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Abstract

We consider the dispersive logarithmic Schrédinger equation in a semi-classical scaling. We extend the results
of [[L1] about the large time behaviour of the solution (dispersion faster than usual with an additional logarithmic
factor, convergence of the rescaled modulus of the solution to a universal Gaussian profile) to the case with semi-
classical constant. We also provide a sharp convergence rate to the Gaussian profile in Kantorovich-Rubinstein
metric through a detailed analysis of the Fokker-Planck equation satisfied by this modulus. Moreover, we perform
the semiclassical limit of this equation thanks to the Wigner Transform in order to get a (Wigner) measure. We
show that those two features are compatible and the density of a Wigner Measure has the same large time behaviour
as the modulus of the solution of the logarithmic Schrodinger equation. Lastly, we discuss about the related kinetic
equation (which is the Kinetic Isothermal Euler System) and its formal properties, enlightened by the previous
results and a new class of explicit solutions.

1. INTRODUCTION

1.1. Setting

We are interested in the Logarithmic Non-Linear Schrodinger Equation with semiclassical constant

2
. €
1€ Opue + EAU& = A\ug In ]u5]2, Us|,_o = Ue,in; (1.1)

withz e R%, d>1, A e R \ {0}, e > 0. It was introduced as a model of nonlinear wave mechanics and in nonlinear
optics ([3], see also [7}, 24, 25, 26, 28]). The case A < 0 is interesting from a physical point of view and has been
studied formally and rigorously without semiclassical constant (i.e. € = 1, see [16,[25]). On the other hand, R. Carles
and 1. Gallagher recently went further in the case A > 0 (also with ¢ = 1) whose study goes back to [14, [18]]. After
improving the result of [[18]] for the Cauchy problem, they proved not only that this case is actually the defocusing
case with an unusually faster dispersion but also that a universal behaviour occurs: up to a rescaling, the modulus of
the solution converges to a universal Gaussian profile (see [[11]]).

In the context of (non-linear) Schrédinger equations, a usual question is the behaviour of the solution when e — 0
known as the semiclassical limit, making the link between quantum mechanics and classical mechanics in physics.
It has also been studied a lot in mathematics in order to get a good and rigorous framework for reaching the limit.
Indeed, u. typically does not have a meaningful limit and that is the reason why several asymptotic techniques have
been developed to treat semiclassical (also called high-frequency, or short-wavelength in some contexts) problems.
One of the most powerful and elegant tools was introduced by Wigner ([30]) in 1932. Known nowadays as Wigner
Transform, it has been analyzed a lot ([27, 4, [20, [19] for instance) and usually allows a simple and nice description
of the semiclassical limit. For any sequence of functions f. = f.(z) € L*(R?) for ¢ > 0, the Wigner Transform W
defined by

W.(z,€) = # /Rd emiEE g (m n 52—2) i <x — %) dz,  (2,6) e R x R,
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is a real-valued function on the phase space. It is known that under suitable assumptions, up to a subsequence,
this function converges weakly to a measure, called Wigner measure; see e.g. [27, 20]. Moreover, if u. satisfies
1€ Oyue + %Au8 = Vhu, and if the potential Vj is smooth enough then the Wigner Measure W (t) of (u(t))e>0
satisfies the Vlasov (or kinetic) equation

As a follow-up of [11]], this article has two main purposes: reaching the semiclassical limit thanks to the Wigner
Transform and computing the convergence rate to the Gaussian profile in Wasserstein distance. Actually, those two
features are compatible since the convergence rate is actually independent of ¢ € (0, 1] and then goes through the
limit e — 0 under suitable assumptions. This is a very interesting and rare feature: it has been shown that the large
time behaviour and the semiclassical limit do not usually commute, for instance for linear Schrodinger equations with
potential (see [[15, 21} 22,31}, [32]). Moreover, in general, Wigner measures are not a suitable tool to address nonlinear
problems, except in the case of the Schrodinger-Poisson equation (see [33,[10]). On the other hand, at least in the case
e = 1, (LI exhibits rather strong nonlinear effects (modified dispersion, universal asymptotic profile), so it is rather
surprising that such a result can be established.

1.2. Universal dynamics without semiclassical constant
Throughout the rest of this paper, we assume A > 0. We recall the Logarithmic Non-Linear Schrodinger Equation
without semiclassical constant (¢ = 1)
A
i Opu + Tu = \uln |ul?, u(0,.) = uip. (1.2)
Following the notations used in [11], for 0 < o < 1, we define
F(HY) = {u € L*RY),z — (2)%u(z) € LZ(Rd)} :

where () = /1 + 22 and F is the Fourier Transform. F (H®) is endowed with its natural norm. In the same
way, we also define the mass, the angular momentum and the energy (with semiclassical constant) for all f €
{9€ H'RY),|g]In|g|* € L'}:

M) = e g) = etm | F@)Vf(a)de,

52
Bf) = G119l + 2 [ 1£@)F Inf@) de.

Rd
The Cauchy problem is investigated in [[18]] and improved by [11, Theorem 1.5.], showing well-posedness for initial
data in H' N F(H*)(R?) with 0 < & < 1 and conservation of those three quantities (with ¢ = 1). Then, in the same
paper, the authors studied large time behaviour of the solution when o = 1. Two features characterizing the dynamics
associated to (I.2) are unusual:

d
e The dispersion is in <t\/ In t> 2 Usually in t5 for the Schrodinger equation, it is altered by a logarithmic factor
due to the non-linearity of the equation, accelerating the dispersion.

e Up to a rescaling, the modulus of the solution converges for large time to a universal Gaussian profile weakly
in L.
- 2
Those aspects are stated in the main theorem of [11]], recalled in Theorem [L.Il Denote by () := e for z € RY
and 7 € C*°(RR) the solution to
F==, 7(0)=1  #0)=0. (1.3)
.
This function satisfies 7(¢) ~ 2¢tv/Alnt and 7(¢) ~ 2v/AInt as ¢ — +oo (see [L1, Lemma 1.6.]). We also define the
following quantities (with semiclassical constant) for any function f € F(H') N H*(R%):

~ 2 ~ ~
Ec(t.f) = /R (lyl* + [ [ £17]) 1f1* dy + %)QHV#H;(M E2(f) = E(0, f). (14)
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Theorem 1.1 ([T, Theorem 1.7.]). Let A\ > 0 and uy, € F(H') N H'(R?) \ {0}. Rescale the solution provided by
[11, Theorem 1.5.] to v = v(t,y) by setting

1\2

. L +(
u(t,z) = 1 y [ |2 v <t, ac ) eZ%T.
~of Pl “\"7

NN

Then there exists C such that for all t > 0, R
Ey(t,v(t)) < C.

We have moreover
/!y\le(t,y)\Qdy — / ly[*7* () dy.
Rd t—o0 Rd

Finally,
lu(t,)]? — ~2 weakly in L' (R%).

t—o00

2 converges to v2 in

Remark 1.2. As a straightforward consequence, with the notations of the previous theorem, |v(¢)]
Wasserstein distance:

W (775 p@)P 775 97) — 0,

t—o00

where we recall that the Wasserstein distance is defined for v, and v, probability measures by

W, (11, v9) = in { ( [ - ylpdu(w,y)> '
R x R4

where /1 varies among all probability measures on R¢ x R¢, and T R? x R? — R? denotes the canonical projection
onto the j-th factor (see e.g. [29]).

; (ﬂ-])#lu’:y]},

Remark 1.3. Another consequence, stated in [[11, Corollary 1.10.], is the logarithmic growth of the Sobolev norms of
the solution as soon as the initial data is not null:

[Vu@)|Bs o~ 2dljunllz nt,  and  (n)® S [u@)lzs S (m6)E, V> 1,95 € (0,1),

s

where H 9(R?) denotes the standard homogeneous Sobolev space.

The weak convergence in L' found in [11, Theorem 1.7.] actually comes from the fact that, after a change of
time variable, p(t) = |v(t,.)|? satisfies a Fokker-Planck equation with some source terms which are negligible (in
some way) when ¢t — oo, along with the compactness of {p(t),t € R} in L} . To provide this weak convergence, the
authors first take the limit ¢ — 400 (up to a subsequence) and then use the properties of this Fokker-Planck equation
along with the fact that the limit satisfies the same Fokker-Planck equation without source term to conclude that the
limit is a universal Gaussian profile (and that the whole sequence converges).

However, the Fokker-Planck operator L = A + V - (2y.) is extremely particular. Indeed, unlike most of the
other Fokker-Planck operators, its form allows to compute explicitly its kernel, which leads to better estimates for
the solution. Those estimates are helpful in order to compute some convergence rate. For this, we have to consider
a distance which metrizes the weak convergence in L' (no strong convergence has been proved). Since there is also
convergence of the first two momenta, we focus on the Wasserstein metric, and mostly on the 1-Wasserstein distance
(also called Kantorovich-Rubinstein metric) because the Kantorovich-Rubinstein duality gives an easier framework.

1.3. Main results

1.3.1. Universal dynamics with semiclassical constant. Introducing the semiclassical constant in the equation, we
now want to investigate (II)). First of all, we need to face the Cauchy problem, which is easy to state thanks to [11}
Theorem 1.5.].

Theorem 1.4. Given any ¢ > 0, A > 0 and any initial data u.;, € H* N F(H*)(R?) with 0 < a < 1, there exists
a unique, global solution u. € L% (R, H' N F(H*)(R%) NC (R, H~* N L%(RY)) to (L1). Moreover; the mass

loc

M (us(t)), the angular momentum J:(uc(t)) and the energy E.(uc(t)) are independent of time.



In the same way as in [[11]], the first main focus of this paper concerns large time behaviour of this solution. The
results of Theorem can be extended as well, and the same features as without semiclassical constant hold (faster
dispersion with a logarithmic factor, convergence to a universal Gaussian profile after rescaling). But the main new
feature of this result is the convergence rate to the Gaussian profile.

Theorem 1.5. Let A > 0, ¢ > 0 and u.;, € H' N F(HY)(R?) \ {0}. Rescale the solution u. provided by Theorem
L4 t0 v = v.(t,y) by setting

ue(t, ) = _ e nllz2 Ve (t, i) ¢l 2e Vein = v:(0) = Mu&in, (1.5)
0! Tl =\ Tueinll

There exists a non-decreasing continuous function C' : [0,00) — [0, 00) depending only on X and d such that for all
t>0andalle >0,

Z

E.(t,0(1) < C( O (v, m)>, (1.6)
)

/ - (() 1902 (8)] 32 gy At < C(Eg(vm)>. (1.7)
0
Moreover, the first two momenta converge: for allt > 1 and all € > 0,
L2l
ty)Pdy = —————(I{  t + I 0 1.8
/ ‘U&‘( y)‘ Yy (t) ||u57in||%2( 1,0 + 2,0) t;)o ) ( )

7(t)+1
TR o 12

‘/ ly[? |ve(t, y)|* dy — /Rd > 7% (y) dy

Iio = Ime/ Ue in Vus,in dy, I§,O = / ) |uz-:,in|2 dy-
R4 R4

Lastly, for all t > 2 and all £ > 0,

< O(E2(vean)

where

joe(t, )2 7 (0.0)
Wi ( o i) < C<E€ (tein)) =+
It is worth noticing that the bounds and convergence rates for v. depend on ¢ only through E2 (v, ;,). In particular,
if we take suitable u. j, such that Eg(vavm) is bounded, then all of them may be taken independent of € € (0, 1]. This
is a very important feature, which rarely happens for large time behaviour in the context of the semiclassical limit.
If we also want uniform bounds and convergence rates for u. thanks to (L3), ||uc in||z2 must be bounded. Thus,
we introduce Assumption (ATl):

Ug in)e>0 uniformly bounded in L? R? and E(vein is bounded, (A1)
’ d o (0.1]
5SS

)

where v, ;,, is defined by (L3). If those assumptions are satisfied, then all the bounds and convergence rates are
uniform in € € (0,1]. Such a thing occurs for instance for WKB states:

- Pin
Usin = \/Pin€ = , Ve € (0,1], for some pin, = pin(x) > 0 and ¢y, = ¢in(z) such that:
V Pin € f(Hl) N Hl(Rd) \ {0}, din € vvl(l)cl (Rd) VPin Vi € LQ(Rd)a

because those assumptions imply pln p € L'(R?). Indeed, the two estimates

(A2)

6 é
[ o < colivamith

for 6 > 0 small enough thanks to Sobolev embeddings and
[ o < Callvml - el 145 (110
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for0 < 6 < 75

5 which can be readily proved by an interpolation method (cutting the integral into [y| < R and
ly| > R, using Holder inequality and optimizing over R; see e.g. [12]]) yield [ pin | In pin | dy < co. Moreover in such
a case, ||te in|| 12, [T o and I5 , are independent of ¢.

The assumptions (A2)) are well known as WKB states and the corresponding Wigner Measure (without time-
dependence) is a monokinetic measure (see [27, Exemple II1.5.]). Under stronger assumptions on pj, and ¢y, this fea-
ture usually propagates in time for some (non-linear) Schrédinger equations and we recover time-dependent monoki-

netic measure (see for instance [8]]). However, it might be difficult to prove it for (I.I)), except in a particular case (see

Section [3.2)).

Remark 1.6. The rescaling (IL.3)) is similar to that in Theorem [L.Il when adding the semiclassical constant: the main
complex oscillations are altered by an e~! factor.

Remark 1.7. The convergence in Wasserstein distance is not new, we already know that we had convergence even
with respect to W, (at least for e = 1). Yet, the convergence rate is an interesting new feature: no convergence rate
(except for the momenta) was proven in [11]. Moreover, such a convergence rate is optimal in this way: if I, # 0
(which is often verified, unless the initial data are well prepared), the convergence rate of the first moment reads:

/ylv (t,y)*dy ~ 172l Lo :
R e\ly t—00 Hua,inH%2 2 In't

Therefore we cannot have a better convergence rate, at least in the general case.

Thanks to the bounds on the L' norm of |v.(t,.)|? and on its second momentum, the following corollary also
holds:

Corollary 1.8. With the notations of Theorem[L3 for allt > 2, alle > 0 and all § € (0,1),

) 1

L [ L) e
£ 42 > 1

Wis (M%) < C(Eg(ve,m)) —
i o (Int)2

Finally, the Sobolev norms of all solutions grow in the same way as in [11], with in addition the semiclassical
constant.

Corollary 1.9. Given any e > 0 and A > 0, let ucjy, € H' 0 F(HY)(R?) \ {0}. The solution u to (L)) satisfies as
t — oo,
2 2 112
e [|Vue||72 ~ 2Ad ||ugin|[72 Int,

and for all § € (0,1),
(nt)2 S & |[ucll 35 S (Int)2,

where H® denotes the standard homogeneous Sobolev space.

1.3.2. The semiclassical limit. Following the previous remarks, we now want to study the semiclassical limit of (L1)),
and the Wigner Transform is a natural tool we may use along with the usual space of test functions:

A= {6 € Co(RY x RY), (Fed)(w,2) € L'(RY, Co(R2)) |

endowed with its natural norm which makes it a Banach space and algebra. In a lot of cases, the Wigner Transform
converges pointwise in time to the Wigner Measure, which is continuous in time with values in A’ and satisfies the
linked kinetic (or Vlasov-type) equation, with the same potential (see for instance [27, 4, 20]). If a lot of potentials
satisfy the assumptions of one of those results, this is not the case here (to the best of our knowledge). Indeed, our
potential depends on the solution and is highly singular in the same time.

However, the framework given by Theorems [L.4] and [L.3] for our equation is still interesting for the Wigner Trans-
form, considering that the solutions (u.(t))->0 at time ¢ € R satisfy the usual assumptions in order to reach the



limit for the Wigner Transform and get good properties for the Wigner Measure (see for example [27, Proposi-
tion III.1. and Théoréeme III.1.]). Therefore, an interesting framework would be to work in L? locally in time for
all p < oo, leave to lose the pointwise convergence of the Wigner Transform and the continuity of the Wigner Mea-
sure in time.

Before stating the theorem for the semiclassical limit, we denote by M (R?) the set of non-negative finite measures
on R%, P(IRY) the set of all probability measures and we also define

D) = {7 € . [ P17y <
Llog L(R?) = { f € L'(R?),|f|1og|f| € L'RY) },
Pi(RY) = {,u € P(Rd),/ lz|* dp < oo} endowed with W, fori =1, 2.
Theorem 1.10. Given any A\ > 0 and u.;, € H' N F(H)(R?) \ {0} for all € > 0 such that (ue in)=>0 satisfies

(Al), define u. and v. provided by Theorem[[.3 for all € > 0, and W (resp. W) the Wigner Transform of u. (resp.
ve). Then there exists a subsequence (ey,),, such that e, — 0 and two (non-negative) finite measures W and W in
n—oo

L>®((0,00), M(R? x RY)) such that for every p € [1,00)

We, T w in LZC((O, ), A, We, o w in LZC((O, 00), A,
and the relation between W and W given by
e in||%2 ~ x .
t = t,—,7(t) € —T(t 1.11
We(t, z,8) 72|11 We ’T(t)’T( )E—T(t) ( )

still holds after passing to the limit since ||ue,, in||12 converges (to some My > 0) as n — oo. Furthermore, we have

w5 p(ty) =m0t | W(ty,dy) € L((0,00), Ly N Llog L(RY) NC(RT, PL(RY)),
R4

pt,RY) = [7?|[n forallt >0,

and there exists Cy > 0 such that

1 2 17 /°° 7(t) // 2 17
sup ess —— Wi(t,dy,dn) + W (t,dy,dn)dt < Cy, (1.12)
pess //Rded " W(t,dy, dn) 0 Rded\n! (t,dy,dn) 0
1
/ ypt,y)dy = —=(Cit + C), vt >0, (1.13)
R 7(t)
where I 2”
. Yl £ .
C; = lim ————I" forj=1,2,
J n—00 Husn,inH%2 7,0
which yields

/Rd <;> plt.y)dy — /Rd (;) 7 (y) dy.

Lastly, there exists C's > 0 such that for all t > 2,

~ 2
w (20,2 < o
T2 772 \/hl_t
The main result of this theorem is the fact that the two limits (semiclassical limit and large time behaviour)
commute. This is a strong feature which is rather unusual for those two kinds of limit. Indeed, it is known that such
limits do not commute for linear Schrédinger equations with potential, in the context of scattering, with asymptotic
states under the form of either WKB (see [31L[32]), or coherent states (see e.g. [15, 22, 21]]). In [9], a similar lack of
commutativity is proven in the case of the Schrédinger equation with a potential and a cubic nonlinearity.




Remark 1.11. Even if we do not have any pointwise convergence for W, and if W (¢) is defined only for almost all
€ (0,00) to be a non-negative measure, p(t) can be defined for all t € (0,00) and is not only a non-negative
measure but also an L' function. Moreover, we do have continuity in time for p(¢) with values in P; endowed with
the Wasserstein metric W;. Actually, the proof shows that we also get locally uniform convergence in time of |v., |2
to p(t) in Py.
Remark 1.12. The convergence for the second momentum stated in (L9) is uniform in . Yet, we still cannot conclude
for the case "e = 0" because we do not know if [p. |y[* p=(¢, y) dy converges to [pa|y|? f(t,y) dy. This would have
been the case if, for example, we had an estimate for a higher momentum.

Remark 1.13. Remember that if (A2)) is satisfied, I 7o (i = 1,2) is independent of ¢, therefore C; (j = 1,2) are still
the same quantities. Moreover, in the same case, it is known (see [27, Exemple I11.5.]) that

~ 2
We(0) = Pin(2)dz @ Ge=vg, ) ~ and  We(0) — gkl

n—00 ||P1n||L1

( ) dz ® (55 Vi () in .AiU,*

In the same way as for Corollary [.8 we also have a convergence rate for some other metrics.

Corollary 1.14. With the notations of Theorem [ 10| there exists Cy > 0 such that for allt > 2 and 6 € (0,1),

N C o(t) 2 C
150) =2l resn € —S2 . Wi (”Qﬂ—g) <
(Int) 2 T2 T2 (Int) 2

1.3.3. Kinetic Isothermal Euler system. In view of the previous remarks on the Wigner Transform, the Wigner Mea-
sure usually satisfies the related kinetic (or Vlasov-type) equation with the same potential, as soon as the potential
is smooth enough. Therefore, there is a formal link between the Wigner Measure we found in Theorem to the
kinetic/Vlasov-type equation with the same potential, i.e.:

8tf+§vxf_)‘v$(lnp)v§f:07 f(ng,f) :fln(w7§)7 t>07 (x7§) ERdXRda (114)
where p(t,x) fRd f(t,x,d€). First of all, this equation has a strong link with the isothermal Euler system: a
time-dependent mono-kinetic measure f(t,x,€) = p(t, ) dz ® d¢—y (1o satisfies (LI4) if and only if (p, v) satisfies:

Op + Ve (pv) =0, (1.15)
Oi(pv) + V- (pr ® v) + AV,p = 0. '

This is why (I.14)) is called the Kinetic Isothermal Euler System (KIE). Such an equation has already been studied in
other contexts, mostly because it arises as the formal quasineutral limit of the Vlasov-Poisson system with massless
electrons, but to the best of our knowledge the studies proving rigorously this quasineutral limit stick to the tore in
space (see for instance [23| [17]]). Even if it does not apply to our case, another interesting result is worth mention-
ing: the local well-posedness in 1D for mono-kinetic solutions far from vacuum and whose parameters (p, v) are in
Zhidkov space with enough regularity (see Theorem 1.4. of [13])).

For our case where the solution should have (at least) the same properties as in Theorem some results were
already found. In particular, R. Carles and A. Nouri proved that the Wigner Transform of solutions to (L)) in 1D with
Gaussian initial data converges (and even pointwise in time) to a mono-kinetic measure, with p Gaussian and v affine
in space, solution to (LI4) (see [13, Theorem 1.1.]). We will name those solutions to (I.14) Gaussian-monokinetic
solutions. Such a remark strengthens the intuition of a link between (II)) and (I.14) through the Wigner Transform.

Actually, even if it is not our purpose to develop a full Cauchy theory in this case, a nice framework for (L.I4)
should give the usual properties for Vlasov-type equations, and such properties are enough to prove the same large
time behaviour in Wasserstein distance as in Theorems and (see Section [3.1)). This discussion is even more
enlightened by the following result, providing a new class of explicit global strong solutions to (I.14) in 1D: Gaussian-
Gaussian solutions.

Theorem 1.15. . Forcig > 0, ca > 0and c11, By, B1 € R, define c; € C*°(R™) the solution of the ordinary
differential equation
22 C? -

51 = — 3 C = Cl,O 6270, 61(0) = CLO’ 61(0) = 6171. (116)
C1 Cl



Then, set

co(t) == cjt)’ bi(t) :== Bt + By, ba(t, x) := 22;

The function f = f(t,z,§) defined by

(I—Blt—Bo)—{—Bl. (1.17)

_ 1 [z —bi(®) €~ balt,2)?
[tz &) = raban P [— G e } (1.18)
is a solution to (LI4). Moreover, if we rescale it to f = f(t,y,n) by setting
1 ~ T
f(tamag) = H’YQHLI f <t7 T—t)77—(t)§ - T(t) .%'> ’
and define
plt,y) = /Rd f(t,y,m)dn,
there holds
. 9 Inlnt
16(t,) =7 llr =0\ 77 |- (1.19)

2. Let T € (0,400], by = by(t) € C}([0,T),R), c; = c1(t) € C([0,T),(0,00)), by = bo(t,z) € C*([0,T) x
R, R) and cg = co(t,x) € CH([0,T) x R, (0, 00)) such that

N S S
mep(t) ea(t, ) c1(t)? co(t, z)?

is a solution to (L14). Then co does not depend on x, all the functions are C*° and (L.16)-(I.17) hold.

[tz €) =

} te[0,T), 7,6 € R,

Remark 1.16. This theorem may also handle the case when c3 o = 0, which is actually the monokinetic case where
we have a Dirac in &:

1 (z —b1)?
fin(wag) = \/7_1'61,0 €xp [_T ®55:b2,0(33)'

where by o(x) is affine. Then the previous theorem shows that f is a Dirac in £ for all time (if we only consider
Gaussian solutions), as ¢ (¢) ca(t) = ¢1(0) c2(0) = 0 with ¢1(¢) # 0 for all ¢ > 0. This is similar to [13].
Remark 1.17. We stated this result in 1D, however we can extend this class of solutions (and also the Gaussian-

monokinetic class) to any dimension d by tensor product. Indeed, in the same way as for (1) (see [5]), the tensor
product of two solutions to (I.14)) is still a solution to (L.14).

Remark 1.18. It is worth noting that the expected large time behaviour still holds, due to the fact that the behaviour of
c1 has already been studied in [13]]:
Cl(t) ~ 2tV Int,

t—o0

with the better result of strong convergence of j to 2 in L' with a slightly slower convergence. This does not mean
that the convergence in Wasserstein distance is slower for this class of solutions. Actually, we can prove that the
convergence rate found in Theorem still holds in this case, despite the fact that those solutions do not fit with any
Wigner Measure.



1.4. Outline of the paper

In Section 2l we review and extend some of the standard facts on the Wigner Transform. Section[3]is devoted to the
study of the semiclassical limit of through the first part of the proof of Theorems[L.3land[I.10} which is everything
except the convergence rate in Wasserstein distance: we extend the results of [11]] to (I.I)) (with semiclassical constant)
and then use the results on the Wigner Transform to perform the semiclassical limit. A sharpened analysis of the
Fokker-Planck equation (which already gives the weak convergence in [[11]]) is provided in Section 4l The estimates
coming from this analysis lead to the convergence rate in Wasserstein metric. Finally, Section [3is split into two parts.
The first part contains a discussion of the Kinetic Isothermal Euler system and its (formal) properties. We show that
those properties are enough to get the same behaviour as in Theorem through an intermediate result we prove in
Section [l The last part deals with Theorem [[.T5]and its new class of explicit solutions to (LI4).
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2. WIGNER TRANSFORM AND WIGNER MEASURE

This section is devoted to the Wigner Transform and Wigner Measure. Even if they have already been studied a
lot (see [27), 14} 1201 [19]]), many standard facts about them were proved without taking into account the time dependence.
Indeed, the further results of the convergence of the Wigner Measure of a solution to a Schrodinger equation to the
related kinetic/Vlasov-type equation conclude to a convergence which is pointwise in time for a lot of cases (see for
instance [27, Théoréemes IV.1. and IV.2.]), therefore those facts are enough to get suitable properties for the Wigner
Measure. However, those results do not fall within our framework, so we need to extend those basic facts to the case
with time dependence.

2.1. Definitions and first property
For any sequence of functions f. = f.(z) € L?(RY) for ¢ > 0, define the Wigner Transform W, by

We(, ) = /R (24 F) £ (2= 5 ) de = Fopel@ ), (@) e R xRS,

1
(2m)d
where

pe(x,2) = f. <x + > fe ( 822), (x,2) € R? x R?.

W¢ is a real-valued function on the phase space. However, it may be non-integrable and sometimes negative. Both
issues are fixed by working with the Husimi Transform, which is a slight modification of the Wigner Transform. For
this purpose, we define the Gaussian with € variance:

1 |z |? d
o) = dexp(——>, Gol@,€) = e(2) (),  fora,€ € RY

(me)2

This leads to the definition of the Husimi Transform W
WH =W, % Ge = W 4 e %¢ e (2.1

The fact that the Husimi Transform is non-negative and integrable is not obvious at first sight, but this is well-known
(see [27]).

Proposition 2.1. The Husimi Transform WX = WH (x, &) of any function f. € L*(R?) defined by @.J) is non-
negative and satisfies

/ WH(z,6)de = |f.* v.(z),  forallz e RY (2.2)
Rd

//R (z,6) d¢ dz = || fe|I7.-

and



2.2. Momenta

The fact that the Husimi Transform is non-negative is very useful in order to compute some momenta. As it is a
slight modification of the Wigner Transform, their computation leads to some interesting estimates even in the limit
e —0.

Proposition 2.2. Given any f. € L? (Rd), € > 0 and its Husimi Transform WEH , there holds for all x € R? :
1 If f- € HY(R?),

2 d
L W@ 6 de = 21V e = S IEP M) + FIEL 0@ )

and

d
J[, Wi acds = VLI + S IER @4
Rd x R4

In a more general way,

_ 2 Sii
/R 66 W (2,6)dg = & Re (0.9, F2) *7:(2) = T |£  0i0e(@) + 2L 2 (), 29)

and
// &6 WH (2,6)dé de = 52/ Re (9;f-9; f-) da + £ 0ij uel2s. (2.6)
R4 xR4 R4 2
2. If f- € HY(RY),
[ €WH .)€ = etm(VE T #7. a). ex)
and therefore
// EWH(z,€)deda = / eIm(Vf. f.)dz. (2.8)
R4 xR4 R4
3. Ifu. € F(HY),
d
S P Wi dede = la £l + 5 11 29)
RdXRd 2

The proof is very computational and will be done in Appendix [Al

2.3. Semiclassical limit

Even if the Wigner Transform is not integrable, we still have some bounds thanks to the following Banach space
(and algebra) of test functions:

A= {6 € Co(RE x RY), (Feo)(a.2) € L' (RE, Co(RY) }

endowed with the norm
|64 = [|Fedl| L1 poe-

It is known that, for any sequence (f- = f.(z)).>0 bounded in L?(R%), its Wigner Transform W. is uniformly
bounded in A" and therefore weak-x converges (up to the extraction of a subsequence) to a (non-negative) measure,
called a Wigner Measure (see [27, Proposition III.1.]). Adding the time-dependence to the boundedness is obviously
easy. However, reaching the limit with the addition of the time-dependence is a bit more difficult. Usually, the
(Schrodinger) equation satisfied by u. yields an equation on W, from which one can derive some equicontinuity if
the potential is smooth enough, but here the potential is highly singular because we do not have any control near the
vacuum. Yet, the uniform bound in L ((0, T), A’) implies the uniform bound in L*' ((0,T), A") = (L? ((0,T), A))’
for any p > 1. This remark shows that we can extend the result of [27, Théoréeme III.1.] with time-dependence, leave
to lose pointwise convergence in time.
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We say that a sequence ( f-).~0 of functions f. = f-(t,z) € L ((0,T), H' N F(H')(R?)) satisfies the assump-
tion (A3) for some T' > 0 if

fe, x f- and £V f. are uniformly bounded in L™ <(0, T), L? (]Rd)) . (A3)

Lemma 2.3.  [. Given any sequence ( f.)c>0 of functions f. = f-(t,z) € L*>® ((O, T), L? (]Rd)) uniformly bounded,

there exists a subsequence (), such that €, — 0 and there exists a (non-negative) measure W (called
n—oo

Wigner Measure) in L°((0,T), M(R? x R%)) such that for every p € (1,00)

W., — W inLP((0,T),A,_.), wH W nLP ((O,T),M(Rded)).

n—00 & psoo

2. Moreover, if f. = f.(t,x) satisfy (A3), then W — W in LP ((O,T),M(Rd X Rd)) and the following
" n—oo
properties hold for a.e. t € (0,T) and all p > 1,

e On the second momentum in x:
2v7H 2 . orp d d 2 o 2
W S PW 2 (0.1, M@ < RY), /R e, d) <l [l e
e On the second momentum in &:
LW = 1EPW i (0.1 ME xRY), [[ (6P Witdr,de) < lmint )PV Fe e
n—oo RdXRd n—oo t T
e On the density:
fer? — = /R Wlnde) L2 (01, MED),  Ifelfe = p(RY) in LP((0.7).

Remark 2.4. W, — W in LP((0,T),.A!, _,) means that for any ¢ = ¢(¢, z, ) such that t)|a € L 0,7)),
n wW—* y
n—oo

fOT ffRded ot z, &) We, (t,2,&) de dE dt converges to fOT ffRded o(t, z, &) W(t,dr,d€) dt. In the same way,
WH —~ WinLP((0,T), M(R?xR?)) means that for any ¢ = ¢(t, z, £) such that ¢(t) € Co(R? x R?) (continuous
n—oo

and going to 0 at infinity) for a.e. t € (0,T) and ||p(t)||z~ € L (0,T), fOT [fpasga &t 2, &) WH(t,2,€) dz d¢ dt
converges to fOT [Jgayga &, z, &) W (t,dz, d€) dt. The same kind of remark holds for the convergence |f-, > — p
n—oo
when taking ¢ € LP' ((0,T),Cy(R?)), and also for WX — .
" n—oo

Remark 2.5. The assumption (A3) is not the sharpest for the results about the density p. Actually, one shall only
need some e-oscillatory and compact at infinity feature uniformly in time for the sequence (f:)->o. However, the
assumption (A3)) makes the proof easier, also allows to get good properties on the second momentum of the Wigner
Measure and is actually sufficient for our further results.

Proof. The first part of the proof is actually a re-writing of the proof of the first part of [27, Théoréme III.1.], with in ad-
dition the time-dependence. W. and W are bounded respectively in L> ((0,7'), A’) andin L> ((0,T), L' (R? x R)).
Thus, there exists a subsequence &, such that W, (resp. Wg ) weakly converges in LP ((O,T ),AQU,*) (resp.
LP ((0,T), M(R? x R%))) forall p € (1,00) toalimit W € L ((0,T), A’) (resp. W} € L ((0,T), M(R? x R%))).
Following the idea of [27, Théoreme III.1.], we should be able to prove that W = Wpy. Since we have
1 =Pt

WaH =W, x G, where G, = W e s
it is enough to prove that, for example, for any ¢ € C3°((0,T') x R? x R?%) which is a dense subset of L2((0,T), A),
® * G converges in L2((0,T),.A) to ¢. Knowing that

Fe(pxGe)(t,x,2) = | Feop(t, x, 2) %4 e = et

11



we see that,

Feop(t) — Fep(t) *a % e~

7e)

2
|

2 z
dz + / (1-— efET‘) sup |Feo(t)| dz.
R4 T

I6(6) = G = 60l < [ su

The second term goes to 0 when ¢ goes to 0 by dominated convergence for all ¢ € (0,7"), and so does the first term
since Fep(t) € S(R? x RY). Moreover,

<1Fed®)llrrrse = llo(®)]]a,

LILg

[ Fe(d * Go) ()| prpee = H [}"gqﬁ(t) ‘o ! %612] N

which yields
|¢(t) * Ge — ¢(t)|.a < [|6(2) * Gella +[[¢(E) [l < 2[[B(2)]|a-
Then, we conclude by dominated convergence

T
| loter 6. = oz —3 0

which is what we wanted. Therefore, W = W,
The proof of part[2is rather usual. First, take some non-increasing x € C2°([0, c0)) such that y = 1 on [0, 1] and
0 < x < 1. Given any non-negative function ¢ = ¢(t) € C°((0,7")), we know that for any § > 0,

/ //¢ x(8|z?) =2 W (1, 2, €) dz de dt — / //¢ (Ol2l?) 22 W (¢, d, d€) dt

Since all the factors are non-negative, the term on the left-hand side is bounded thanks to (2.9):

///¢ x (0] [?) !m\Qng(t,m,g)dxdgdtg/ / 22 W (t,x,€) de de dt

s/o <>[||xf€n||L2+ ||fen||L2]dt

< lgllzs [uwfenumz 1 End ernump] |

Therefore, we get

/ [ 60 x61a) ol Wt o, 0 e < lfollpstimint s |

and we conclude thanks to the monotone convergence theorem as § — 0:

T
| ] oo 1a Witz ag)ae < ol timint o, s

hence
/ |z|? W (¢, dz, d€) < lirginf ||:cf€n||%?oL2 forae. t € (0,7),
n—oo x

and the same proof holds for the second momentum in £ thanks to (2.4). Getting this second momentum leads to the
following result with a usual argument:

2PWH Wi L((0.T), MEBY X EY), P WH s R in L((0,7), M(R x BY),
and thus

Wi — w in LP((0,T), M(R? x R?)).

n—o0

12



In particular, thanks to (2.2)),

LW a6 = It )P xrese) 2 o in DZ(OT), M),

n—oo
But (f-, ) is uniformly bounded in L> ((0,T), F(H")(R?)), thus we get up to a further subsequence

[fea? — 5 W LP((0,T), M(RY)),

for some p € L>°((0,T), M(R%)). In particular, it is also known that

|[feu (8, )P %72, () — 5 in LP((0,T), M(R?)).
n—o0
Therefore = p, hence the whole sequence (| f-, |2), converges (there is no need of further subsequence) and espe-
cially

1Ol = [ Vet de = [ alede) o 22(0.7)) =

3. SEMICLASSICAL LIMIT OF THE LOGARITHMIC SCHRODINGER EQUATION

In this section, we prove Theorems [[L4] [[.3] and except the convergence rates in Wasserstein distance, which
will be done in the next section. First, a brief proof of Theorem[I.4] and a longer one for Theorem [L.3lare given. Using
those results along with the properties of section[2] the semiclassical limit is then performed and gives the first part of
the proof of the latter.

3.1. Proof of theorems 1.4 and

The proof of Theorem[L.4lis very easy and follows from a simple change of variable: w. is a solution to (L)) if and
only if @ (¢, z) = u.(et, ex) is solution to (L2)) (with initial data u. j,(¢x)). Therefore, we can use [11, Theorem 1.5.]
and it leads to the conclusion with some additional and obvious computations. For Theorem the first part of the
proof is actually a slight and simple adaptation of the proof of [11, Theorem 1.7.].

3.1.1. Rescaling and estimates. Writing (ILI)) in terms of v, yields

2 2 .
- L Y dlnT(t)—anw Ve.
27(t)? v

1€ Opve + Iz
L

Ayve = Ave In

: . . . _i
The last term is totally harmless, as it can be removed by changing v, into v. e~ = where

t .
0=10(t) := )\d/ In7(s)ds —2\t1n M
0 ]2
Thus, we obtain the system
2
1€ Opve + iA Ve = A\: In e , ve(0,2) = M Ug.in- 3.1)
2r(t)2 " e nllzz

We define the modified total energy and kinetic energy with semiclassical constant and the relative entropy:

2 2
5 o € 2 5 L 2 Ua(tay)
gkin(t) T 2T(t)2 HVU€HL27 gent(t) T /]Rd ’UE(t7y)‘ In ’Y(y) dy7
ECi=Egn + NEG-
Then there holds )
ge = —2®€§in, (3.2)

7(t)

13



Following the ideas of [11]], we should now have estimates which should depend only on £%(0). However, writing
Eanl®) = [ ot Pinfocte )P dy+ [ ec(e )

it is obvious that £ < E.(., v.) and in particular £(0) < E? (Ve,in). Actually, if we separate the positive and negative
parts of the entropy in the modified total energy thanks to

/|v€|ln|v€|2:/| |v€|21n|v€|2+/ o2 In [o 2,
ve|>1 ve|<1

£ =t A [ ol + A / ool > 0,

|ve|>1

&= —)\/ [ve| In |ve|? > 0.
|ve|<1

we can define

Then, with the definition of E. in (T4), it is clear that
Ea%Ei—l—Ef > &L >E =867 —€&°.
We already know that £° is bounded since it is decreasing and non-negative thanks to the Csiszar-Kullback in-
equality, which reads (see [2, Theorem 8.2.7])
1 2
L) > 2(t) — 42 :
ent( ) = QH’YQHLl(]Rd) H ’1)5’ ( ) v HLl(Rd)

Actually, the following lemma states not only the boundedness of £, but also some integrability property for the A
norm, which are (I.6) and (L.7).

Lemma 3.1. With the previous notations, there exists a continuous non-decreasing function C' : [0,00) — [0,00)
depending only on \ and d such that for all t > 0 and for all ¢ > 0,

i@m@DSC%Eﬂ%mo’ Am§§%2

Proof. Using the fact that the modified energy is non-increasing, we have

£5 < &°(0) + &-.

IV (D] 32 gy At < O (B (ven) )

The last term can be controlled by

ﬁs@/hwi
Rd

for all § € (0,2). Moreover, we have the estimate

_ 2—(1+4)s 4 2 (142
[t < ool gl 2 = sl

) das
lyvell

assoonas 0 < 6 < diw in the same way as (I.10). Taking (for example) § = #2, this implies

£ < Cy(E5)T@ ™, andthen €5 < E(voin) + Cy (£5)1@ .
Thus £5 < C (Eg(vg,m)) for some continuous and non-decreasing function C' : [0,00) — [0, c0) (independent of ¢
and ¢) since 4(#12) < 1. There also holds £2 < Cy (C’ <E~g(v€m)>) Wfﬂ), and then (L6) for C := C + Oy CN’W‘}W).
Last, (L7) follows from (3.2) and the fact that £°(¢) is bounded uniformly in ¢t > 0 by C' (ES (vem)) O

Remark 3.2. The Csiszar-Kullback inequality shows that, if we had &£,

ent(?) = 0 (for example, £%(t) = 0),

we would have || [v.|?(¢) — 77| ﬁ;l ®Y) S 0 and then strong convergence would follow, but we cannot reach this

conclusion in the general case.
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3.1.2. Convergence of some quadratic quantities. We now prove (L8)-(1.9), as stated in the next lemma.

Lemma 3.3. Under the assumptions of Theorem[L.3 the first two momenta converge: for all t > 1 and all € > 0,

1 H’Y2H !

2 L € €
ylo(t,y)|*dy = ———=(I7 gt + 15 ),
/d | E( )| (t) ||u€,in||22( 1,0 2,0)

. F
‘/ \ylzlve(t,y)\Qdy—/ ly[* 7% (y) dy SC(ES(vE,m)>
Rd R4 T

where
Iio = Ime/ Ue in Vus,in dy, IS,O = / ) |uz-:,in|2 dy-
Rd Rd

Proof. Introducing
G0 =tme [ wt) Vol 50O= [ gl 5o =050,
R R
we compute

Therefore (L8)) easily follows from simple computations. We now go back to the conservation of energy for u.,
g2 2 2 2 e 2 2 2
EHVus(t)HL? + A ., |u€(t,x)| In |u€(t,$)| dz = E ||vu€,il’l||L2 +A . |us,in| In |us,in| )

R R

and translate this property into estimates on v,

.2 .
T T N
Ekin + 5 / \y[2 ]v5]2 — 8; Im/ve(t,y)yV%(t,y) dy + )\/ \vg\an ]v5]2 — )\dH’yzHU InT
g2 2 2 2
= E ||vv€,in||L2 + A e |U€,in| In |Uz-:,z‘n| 5

Therefore, we obtain thanks to the previous estimate (L6) (along with a Cauchy-Schwarz inequality)

7'.2

— <
9 =

/ g2 [oel? = Ad |||t In T

7'_ -
e; Im/ve(t,y)yvvs(t,y) dy‘

2
3
+ ‘5 ||Vv€7m||%2 + )\/d |Ue,in|21n |v€7m|2 _ )\/ |v€|21n |v€|2
R

<7 (t) [lyve(®)]] 2 TL

(t)
< C(Eg(vg,m)) (7(t) + 1).

IVee(®)llzz + Co [E(vein) + C (EQ(vein) )|

Multiplying by 7 and integrating yields

22
% =2\InT,
which gives in the above inequality for all ¢ > 1
d ~ 7(t) +1
2 = Gl < € (B2wem) P
and then we can conclude thanks to the identity g||72| = [ |y?+?(y) dy. O
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3.1.3. Equations on quadratic observables. Finally, we get two equations involving the density and the density of
angular momentum defined by

pe = |ve|?, Je :=Im(e vz Vog).

They satisfy in D’((0, 00) x R?)
0 L v 2o Oy J. + AV + 2 e AV i
tpe‘|'7_2—(t) ~dJe =0, e + Pe + yﬂs—m Ps—TQ—(t)

Remark 3.4. In the same way as in [11], we can already conclude the weak convergence (in L) to 72 of p. = |v:|%.

V- (Re(Vv. ® Voy)).  (3.3)

Remark 3.5. The three most important equations are given by and (3.3). Even though we derive them from the
equation (3.I) on v in the same way as in [11]], it could have been directly derived from some equations for u.: the
conservation of the mass and the energy and some identities for |u.|? and Im (s @; Vu,.) similar to (3.3) (and some
other estimates which arise from them, like the conservation of the angular momentum, the variation of the second
momentum and the variation of fRd xIm(eu; Vue) dx):

at(|u€|)2 + V- Im(e % Vu,) =0,
) 2 ) ) - 3.4)
O (Im(e %z Vue)) + AV (Juel”) = AV ([uel”) — €7V - (Re(Vue @ Vue)).
This is an important remark in view of Section
3.2. Proof of Corollary

Again, this proof is extremely similar to that in [11]]. In the energy for u., write the potential energy in terms of

[t el 2
/ |ue<t>|21n|ue<t>|2=—d(1m<t>+1n<—2 £ ) ol + a2 2 [ loP )
g 2 2l
= ol B (1) + O(L).

The conservation of the energy for u. yields

(IVuel B~ 22dlfucinll2 I (t).

Ve.

Now fix 0 < § < 1. By interpolation, we readily have

§ -4
el s S Iluell}z° (€2 flue )Gy, < ().

For the other inequality, we recall the lemma used in [[11]] without semiclassical constant. However, in our context, it
is better to recall it with semiclassical constant.

Lemma 3.6 ([1, Lemma 1.5.]). There exists a constant C' > 0 such that for all € € (0,1], for all § € [0, 1], for all
u € HY(R?) and for all w € WH°(R?),

_ . s
[ ewl®ul 2 < €lful s + lull 12 11V = iw)ullfs +C % (1+[|Vuwl|ze) |lull 2.

Applying this lemma with u,(¢) and

we get forall £ > 0

)
HOP |yl ee(O)lle < lhuellgs + H%ww

. r(t
w +Cel <1 + m) [t in|| 2
2 Nl 7(®)

The result readily follows: all the terms of the right hand side are bounded but the first one, and the behaviour of the
left hand side is given by the convergence in Wasserstein distance Wy which implies (since 6 € (0,1))

/!y\%!va(t,y)ﬁdyﬁ/ ly[% 7% (y) dy.
Rd t—o0 Rd
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3.3. First part of the proof of Theorem [1.10]

From now on, Cj denotes a positive constant (which may change from line to line) independent of ¢ and £ and we
assume that (AT)) is satisfied.

3.3.1. Convergence of the Wigner Transforms and first properties. First, we proved that (v. ).~ satisfies (A3) thanks
to (L.6), hence we can apply Lemma[2.3| for (v.)->0 and also for (ug)e~o for all T > 0 because (u.)->¢ satisfies (A3))
thanks to (L3)) and the first assumption of (AI). By an argument of diagonal extraction, it leads to a subsequence (still
denoted ¢) and two measures W = W (t, z, &) and W = W (t,y,7) in L=((0, 00), M(R? x R%)) such that for every
p € [1,00)

We = W, We = W, in L{,((0,00), A),

e—0

pe = |ve|? — p= /Rd W(.,.,dn) in Lf . ((O,oo),M(Rd)) 7

// W2 T (¢, dy, dn) < Co, // Inl2 W (¢, dy, d) < Cor(1)?. 3.5)
R xR4 Rd xRd

But (L6) also gives that p. is uniformly bounded in L* ((0, 00), L log L(R?)). Therefore, 5 € L> ((0, 00), Llog L(R%)).
It remains to prove that 5 € C([0,00), P; (R)). Come back to the equation for 9;p. in (33):

Orpe + ()V J.=0 in D',

where we recall J. = Im(ev-Vv.). We also recall that e )J is bounded in L*°((0, 00), L{ (R?)) uniformly in
e > 0 thanks to (L6) and a Cauchy-Schwarz inequality. Therefore, thanks to Kantorovich-Rubinstein duality,
77_% pe 18 equicontinuous with values in P; (Rd) (endowed with the Wasserstein metric V). Moreover, since p.
is bounded in L> ((0, 00), L} N Llog L(R?)), de la Vallée-Poussin and Dunford-Pettis theorems yield the compact-

ness of {77_% pe(t), e > O} in P;(R%) for all ¢ > 0. Hence, by Ascoli theorem, {7‘('_% pg} is a compact set in
C ([0, T, P1(R%)) for all T > 0. Thus we get not only e p € C([0,00), P1(RY)) but also

™

d _d
2 2

pe— i inc([0,7],Pi(RY) forall T >0,
Moreover, the identity (¢, R%) = 8,
t € [0,00).

Lastly, an easy computation leads to the relation , substituting . by v thanks to (L3) and performing a
simple change of variable. In this relation (L.II), two terms already converges: W converges to the non-null measure
W and W. converges to the measure W . Therefore, thanks to this relation, it is easy to prove that ||t in] |2 72 CONverges.
Thus we can pass to the limit in the relation between the two Wigner Transforms.

satisfied for a.e. t € (0, 00) thanks to Lemmal[2.3] is actually satisfied for all

3.3.2. Estimates on the momenta. We already proved the estimates (3.3). Moreover, in the same way, (I7) can be
translated into a property on the Husimi Transform thanks to (2.3)):

= ) .
/o (1) //RdXRdW W (t,dy, dn) dt < Co.

A slight modification of the proof of Lemma [2.3] shows that this estimate still holds after passing to the limit, so that
we get (L12). For (I.I3), we proved that p. converges locally uniformly in time to p and has a second momentum
bounded uniformly in ¢ > 0 and € > 0. Therefore, a usual argument shows that

/ ype(t,y)dy — / y p(t,y)dy locally uniformly in .
Rd e—0 Rd

2
However, the term on the left-hand side has already been computed in (L8], hence the affine function Iy HL21 (I Tott

licinl 2

1570) converges locally uniformly in ¢. Thus, we conclude that both HHV HHL1 Iy and ”‘1‘7 Hﬁ; I5 ) converge to some

C4 and Cy, and then we obtain (I.I3). This completes the first part of the proof.
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3.4. Convergence of some other quantities

Actually, we would like to pass to the limit in the two identities in (3.3). For this, there are still two quantities
which should converge: J. and £2 Re (VvE ® Vve). First, we recall the estimates found for those two quantities
thanks to (I.6) and (I.7) (up to a Cauchy-Schwarz inequality for .J.)

1
—/ (1+y|) |Je(t,y)|dy < Cyp forallt > 0ande > 0,
R4

7(t)
0 2
[T (5 [ashiealar) s co 36
7_26—(275) HRe(va(t) ® va(t))HL1 <Oy forallt > 0ande > 0,
0 82
/0 % /Rd 00 Re(Vu:(t) ® va(t))‘ dy dt < Cy. (3.7)

Moreover, J. and e Re (V. ® V) are related to the Husimi Transform respectively through 2.7) and 2.9). An
analysis similar to that for the density and for the second momentum for the Wigner Measure in the proof of Lemma
2.3 shows that for all p > 1:

1 o L T . P s /md\d

e = = [ W dn)in L ((0,00), M0 (R,
g2 - 1 . 4 in I (g dxd
7'2—(t) Re (Vve ® VUE) o= 7_2—(75) /Rdn@)nW(t,y, n) in Ly, ((0,00),M ( ) > ,

where M*(R?) is the set of finite signed measure on R, In particular,

supess [ (141l olt.n) + | ﬂ( / <1+\yr>m@\<t,dy>) dt < Co, (3.8)
>0 Jrd o T(t) \Jpa
sup ess || (t, R?) +/ () lvo|(t,RY) dt < Cy, (3.9)
t>0 0 T(t)

where |pg| (resp. |vp]) is the absolute variation of yq (resp 1), and (3.3) becomes

1
op + ﬁv “po =0, O (T(t) o) +AVp+2 yp= -V -1y, in D'((0,00) x RY). (3.10)
T

Remark 3.7. The latter equation along with the estimates (I.12), (3.8) and (3.9) gives some new estimate for 7(t) o,
due to the fact that 8, (7 () p19) € L> ((0, 00), W~1=%1(R%)) for all § > 0, uniformly in §:

11067 () 120)|| oo yyr—1-5. < Allpll 2o L1 + 2|y pll o L1 + sup ess [o] (£, RY) < Co.
t My L L >0

In particular, Jy := 7() po € C ([0,00), W1751 0 M*(R?)) for all § > 0, so that y is actually defined for all
t > 0. We can also derive that

[ Jo(to +t,y) — Jo(t, y)|[y-1-61 < Coto, YVt =0, Vtg > 0.
Yy
But Jo(t) € M*(RY) ¢ W—LY(R?) for all t > 0. Therefore, for all ¢, £y > 0, we can take the limit § — 0 and we get
[ Jo(to +t,y) — Jo(t, y)|[y—11 < Coto, vVt >0, Vtg > 0.
Yy

In particular, this leads to:

1+t
L0 w>o

(Ol < Co s =
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4. FOKKER-PLANCK EQUATION AND CONVERGENCE RATE IN WASSERSTEIN DISTANCE

4.1. From Schrodinger to Fokker-Planck

We define pg := p, pe = % Je and v, := 75—;) Re (VvE ® V—ve) for all £ > 0, so that we can write (3.3) and

(3.10) in a single generalized system for all ¢ > 0 (which also holds in 7’(R x R%)):
gle g y

62

1
O¢pe + mv “pe = 0, O (T(t)pe) + AVpe +2Xy pe = F@Avps -V 4.1)

In a similar way as in [11, Theorem 1.7.], combining those two equations leads to

22
472(t)

815(7-2 Otpe) = A Lp: — AQP& +V-(V-v),

where L = A 4+ V - (2y .) is a Fokker-Planck operator. On the other hand,
8,5(7'2 8tp5) = T2 atng + 277 Btpg.

Since 72 < (#7)2, it is natural to change scales in time and define

A T 1
= _— = _— = —1 7 t . 4'2
° / e TRl (42)
From this we have (using the notation f(t) = f(s(t)) for the change of time variable)
. 20\ A 9. . g2 9. 1 .
aspe - z sPe + ﬁaspe = Lp. — 4)\7‘2(S)A Pe + Xv : (V : Vz—:), (4.3)

Discarding formally negligible terms leads to the Fokker-Planck equation without source terms
asﬁe = Lpe,

for which it is well-known (see for instance [3| Corollary 2.17.]) that in large times the solution converges strongly in
L' to an element of the kernel of L, hence a Gaussian. Notice that the convergence is exponentially fast in s variable,
so coming back into ¢ variable produces a logarithmic decay (which is exactly what we are expecting) due to the
estimate

1
s:Zlnlnt+o(1) ast — oo.

In particular, translating the properties of convergence (L.3) and (I.I0) in terms of s leads to
-4 . -4 9 —2s
Wi (172 pe(s),m 277) < Che =%, Vs > 0. (4.4)

It is worth mentioning that exponential convergence also occurs in 2-Wasserstein distance for Fokker-Planck equations
without source terms (see for instance [6, 29]). In particular, for our particular Fokker-Planck operator, such a result
reads as follows:

Lemma 4.1 ([6,29]). For any fi, € Po N Llog L (R?), the solution f to d;f = Lf with f(0) = fi, satisfies:
WQ <f(t)77-‘—7g 72) < 6722& W2 <fin77r7% 72> ) vt > 0.
Therefore, the s variable must be better suited for our study. The following lemma computes 7 and 7, which will
be needed in the rest of the paper.

Lemma 4.2. With the previous notations, for all s € R:
4s

7(s) = exp [Z—A] L F(s) = e
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Proof. The second identity is easy to state thanks to (4.2)). Then the same change of variable allows us to compute:

g(s) - (%%) (t(s)) = (T—;Q> (t(s)) = i:\Sf(s)-

This yields the first identity thanks to the fact that hm 7(s) = lim 7(¢t) = 7(0) = 1. O

—00 t—0t

Actually, we prove a slightly better result which may be adapted for other situations (for instance for Section [3)).

Lemma 4.3. Let g1 € L™ ((0,00), M*(R%)%), g, € C; ([0, 00), M*(RH)4) N L ((0, 00), M5 (R)9),
g3 € L> ((0,00), M*(R%)) and g4 € L> ((0, 00), M*(R?)¥*?) such that

G = |gallLsom + |1€% g3l oot + [|9a] | L2o M + sup ess /Rd [yl |g21(t, dy)

+ (/OO <62t |gl|(t,Rd)>2dt>2 + (/Oo (e% |92|(t,Rd)>2dt>2 - /OO et lgs| (t, RY) dt < co. (4.5)
0 0 0

Let fin € Py N Llog L(R?) and suppose there exists f := f(t,y) € L=((0,00),P2(R%)) N C([0,00), LL (RY))
satisfying
Of =Lf+ eV g1+ 0(e7V - 92) + A5 + V- (V-01),  f(0) = fn. (4.6)

Then there exists C > 0 such that
_d _
Wi(f(£),m29%) < C(1+ G+ |yl fllrgry) e VE>0.

This result shows that if we already have some estimates for the function solution to the Fokker-Planck equation
with source terms, and if the source terms are negligible enough, then the main behaviour coming from the Fokker-
Planck equation without source terms still holds for this function. It is actually related to the very particular form of
the Fokker-Planck operator we are considering. In the same way as above with the transformation from to @.3),
such a result may be expressed with a system similar to (Z.1).

Lemma 4.4. Let A > 0, hy € Cp ((0,00), M*(RH)4) N L ((0, 00), M5 (R?)?), hy € L ((0,00), M*(R?)) and
hs € L> ((0,00), M*(R%)?*4) such that

Go 1= |l -+ el + Mhallieaa + supess [yl ht.y)
> R

+ (/OOO% <\h1!(t,Rd)>2dt>5 +/Ooo% hs| (L RY) dE < 00, (47)

Suppose there exists f := f(t,y) € L>((0,00), P2 N Llog L(R%)) N C((0,0), L}U (R9)) satisfying

o f + ()v hy = O(t()h) + AV f+22y f = () ——5AVhy — V- hs. (4.8)
Then there exists C' > 0 depending only on A such that
1+ Go+ |1y fllpee
Wi(f(), 7 84?) < C — " Mol fllazery sy

7(t) ’

Remark 4.5. The assumption f € C((0,00), L% (R%)) can be removed since it easily follows from the first equation
in and the fact that hy € L™ ((0, 00), MS(Rd)d).

Proof. In the same way as above, combining both equations in (4.8]) with the change of time variable s = % In 7(t)
(with the same notation for this change of variable in the functions) leads to the equation

A2h2+ V hg 4.9

8f—vaf+ O%f = Lf - () S
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The first equation of (4.8) reads in terms of s

asf+%v-hlzo.

=<

Substituting J; f in the second and third term of the left-hand side of (&.9), we compute
1 h I i ~
ﬁas(i— ha) = 674363(623 hi) = Os(e ™ hy) + 4> hy,

and so
Osf=Lf+2e 2V -y +8S(e_25V-7l1) —

1 . 1 .
A?hy + —V - (V- k).
rrs TN (V-hs)
Hence we can apply Lemma B3 with g1 = 22 = hq, g3 = —@ ho and g4 = %hg since the translation of (4.7)
into the s variable implies G < C' Gy for some C' depending only on A. The inequality we get from its conclusion

leads to the expected result when coming back into the ¢ variable. U
The results (I.3) and (I.10) follow then as a simple corollary.

Corollary 4.6. Given any A > 0 and (U in)e>0 satisfying (All), define u. and v, provided by Theorems[L.4 and [[.3]
and set p. := |v.|? for all ¢ > 0. For € = 0, define also p as the density of a Wigner Measure of the sequence (u.):>0
given by Theorem[[ 10 and set py = p.

Then there exists C' > 0 depending only on d and X such that for all € € [0, 1],

vVt > 2.

_d _d o C
<
Wl (7T 2pa(t)77T 27 ) = \/hl_t’ -

Proof. The estimates (3.6)-(3.9) read in the s variable:

0o 2 00
/0 <€28 |,u€|(s,Rd)) ds +/O e |v.| (s,R%) ds < Cy, Ve > 0.

Since holds we can apply Lemma.4] with (up to a factor 777%) f=pe, h1 = e, ho = % pe and hg = v, where
G (defined in (4.7)) is uniformly bounded in ¢ thanks to the previous result along with the estimates already proven
in Theorems and We also know that the second momentum (in space) of p. is bounded uniformly in time
and in e. The result leads to (4.4) which establishes the formula when coming back to the ¢ variable. U

4.2. The harmonic Fokker-Planck operator

The Fokker-Planck operator L = A+ V - (2y .) is very special and well-known, due in particular to its links with
the heat equation. Its form allows to compute explicitly its kernel and therefore get better estimates for the solution.
Those estimates will be helpful in order to compute some convergence rate.

The fact that the kernel can be computed explicitly comes from the fact that taking the Fourier Transform in space
of the Fokker-Planck operator transforms it into a simple transport operator with a source term —|¢|? f which leads
to a simple first order ODE when applying the method of characteristics, with the notation f for the spatial Fourier
Transform of any function f = f(s,y). This operator is also related to the heat equation. Indeed, if H = H(t,z) is a

solution to the heat equation 0;H = %AH ,then f = f(t,x) defined by

ett — 1
5 et x) . Vt>0,VYzeRY (4.10)

f(t,z) = ethH<

is a solution to the harmonic Fokker-Planck equation 0;f = Lf. The inverse change of variable allows to pass from
the heat equation to the harmonic Fokker-Planck equation in the same way. Its kernel is therefore easy to compute.

Lemma 4.7. The kernel K = K(t, x, &) of the harmonic Fokker-Planck semi-group is given by
_d a1
S T R CRT I Yk
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Proof. For any fi, € S(R?), we want to compute the solution f to d;f = Lf with initial data f(0) = fi,. The
function H defined by the rescaling is solution of the heat equation with initial data H(0) = fiy, therefore it is

known that for all ¢ > 0 and 2z € R?
1 x —y|?
- [ e (— =yl ) Fnl) dy.
(27Tt) 5 Jpd 2t

The result follows from some basic computations. U

H(t,z) =

The kernel for the harmonic Fokker-Planck equation is of course very similar to that for the heat equation. In
particular, for all ¢ > 0 and all z € RY, K(t,z,.) € S(R?), so there is a huge regularization in the same way as for
the heat equation. Moreover, if et is not a convolution (which is the case for the heat equation), it is not far from
this feature since K(¢) depends only on z — e~2'y. In particular, we get foralln € N, I € {1,....,d}", ¢ > 0 and
z,y € RY,

1— —4t 7%
8y,IC(t,x,y) = (—1)n6_2nt alec(taxay)’ and / |D2K(t,$,y)| do = #/ |Dn(,}/2)(x){ dz.
Rd 2 Rd

™

There is also another identity we will need later:

1-— e_4t) e

n—1
2
[ J = el 102K )] o = ( [l |06 @) e @11

d
m2

The first two identities are crucial for the next lemma.

Lemma 4.8. Given any fo € M*(R%), n € Nand I € {1,...,d}", f(t) = €% (0rfo) is a W function for all
t > 0, and for all m € N we have:

6—2nt

2.
FOy=e2a (e o) and  ||F(®)|lpmnn < T [ levm | fol (RY).

Proof. With n integrations by parts, the previous identity for 9,,KC(¢, =, .) and the Lebesgue theorem, we get for all
t>0and z € R%:

f(t,x) = (K(t,z,.),0rfo) = (—=1)"(0,,K(t,x,.), fo) = g2t /d 0, K(t,z,y) fo(dy) = e 2 9, (etho) ().
R
The estimate readily comes with the fact that, with the Lebesgue theorem again and the second identity:

101 (e fo) [ymens < 11D (€ fo) [[11 = / ' / DK (¢, 2, y) fo(dy)| da
Rd Rd

< [ [ 1kl e lfolidn) = (1= ) F b2lns [ Ildp. O

In particular, for m = —n + 1, the bound is integrable in time, which shows that integrating in time leads to a
better regularity than the source term. It is also not far from being integrable for m = —n + 2, since we get a bound
in t~1, but of course we cannot reach this regularity. However, some kind of cut off in the integral will lead to an
interesting bound in order to get as close to this regularity as possible.

Lemma 4.9. Given any h € L* ((0,T), M*(R%)) for some T >0, n € Nand I € {1,...,d}", there exists a unique
solution f € C ([0,T], W11 (RY)) 10:

_n
2

Of=Lf+h inD ((0, T) x Rd), £(0) =0, 4.12)
given for all t € [0,T] by:
t t
ft) = / =L@ h(u)) du = 8’}/ e~ 2= =Wl p (1) du, (4.13)
0 0

where the last integral is to be understood as a Bochner integral. Moreover, some estimates holds:
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1. It satisfies for all t € [0,T]:

t
1@l < €2 / e [h] (1, RY) du, i
0
d _ " t eQnu
Hf(t)HW—nJrl,l < —e 2 t/ R ’h‘ <U,Rd> du
2 0 (1 _ 6—4(t—u)) 2
d t _ou 4.15)
< fe2-1t [0 gy Hez(nq)u‘h’ (U’Rd)H _
2 0 (1 _ e—4u)§ oo

2. ForallT >t> 8 >0, f(t) = fis(t) + fa,5(t) + f3(t) where fi5(t) € WL (RY), fo5(t) € W TLI(RY)
and f3(t) € W—"+3L(R?) are given by

S t
fis(t) = /0 e 4t—u) e(t_“)L(a}‘h(u)) du, fa,5(t) = /S e 4t—u) e(t_“)L(B?h(u)) du,
fa(t) = /t <1 — 6_4(t—u)) =L (@ h(w)) du,
0

and satisfy:

1 1
17221 o 1 IR N T 2 3
Ol < AL |t -t ] ([ (0 (wr?)) au) e

212
d 1
||f2,5(t)||v'[/—n+1’1 < Z6*2(n+1)t (6425 o 645) 2 62nu |h| (u’ Rd) ‘

2 t 3
Y V2,1 _9n — 1 n u 2 2
38y —nszn < %e 2nt (1 — =47 </ <e2( +1) |h|(u,Rd)) du) . @18
0

272

: 4.17)
LOO

u

3. Ifh € L™ ((0,T), M5(R?)), then for all t € [0,T],

672u

t
||£C f(t)||W—n+1,1 < ge—Qnt/ R

1-— 6*4“)%

/ 2l ) ur, )
]Rd

LOO

u

2 t
M +n— 1] ef2nt / eQnu ’h‘ <u’ Rd> du. 4.19)
] 0

2

Proof. The first part is easy to prove thanks to the previous remarks and the usual way to deal with the source term
thanks to the semigroup of an evolution equation. For the estimates, the first inequality easily follows from @.13)
along with the previous estimates:
t
< / ef2n(t7u)
Lt 0

t
Hf(t)”wfnl < H/ e*?n(tfu)e(tfu)Lh(u) du du
0

< /Ot e~ 2nt=u) |p) (u,Rd) du.

In the same way for the second estimate:

‘e(t*“)Lh(u)‘

Ll

£ <Hv/ -0 gL )

/ —2n(t—u)

t —2n(t—u)
g/ e 1H'Y HW11|h|< )
0 (1—edt-w)2  m2
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As for the second part, similar computations may be done, so that for fi g:

S —(4+2n )(t—u) ||’Y || 91
L8Oy —nse, g/ W2,
s @l < | T g

20| . S —2(t—u
< ny H};VQJ e—2(n+1)t/ - e 27w 62(n+1)u ‘h’ (U,Rd) du
0

— 4 — e—4(t—u)

\h]( Rd> du

1 1

2|1 . S —4(t—u) 2/ S 2 3

< Mea(nﬂ)t / _° ' a4 </ <e2(n+1)U\hy(u,Rd)> du) ,
s o (L= 0y :

and we find when we compute

/5 e—4(t—u) 1 1 1
S — du = — — .
0 (1 _ e—4(t—u))2 4 |1 — e—4(t=9) 1 — e 4t

In the same way for f> g, it yields

d _on [ e 4w —2 d
. < _ n nu
o Olli-nens < 5o [ T M (R du

< g —2nt /t 674(t7U) du
2 (1 _ e—4(t—u))§

[un

e | <u,]Rd> H ,
L
which is exactly (4.17) when we compute the remaining integral. Then, for f3, it is easy to check that

! 442 H’YQH 2.1 d
1 f3 (Ol —ns2a < / e~ (rEm(tmu) 2L _WEL p) <u,R >du

0 T2

201 . t 3 t 3
< ligk HXV2,16_2(n+1)t </ o Mt—u) du>2 (/ <62(n+1)u ‘h’(u’Rd))Qdu>27
T2 0 0
and therefore (@.13)).

The third part is a bit more tricky. For all £ > 0 we define f4(t) € W—"TL1(R?) and f5(t) € W—"+21(R?) by:

t t
fa(t) = (9?71 <:U (9in/ e~ 2nlt=u) (=)l gy du) , fs(t) = [m,@?il} al-n/ e~ 2w =Ly () du,
0 0

where I = (i1, ...,in_1) With I = (i1, ...,4,). It is obvious that z f(t) = f4(t) + f5(t). Moreover, fs(t) is easy to
estimate due to the fact that [x, 8?_1} can be readily computed, which leads to:

t
<(n-1) / e~ 2= | p) <u,]Rd> du.
Lt 0

, we only need to focus on f4(t) in L' where

t
/ 672n(t7u)e(t7u)Lh(u) du

0

5.5 Ollipnsns < (m— 1) \

For f4(t), first of all, to get an estimate in W ~"+11

B t
filt) =20, / =200 =L ) d,
0

since f4(t) = 3?_1 f4(t). For this, we will estimate

fult) = [ 0uKlta) oldy) = [ (@ 9 00 Klt,0,0) oldy) +¢ [ 00K(t2,0)y S

R4

Using the expression of K, the first term on the right-hand side can be estimated thanks to (4.11):

/]R d(x — e ?y) 8,,K(t, 2,y) fo(dy)

<7 | fol(RY) / 12][92).

Ll
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The second term is also easy to estimate:

U

Lt ™

‘ ‘/Rd 0r, K(t,z,y) y fo(dy)

9l [ ol ol (@),

d
2

Coming back to f4(t), those estimates lead to

e—2(—u)

Pl / 1] |h|<u,dy>] du
2 Rd

r —d ! —2n(t—u
1 fa@®)[r <7 2/ e 2= A (u, RY) (]| VA2 |1 +

) 2 t d t —2(t—u)
< MLV llat o [ gy, ety 4 2ot [ om [ i, g
d 2 2
T2 0 0o (1-— 6*4(15*“)) 2 R

v 2 t d t —2v
< ’H ’ Z HLI e—Qnt/ €2nu|h|(u,Rd) du + _e—Qnt/ € _dv 62nu/ ly| |](u, dy) ’
a 2 —4 Es
T2 0 0 (1—e )2 Rd L
which is exactly what we need to get (4.19) when putting all back together. U

We dealt with the spatial derivative in the source term. Actually, thanks to the linearity of this equation, we can
also deal with a time-derivative, subject to a slightly higher regularity for the source term.

Corollary 4.10. Let h € L™ ((0,T), M;(R%)) nC ([0,T), M(R?)) for some T > 0, n € Nand I € {1,...,d}".
Then there exists a unique solution f € L™ ((O, T), W*”*Ll(Rd)) of the Fokker-Planck equation with source term:
Of =Lf +0,0%h  inD' <(O,T) X Rd>, £(0) = 0.

It is given by the identity f = Ag + V - (2yg) + Oth — e~ 27297 (e!Eh(0)) where g is the unique solution in

C ((0,T), w—rLY(RY)) 10 @12

Proof. Suppose that such an f exists. Define
t
gt) = / (f () + (@ h(0))) du € W ((0,7), W11 (RY)) |
0

so that 0;g = f + e*“L(07h(0)) and thus:
O (Ohg — Lg— PRy =0, g(0) =0,
Moreover, 0;g(0) = 0} h(0) and Lg(0) = 0 so that
Og — Lg — 07h =0, g(0) =0.
The result obviously follows. U

4.3. Proof of Lemmad.3|

4.3.1. Duality and regularization. Lemma.9]provides interesting estimates in view of Lemmal4.3] Indeed, there are
many source terms in (4.6) with different regularities, and we can apply for each of them one of the previous estimates
with different n by linearity of the Fokker-Planck operator L. However, it is obvious that we will not be able to reach
(at least at first) a non-negative regularity for all the estimates, for instance because of the ()2 A2g3 term for which
we have n = 4 in Lemmal4.9] and the best estimate we can get is for W31, Therefore, if we want to estimate in a
higher regularity, we need to use duality and regularize the test function to fit the lower regularity for which we have
the estimate (for instance with a convolution). We also need to check if this regularization suits the estimate, i.e. if
we can get a nice convergence rate for the difference between the initial test function and the regularized one in L™
thanks to the assumption that f(¢) is in L' uniformly in ¢. For example, if one wants to have a convergence rate in
L' strong through this way, they would have to regularize an L> test function into a smoother function. However,
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approaching a general L°°-function by a regular function is not very convenient (if not doomed). Actually, there is
a more suitable case: the Wasserstein (or Kantorovich—Rubinstein) distance ;. Indeed, such a distance has a dual
representation: for any i1, o in Py (R?),

Wi (11, p2) = sup {/ ®d(pg — p2), ® : R? — R continuous, Lip(®) < 1} .
R4

The fact that ® is 1-Lip is suitable in order to regularize it, whereas the fact that & may be unbounded (but growing at
most like an affine function) is not a big problem thanks to the assumption on the integrability of f (in particular its
uniformly bounded second momentum).

Given any ® : RY — R 1-Lip, before using the estimates in Lemma we need to quantify the cost of its
regularization into a smoother function. We will regularize it into a C° function since it is not very difficult. Our
first action is to regularize ® into a C* function by convolution with a smooth and suitable mollifier. Take some
¥ € S(R?) such that ¥ > 0 and [p, ¥ = 1. For § > 0, define ¥° by W(z) = ;¥ (%) for all z € R Then it is
known that ® := ® % W/ is a C* function and satisfies:

L [|@° — @||g < 8|I|| @]l
2. Lip(®°) < 1 and in a more general way, Vn € N, ||‘i>5||W1+n,oo <O |jirnoe -

In particular, the first estimate yields

[ @000 -4 - [ @d(re) - 7497 < 281 Wlysqe,

R4

Now, we want to apply a cut off to the function ®°. It is in this step where the fact that the second momentum of
f(t) is bounded independently of ¢ is used. Take y € C2°(R?) such that y = 1 on B(0,1) and 0 < y < 1. Define
X® by x°(z) = x(6z). Then ® := (&% — ®%(0))x? € C°(R?) and we get some similar properties from simple
computations:

1. Given any z € RY\ {0}, we get

(@°(z) — 9°(0)) — ¥°(x)
|2

(9°(2) = 2°(0))(1 — x°(x))
|2

so that
< 4. (4.20)

2. We also get

Ve'(x) =V ((‘P - (0)) X2’6> (z) = VO(z) x**(2) + (P(z) — ®(0)) Vx>’ ()

and therefore

v (@ = 2(0)x*?) ()] < x(52) + elal [Vx(62)
< [lx + 11V e

Hence, ® is Lip uniformly in ¢:
Lip () < [l + .| [V |z
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3. In the same way, computing the n-th derivative of ®° leads to the following property:

¥n € N,3C, > 0,75 € (0,1], [|®°|[ i 15m0 < Cp 0™ (4.21)

In particular, given ant ¢ > 0, along with the fact that [, ®%(0)d(f(t) —~?) = 0lead to

/ <I>5d(f(t)—72)—/ O d(f(t) —~?)
Rd

R4

<o [ W1 =21,

Therefore, the cost of the regularization of ® into ®° is only proportional to §. In view of the convergence rate which
must be reached (in e~2!), we should define §(¢) = e~2* and consider ®(), Therefore, the previous estimates yield

/R (O (f(1) — 72 dy - /R () —wifﬂ)dy\ < (Co+ 11y fllper) ™. (422

4.3.2. End of the proof. It remains to estimate [g, OO (f(t) - ﬂ*gf)ﬂ) dy. We now use the fact that f satisfies (4.6).
Define f1, fo, f3 and f4 to be the solutions to ({@.12)) respectively with source terms e 2!V - g1, e "2 V - g9, A%g3 and
V - (V - g4). Define also fo = e’ fi,. Therefore, f may be written in terms of fy, f1, f2, f3 and f, thanks to Lemma
and Corollary

f=fo+h+fs+ it Afa+V-Qufa)+e?V-go—e V- (e"g0)). (4.23)
e For f(, thanks to Lemmal[4.J]and to the inequality WW; < W, it is known that
Wi (Fo(0), 75 42) < e We (fin, 78 92) < Coe™ (14 |l [yfunllp), W20,

Moreover, || |[yl?fi [lnr < || ly|*f ||L%>0L11/ thanks to the assumption f € C((0,00), L} (R%)). Therefore, there
holds for all t > 0: ‘

/ 0 (fo(t) = 727?) dy' < Lip(@ ) 3 Wy (fo(t),77542) < Co(1+ 1y [Ipery) e ™.
Rd [

Thus, it suffices to prove that any of the other terms in (@.23)) integrated against () goes to 0 with the same
exponential convergence rate.

e For the last two terms, this convergence is easy to state:

(@70, 7V - (Mga(0) = —e | VI egu(0) dy,
(@20, eV (etL92(0))>( < e ||V | (e g2(0)| 1 < Colg2|(0,RY) e < CoGe™™,
and in the same way

(@50, &7 - go(1))] < e H[VROD || e ool (1, RY) < Co G

e For f1, we use (@.14) with n = 1 to get for all ¢ > 0:

1 1
t t 2 2 t 2
10l < e [l o< e ([ (@ nlerh) a) ([era) <
0 0 0

Therefore, for all ¢ > 0,

e 2t

| Q

‘(‘I)(S(t),fl(t»‘ < H(I)ts(t)HWLoo Hfl(t)HW*l’l < CoGe_Qt.
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e For f4, we use again (£.14) with n = 2:
Ol < e [ bl (B du < Ge .
We conclude for this term using the fact that ||®°®)||;;,, .. < Cpe? thanks to @21):
(@0, £4()] < 1070y 1Fs(O)ll-2s < CoG ™.

o For f3, we use the second inequality in (&I3) with n = 4 along with the fact that e~2%(1 —e~%%)~2 is integrable

on (0, 00):
15()l—sn < Coe® Heﬁu 9] (u,Rd)HLw <CoGe ™, w0,
Property @.21)) shows that [|¢°® || ;.5 . < Cpe*, and thus
(@O, fo(0)] < 16 e 15Ol 50 < CoGe™.
e Asfor V- (2yfs), we use (.19) with n = 1, so that for all t > 0:

'/Rd |z||g2] (u, dz) < CyGe 2,

IV - @yfo)llyir-1a = 2lllylf2llpr < Coe™ [

t
+ / |92 (U,Rd)
e Jo

thanks to the fact that

[y < ([ (mi() ) ([’ <o

(@0, @y fa(®)] < 197010 11 - 2y fal®)) 10 < CoGe™.

Thus,

o Lastly, we will use the decomposition used in the part 2 of Lemma for Afy: for some S > 0, fo(t) =
L5(t) + f25(t) + f3(t) and with @I16)-@EI8) forn = 1,

1 1
1,5 1,5 ot 1 IR EN s AR
187 lhia = 152 Ollina < Coe™ | s = g | () (' leal (wB) ) )
1
* ot (2
|92|(ua Lﬁo,

88001 = 1 Olins < Coe ([ (ool (w.8)) au)

Therefore, those estimates yield

AL O)llyp2a = [1F25 @)l < Coe™ (4 — %)

-

s s s
(@O, Afo(t))| < 197|100 [HAle’ Ol + 1AS (t)Hme} + (127D 42,00 1A S5 ()l —21
<CoGe 2 {(641: _ 645)—§ +(et - 645)%} '
The convergence rate comes by optimizing over .S, which is taking S = S(t) such that e** — %5 = 1.

Putting all together, we finally get that

/ O (f(1) - 77_%72)(1?/‘ < Co(L+ G+ |1yl S llgery) e,
R4

and the result by putting it back in @.22). O
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4.4. Proof of Corollaries [1.8 and [1.14]

The only thing that remains is the proof of Corollaries [.8 and [L14l Like already said, the convergence rate in
(1 4 0)-Wasserstein distance for § € (0,1) (in both Corollaries) follows from a simple Holder inequality and the
bounds of the second momentum of both |v.(¢)|? and 5(¢) found in Theorem [[.5] and [L.T0] respectively. On the other
hand, the convergence rate in W ~1+%1 can be proved through the following lemma and the inequality || 11 < Wh.

Lemma 4.11. Given any § € (0,1) and any f € L*(R?), there holds

1 1lir—resr < CollFI1000 11150

|z

. _lal?
Proof. Let g € W179°°(R9) = C%1=9(R%) and define g,) = g * 7, where 7, = v, (z) = (7777)7%6 n forallnp > 0.
Then, for any = € RY,

-0 -0 -0
o) —an@)| < [ lote) = gta =)l ) dy < [ Ngllesas o'~ 34000 dy < '~ lgllens-ol| L' 3 s

Moreover, Vg, = g x V,, so that for any = € R,

Vgn(z)| =

[0t 5) = a0y as| < ligleos-s [ 192 (93,001 o < 7 a9

Therefore, we get for all n > 0:

f@)g(@)dz| < | [ f(z)(g(x) — gn(x))da +‘/ f(@) gy(x) da
Rd Rd Rd
< 1fllpllg = gnllzse + 11 -1 [V ggllzee < Co llgllyirn-sce (0"~ f 1zt + 07" 11 £llir-1a),
which yields
1l -1+61 < Co (0 1 Fllpr + 07 || Fllir-10),
and the result by optimizing in 7. O

5. KINETIC ISOTHERMAL EULER SYSTEM

5.1. Discussion on its formal properties

We recall the Kinetic Isothermal Euler system (I.14):
O f +&-Vaf =AVy(Inp) Vef =0,

where A > Oand p(t,x) = [ f(¢,z,dE). Asolution f = f(¢,x, &) of such a Vlasov equation should be a non-negative
measure in x and £ for every (or a.e.) t.

This equation is a non-linear Vlasov-type equation with potential In p. In particular, it is a transport equation with
null-divergence transport. The formal properties of this kind of equations should be guaranteed, i.e. the conservation
of the mass and the energy like for the Schrodinger equation:

8 (/] tvm0) -

d /1 2 —
" <§ //Rded 1€|° f(t,dz, d&) +)\/Rd p(t,x)Inp(t, x) dx) = 0.

The second equation is very interesting. Indeed, it transforms the highly singular non-linearity of the equation (L.14
V. (In p) into better suited properties on p. Moreover, if we want [4 p(t) In p(t) dz to be well-defined, we shall
require p to be in Llog L and in particular in L', which is similar to the previous properties found for the Wigner
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Measure. Furthermore, we should also have some other (formal) properties coming from (formal) computations, for
example for p or also for J(t,z) := fRdgf (t,z,dE):

O J(t,x) + V- / EREf(t,x,dE) + AVp(t,x) = 0. (5.2)
R4

Those two equations look like (ILI3). In particular, if we consider time-dependent mono-kinetic solutions to (L.14),
then (5.I) and (3.2) give exactly (I.13). Furthermore, they yield

%(//Rdx]R \xIQf(t,d%de)) :2//%]R x - € f(t,dz, d€),
dt (//Rdmﬁ §f(t, da, df) //R . €7 f(t, dz, d§)+A/ p(t, ) dz.

All those properties are totally formal. However, a good framework for (1.14)) should get those properties, which
means that all those terms should be well-defined (in some sense). Thus, intuitively, the solution f should be at least
in Li® ((0,00), MXioe N My) where:

loc
leog—{ueM( ng)/ (z, dg)eleLlogL(Rd)}

MQ—{,UGM de // ]m\2+]§\)du<oo}

Again, from (3.I) and (3.2), we can also prove some continuity for p and J. Indeed, (3I) implies that 9;p €
L2 ((0,00), W=1=%1(R%)) for all § > 0 uniformly in 8. Since p € LS ((0,00), L3 N L log L(R?)), the previ-

loc
ous property leads to p € W™ ((0,00), W~ 1(Rd)) and also 72 p € C ((0,00), P1(R%)). As for J, similar
arguments as in Remark 37 apply and lead to .J € Cp) ((0, 00), W—HH(R)) N € ((0, 00), M*(RT)4).

Actually, (3.1) and (3.2) are very similar to (3.4). Moreover, we also have conservation of the mass and the energy
similar to those for the logarithmic Schrodinger equation. Finally, we have seen that the rescaling (L3) is translated
into the identity (I.II)), therefore it is natural to consider a rescaling for the solution of the Kinetic Isothermal Euler
system to f = f(t,y,n) defined by:

f(t7x7§):M N(t _r

1721

Thus, we can perform arguments similar to that in the proof of Theorem

o We define the density of particles and the density of angular momentum:
o(t,y) / f(t,y,dn) € L, ((0,00),L% N L log L (Rd)) ,
Jtg) = [ nfttpdn) € L (0,00, M5 (RY)).

where M3 (R?) is the set of signed finite measure with bounded first momentum.

e We also define the modified kinetic energy, the relative entropy and the modified total energy:

N t
gkm = // ’77‘ f t dyadn) gem(t) ::/ p(t’y) In p(2 y) dy’
RXRA Rd 72 (y)
5 = Ekin ‘|‘ )\Eent-
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e Then, in the same way as in Remark [3.3] there holds

. (¢
&= —2& Ekin,

()
1 ~ ~ 1 -
54— 7. J— b+2Nyp=———V- t.y.d inD'. .
6tp+72(t)VJ 0, O J +AVp+2\yp TQ(t)V /Rdn@@nf(,y, n),  in (5.3)
e Write
EL = 5kin+)\/ ﬁln,ﬁ+)\/|y|2;320, E_ = —)\/ plnp >0,
p>1 p<1
so that

E=E, —E <E0), £ <Cp(E,)TD.

Similar arguments as in Lemma 3.1l apply to this case, showing that £, is bounded which leads to the estimates

N~ 1 ~
/ (1+ 1yl + Mmpl) pdy + —— // nl? f(t,dy,dn) < Co, V>0,
Rd T(t) R xR4

/OOO :& //RdXRd Inl? F(t,dy,dn) < Co.

e Those estimates along with the system (5.3) show that we can apply Lemma 4.4 with (up to a factor 77_%)
f=phi=71t)"1 J, hg=0and hy = T;Q Jgan ®n f(t,y,dn). Therefore, we get in a similar way:

Wi (71'7% /3(75),777% 72> < \/Cl% YVt > 2.

e Introducing

L(?) :/ J(t,dy), (1) =/ yp(t,y)dy, L=r1l,
R4 Rd
computations similar to those in the proof of Theorem [L.3]yield

. . 1 = 1

I = =21 Iy=——1I I, =0 Ih(t) = — (11(0) t + I2(0 0= 2(y) dy.
1 2, 2= oy 2 =0, 2(t) T(t)( 1(0)t + 1>(0)) g /QW (y)dy
Moreover, as soon as I;(0) # 0, there holds

)
t—oo 2/ NInt

In the same way, from the conservation of the energy for f by translating it into estimates on f, we derive for
allt > 2:

I(t)

C
st [ o] <
‘/Rd!y\ p(t,y) dy Rd!y\v(y)y_\/m

It is interesting to see that the Wigner Measure found in Theorem satisfy most of those properties. The only
thing we could not prove is the convergence of the second momentum of the density, pointed out in Remark [[L12] If
a good framework were found for (I.14) and if we could show the fact that the Wigner Measure satisfy (L14) in this
sense, we would (probably) be able to prove also the convergence of this momentum.
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Remark 5.1. V(In p(t)) is actually weakly defined p(t)-a.e.: indeed, for every ¢ € W1H>(R?),

[ Vattnp)t. ) 6dott) = - [ olton) Vo) dz =~ [ Todp(t)

In the same way, the term V. (In p) - V¢ f is weakly well-defined as soon as p(t) € W1 because for every ¢ €
LR, W1(RY)

(Vallnp)(t:2) - Vef (1,,),0(,E))s) = (Vo p)t:2) (1, 6), Voo g
- <Vx(lnp)(t,£6), <f(t,w,£)avg¢(%5)>g>

= )
with the last term well-defined because:

// Vol p)(t,2) f(t 2.€) - V(. €)] dude < / 1V (tn p) (1, )| / (6 2,€) Ved(a,€)] dE di
RdxRRd Rg

R

S/
R4

T

Vgt [ Fit.8) |Veoll déda
3

< [ IValp) e plt.2) Vel o

T

< [ 19apttoa)] Vel do < .

Such remarks might help in order to find a real formalization of the equation, but this is not our goal here. However,
we could not prove any W 1! regularity for p, whether for the Wigner Measure or with an estimate in the previous
discussion.

5.2. Explicit solutions

Actually, there exists a particular case in which the Wigner Measure can be computed explicitly and is a solution
to (IL14): the Gaussian case, providing Gaussian-monokinetic solutions to (L.14). It happens when all the initial data
for (I.I) are Gaussian up to a quadratic complex oscillation. This result was proved by R. Carles and A. Nouri:

Theorem 5.2 ([13| Theorem 1.1.] and its proof). Let )\, p«, o9 > 0 and wg, pg € R. Set

2
—oox? -

pin(x) = pPx€ ) Din = WO? + Ppox, Uln(x) = ¢:n(x)7

and consider the solution 7y € C*°(R™") to the ordinary differential equation

2)\0‘0

fo=—"" 70(0) =1, 70(0) = wo.
Set ,
(z—pgt) -
Px =005~ To(t)
t,r) = e o= | v(t,x) = —=(x — pot) + po
plt.a) = o (t.a) = 25 = pot)

and consider u. the solution to (L1) with initial data

: Pin (@)
Uein(z) = \/pin(z)e' "= € ]:(Hl) N Hl(R),

provided by Theorem Then the Wigner Transform W,(t) of (us(t))e>o weakly converges (in terms of measures)
when € — 0 for all t > 0 to the finite measure

W(t, dx, d§) = p(t, ) Az @ G—u(t.0)

solution to (LI4) with W (0, dx,d§) = pin(7) dT @ S¢—y,,, (x) because (p,v) is solution to (L15).
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The proof relies on the fact that the solution u. to (LI can actually be computed explicitly in this case, the
Wigner Measure then readily follows from some computations. It is interesting to see that the initial data is a WKB
state, satisfying (A2), and for this case this feature still holds for all time, recovering a (time-dependent) monokinetic
measure for the Wigner Measure. Moreover, another interesting feature is the fact that the density (either for u. or
for the Wigner Measure 117) never vanishes, and even more: V (log p.) is actually well defined for ¢ > 0 as an affine
function in x, which is why we can say that this measure is solution to (I.I4). Such a feature is very exceptional
and cannot be extended to the general case, in particular for (LI). However, we extend this class of solutions to
(L14) with a new class of explicit solutions, which are Gaussian in 2 multiplied by an x-dependent Gaussian in &
for all time, stated in Theorem We call them Gaussian-Gaussian solutions, by opposition with the previous
Gaussian-monokinetic solutions.

5.3. Proof of Theorem .13

The main step of this proof is to prove the part 2l of Theorem Indeed, the computations that will be done
can be done reversely, or in another way one can prove directly by some easy computations that (I.I8)) is a solution to
(LI4). We must also prove that ¢; solution to (LI6) is C°°(IR™), but this has already been done in [11].

With the notations and assumptions of the part[2] of Theorem we compute:

at)  dreat,r) L éat) (@ —bi(t)? L bit) - (z = bi(t))
Of(t,2,8) = [_ci(t) B czit,x) +2- cl(t)?’1 +2- c1(t)? 1
co(t,x) (€ — x))? bo(t, ) - (€ — X
Lo de2(t, C)Q(é x)ZZ(t, )" o Oibalt 22(§§x)2b2(t ))] Ft,z,6),
x—b —bo(t,x — by(t,x))?
O f(t,z,§) = {—2 Tl)gt) + 28xb2(t,x)502(+’(£)2) + 283502(15,1')%} ft,x,8),
8§f(t,£6,f) =2 %S/;;)f(t’x’g)'
_ (=t ()?

We also obviously get p(t,x) = \/—1 e <a®?® therefore it is easy to compute:

T ey (t)

xr — bl(t)‘

0. p)(t, ) = 2"

Plugging all those identities into leads to

bl(t) ' (CU — bl(t)) 82562(75, x) (5 - b2(t’ x))Q

al) dats) |, a@-bho)

o) ot o i oamr P o (t,7)?

ba(t, ) - (£ — bat, ) z —bi(t) (€ —ba(t, 7)€ £ (& —by(t,x))?
+2 e(t.2) —2¢ o +20,ba(t, x)—CQ(t’ )2 +20;c0(t, x)—cz(t’ e
_4)\£—b2(t,£ﬂ) x_bl(t) f(t,x,f),

co(t, z)? c1(t)

which is of the form

Pt,z, &) f(t,x,§) =0.

where P is a function such that for every (¢, z), P(t,z,.) is polynomial of degree at most 3. Since f(¢,z,£) > 0 for
every (t,z, &), there holds P = 0 and therefore for every (¢, x), the coefficients of the polynomial function P(t,z, .)
are zero. In particular, the coefficient of highest degree is 2 0,.c2(t, x) ca(t, x) 3, which yields

Opca(t,z) =0, forallt € [0,7),z € R,

and thus ¢y does not depend on x. We now take a more suitable basis to get zero coefficients for the polynomial
function & — P(t,z, ) of degree at most 2: ((§ — ba(t,x))?,& — ba(t,x),1). Again, the coefficients in this basis are
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all zero, which yields for (¢ — ba(t,7))?:

Cg(t) +23xb2(t,1') .

202(t)3 co(t,r)2

This equation leads to

¢a(t)
Oxba(t,z) = —
X 2( bl 1’) CQ (t) )
and then, there exists a function py = po(t) such that:
&)
bao(t,z) = — x + po(t), forallt € [0,T),z € R. 5.4

The assumption on the regularity of by shows that pg € C1([0,T)). But then, we also get:
ix(t) = ea(t) (polt) — balt, 1)) € C1([0, T)).
Therefore, co € C2(]0,T)). Now, examining the coefficient for (€ — by(t, x)), we get

Orba(t, ) x —byi(t) ba(t, z) Opba(t, x) x—ibl(t) _ a N
To0r PTaw? 7T eur PamreeE O Prate)

In terms of O;bs, this reads

2
Oybol(t, 7) = (1 n A) ;82 (2 — by()) — ba(t, ) Duba(t, 2)

ca(t)?
_ 20\ et)® e(t)? . 2\ e@)? éa(t)
‘K”@(t)?)cl()z c2<t>2} <”c2<t>2>c1<t>2bl“” Pot).

Q

t

However, differentiating (3.4) with respect to ¢ gives:

8,5[)2(15, 1‘) = (—;Q(t) Cg(t)2> X -l-Po(t).

This yields the following system of equations for all £ > 0:

22\ «@)? &) & (1)?
<1 * cz(t)2> a2 ea(t) +2 o (t)? (5.5)
co(t)? &
== (1 1 ) S0+ gm0

In particular, the second equation shows that po € C'([0,7")) (since the right-hand side is) and is actually an ordinary
differential equation of order 1. The solution is well-known as soon as we remark that 2—3 = %(ln ¢2) and reads:

po(t) = ca(t) <Co - /Ot (1 L2 2) 02(8)2 ba(s) ds>

ca(s)? ) c1(s)? ca(s)

and thanks to (3.3)), we can expand it:




where C; = Cy — 022((00))2 b1(0) with an integration by parts. Last, the constant in £ gives the following equation:
Cat)  ée(t) 49 (t) b (t) ba(t, x)

alt) o) al)? ci(t)? ci(t)?

But since we know that bs is affine in z, the left-hand side is a polynomial function in z of degree 2 for all ¢ € [0,T).

Therefore, the coefficients in every basis are null. This time, we take the basis: ((z — b1(¢))?,2 — b1 (), 1). For the
first one and for the constants, we get

(z — by ()% +2

(z —bi(t)) — 2

(z = bi(t)) = 0.

c1(t co(t c1(t Co(t
201()3 9 ¢o(t) =0, and _01()_02():0‘
C1 (t) C (t) C1 (t) C1 (t) Cc2 (t)
Those 2 equations actually reduce in a single one, which is
d
E(Cl cz) =0,

and therefore, for all ¢ € [0, 7)), )
c1 (t) Cz(t) = 61(0) CQ(O) =:C > 0.

We already know that ¢y is C2 and positive, therefore so is ¢;. Coming back to (5.3)), we now have

which reads in terms of ¢;

. 2x (C?
cl = — + _37

This leads to

. éo
by = ——b1 + po.
C2

All the terms in the right-hand side are C' ([0, T")), therefore so is by, which yields to the C2-regularity of b;. Hence,
we can again expand the expression for pg found previously with another integration by parts:

Eo(t) ' /t bi(s)
t) =Caca(t bi(t) +b1(f) — calt d
po(t) 202()+02(t) 1(t) +01(t) — ca(t) o ca(3) S,
with Cy = C; + —L— Plugging this expression of p into the expression of by leads to

c2(0)

ds.

Chealt) = ealt) /t bi(s)

0 c2(s)

Since ¢y > 0, we then obtain Cy = 0 and é—; = 0, which is 51 = 0. Thus, there exists By, B constants such that
by = B1t + By,

and this gives the final expression for pg (and therefore for bs):

éa(t)
Cz(t)

Putting all together leads to (I.16)-(I.17), which yields the C*° feature of all the functions.

po(t) = (B1t+ Bo)

+ Bj.

35



The last thing we need to check the convergence rate of 5(t) to 42 in L. For this, we can use again the Csiszér-
Kullback inequality, and compute with the expression of p = 7(t) p(t, 7(t)y):

2
170 -2 <202l [ )i ;( (yy)) a
2

t,
coir | [P0l

ci(t)? (t)
1 () \ 2 alt) bt
=2 [5 <1 B <cl(t)> ) et cl(t)zl '

From [11]], it is known that both 7(¢) and c; (¢) have the same feature when ¢t — oo:

7(t) = 2tV A Int (1 +0 (mlnt)) = c1(b).

Int

- <;(<?>>2 -© (1?:1?) o ilg)) —© <h11$t> |

Moreover, since by = Byt + By, it is known that

Therefore, we get

Putting everything together, we get (I.19). O
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A. PROOF OF PROPOSITION

We now prove the points [I] to [3] of Proposition The part[I]is proven in Section Section is devoted to
the proof of part[2 and finally we prove part[3in Section[A3

A.1. First part: proof of the second momentum in &

The proof of part[Ilof Proposition 2.2lis organized in 4 parts. First, we will prove the equality of [, |¢]2 WX (z,€) d¢
for f. € S(R?) because we need better regularity for the interchange of integrals we will do. Then, we will generalize
this result to the case f. € H' by using an argument of continuity of a quadratic form and the fact that the integral is
still well-defined even if f- € H' because |¢|> WH (z,£) > 0. Then we will be able to consider &;&; W (x, £) with-
out any issue, and we will prove the equality involving it in the same way: first for f. € S(R?), and then generalizing
it for f. € H' thanks to a continuity argument.

A.1.1. Scalar second momentum: S(R?) case. As W is non-negative, we can consider [p, [£[> W (z,£) d¢ with-
out any issue. Moreover, we suppose here that f. € S(R?). Then:

/ ERWH (2,6) dé = / IEIZ(Ws*g%*x%)(w,@dE:( / |5|2W€m€d5> ko e (2).
Rd Rd Rd

We check that the previous integral exchange is rigorous.

([ 1. sl ) <00
(/ €% | Femse (f < + % z) m> e Frose (eXp (—s%)) ' d§> * Ve (2)
- </R Fise (Az (fe (+52) Wexp( 'f)))‘dg) (@)
R

<ol (5 (+52) £ (=5 e (=) )| ree)

<al|n(+59) (=5 ew ()] L., =

g
< (o ||exp < €|—> H < = ) < H *z Ve ()
48,00 2 d+3,1
< Cy|le €—| 2P + S )‘ < c z) k2 Ve (T)
xp [ — —= .= =

>~ L0 p 4 Wz"l+1’°° 2 Hd+3 9 Hf+3 x Ve

—d ‘Z 2 2
< Coet sy (=) | ., Il Tl <o

Remark A.1. This computation shows that we actually only need f. € Ht3,

Now, come back to our first identity. We can compute in the way we want:
[P Wl eac = ([ 168 W xerede) woneto
Rd Rd

e (5 T e (<)) )
_ [AZ (fg (c+52) £ (o-22) e (_%))} \ o 1:(2).
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Computing A, (fe (m -5 z) fe (m + %z) exp (—e%)), we obtain

Az<f€<x+%z> f€<x—§z exp( ))
A
[

@)+ f (2) AR (@)~ 2V E@)P] - D17 @)

-1 ~>\ :

(1£:P) (@ Mvuﬂ]—%muw.

Therefore, knowing that 7. € S(R?), we can pass the A to the other side of the convolution and get (Z3). Keeping in
mind that 7. € S, integrating in z yields (2.4).

A.12. Scalar second momentum: H' case. In the same way, we can still consider [p, [¢]> W1 (z,£) d¢ even for
f- € H'. However, it could still be equal to +o0. The first part will be to show that this is not the case.

For fixed e > 0, take a sequence of functions f. ; in & (R9) converging to f. in H' when k& — oo. Using the
notation W ;. (resp. W ;.) for the Wigner Transform (resp. the Husimi Transform) of the functions of the sequence,

we first show that they converge uniformly to the Wigner Transform W (resp. the Husimi Transform WEH ) of f..
For any z, £ € R?

EZ

(Welw,€) = Welw, &)] < Co || oo+ 5) forla = 5) = folo+ 2) fola = )

2
<y <‘
<G (|[faate+ | , =
farle+ ) = fela+ )| | ||fela =)

Ca (Hfz—:,kHL2 Hfs,k - faHLQ + Hfs,k - fEHLQ HfEHLQ)
< Ca Hfs,k - faHLQ .

Therefore, W, ;. converges uniformly to W, with the estimate

||W€,k - W€||L°° <C: ||fa,k - fz—:||L2 )

and the same kind of estimate holds for the Husimi Transform:

L

2

fm@+%>@mx ) - ﬁ@—30

Ll
EZ

+ka%2)fm% 0) fle = 5)

Lé)
L§>

fe,k(x ) fe(

£z
L2

d

W2 = W Lo = (| (Wegs = We) * Gellzee < |[Wek = Wellp< [IGel I < Cc || fee — fell 2

Hence, Fatou’s lemma for |{|?W X (z,€) yields

/mmwwoﬁgmw/mmﬁm&m
Rd k—oo Jpd ’

The previous computation yields

271 2 g2 2 ed 2
/ |£| x f)d£—6 |erlc| *’75( )_Z|fe,k| *A7€($)+7|fe,k| *’76(56)-

But fop — f-in HY, s0 [Vf. > — |Vu|? and |f- x|*> — |f:|* in LY, therefore:
k—o0 k—o0 k—o0

2
W @€ d < 2 VAP (o) = TILP  Are(o) + S £7:(0) < .
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Therefore, the map
H!' 5 RY

fors [ I WH @ 6) de

is well-defined for every z € R?. Moreover, it is a non-negative quadratic form because W. and then also WEH are
quadratic. Furthermore, it is continuous thanks to the previous inequality which leads to

[ 6B Wi a.€)de < Cull Rl

Thus, the equality (Z.3), which is true in S(R?) dense subspace in H', also holds in H'.
A.1.3. Vector second momentum: S case. With the same assumptions, we can consider fRd &i&; WH (z,€)d€¢ as

we now know that &;&; W, Hg, 5 ) is integrable thanks to the previous identity, and in the same way, we have for
f- € S(R?) and for every = € R%:

/ €6 WH (2, €) dé = / €465 (W g e % 2 (s €) e
= </Rd 525] We *¢ Ve df) *r ’75(55),

the interchange of integral is rigorous with the same kind of estimate as previously. Moreover, we readily compute

[

00, (159 76 5T o((40))]

z=0
&2 - _— o i
== [Qajfg( ) fo (@) + f= (z) 0,0;f- () = 0if- (x) 0; f- (x) — 0; f- (x) Dif- (x) —a;]fe( ) f: (x)
&2 - 55,
= = [0:0; (1) (@) — 4 Re (0312 (2) 9 (@) | - 22 ()2

Therefore, in the same way as in the previous first section, we get (2.3) and 2.6).

A.1.4. Vector second momentum: H' case. The generalization of this equality is similar to the end of the previous
generalization for the scalar second momentum. The map

H' - R
fw/ &6, WH (2,€) de

is a well-defined, continuous quadratic form thanks to the previous equality for the scalar second momentum. Then,
the identities found for f. € S(R?) also hold for f. € H'.

A.2. Second part: first momentum in ¢

We know that [p, |£ \2 WH (z,€)d¢ < oo by the previous proof and also that [, WH (2,£) d¢ < oo, therefore
we can consider [pq & wH (:r: ¢) d¢. Then:

/ EWH (2,€) de = / € (We e e 40 72) (1, €)
R4 R4

= (/ EW: *ﬁ'Yedg) *z Ve
R4
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the integral exchange being rigorous for f. € S(R?) with the same kind of computation as before, which infers that:

[entweae= (<iv. (£ (+52) £ (—5) ew(=E)) e

=eIm (Vfe fo) * 7:(2),
and therefore (2.7) for f. € S(R?), (Z.8) being obvious by integrating this result. The conclusion for the general case
runs as before.

A.3. Third part: second momentum in x

In the same way, since WEH is non-negative, we have, thanks to Proposition

// 2P WH (2, &) dedé = [ |af? < / Wf(w,adg) dx
R x R4 R4 R
_ / @2 |f2? * e (2) de
]Rd

- // 22 |fo( — ) %7 (y) dy o
RIxRd

Therefore, we can easily compute

J[, ePwiwodede= [ (o—yP+ 2=yt P e - ) ) dy s
R4 x R4 R4 xRd

= ([t inwra) i +2 ([ sln@pan) ([ o)

Al 2 / 1y (y) dy
Rd

d
= [[l221 @) P s + £l -

thanks to the properties on the momenta of ..
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