and
constants «, 3,0, c,d and a probability v. Then, from Lemmas 2.5 and 2.6 and Theorem 2.7,
there exist eigenelements (7, h, A) such that (2.12) and

B<e <a+0,  ad@/V)p<h<V.

We check now that (V,h) satisfies also Assumption A with the same set K and constant « as
(V, ) but other constants 5,6, ¢’,d’ and an other probability measure v/'.
The fact (V1)) verifies (A0) and that M;h = e*h for any t > 0 ensure that (V, h) satisfies (A0)
too. Moreover h satisfies (A42) with ' = exp(A7) > 8 > «a. Recalling that R = supy V/1 < oo,
we also have

v

h —

su
P C1 dg
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Adding that (V) satisfies (A1) with constants a, 6 yields

q
M,V <aV +6'1gh, with¢ = GR—,
Cldg
which gives (A1) for (V,h). We use now (A3) and (A2) for (V,4) and get for x € K

0 M, (fh) > cv <JZL) 0, M) > cfv (]ZL> P(x).

Using again that M, h = e*"h, we obtain for x € K,
0z My (fh) > V' (f)dsM-h,
with

h
/_V('E) PSS e O WP B cids
V—T%), C—Cﬂe v J l%fﬁZqu+l>0

Finally, (A4) is satisfied since
M, M,
su nrh(‘r) e)\'m— v ( Z‘I’h) ]

vek  h(x)
Then, Theorem 2.7 applied to M with functions (V, k), yields (1.2) since uM;h = e*h. Adding
that uniqueness is a direct consequence of w > 0 ends the proof of Theorem 1.1 (i). O

Proof of Theorem 1.1 (ii). Assume that there exist a positive measurable function V, a triplet
(v, h,A) € My (V) x B (V) xR, and constants C,w > 0 such that (1.1) and (1.2) hold. Without
loss of generality we can suppose that [|h[|g) = 7(h) = 1. It remains to check that (V,h)
satisfies Assumption A.

Fix R > v(V) and 7 > 0 such that

V)

e T 2PC(R+~(V)) <1— -

(3.32)

It ensures that

o=\ <Ce‘” + ’Y(;/)> < Bi=e.

By (1.1), Mh Z h and M,;h > Bh so that (A0), (A2) and (A4) are satisfied by h with d =1
and for any probability measure v.

By (1.2), we have for all x € X
e MMV (2) — h(x)y(V) < CV(x)e ™.

We define K = {z € X,V (x) < Rh(x)}, which is not empty since ||2|gw) =1 and R > (V) >
v(h) = 1. Writing 6 = v(V)e*™ and using h(x) = 1xh(x)/V (z).V(x) + 1xh(z), we get

M,V (z) < aV(z)+ 1x0h(x)

for all x € X. Therefore, (A0) and (A1) hold for (V,h) and it remains to prove (A3).
We define the probability measure 7 by

m=7(-h)
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and we use the Hahn-Jordan decomposition of the following family of signed measure indexed

by z € X,

_ 0o M j5(- h)
e/\T/Qh(w)

As h <V, Equation (1.2) with ¢t = 7/2 and p = §, yields

8

x _ T
— T =V v_.

5xM-r/2

Vix) _
e <C wr/2 3.33
e*/2h(z) 7HM(V) - ‘ (333)

vi(1) < vE(V/h) < vl movyny =

For every f € By (V/h) and x € X we have
M) S (Mp0) ey (MDY,

e h(z) :eAT/zh(w) e /2h AT/2],
Next,
Myja(hf)\ _ Mo jo(hf) — e*/24(hf)
”( e Tl R v R S (3.35)
and

2 6y T/2
o (Pe2il) - [ et < [ e tn) . G0

Combining (3.34) with (3.35) and (3.36), we get

695MT h x Y x
e = N =) - [ ),

X

The minimality property of the Hahn-Jordan decomposition entails that v* < 7, and (3.33)
ensures that % (1) < CRe “7/? when = € K. We deduce that for all z € K

8o M. (hf)
erh(x)

Point (A3) then holds with

> n(f)(1 — CRe*7/2) — / VL (F)m(dy) = n(f).

V:77+('1K)

and c= 1x).
77+(1K) 77+( K)

The positivity of the constant ¢ is guaranteed by (3.32). Indeed, n+(1x) > n(1x) = n(1)—n(1lke)
while using (3.33),

n(1) 2 1= CRe7* = [ wt(1)n(ay)

>1—-CRe w/2 C’ﬂ'(V/w)e_M/2 =1- Ce_m/2(R +7(V))

e ea (i) () - 5

It ends the proof. O

and
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3.6. Drift condition and irreducibility: proofs of Propositions 2.10 and 2.11.

Proof of Proposition 2.10. Let C > 0 be such that
C™l <p< O
By assumptions L > by and L < £p so that we have for all ¢ > 0

t t
Mthw—i—b/ Mg ds and Mtgoggp—i—g/ Mpds,
0 0
which yields by Gronwall’s lemma
My >e™p  and My < CMyp < Cetlp < C%et'y.
Similarly, setting ¢ = V — ;%-1), we have

Lo <aV + (Y — 7bb—<aw = ao,

so by Grénwall’s lemma M;¢ < e**¢ and

My set(vopEon) 4 o s et s S,
Since 1 < V, Assumption (A0) is satisfied for any K sublevel set of V/ . Now fix 7 > 0,
2 &t
R> C% © >0

b_aebT_ea‘r

and define K = {z € X, V(z) < R¢(z)}. Adding that ¢y < V/R on K¢ we get

Cc*¢ Cc*¢
M-,—V < ( at S §T)V ~ S 571
S\ RS )V Tz Y
and by definition of R
C%¢
at ET < br
e’ + 7@ — &)Re e
So Assumptions (A1)-(A2) are verified for K = {V < Ry}, R > b = %, with the constants
2 2
a=e" + (b(_jac)RegT7 B =e" and 0= %e&.

It ends the proof. O

Proof of Proposition 2.11. Let ¢ : X — (0,00) and define v = (#K)™' > _, 6, the uniform
measure on K, where #K stands for the cardinal of K. We have for all f > 0 and z,y € K,

e M (f) 2 0. Mz ({y}) f (y) 1 (y) = cf (y) Mr9p().

where

¢c= min —————"=~>(

z,yce K MTll)(CL')

using the irreducibility condition 6, M, ({y}) > 0. Integrating with respect to v shows that (A3)
holds and Assumption (A4) is trivially satisfied with d = 1/#K. O
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4. APPLICATIONS

4.1. Convergence to quasi-stationary distribution. Let (X;):>o be a cad-lag Markov pro-
cess on the state space X U {0}, where X" is measurable space and J is an absorbing state. In
this section, we apply the results to the (non-conservative) semigroup defined by

M f(x) = Ep [f(Xt)1x,20]

where € X. The semigroup M is defined for any measurable bounded functions f on X. We
consider a positive function V' and assume that for any ¢ > 0, there exists C; > 0 such that for
any ¢ € X, E,[V(X;)] < C¢V(x). This allows to extend the definition above and ensures that
the semigroup M acts on B(V') and that we can use the framework of Section 2.

A quasi-stationary distribution (QSD) is a probability law 7 on X such that

Theorem 2.7 and Corollary 2.9 directly give existence and uniqueness of a QSD and quantitative
estimates for the convergence. We state them below using the total variation norm for finite
signed measures

lellry = 6l ey = [I(X) = sup  [u(f)].
Ifllo<1

We recall that P (V) stands for the set of probability measures which integrate V.

Theorem 4.1. Assume that (M;);>o satisfies Assumption A with infx V' > 0. Then, there exist
a unique quasi-stationary distribution = € P(V), and A9 > 0,h € B4 (V), C,w > 0 such that for
alpeP(V)andt >0

He)\OtPH(Xt € ) - ,u(h)ﬂ'H TV < CM(V)eiwa

and
IU/(V) —wt
IP(Xi € | Xy #0) =7, <C e .
K TV ,u(h)
It extends recent known results, see in particular [21] for various interesting examples and dis-

cussions below for comparisons of statements.

As an application, we consider the simple but interesting case of a continuous time random
walk on integers, with jumps +1 and —1, absorbed in 0. We obtain new and optimal results for
the exponential convergence to quasi-stationary distribution. Let us consider the Markov process
X whose transition rates and generator are given by the linear operator

Zf(n) =bn(f(n+1) = f(n)) +dn(f(n—1) = f(n)),
which is defined for any n € N and f: N — R with
bi=b>0, d;=d>0 foranyi22, b1,dy >0, bp = do = 0.

This process is a birth and death process which follows a simple random walk before reaching 1.
If d > b, this process is almost surely absorbed in 0. The convergence in law of such processes
conditionally on non-absorption has been studied in many works [69, 68, 72, 52, 1, 38, 49, 75, 44].
The necessary and sufficient condition for £ —positive recurrence of birth and death processes is
known from the work of Van Doorn [69]. More precisely here, the fact that there exists A > 0
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such that for any > 0 and i > 0, e *P,(X; = i) converges to a positive finite limit as t — oo
is given by the following condition

(H) A= (Vb— Vad)? + b, (x/d/b - 1) —dy > 0.
We notice that b = d is excluded by condition (H) and indeed in this case t — P(X; # 0)

decreases polynomially. Similarly, the case by = b and di = d is excluded and there is an
additional linear term in the exponential decrease of P, (X; = i).
Moreover we know from [68] that condition (H) ensures that P,(X; € -|X; # 0) converges

to the unique quasi-stationary distribution 7 for any « > 0. To the best of our knowledge,
under Assumption (H), the speed of convergence of e MP,(X; = i) or P, (X; = i|X; # 0)
and the extension of the convergence to infinite support masses were unknown, see e.g. [68,
page 695]. For a subset of parameters satisfying (H), [72] obtains the convergence to quasi-
stationary distributions for non-compactly supported initial measures p such that pu(V) < co.
Using the same Lyapunov functions as in [72] or those defined below, results in [21] allow to
get exponential convergence for a subset of parameters satisfying (H). Our approach allows to
relax these conditions. We obtain below quantitative exponential estimates for the full range of
parameters given by (H), allowing also non-compactly supported initial measures.

More precisely, we set
X =N\{0} ={1,...}, V:n»—>\/d/bn7 Yine—n",
for n € X, where n = \/d/b— A/2b; € (0,+/d/b).

Corollary 4.2. Under Assumption (H), there exists a unique quasi-stationary distribution m €

P(V), and Ao > 0,h € BL(V) and C,w > 0 such that for all p € P(V) and t > 0,
[P (X € ) — p(R)m ||y, < Cp(V)e
and W)
V)
P,(X; €| X — < C——e @
[P0 €| X0 #0) =y < Ch e

Note that the constants above can be explicitly derived from Lemma 2.5. We also recall
that these estimates hold for non-compactly supported initial laws and that V and ¢ are not
eigenelements. As perspectives, we expect that such statement can be generalized to birth and
death processes where b, d,, are constant outside some compact set of N. Finally, we hope that
the proof will help to also study the non-exponential decrease of the non-absorption probability,
in particular for random walks, corresponding to b = by,d = d;.

Proof of Corollary 4.2. For u > 1, let ¢, : n— u™ for n > 1 and ¢, (0) = 0. We have
Lpu(n) = Au(n)pu(n),
for any n € N, where
A(n)=Ay=blu—1)4+d(1/u—-1) (n>2), A(1) =b1(uw—1) —ds.
We set
[ 4¢Y)

a=inf =\ g5 =-(Vd=Vb)?*, (= A

Note that from (H), ¢ > 0. Then, setting V(0) =(0) =0, V = ¥ Jaz On N =X U {0} and
LV =aV + (1 < aV + (o (4.1)
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on N. Moreover ¢ = ¢, and
bp < LY <& (4.2)

on N, where

A
b = min(\,;, \y(1)) = min <)\n,a—|— 2) >aq= iI;f(; Aus £ = max(\y, A, (1)).

Using now a classical localization argument, we check that the drift conditions (4.1)-(4.2)
ensure that for any n > 1 and t > 0,

E[V(X))] < V(z) + / En[(aV + o) (X.)lds, (4.3)

() + / E, [b(X,)]ds < Eo[0(X))] < () + / En[€(X))ds. (4.4)

Indeed, following [55], for m > 1, we let T, = inf{t > 0: X; > m} and (X]");>¢ be the Markov
process defined by

Xtm = Xt1t<T-m,'

We extend functions V, 4 on N by setting V(0) = ¢(0) = 0. Using (4.1) and V(0) < V(m), its
strong generator .£™ satisfies

LMV <aV 4+ and L™ < &Y
on O, ={0,1,...m — 1},
L"P(m —1) = Lp(m — 1) = bip(m) > bp(m — 1) — bip(m) = byp(m — 1) — bypp(m — 1)

and L™ > byp on Oy,—1. First, using £™V < (a+¢)V on O,, and V(n) — oo as n — 0o, [55,
Theorem 2.1] ensures that lim,, e T, = 00 and

E,[V(X,)] < el@tOtV (n)

for every n € N. Second £y < £y on O,, and v is bounded on O,,. Using that X" coincides
with X on [0,T;,), Fatou’s lemma and Kolmogorov equation give

E.[0(X))] < lim inf E,[i:(X]")]

=¢(n) + liminf E,

m— oo

AT, ¢
/ fmw(Xs)ds] S¢($)+§/ B[y (Xs)]ds.
0 0

Moreover ¥(X[™") = i<y, ¥(Xy) < ¥(X;) and X} — X, as m — oo. Using L™y > byp —
bnl,,—1 on O, and bounded convergence twice yields E(fg P(Xs)lx,=m-1ds) = 0 as m — oo
and

E[0(X)] = lim E,[6(X{")]

t

tAT),
W(n) + lim E, [ / gmw(xs)ds] > (@) +b | Enfb(X.)]ds.

m=—00 0 0

Using Fatou’s lemma as above for V' ends the proof of (4.3)-(4.4). Considering the generator £
of the semigroup M, f(z) = E[f(X;)1x,x0] defined for z € X and f € B(V) and recalling the
definition of Section 2.4, these inequalities ensure that

LV <aV 4+, Lp=bp, L <&
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Finally, the fact that b;,d; > 0 for ¢ > 1 ensures §; M;({j}) > 0 for any ¢,j € X and t > 0 by
irreducibility. Then combining Propositions 2.10 and 2.11 ensures that Assumption A holds
for M with the functions (V). Applying then Theorem 4.1 ends the proof. O

4.2. The growth-fragmentation equation. In this section we apply our general result to the
so-called growth-fragmentation partial differential equation

1

Oyug(x) + Ogui(z) + B(z)u(z) = / B(g)ut<§) @, t,x > 0. (4.5)

0

This nonlocal partial differential equation is complemented with the zero flux boundary condition
u¢(0) = 0 for all ¢ > 0 and an initial data ug = p. This equation appears in the modeling of
various physical or biological phenomena [53, 63, 3, (7] as well as in telecommunication. The
unknown wu;(x) represents the concentration at time ¢ of some “particles” with “size” x > 0, which
can be for instance the size of a cell [28, 41], the length of a fibrillar polymer [33], the window
size in data transmission over the Internet [19, 8], or the time elapsed since the last discharge of
aneuron [61, 16]. Each particle grows with speed 1, and splits with rate B(x) to produce smaller
particles of sizes zx with 0 < z < 1 distributed with respect to the fragmentation kernel g.

We assume that B : (0,00) — [0,00) is a continuously differentiable increasing function and
p is a positive measure on [0, 1] for which there exist zg € (0,1), € € [0, z0] and ¢y > 0 such that

p(dz) > 6?01[20_67‘20](2’)(12 ife>0 or p > cody, ife=0. (4.6)

For any r € R we denote by @, € [0, 4+00] the moment of order r of g

1
or = /O 2"p(dz).

Notice that Assumption (4.6) implies that r — g, is strictly decreasing. The mass conservation
during the fragmentation process leads to impose

91:1.

The zero order moment g represents the mean number of fragments. The conditions above
ensure that o > 1 and as a consequence the growth-fragmentation equation we consider is not
conservative. The conservative form where o1 = 1 is replaced by go = 1 also appears in some
situations [19, 8, 59, 61, 16]. In this case, the eigenelements are given by h(z) = 1, A = 0, and
the classical theory of the conservative Harris’ theorem applies [15]. Here we are interested in
the more challenging case of a non-conservative fragmentation kernel.

We can associate to Equation (4.5) a semigroup (M;);>0. We only give here the definition of
this semigroup as well as its main properties which are useful to verify Assumption A, and we
refer to the appendix Section 5 for the proofs. For any f : (0,00) — R measurable and locally
bounded, we define the family (M;f);>o as the unique solution to the equation

t 1
M, f(z) = f(z + t)e Jo Blats)ds 4 / o I3 B+ oy 4 5)/ M,;_of(2(x + 5))p(dz) ds.
0 0

This semigroup is positive and preserves C(0,00). More precisely if f € C(0,00) then the
function (¢, z) — M, f(x) is continuously differentiable on [0, c0) x (0, 00) and satisfies
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where the infinitesimal generator . : C*(0,00) — C°(0, c0) is defined by

Zf(@) = f'@) + Bla) [ | et - 1)

To apply our main result to the semigroup (M;)¢>0, we choose a real number k > 1 and the
Lyapunov function

V(z) =1+ .
The space B(V) is invariant under (My);>o and for any p € M(V) we can define by duality
pMy € M(V). The family (pM;)i>o is then the solution to Equation (4.5) with initial data p, in
a weak sense made precise in the appendix Section 5.

An important phenomenon in the long time behavior of the growth-fragmentation equation
is the property of asynchronous exponential growth [73]. This property refers to a separation of
the variables ¢ and x when time ¢ becomes large: the size repartition of the population stabilizes
and the total mass grows exponentially in time. It is a typical example of application of our
main result, Theorem 1.1. This question attracted a lot of attention in the last decades, see e.g.
[2, 4, 11, 25, 28, 36, 37, 45, 48, 56, 58, 64, 66, 74], references therein, and discussion below for
more details about this literature. As far as we know, these works assume that the fragmentation
rate has at most a polynomial growth. In our statement below, we relax this condition and we
do not assume any upper bound on the division rate. We obtain thus the existence of the
Perron eigentriplet for super-polynomial fragmentation rates. Second, an explicit spectral gap
was known only in the case of a constant division rate [64, 48, 58, 74]. Our method allows to get
it for much more general fragmentation rate. Finally, it guarantees exponential convergence for
measure solutions while only convergence under strong assumptions on the coefficients [25] and
without specific rate was known before.

Theorem 4.3. Under the above assumptions, there exists of a unique triplet (v, h, ) € M4 (V) x
B1(V) xR of eigenelements of M with y(h) = ||k, =1, i.e. satisfying for allt >0
v M, = My and Mh = e*h.
Moreover there exist constants C,w > 0 such that for all p € M(V') and all t > 0,
e uMy — u(h) V|| yyyry < Ce™ Nl vy (4.7)

Remark 4.4. The eigenfunction h is continuously differentiable on (0,00) and satisfies
ZLh=XMn  and  (142)'79F D < h < (1 +2)F with g > 0.
The eigenmeasure v satisfies, for any f € C1(0,00),
VL) =M (f)-

Notice that we cannot expect the convergence (4.7) to hold true in M(h) in general. It is
proven that it is wrong when B is bounded for instance [10].

Before proving Theorem 4.3, let us make a brief review of the large and still growing literature
on the asynchronous exponential growth of the growth-fragmentation equation and situate our
result in this literature.

The first results have been obtained for a compact state space, namely a bounded subinterval
of (0, 00), by Heijmans, Diekmann and Thieme [28]. They proved an exponential convergence in
the case of equal mitosis by adopting a semigroup approach and using a spectral result obtained
by Heijmans in [15]. The same kind of method has then been used in [37, 66, 4], still for a
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bounded state space. It is worth noticing that in [4] a h-transform is performed with the right
eigenfunction to define a stochastic semigroup (see also [22] for a similar renormalization).

The first study on the whole state space (0,00) is due to Perthame and Ryzhik [64] for the
equal mitosis. Similarly to the results mentioned above, the strategy is to first solve the Perron
eigenvalue problem and then prove the (exponential) convergence. This strategy also applies
for more general fragmentation kernels. The eigenvalue problem has been solved in [56, 31]
for general coefficients. Then, the General Relative Entropy technique developed by Michel,
Mischler and Perthame [57] (see also [25] for an extension to measure solutions) guarantees the
convergence, but without specifying any decay rate. The question of obtaining an exponential
rate of convergence once the eigentriplet is known has been treated in several works after [64], by
means of functional inequalities [2, 36], semigroup methods [11], or a combination of both [18, 17].
As we already mentioned, a Krein-Rutman theorem with exponential convergence is proposed
in [58] so that the whole problem is treated at once. Our result is then closer to this approach,
but does not rely on spectral analysis. More recently, the problem was also revisited and solved
by stochastic techniques by Bertoin and Watson [13, 12|, relying on a Feynman-Kac formula.
Convergence at exponential speed was also proved by Marguet [51] in a time-inhomogeneous
framework by means of ergodicity techniques.

The end of the section is devoted to the proof of Theorem 4.3. We prove that the drift and
Doeblin conditions are satisfied with the functions (V) given by

Vi) =142k, g) =50 +a),

where we recall that k > 1 and observe that ¢ < V. Using Section 2.4, we obtain that Assump-
tion A holds and conclude thanks to Theorem 1.1.

Let o > 0 and B > 0 such that for all x > zg,

B(x) > B.
Now define ) i ) ) )
+z0+ (1 +€)xg — 20
tg = - t1 = —— =ty +t 4.8
0 1_20 +2a 1 2ZO ) T o+t1, ( )
and for all integer n > 0,
1+ 29\
e (2
220

Lemma 4.5. (i) Setting p(z) = 1 — /x + x, we have ¢ < ¢ < 2¢ and there exist ( > 0 and
a < b < & such that
LV <aV4+Cp,  Ly=by, Lo <Ep,
where L is the generator of M in the sense defined in Section 2.4.
(ii) For alln >0, all x € [0,yy,], and all f: (0,00) — [0,00) locally bounded we have

n+1 tn
—7B(yn+T) (COB) til
M, f(a) 2 e TP O T p)

where v is the probability measure defined by

zo(yo+7)+1
u(f) = / f() dy.

o(yo+7)
(iii) For all n > 0 there exists c;, > 0 such that for all t,x >0 and y € [nz, ]

< My (y) <1

n = Myp(x) —
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(iv) For all m > 0, there exists d > 0 such that
Myi(e) _ Myb(y)
()~ Y(y)
for allt >0, z € [0,y,] and y € [20(yo + T), z0(yo + 7) + 1] = supp v.

d

Proof of Lemma 4.5 (i). Since the identity 9;M; = M,.% is valid for all C* functions and the
semigroup M is positive, we only need to prove that £V < aV + (o, LY > by, Lo < Ep.
First,

ZLa" =ra" "+ (o, — 1)B(x)z"
for any » > 0. We deduce that

2Z29(x) =1+ (po—1)B(z) =0,

so that b = 0 suits. For ¢ we have

Lolx)=1- ~1)B() - (p) - DBa)Vz.

L‘F(
2\/5 %0

Since x +— (po — 1) — (p% — 1)4/ is negative for x > (Pplr/’;ll)2 and B is increasing we deduce

Zo(@) <14 - DB((227)) = § < et

For V we have

LV () = k"1 + (o — )B(@) + (pr — DB@)a* = [((px — 1) + (po — Dz ~*) B(a) + ﬂ a*.

— l:=(pr—1) limz 5 { oo B(xz) when z—+o0
Since gy < 1 and B is increasing, the limit [ belongs to [—0c0,0) and we can find z; > 0 such
that for all x > 2,
2LV (z) < az® = aV(x) — a,
where a = max{l/2,—1} < 0. For all x € [0, z1] we have
LV(@) < kat " + (9o — 1)B(ay)
and finally setting ¢ = 2(ka§ " + (po — 1)B(z1) — a), we get that for all 2 > 0

LV (z) <aV(z)+ g < aV(z)+ CY(x).

It ends the proof of (7). O

Before proving (i), let us briefly comment on the definition of ¢g,¢; and y,. The time ¢; and
the sequence y,, are chosen in such a way that

yo >0, yo > xo, lim y, = +oo, and 20(WUnt1 +t1) < Yn.
n—oo

The choice of the value of ¢ty appears in the proof of the case n = 0 and the definition of v.

Since 7 is independent of n and y, — +0o when n — co we can find R and n large enough
so that suppr C K C [0,y,], where K = {z, V(z) < Ry(x)}, and thus (i) guarantees that
Assumption (A3) is satisfied with time 7 on K. More precisely it suffices to take R and n large
enough so that

1+ (20(yo + 7) + 1)F

R < 1+yk
L+ 2zo(yo+7)+1

2 T 14y,

<

(4.9)
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Proof of Lemma 4.5 (ii). Let f > 0. We prove by induction on n that for all z € [0, X,,] and all

t € [0,t1] we have
n+1 4n
—(to+t)B(yn+T) (coB) t
Migyaf(w) 2 e 1— 2 n!

v(f), (4.10)
which yields the desired result by taking ¢t = ¢;.

We start with the case n = 0. The Duhamel formula
t 1
Mif(@) = St e i Bty [l B0 B ) [ A et )t
0

0
ensures, using the positivity of M; and the growth of B, that for all £, > 0

Mtf(x)ze*tmm/o B(z+s)/0 f(z(x +s) +t—s)p(dz) ds.

Thus for ¢t > z¢ we have for all © > 0, using Assumption (4.6) for the last inequality,

My f(z) > e—'BE+0 g / t / fa(e 4+ 8) - $)p(dz) ds

z(x+x0)+t—x0 dz
,tB(a:th)B/ / ( )dy ( )

(z+t) 1—=2
e (zo—€)(z+x0)+t—20
> —tB(a:+t)B 70/ f(y) dy.
1-2o zo(z+t)

We deduce that for ¢ € [tg,to + ¢1] and z € [0, Xo]

o (zo—€)xo+to—zo
Mifa) z e tPenip 0 £) dy.
1 =2 zo(xzo+to+t1)

The time ¢g has been defined in such a way that (29 — €)zp + to — xo = 20(x0 + to +t1) + 1 so
(z0—€)zo+to—xo
/ Fy)dy = v(f)
zZ

o(zo+to+t1)
and this finishes the proof of the case n = 0.

Assume now that (4.10) is valid for n and let’s check it for n + 1. By the Duhamel formula,
using that y, > xo and 20(Xp4+1 + t1) < yn, we have for © € [x,,z,41] and t € [0, 4]

t 1
My of (z) > / e~ Jo BlatsHd' By 4 ) / My si—s f(2(x + 5))p(dz) ds
0 0

t 20
> Q/ e sBEniitt) / My yi—sf(2(z + 5))p(dz) ds
0 0

) Cn+1 t (t o S)n 20
> gt Ay [ emmrtnnmetononnenn O 7 o) g,
20 0 n: 0
Cn+2 t’rLJrl
e —(to+t)B(ynt1+7) Bn+2 0 (f)
1—2 (n + 1)
and the proof is complete. O

We now turn to the proof of (iii), which uses the monotonicity results proved in Lemma 5.4,
see the appendix Section 5.
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Proof of Lemma 4.5 (iii). The second inequality readily follows from Lemma 5.4 (i#i). For the
first one, we start with a technical result on p. Due to the assumption we made on g, if we set
z1 > max(z0,1 — co (20 — €/2)), we have

1 z

1 ! 1— — /2

g::/ p(dz)ﬁ—(lf/ zp(dz))§M<l.
21 21 0 z1

Using Lemma 5.4 (i7) and (7i1), we deduce that for all t > s > 0 and all z > 0

/0 My atb(a( + 5)) pldz) < / Myb(z2) p(d=) < poMtb(mz) + oMith(a).

B(s)ds

Now from the Duhamel formula we get, using that ¢ — te~Jo is bounded on [0, c0),

t 1
Mup(z) = (x4 t)e™ Jo Blats)ds | / e~ Jo Blats)ds' gy 4 ) / M;_p(z(xz +s)) p(dz)ds
0 0

< (L+a+t)e JoBOd (1 — e Jo Blets) ds) (poMtw(zlw) + thw(:v))
< Co () + poMip(z12) + oMy ().
Choosing an integer n such that 2 < n we obtain

M) < 1205 (12 )+ (£2) " Mewtan) = Cu(e) + Ca M)

Lo
and since My (nz) > (nx) > mp(x) we obtain for any y € [nz, ],
My(y) My (nz) S M
Myp(z) = Crip(z) + CoMppp(nz) — C1+ Can’
which ends the proof. O

Proof of Lemma 4.5 (iv). We apply (iii) with

z + 7
n= o(%o )
Yn
and we obtain that for all z € [0,y,] and y € [20(yo + 7), z0(yo + 7) + 1]
Mp(y) > Cn My ()

Y(y) T 2o +T1)+2 P(z)

We are now in position to prove Theorem 4.3.

Proof of Theorem 4.3 and Remark 4.4. Fix 7 defined in (4.8). In Lemma 4.5 (i) we have verified
the assumptions of Proposition 2.10, so we can find a real R > 0 and an integer n > 0 large
enough so that (4.9) and Assumptions (A0)-(A1)-(A2) are satisfied with K = {V < Ri}. Then,
points (ii) and (iv) in Lemma 4.5 ensure that Assumptions (A3) and (A4) are also satisfied. So
Assumption A is verified for (V1) and by virtue of Theorem 1.1 inequality (4.7) is proved, as
well as the bounds on h in Remark 4.4. It remains to check that h is continuously differentiable
and that h and ~ satisfy the eigenvalue equations .Zh = Ah and v.Z = A\vy. By definition of A,
the Duhamel formula gives

t 1
h(z)er = h(z 4 t)e” Jo Blats)ds 4 / e~ Jo Blats)ds' By 4 ) / M h(2(x + 5))p(dz) ds
0 0
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and we deduce that for any x > 0 the function ¢t — h(t + x) is continuous and then continuously
differentiable. Moreover, we have the identity 9,M;h = M, Zh and since M;h = e*h we deduce
ZLh = Ah.

For the equation on «y, we start from Proposition 5.3 which ensures that for any f € C}(0, o)

t At _
) = M) =20+ [ ML) ds =) + (2.

Differentiating with respect to ¢ yields the result. O

e

4.3. Comments and a few perspectives. First and as for Harris conservative semigroup
[40], our proof relies on a (quantitative) contraction method for the discrete time semigroup
(Myr)n>0 = (MI)p>0. It has been extended easily to the continuous setting. We can thus
actually state analogous results for a discrete time semigroup (M"™),en by making the following
assumption for a couple of positive functions (V).

Assumption B. There exist some integers 7,7 > 0, real numbers 5 > «a >0, § > 0, (¢,d) €
(0,1)2, some set K C X and some probability measure v on X supported by K such that

(BO) <V onX and V<S¢ onK; MV SV and MM >4 for k<T on X,
(B1) M™V < aV + 01,
(B2) M > py,
(B3) For all z € K and f € By (V/y),
M (fy)(x) > cv(f) MT(),

(B4) For any integer n,

d sup

= ()

(8

The counterpart of Theorem 1.1 becomes

Theorem 4.6. (i) Let (V,v) be a couple of measurable functions from X to (0,00) which sat-
isfies Assumption B. Then, there exists a unique triplet (vy,h,\) € M(V) x B4(V) x R of
eigenelements of M with (h) = ||h|grvy = 1, i.e. satisfying

yM = Xy and Mh = Ah. (4.11)
Moreover, there exists C > 0 and p € (0,1) such that for alln >0 and p € M(V),
AT M ™ = ()| gy < Cllillagery P (4.12)

(i) Assume that there exist a positive measurable function V, a triplet (y,h,\) € M4 (V) x
B (V)xR, and constants C, p > 0 such that (4.11) and (4.12) hold. Then, the couple (V, h/||h| )
satisfies Assumption B.

In addition, we recover the various bounds on the eigenevector as in Lemma 2.5 or on the
eigenvalue as in (2.11). We also recover that if infx V' > 0 then there exists C > 0 and 7 € P(V)
such that for all € P(V) and n > 0,
pM"
uM nl

. < Cmp . (4.13)
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As a consequence, Assumption B gives sufficient conditions to have the existence, uniqueness
and convergence to a quasi-stationary distribution for a Markov chain (X,,),>0. Moreover, the
convergence of the @Q-process, the description of the domain of attraction and the bounds on the
extinction times can be then obtained by usual procedure, see e.g. [21, 71].

Second, for the sake of simplicity, we have not allowed ¢ to vanish in this paper. This excludes
reducible structures. To illustrate this fact, let us consider the case where X = {1, 2} similar to

|9, Example 3.5] where
a b
= o)

for a,b,c¢ > 0. In any case, Theorem 4.6 with X = {2} implies that if p({1}) = 0 then ¢~ "uM™
tends to d2. Of course, here it is an equality, but it can be easily generalized into a reducible
example on two subspaces. Now if p({1}) > 0 then one can use Theorem 4.6 only when ¢ > a.
Indeed, in this case, one can choose 1) to be the right eigenvector:

Y = (b,c—a)=bly) + (c—a)liy

and show that, up to a renormalisation, uM™ converges to do. When ¢ < a, one can not use
Theorem 4.6 and indeed the conclusion is wrong : there is no positive right eigenvector. However,
allowing ¢ to vanish enables to treat the case ¢ < a, as in [21, Section 6]. Focusing on initial
measures u such that p(¢) > 0, a large part of our results actually holds when ¢ > 0. Indeed
(A0) and (A2) give that if u(y) > 0 then puMp > 0 for every t > 0.

Up to our knowledge, the critical case a = b remains a challenging issue. In this case, there is
no spectral gap. Nevertheless, we believe that our approach could be extended to this case by
allowing n-dependent constant d = d,, in (A4) to vary with time as in [9, Assumption (Hy)].

Finally, we recall that the results obtained here rely on a contraction method. Several exten-
sions to the non-homogeneous setting are expected, in the same vein as [7] for time inhomogeneous
linear PDEs. One can now relax the "coming down from infinity" property imposed by the gener-
alized Doeblin condition of [7]. Similarly, let us recall that the expectation of a branching process
yields the first moment semigroup, which usually drives the extinction of the process (criticality)
and provides its deterministic renormalization (Kesten Stigum theorem). The method of this pa-
per should provide a powerful tool to analyse the first moment semigroup of a branching process
with infinite number of types, including in varying environment, see [5, 6, 51| for some motiva-
tions in population dynamics and queuing systems. We also mention that time inhomogeneity
provides a natural point of view to deal with non-linearity in large population approximations
of systems with interaction. These points should be partially addressed in forthcoming works.

5. APPENDIX: THE GROWTH-FRAGMENTATION SEMIGROUP

We give here the details of the construction of the growth-fragmentation semigroup and prove
its basic properties. For a function f € Bj,.(0,00), i.e. measurable and locally bounded on
(0,00), we define the family (Myf)i>0 C Bioc(0, 00) through the Duhamel formula

t 1
Mif(e) = fa e Dty [ BN B ) [0 fo(o 4 5))oldz) ds.
0 0

We first prove that this indeed defines uniquely the family (M, f):>0. Then, we verify that the
associated family (M;);>¢ is a semigroup of linear operators, which provides the unique solution
to the growth-fragmentation (4.5) on the space M(V) with V(z) = 1 + 2%, k > 1. Finally we
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provide some useful monotonicity properties for this semigroup, which are consequences of the
monotonicity assumption on B.

Lemma 5.1. For any f € Biy.(0,00) there exists a unique f € Bjoe([0,00) x (0,00)) such that
forallt >0 and z >0

t 1
ft,z) = f(z +t)e” Jo Blats)ds 4 / e Jo Bl+s)ds' By 4 o) / flt—s,z(x+ 5))p(dz) ds.
0 0

Moreover if f is nonnegative/continuous/continuously differentiable, then so does f. In the latter
case f satisfies the partial differential equation

Of(t ) = LT (t,2) = 9, (b, ) + Blx) [ | ftezoeta) - i xﬂ .

Proof. Let f € Bjo.(0,00) and define on Bje([0,00) x (0,00)) the mapping I' by

¢ 1
Ly(t,z) = f(x +t)e” Jo Blats)ds | / e lo B(“”Jrsl)dS/B(x + ) / g(t — s, z(x + 8))p(dz) ds.
0 0
Now for T, A > 0 define the set Qr 4 = {(t,z) € [0,T] x (0,00), z +t < A} and denote
by Bp(21,4) the Banach space of bounded measurable functions on 1 4, endowed with the
supremum norm || - ||«. Clearly I' induces a mapping B(Qr.4) — B(r,4), still denoted by T
To build a fixed point of ' in By,.([0, 00) x (0,00)) we prove that it admits a unique fixed point
in any By(Q4,4).

Let A>0and T < 1/(poB(A)). For any g1, 92 € By(Q1,4) we have
ITg1 = Tg2llec < 90T B(A)llg1 — g2/l

and T is a contraction. The Banach fixed point theorem then guarantees the existence of a
unique fixed point gy 4 of T' in By (271, 4). The same argument on Qp 4_7 with f being replaced
by gr a(T,-) ensures that gr 4 can be extended into a unique fixed point gor 4 of I' on Qar 4.
Iterating the procedure we finally get a unique fixed point g4 of I in B(£24,4).

For A” > A > 0 we have ga/q, = ga by uniqueness of the fixed point in B,(Q4), and
we can define f by setting flo, = ga for any A > 0. Clearly the function f thus defined
is the unique fixed point of T" in Bje:([0,00) x (0,00)). Since I' preserves the closed cone of
nonnegative functions if f is nonnegative, the fixed point f necessarily belongs to this cone when
f is nonnegative. Similarly, the space C([0,00) x (0,00)) of continuous functions being a closed
subspace of By,.([0,00) x (0,00)), the fixed point f is continuous when f is so.

Consider now that f is continuously differentiable on (0, 00). The space C'([0, 00) x (0, 0)) is
not closed in Bjo.([0, 00) x (0, 00)) for the norm ||- || . For proving the continuous differentiability
of f we repeat the fixed point argument in

{9 € CH(Qr.a), 9(0,-) = f}
endowed with the norm
l9ller = llglloe + 110:glloc + [[029]loo-
Differentiating I'g with respect to ¢ we get

t 1
Hlg(t,x) =L f(x+t)e” Jo B(z+s)d5+/ e Jo B(“”Jrsl)ds/B(x—&-s)/ Og(t —s, z(x + 9))p(dz) ds
0 0
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and differentiating the alternative formulation
x4+t z+t y ’ ’ 1
Tg(t,x) = f(x +t)e” S PO 4 / o7 S B B(y)/ g(t+x —y,zy)p(dz) dy
x 0

with respect to x we obtain
1
0:Tg(t ) = L f(ta)e™ I BB 4 B(a)(f(w+ e ST BOw / glt, z2)p(d2))
x4+t , , 1 ’
+ B(x)/ e~ [ BWdy B(y)/ 9t +z —y, 2y)p(dz) dy

Z—&-t v , , 01

+/ o™ I BW)dy B(y)/ Org(t + 2 — y, 2y)p(dz) dy
T 0
1

= [2ft.0) + B+ - B@) [ fo)p(dn)]e S B0

0

T+t 1
s [Tt (5y) - @) [ gt e -y, ot dy
- 0

On the one hand using the first expression of 9,I'g(t,z) above we deduce that for g1,92 €
C(Qr,4) such that g1(0,-) = g2(0,-) = f we have

ITg1 — Tg2llcr < poTB(A)|lg1 — g2llco + 20T B(A)||0rg1 — 0r92]l0c < 2T'B(A)|lg1 — g2t -

Thus T' is a contraction for T < 1/(2poTB(A)) and this guarantees that the fixed point f
necessarily belongs to C*([0,00) x (0,00)). On the other hand using the second expression of
0. Tg(t, z) we have

0Lg(t,x) — 0. Tg(t, x) = B(x) [/0 g(t, zx)p(dz) — Tg(t, z)

and accordingly the fixed point satisfies 0, f = Zf. O

With Lemma 5.1 at hand we can define for any ¢ > 0 the mapping M; on Bj.(0, 00) by setting

M f(x) = f(t @)

Proposition 5.2. The family (M;);>0 defined above is a positive semigroup of linear operators
on Bioe(0,00). If f € C*(0,00) then the function (t,z) — M,f(x) is continuously differentiable
and satisfies

Additionally for any k > 1 the space B(V) with V(x) = 1+ ¥ is invariant under (M;)¢>o, and
for all t > 0 the restriction of My to B(V') is a bounded operator.

Proof. The linearity and the semigroup property readily follow from the uniqueness of the fixed
point in Lemma 5.1. The positivity and the stability of C'(0,00) are direct consequences of
Lemma 5.1, as well as the relation 0, M, f = Z M, f. For getting the second one O, M, f = M, L f,
it suffices to remark from the computation of 9;I'g in the proof of Lemma 5.1 that 9, M, f is the
unique fixed point of I with initial data Z f. For the invariance of B(V') we compute

LV (x) =1+ k"1 4 (po — 1)B(z) + (pr — 1)B(z)z*
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which is bounded on (0, 00) since (po — 1)B(z) + (pr — 1)B(x)z* < 0 when z > (%)%. We

deduce that there exists C' > 0 such that £V < CV and since V € C! (0,00) we get
t
M,V (z) =V (x) +/ M,(ZLV)(z)ds < eV ().
0

Finally by positivity of M; we have for any f € B(V)
|M, f| < M| f| < || fllsory MV < e fllsorV

which yields

1M fllsvy < e fllsvy
O

Now we define, for ¢ > 0 and p € M, (V), the positive measure uM; by setting for any

measurable set A C (0, 00)
(uMy)(A) = p(Mi14).

The axioms of a positive measure are satisfied. Clearly (uM;)(0)) = 0 and (uM;)(AU B) =
(eMy)(A) + (uMy)(B) when A and B are two disjoint measurable sets. If (A,),>0 is an in-
creasing sequence of measurable sets then by positivity of M, the sequence (M;14,)n>0 is an
increasing sequence of measurable functions bounded by M;V. Passing to the limit in the Duhamel
formula we deduce from the uniqueness of the solution that the pointwise limit of (M;14, )n>0
is M;14, where A = |J,,~qAn. We conclude by dominated or monotone convergence theorem
that (uM;)(A) = lim,, o0 (uM;)(A,). By construction we have (uM;)(f) = u(M;f) for any pos-
itive measurable function f, and since B(V) is invariant under M; the measure uM; belongs to
M (V). Then, for 4 € M(V') we define uM; € M(V') as the equivalence class of (p4 My, p_ My).

Proposition 5.3. The family (M;);>o defined above is a positive semigroup of bounded linear op-
erators on M(V'). Moreover for any pu € M(V) the family (uMy)>o is solution to Equation (4.5)
in the sense that for all f € C(0,00) and all t >0

(M) () = u(f) + / (uM)(Zf) ds

Proof. Let u € M(V) and f € C}(0,00). From Proposition 5.2 we know that 9; M, f = ML f
which gives by integration in time

M, f(z / ML f(x (33)+/OtMs(f’—Bf)(x)ds+/0tMs]-"f(x)ds
for all x € (0,00), where we have set
/ f(zz)p(dz).
Since f' — Bf € B(V) we have [M(f" — Bf)| < [[f' = Bflgw e®*V and Fubini’s theorem

ensures that , .
n( [ atr=Bnas) = [t - By as

The last term deserves a bit more attention since Ff can be not bounded by V. Consider
g € C1(0,00) such that g > |f|. By positivity of My and F we have |M Ff| < M F|f| < My Fg
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and since g € C}(0, 00)
t t
,ui(/ Ms}'gds> = U+ (Mtg —g —/ M(g' — Bg) ds) < 4o00.
0 0
This guarantees that (s,x) — MF f(x) is (ds x p)-integrable and Fubini’s theorem yields

u( /0 MF) ds) = /0 WML (Ff) ds,

which ends the proof. O

We end this appendix by giving some monotonicity results on (M;)¢>0, which are useful for
verifying (A4) in Section 4.2. They are valid under the monotonicity assumption we made on
the fragmentation rate B.

Lemma 5.4. (i) For any x > 0, t — Mup(x) is increasing.
(i) For any t > 0, v — Mpp(z) is increasing.
(iti) For any T >0, z € [0,1], and > 0, t — Myp(z(x + T —t)) is increasing on [0, T).

Proof. The point (i) readily follows from 0, M) = M (L)), since M, is positive and
2.2Y%(x) =1+ (po — 1)B(z) > 0.

Let us prove (ii). Define f(¢,x) = 0, My (z) which satisfies
1
01(t.2) = 0.f(t.9) = B)f(1.2) + Ba) [ 1. 20)z0(a2)

— B'(z)My)p(x) + B'(z) /0 My (zz) p(dz).

Since Oy My (x) = L Mp(x), Oy Myp(z) > 0, and B’ > 0, we have

—B'(z)Myp(z) + B'(2) i Mypp(zz) p(dz) = Bla)

and as a consequence

e 1
0uf(t,) 2 Af(1,0)i=0.f(t,2) — ( Blo) + G ) it + Bla) [ f(0.z020002),

Similarly to .2 the operator A generates a positive semigroup (Uy)>0. It is a standard result
that it enjoys the following maximum principle

6tf(t7x) Z Af(ta ‘T) = f(t,l‘) Z Uth(I)

where fo = f(0,-). Since f(0,z) = ¥/(z) = £ > 0 we deduce from the positivity of U; that
f(t,x) >0 for all ¢,z > 0, and this finishes the proof of (ii).

We turn to the proof of (iii). The case z = 0 corresponds to (i) and we consider now z € (0, 1].
Setting f(t,z) = My (z(z + T —t)) we have using (ii)

Ouf(t,x) =20, Mp(2(x+T —1t)) >0
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and
onf(t,x) = (M) (2(x + T —t)) — 2 (0 M) (2(x + T — t))
=1 =2)0.Mp(2(x+T —t)) — B(z(x+T —t)) My (2(x + T — 1))

+ B(z(x+ T —t)) /0 M (2'z(z+ T —t)) p(dz')

1—=2
z

0. f(t,2) ~ B(o(x + T — 1) {(t,2)

+ B(z2(z+ T —t)) /01 f(t, 2 — (1 =2 ) T —t)) p(d). (5.1)
Now define g(t, ) = 8, f(t,) and differentiate the above equation with respect to f to get
Dug(t, ) =+ Duglt, ) — B(x(a + T — 1))g(t,2)

4 B((x+ T — 1)) /01 g(t, 2 — (1= )T — 1)) p(d=)

+ 2B (2(x + T —t)) f(t,x) — 2B (2(x + T — 1)) /0 f(t, 2z — (1 =2 )T —t) p(d2')

L B(e(e +T 1) /O (1= 20 f (b, 22 — (1— )T — 1)) p(d).
Using again (5.1) we get
Og(t,x) = 1_72 g(t,x) — B(z(x + T — t))g(t@)

1
+B(z2(z+T —t)) /0 g(t, 7'z — (1= 2") (T —t)) p(dz")

—I—z%/(z(x—l—T—t))(l_

zawf(t, x) — g(t, a?))

z
1
+B(z(z+T —t)) / (1 =20 f(t, 2"z — (1= 2')(T —t)) p(dz")
0
and using the positivity of 0, f, B and B’ we finally obtain

8uf(t,x) > 1_7Z Bug(t, ) — (B + z%) (2(z +T —1))g(t, 2)

+ B(z(z+ T —t)) /0 g(t, 2’z — (1= 2") (T —t)) p(dz").

Since ¢(0,2) = 152 + po*lB(z(x +T)) > 0 we deduce from the maximum principle that
g(t,z) > 0. O
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