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3D Direct Numerical Simulation data obtained from statistically stationary, planar,15

weakly turbulent, premixed flames, which are characterized by two different den-16

sity ratios (7.53 and 2.50) and are associated with the flamelet combustion regime,17

are analyzed to investigate differences between velocity and pressure variations (i)18

in flamelets in a weakly turbulent flow and (ii) in the counterpart laminar flame.19

Results show that while the thermo-chemical structure of the flamelets is20

weakly affected by turbulence under the studied conditions, the local ve-21

locity, vorticity, and pressure fields within the flamelets differ significantly from the22

velocity, vorticity, and pressure, respectively, fields within the laminar flame. In23

particular, local shear layers appear within flamelets in the turbulent flow, because24

acceleration of a reacting mixture by the local pressure gradient is inversely propor-25

tional to the mixture density and, hence, depends on the mixture state. The shear26

layers are characterized by large velocity gradients (both the tangential gradient of27

the normal velocity with respect to the flamelet surface and the normal gradient of28

the tangential velocity), whose magnitudes may be comparable with the magnitude29

of the velocity gradient across the laminar flame. In flamelet zones characterized by30

a relatively large magnitude of the locally normal gradient of the tangential velocity,31

the local vorticity magnitude is also large and such zones contribute substantially32

to the overall generation of vorticity due to baroclinic torque. These results cast33

doubts on the validity of a simple common modeling approach that consists in di-34

rectly invoking expressions derived for the laminar flames in order to describe the35

influence of combustion-induced thermal expansion on weakly turbulent velocity36

and pressure fields.37

PACS numbers: 47.70.Fw, 82.33.Vx, 47.27.-i38

Keywords: premixed turbulent combustion, thermal expansion, flamelet, DNS,39

modeling40

. I. INTRODUCTION41

When a premixed flame propagates in a turbulent medium, (i) the turbulence affects42

the flame and can significantly accelerate its propagation, while (ii) pressure perturbations43

due to combustion-induced thermal expansion affect the turbulent flow also. Although44

these two types of effects are closely linked with one another, e.g., combustion-induced45

changes of turbulence characteristics are widely assumed to substantially change the flame46
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speed, the vast majority of available models of premixed turbulent burning place the focus47

of consideration on one of them. Pioneering models of the influence of turbulence on a48

premixed flame were developed by Damköhler1 and Shchelkin2 almost 80 years ago and49

significant progress made in studying such effects is reviewed elsewhere.3−6 About ten years50

after the seminal work by Damköhler1 and Shchelkin,2 Karlovitz et al.7 and, subsequently,51

Scurlock and Grover8 attracted attention of the combustion community to the influence52

of thermal expansion on turbulence in flames. Since that, the problem of the so-called53

“flame-generated turbulence”, posed in those pioneering studies, was examined by various54

research groups, as reviewed elsewhere.9,10 However, developments in this area were rather55

moderate and have not yet resulted in elaborating a well-recognized comprehensive approach56

with well-documented predictive capabilities.57

The present paper aims at revealing one of eventual causes of such a moderate progress58

in that area. The point is that almost all models of the influence of premixed combustion59

on turbulence, reviewed elsewhere,9,10 see also a paper by Tian and Lindstedt11 as a re-60

cent example, rely somehow on theoretical expressions that describe velocity and pressure61

variations in the laminar premixed flames. Such an approach is widely accepted in partic-62

ular due to the lack of an alternative, sufficiently well developed theory of the influence of63

combustion on turbulence. However, as will be shown later, the approach is oversimplified,64

because the local velocity and pressure variations within flamelets (i.e., within thin inher-65

ently laminar zones that separate fresh reactants and equilibrium combustion products in a66

turbulent flow and retain the structure of a perturbed laminar flame12−14) can significantly67

differ from local velocity and pressure variations within the purely laminar premixed flame68

even if the turbulence weakly perturb the thermo-chemical structure of the flamelet.69

The specific goal of the present paper is to show such differences by analyzing Direct70

Numerical Simulation (DNS) data computed by Nishiki et al.15,16 about 15 years ago.71

The choice of this database, which may appear to be outdated when compared to recent72

DNS data17−23 generated in the case of complex combustion chemistry and a high ratio of73

the rms turbulent velocity u′ to the laminar flame speed SL requires comments. Since the74

focus of the following discussion is placed on the influence of combustion-induced thermal75

expansion on the velocity and pressure fields, detailed description of complex combustion76

chemistry appears to be of secondary importance when compared to two other major re-77

quirements. First, in order to make the studied thermal expansion effects as strong as78

possible, heat release and density drop should be localized to sufficiently thin zones and79

the velocity jump across such zones should be sufficiently large when compared to the rms80

turbulent velocity u′. In other words, the flamelet regime12−14 of premixed turbulent com-81

bustion associated with a low u′/SL should be addressed. The selected DNS data were82

indeed obtained for this regime, as discussed in details elsewhere,24 whereas the vast major-83

ity of recent very advanced DNS studies attacked other combustion regimes characterized84

by a large u′/SL. Second, to better explore the thermal expansion effects, data obtained85

at significantly different density ratios σ = ρu/ρb are required. The selected DNS database86

does satisfy this requirement, because cases of σ = 2.5 and 7.53 were simulated, with all87

other things being roughly equal. Therefore, the selected DNS data appear to be fully ade-88

quate to the major goal of the present study. Here, subscripts u and b designate unburned89

reactants and burned products, respectively.90

The paper is organized as follows. In the next section, the DNS attributes are reported.91

Simulated results are discussed in Section III, followed by conclusions.92

. II. DNS ATTRIBUTES93

Since the DNS data were discussed in details elsewhere15,16 and were already used by var-94

ious research groups,24−38 we will restrict ourselves to a brief summary of those compress-95

ible 3D simulations. They dealt with statistically planar, equidiffusive, adiabatic flames96

modeled by unsteady 3D continuity, Navier-Stokes, and energy equations, supplemented97

with a transport equation for the mass fraction Y of a deficient reactant and the ideal98
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gas state equation. Temperature-dependence of molecular transport coefficients was taken99

into account, e.g., ν = νu(T/Tu)0.7. Combustion chemistry was reduced to a single re-100

action. The Lewis Le and Prandtl Pr numbers were equal to 1.0 and 0.7, respectively.101

Accordingly, the mixture state was characterized with a single combustion progress vari-102

able c = (T − Tu)/(Tb − Tu) = 1− Y/Yu.103

The computational domain was a rectangular box Λx × Λy × Λz, where Λx = 8 mm and104

Λy = Λz = 4 mm. It was resolved using a uniform rectangular (2∆x = ∆y = ∆z) mesh of105

512× 128× 128 points. The flow was periodic in y and z directions.106

Using an energy spectrum E(κ) proposed by Kraichnan,39 homogeneous isotropic tur-107

bulence was generated15 in a separate box and was injected into the computational do-108

main through the left boundary x = 0. The generated turbulence was characterized15 by109

u′0 = 0.53 m/s and an integral length scale110

L =
3π

4

∫∞
0
κ−1E(κ)dκ∫∞

0
E(κ)dκ

(1)111

equal to 3.45 mm. Accordingly, the turbulent Reynolds number Ret = u′L/νu = 96.112

At t = 0, a planar laminar flame was embedded into statistically the same turbulence113

assigned for the velocity field in the entire computational domain. Subsequently, the mean114

inflow velocity U was increased twice, i.e., U(0 ≤ t < tI) = SL < U(tI ≤ t < tII) < U(tII ≤115

t) = UT (tII), in order to keep the flame in the computational domain till the end tIII of116

the simulations. Here,117

UT (t) =
1

ρuYuΛyΛz

∫ Λx

0

∫ Λy

0

∫ Λz

0

W (x, y, z, t)dzdydx (2)118

is the turbulent burning velocity and W is the mass rate of consumption of the deficient119

reactant.120

Three DNS data sets H, M, and L associated with High, Medium, and Low,121

respectively, density ratios were originally generated by Nishiki et al.15,16 Since122

the focus of the present study is placed on thermal expansion effects, the follow-123

ing discussion will be restricted to two cases characterized by the highest and124

the lowest density ratios, i.e., flame H [σ = 7.53, SL = 0.6 m/s, δL = 0.217 mm,125

UT (tII ≤ t ≤ tIII) = 1.15 m/s] and flame L [σ = 2.5, SL = 0.416 m/s, δL = 0.158126

mm, UT (tII ≤ t ≤ tIII) = 0.79 m/s]. In both cases, UT (tII ≤ t ≤ tIII)/SL = 1.9.127

Here, δL = (Tb − Tu)/max{|∇T |} is the laminar flame thickness. The two flames are well128

associated with the flamelet combustion regime, e.g., various Bray-Moss-Libby (BML) ex-129

pressions hold in cases H and L, see figures 1-4 in a recent paper by Lipatnikov et al.24 Since130

turbulence decays along the direction x of the mean flow, the turbulence characteristics are131

slightly different at the leading edges of the H and L-flame brushes, e.g., u′ = 0.33 m/s,132

λ = 0.43 mm, η = 0.075 mm, Ka = 0.06, Da = 17.5 in case H and u′ = 0.38 m/s, λ = 0.47133

mm, η = 0.084 mm, Ka = 0.10, Da = 10.0 in case L. Here, Da = τT /τc and Ka = τcu
′/λ134

are the Damköhler and Karlovitz numbers, respectively, τT = k̄3/2/(u′ε̄) and τc = ν/(PrS2
L)135

are turbulence and flame time scales, respectively, λ = u′
√

15ν/ε̄ and η = (ν3/ε̄)1/4 are the136

Taylor and Kolmogorov length scales, respectively, k = (ukuk − ūkūk)/2 and ε = 2νSijSij137

are the turbulent kinetic energy and its dissipation rate, respectively, the rms turbulent138

velocity u′ is equal to
√

2k̄/3, Sij = 0.5(∂ui/∂xj + ∂uj/∂xi) is the rate-of-strain tensor,139

q̄ designates the mean value of a quantity q, and the summation convention applies for140

repeated indexes.141

The DNS data were processed as follows. Mean quantities q̄(x) were averaged over a142

transverse plane x =const and over time (221 and 200 snapshots in cases H and L, re-143

spectively, stored during a time interval of tIII − tII ≈ 1.5L/u′0 ≈ 10 ms). Subsequently,144

x-dependencies were mapped to c̄-dependencies using the spatial profiles of the Reynolds-145

averaged combustion progress variable c̄(x).146

To generate a 3D joint Probability Density Function (PDF) P [q1, q2, c̄(x)] for quantities147

q1 and q2, intervals of q1,min ≤ q ≤ q1,max and q2,min ≤ q ≤ q2,max (e.g., 0 ≤ c ≤ 1 if148

q2 = c) were divided in 100 bins each and sampling was performed in each point x for each149

snapshot. If one of the quantities is solely defined at 0 < c < 1 (e.g., the components of the150
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FIG. 1. Mean (a) velocity and (b) pressure jumps at flamelets, normalized using ∆uL = (σ− 1)SL

and (σ − 1)ρuS
2
L, respectively.

unit normal vector n = −∇c/|∇c|), sampling was limited to points where ε < c(x, t) < 1−ε.151

Results reported in the following were obtained for ε = 0.001, with weak sensitivity of the152

results to variations in ε� 1 being checked. Using the 3D joint PDFs, conventional PDFs153

P (q1) and values 〈q1|Q2〉 of the quantity q1 conditioned to a value Q2 of the quantity154

q2(x, t), i.e., Q2 − 0.5∆q2 ≤ q2(x, t) < Q2 + 0.5∆q2, were evaluated as follows155

P (q1) =

∫ q2,max

q2,min

P (q1, ζ, c̄)dζ, (3)156

157

〈q1|Q2〉 =

∫ q1,max

q1,min

ζP (ζ,Q2, c̄)dζ

[∫ q1,max

q1,min

P (ζ,Q2, c̄)dζ

]−1

, (4)158

at various c̄(x) or x. Here, ∆q2 = (q2,max − q2,min)/100.159

. III. RESULTS AND DISCUSSION160

. A. Velocity and pressure jumps at flamelets161

Shown in Fig. 1 are mean normalized velocity and pressure “jumps” at flamelets, eval-162

uated as follows. First, a reaction surface xf = xi(yj , zk, tn) was determined using the163

following constraints; (i) 0.6 < c(xi, yj , zk, tn) < 0.9, i.e., the reaction surface is inside164

the reaction zone characterized by substantial rate W (x, t) of product creation, and (ii)165

W (xi, yj , zk, tn) > W (xi+1, yj , zk, tn), i.e., the reaction surface is associated with the local166

peak of W (x, t) along a ray {y = yj , z = zk}, which is normal to the mean flame brush.167

Second, for each grid point xf = (xi, yj , zk) that belongs to the reaction surface at instant168

tn, the most close grid points xu and xb characterized by c(xu, tn) < ε and c(xb, tn) > 1− ε,169

respectively, were found. Third, the jump magnitudes ∆q = |q(xu, tn) − q(xb, tn)| were170

evaluated for various quantities q such as (i) the velocity un = u · n locally normal to the171

reaction surface, (ii) the magnitude ut = (ut ·ut)1/2 of the tangential velocity ut = u−unn,172

and (iii) the pressure p, with the unit vector n = n(xf , tn) being normal to the reaction173

surface. Fourth, the obtained values of ∆q(xf , tn) were averaged over all grid points xf on174

the reaction surface and over all instants tn.175

Solid line in Fig. 1a indicates that the mean jump |un,b − un,u| in the locally normal veloc-176

ity agrees well with the velocity jump ∆uL = (σ−1)SL at the Unperturbed Laminar Flame177

Front (ULFF) in case H, thus, supporting the Simple Common Approach (SCA), i.e., the use178

of results obtained from the laminar flames for modeling the influence of combustion-induced179

thermal expansion on a turbulent flow. Double-dashed-dotted line in the same figure shows180

substantial differences in |un,b − un,u| and ∆uL at c̄ < 0.5 in case L. These differences ap-181

pear to result from relative weakness (due to a low σ = 2.5) of the combustion-induced182

velocity perturbations when compared to the magnitude of turbulent velocity fluctuations.183

However, due to the relative weakness of the former perturbations in case L, requirements184
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FIG. 2. Normalized values |∇p|−1
L 〈Tn|c〉 of the normal component Tn = T ·n of the vector-term T

on the RHS of the Navier-Stokes equation, conditioned to the local value of c(x, t) and evaluated
at various values of the Reynolds-averaged combustion progress variable c̄ (broken lines), specified
in legends, in cases (a) H and (b) L. Black solid lines show results obtained from the laminar flames
H and L. |∇p|L = (σ − 1)ρuS

2
L/δL.

to precision of modeling them could be reduced. Accordingly, the DNS data plotted in185

double-dashed-dotted line in Fig. 1a do not seem to refute the SCA. Other curves shown186

in Fig. 1 will be discussed later.187

Results reported in Fig. 2 do not seem to refute the SCA either. Indeed, broken curves188

indicate that, at various mean c̄, normalized conditioned values |∇p|−1
L 〈Tn|c〉 of the normal189

component Tn = T · n of the vector-term T on the Right Hand Side (RHS) of the Navier-190

Stokes equation191

ρ
∂ui
∂t

+ ρuk
∂ui
∂xk

=
∂τi,k
∂xk

− ∂p

∂xi︸ ︷︷ ︸
Ti

(5)192

are sufficiently close to dependencies Tn(c) computed in the ULFFs (black solid lines). Here,193

qi designates i-th component of a vector q,194

τij = ρν

(
∂ui
∂xj

+
∂uj
∂xi
− 2

3
δij
∂uk
∂xk

)
(6)195

is the viscous stress tensor, δij is the Kronecker delta, and |∇p|L = (σ − 1)ρuS
2
L/δL is a196

characteristic magnitude of pressure gradient in the ULFF.197

While differences between Tn(c) obtained from the laminar and turbulent flames are198

observed and are increased by |c̄ − 0.7|, such effects are sufficiently weak when compared199
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FIG. 3. Normalized values |∇p|−1
L 〈Tt|c〉 of the magnitude Tt of the tangential component Tt =

T−Tnn of the vector-term T on the RHS of Navier-Stokes equation, conditioned to the local value
of c(x, t) and evaluated at various values of the Reynolds-averaged combustion progress variable c̄,
specified in legends, in cases (a) H and (b) L.
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FIG. 4. Probability density functions for the normalized local shear |∇ · u|−1
L (∂u/∂y) calculated

in the middle of flamelets (0.495 < c(x, t) < 0.505) at various values of the Reynolds-averaged
combustion progress variable c̄, specified in legends, in cases (a) H and (b) L.

to effects that will be discussed later. For instance, Fig. 3 shows that, contrary to the200

ULFF, the normalized conditioned tangential component |∇p|−1
L 〈Tt|c〉 of the vector-term201

T does not vanish in the turbulent flames. While the magnitude of 〈Tt|c〉 is substantially202

less than the magnitude of 〈Tn|c〉, both magnitudes are of the same order. It is also worth203

noting that results plotted in Figs. 3a and 3b are sufficiently close to one another in spite204

of the fact |∇p|L used to normalize these results is larger by a factor of about 6.6 in case205

H. Since the statistical characteristics of the turbulence are close in both cases, comparison206

of Figs. 3a and 3b implies that 〈Tt|c〉 scales with |∇p|L to the leading order, i.e., the207

magnitude of 〈Tt|c〉 is significantly affected by the combustion-induced thermal expansion.208

Nevertheless, differences between curves plotted in Figs. 3a and 3b are also well pronounced,209

thus, indicating that the aforementioned scaling is approximate and effects of turbulence210

are not negligible.211

Furthermore, Fig. 1b shows that the mean pressure jump |pb − pu| differs substantially212

from the pressure jump ∆pL = (σ− 1)ρuS
2
L at the ULFF both in cases H and L. Moreover,213

dashed and dotted-dashed lines in Fig. 1a indicate a significant mean jump |ut,b − ut,u|214

in the locally tangential velocity, whereas the tangential velocity does not change at the215

ULFF.216

Thus, the above results indicate that equations that describe local jumps in velocity,217

pressure, and vorticity at the ULFF do not hold in the case of turbulent burning even in the218

flamelet combustion regime characterized by u′ � σSL. Physical mechanisms responsible219

for the failure of the ULFF equations are explored in the next section.220

. B. Local shear layers and vorticity generation221

Figures 4 and 5 report the conditioned PDF’s P (c = 0.5, ∂u/∂y, c̄) and P (c, ∂u/∂y, c̄ =222

0.5), respectively, for a typical shear component ∂u/∂y, with results obtained for223

other shear components being qualitatively similar. Curves plotted in Figs. 4224

and 5 are not smooth, because selection of double-conditioned [to the local c(x, t)225

and to the mean c̄(x)] data significantly reduces the sampling ensemble. Nev-226

ertheless, the non-smooth shape of the curves does not seem to substantially227

affect the two qualitative trends emphasized in the following.228

In particular, Figs. 4 and 5 show, first, that the conditioned PDF’s P (c = 0.5, ∂u/∂y, c̄)229

and P (c, ∂u/∂y, c̄ = 0.5) are sufficiently wide at various mean c̄ and various local c(x, t).230

Second, the PDF half-widths are comparable in cases H (with exception of c̄ = 0.9) and L,231

whereas the characteristic velocity gradient |∇ ·u|L = (σ−1)SL/δL within the ULFF, used232

to normalize the shear, is larger by a factor of about four in the former case. If the PDF’s233

were solely controlled by turbulence, the H-half-widths would be smaller by approximately234
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FIG. 5. Probability density functions for the normalized local shear |∇ ·u|−1
L (∂u/∂y) calculated in

the middle of flame brushes, i.e., at c̄(x) ≈ 0.5, at various local c(x, t) specified in legends in cases
(a) H and (b) L.

the same factor of about four. Therefore, not only turbulence, but also the combustion-235

induced thermal expansion affect the considered PDF’s.236

Figure 6 shows PDFs for the local shear associated with the magnitude |∇tun| of the237

tangential (to the local flamelet surface) gradient of the normal velocity, evaluated within238

flamelets at various c̄ and normalized using |∇ · u|L. While the PDF’s peak at |∇tun|/|∇ ·239

u|L � 1, they are sufficiently wide and there are non-negligible probabilities of finding the240

tangential gradient |∇tun| comparable with the normal gradient |∇ · u|L in the ULFF. In241

case H, the effect is much more pronounced at c̄ = 0.9 due to appearance of unburned242

mixture fingers discussed elsewhere.32,38 Moreover, the PDF half-widths are smaller by a243

factor of about two in case H (with exception of c̄ = 0.9) when compared to case L, whereas244

|∇ · u|L is larger by a factor of about four in the former case. If the PDF’s were solely245

controlled by turbulence, the H-half-widths would be smaller by approximately the same246

factor of about four. Therefore, Fig. 6 also implies that large magnitudes of the local shear247

within flamelets are substantially affected by the local thermal expansion.248

The discussed effects are more pronounced for the local shear associated with the magni-249

tude |n · ∇ut| of the normal gradient of the tangential velocity. Indeed, Fig. 7a shows that250

its PDFs peak at non-zero values of |n · ∇ut|/|∇ ·u|L, which are increased from about 0.05251

to 0.31 when c̄ is increased from 0.1 to 0.9. Comparison of Figs. 7a and 7b clearly indicates252

the influence of the density ratio and, hence, of combustion-induced thermal expansion on253

the PDF shape. At the same time, the fact that the PDF shapes are significantly different254
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FIG. 6. Probability density functions for the magnitude |∇tun| of the tangential gradient of the
normal velocity, evaluated within flamelets (ε < c(x, t) < 1− ε) at various values of the Reynolds-
averaged combustion progress variable c̄, specified in legends, in cases (a) H and (b) L. The gradient
is normalized using |∇ · u|L = (σ − 1)SL/δL.
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FIG. 7. Probability density functions for the magnitude |n · ∇ut| of the normal gradient of the
tangential velocity, evaluated within flamelets (ε < c(x, t) < 1−ε) at various values of the Reynolds-
averaged combustion progress variable c̄, specified in legends, in cases (a) H and (b) L. The gradient
is normalized using |∇ · u|L = (σ − 1)SL/δL.

at σ = 7.53 and 2.5, cf. Figs. 7a and 7b, respectively, implies that the use of the laminar255

|∇ ·u|L to normalize |n · ∇ut| is not sufficient to describe statistics of the latter gradient in256

the turbulent flames. In other words, such statistics cannot be modeled using expressions257

valid for the laminar flame.258

A physical mechanism of local shear generation due to combustion-induced thermal ex-259

pansion is depicted in Figs. 8 and 9. The former figure shows iso-surfaces of (i) the peak260

rate W (x, tB), i.e., the reaction surface, and (ii) c(x, tB) = 0.01 (flamelet leading edge) in261

planes z = zB and y = yB that cross an “extreme” point B that has been found using the262

following two constraints; (i) the extreme point B lies on a transverse plane x = xB that is263

most close to the mean flame surface c̄(x) = 0.5 and (ii) the extreme point B is characterized264

by the maximal (over various y, z, and t) magnitude
∣∣〈n · ∇u|√nyny > n∗‖√nznz > n∗〉

∣∣265

of the normal (to the local flamelet) gradient of the axial velocity u conditioned to either266

|ny| or |nz| being larger than a threshold value n∗. Since the threshold value is set to be267

very close to unity, i.e., n∗ = 0.995, the iso-surface c(xB , tB) =const is almost parallel to268

the x-axis in the extreme point B. In particular, the iso-surface is almost normal to the269

y-axis in Fig. 8a.270

Therefore, the local x or z-profiles of various quantities are almost tangential to the local271

flamelet, whereas the local y-profiles are almost normal to it. This feature of the extreme272
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FIG. 8. Flame shapes in (a) xy and (b) xz planes that cross the extreme point B (black filled
circle) characterized by ny ≈ 1 and by a high magnitude |n · ∇u| of the normal (to the local
flamelet) gradient of the axial velocity u, which is almost tangential to the flamelet in the vicinity
of that point. Reaction surface x = xi(yj , zk) is characterized by the maximal reaction rate W (c)
along a ray of (y = yj , z = zk). Case H, c̄ = 0.5.
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FIG. 9. Normalized profiles of (a) difference ∆p in the local pressure and pressure averaged over
the inlet plane, and components of (b) velocity u = {u, v, w} and (c) vorticity ω = {ωx, ωy, ωz}
vectors along the three axes. All profiles cross the extreme point B shown in Fig. 8, with distance
being counted from this point. Negative distance is associated with lower (or higher) values of
the combustion progress variable c for the x and z (or y, respectively) profiles. The velocity and
vorticity profiles are normalized using SL and Du/SL, respectively.

point B significantly facilitates exploring local flow perturbations, because (i) coordinate273

transformations are not required to obtain the locally tangential or normal profiles and (ii)274

the perturbations are well pronounced due to selection of the maximal conditioned |n ·∇u|.275

Accordingly, solid, dashed, and dotted-dashed lines in Fig. 9 show instantaneous276

x (tangential), y (normal), and z (tangential) profiles, respectively, i.e., q(x, y =277

yB , z = zB , t = tB), q(x = xB , y, z = zB , t = tB), and q(x = xB , y = yB , z, t = tB),278

respectively, of pressure p, see Fig. 9a, velocity components u (red curves), v279

(black curves), w (blue curves), see Fig. 9b, and vorticity components ωx (red280

curves), ωy (black curves), ωz (blue curves), see Fig. 9c.281

Figure 8a shows that the axial distance |xB − xC | between point B and the flamelet282

leading edge, i.e., point C, is sufficiently long, see dashed straight line. On the contrary, a283

neighboring point A characterized by the same axial coordinate, i.e., xA = xB , the same284

zA = zB , and by a lower value of the combustion progress variable, i.e., cA < cB , is close285

to the flamelet leading edge. Accordingly, an infinitesimal gas volume that comes to point286

B is likely to move within the flamelet during a time interval ∆tB , which is significantly287

longer than time interval ∆tA required for another gas volume to move from the flamelet288

leading edge to point A. When a fluid volume moves within the flamelet, the density in289

the volume is less than ρu and decreases with increasing the local c. Consequently, the290

volume acceleration ρ−1∂p/∂x by the axial pressure gradient induced due to combustion291

in surrounding volumes, see the local axial profile p(x, y = yB , z = zB , t = tB) of292

pressure, shown in red solid line in Fig. 9a, is significantly stronger than axial293

acceleration that a volume of unburned reactants would experienced under the influence294

of the same axial pressure gradient. Therefore, the infinitesimal volume associated with295

point B (A) is likely to be subject to an increased axial acceleration, see the local axial296

profile u(x, y = yB , z = zB , t = tB) of the axial velocity, shown in red solid line in297

Fig. 9b, during relatively long (short, respectively) time interval ∆tB (∆tA, respectively).298

As a result, uB is significantly larger than uA, yielding a strong locally normal (i.e., in299

the y-direction) gradient of the axial velocity u, which is locally tangential to the reaction300

surface, see the locally normal profile of u(x = xB , y, z = zB , t = tB) shown in red301

dashed line in Fig. 9b. This physical mechanism appears to be responsible for the302

substantial widths and the locations of peaks of PDF’s plotted in Fig. 7. It is basically303

similar to physical mechanisms suggested by Scurlock and Grover8 to explore generation304

of turbulence in combustion products due to local shear layers or by Libby and Bray40 to305

explain countergradient turbulent scalar transport in flames.306

In addition to the axial pressure gradient and the gradient of the axial velocity, discussed307

above, there are significant locally normal (to the flamelet) gradients of (i) pressure, see308

the local profile of p(x = xB , y = y, z = zB , t = tB) shown in black dashed line in309

Fig. 9a, and (ii) the normal velocity v, see the local profile of v(x = xB , y = y, z =310

zB , t = tB) shown in black dashed line in Fig. 9b, in the vicinity of the extreme311
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FIG. 10. (a) Maximal (over transverse plane and various instants) absolute values of the normal (to
the local flamelet) gradient of the axial velocity

∣∣〈n · ∇u|√nyny > n∗‖√nznz > n∗〉
∣∣, normalized

using (σ−1)SL/δL and conditioned to either |ny| or |nz| being larger than a threshold n∗ specified
in legends. (b) Magnitude |ω| of the vorticity vector, normalized using Du/SL and evaluated in
points where

∣∣〈n · ∇u|√nyny > n∗‖√nznz > n∗〉
∣∣ reaches the maximal values. Case H.

point B. The local gradient ∇yv < 0 (negative distance in Fig. 9 corresponds312

to y > yB) results from the local density drop within the flamelet. However,313

the magnitude of the local change of the locally normal velocity v in the locally314

normal direction y is about 4SL, see black dashed line in Fig. 9b, i.e., is less315

than ∆uL = 6.5SL, thus, indicating local perturbations in the velocity field when316

compared to the ULFF. Moreover, the direction of the locally normal pressure317

gradient ∇yp < 0, see the local profile of p(x = xB , y = y, z = zB , t = tB), shown in318

black dashed line in Fig. 9a, is opposite to the direction of the pressure gradient319

in the ULFF, thus, also indicating significant local pressure perturbations when320

compared to the ULFF.321

Moreover, black solid line in Fig. 9b shows that the magnitude of the locally tangential322

gradient of the locally normal velocity, i.e., |∂v/∂x|, is also large in the extreme point B,323

thus, explaining substantial widths of PDF’s for ∇tun, plotted in Fig. 6. This observation324

is not surprising, because the z-component ωz = ∂v/∂x−∂u/∂y of the vorticity vector ω is325

large in the vicinity of point B, see blue curves in Fig. 9c. The point is that an angle between326

(i) vector ∇ρ, which is almost parallel to the y-axis, as shown in Fig. 8a, and (ii) vector327

∇p, whose components ∇xp and ∇yp have comparable magnitudes in point B, cf. red solid328

and black dashed lines in Fig. 9a, is sufficiently large in this region. Consequently, vorticity329

is locally generated by a physical mechanism known as baroclinic torque and discussed in330

details elsewhere.9,10,31,41−43
331

Figure 10 shows that significant perturbations (i.e., shear layers and regions with a high332

vorticity) of the local velocity field within flamelets that are almost normal to the mean333

flame brush exist at various c̄ with exception of the leading part (c̄ < c∗) of the flame brush.334

An increase in the threshold normal n∗ results in increasing the boundary value c∗, because335

flamelets characterized by a very low |nx| do not reach regions characterized by a low c̄.336

However, such strong velocity perturbations induced due to thermal expansion are accom-337

panied by relatively moderate perturbations of the flamelet scalar structure under conditions338

of the present simulations (adiabatic burning, Le = 1, single-step chemistry, and the reac-339

tion rate is solely controlled by c). While an increase in the distance between the reaction340

surface and flamelet leading edge is observed in the vicinity of the extreme point B in Fig.341

8b, Fig. 11 shows that the local perturbations of the normalized displacement speed342

ρSd
ρuSL

=
∇ · (ρD∇c) +W

ρuSL
(7)343
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FIG. 11. Profiles of (a) the normalized local displacement speed ρSd/(ρuSL) vs. distance from
the extreme point B in x, y, and z directions and of (b) the normalized local consumption velocity
uc/(ρuSL) vs. distance in y-direction. All profiles cross the extreme point B shown in Fig. 8.

and, especially, consumption velocity344

uc
ρuSL

=

∫ δ
−δWdζ

ρuSL
(8)345

are sufficiently weak in the vicinity of the extreme point B, discussed earlier. Here, the346

distance δ is counted from the extreme point B in y direction. An increase in uc/(ρuSL)347

from a value about unity in the vicinity of the extreme point B to a value about 2.2 at348

distances larger than 0.4 mm is caused by the second reaction zone, which is shown in349

the bottom part of Fig. 8a. The second jump in uc/(ρuSL) is larger than unity due to350

inclination of the second reaction zone with respect to the y-axis along which integration351

in Eq. (8) is performed.352

Figure 12 also indicates that local perturbations in both |∇c| and uc are sufficiently weak353

in flamelet points characterized by a low |nx| and a strong local shear, i.e., a large |n · ∇u|.354

The consumption velocity reported in Fig. 12b was evaluated using Eq. (8), with the355

distance δ being counted from the local peak of the reaction rate along either the y-axis if356

|ny| > |nz| or along the z-axis otherwise. Calculations of the local consumption velocity357

were terminated at a distance δ required in order for uc(δ) to reach a plateau, see Fig. 11b.358

While neither Fig. 11 nor Fig. 12 indicates significant perturbations of the local scalar359

structure of flamelets in regions where the local velocity field is strongly perturbed, i.e., in360

flamelet zones characterized by a large normal gradient
∣∣〈n · ∇u|√nyny > n∗‖√nznz > n∗〉

∣∣361
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FIG. 12. (a) Local gradient |∇c| of the combustion progress variable, normalized us-
ing δL, and (b) local normalized consumption velocity uc/(ρuSL) evaluated in points where∣∣〈n · ∇u|√nyny > n∗‖√nznz > n∗〉

∣∣ reaches the maximal (over various y, z, and t) values. Case
H, a threshold n∗ is specified in legends.
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FIG. 13. Relative contributions to enstrophy generation due to baroclinic torque from flamelet
regions characterized by (a) g−0.5∆g ≤ |∇tun|/|∇ ·u|L < g+0.5∆g (dashed lines) or g−0.5∆g ≤
|n · ∇ut|/|∇ · u|L < g + 0.5∆g (solid lines) and (b) |∇tun|/|∇ · u|L < g + 0.5∆g (dashed lines)
or |n · ∇ut|/|∇ · u|L < g + 0.5∆g (solid lines) vs. the value g of the locally tangential gradient of
the locally normal velocity (dashed lines) or the locally normal gradient of the locally tangential
velocity (solid lines), normalized with |∇ · u|L.

and a low |nx| � 1, the lack of the former (scalar) perturbations may stem from too simple362

conditions of the present DNS. Under more realistic conditions that are more favorable for363

flamelet structure perturbations and even local quenching (e.g., Le 6= 1, heat losses, and/or364

complex combustion chemistry), strong perturbations of velocity and pressure fields could365

cause strong perturbations of the local flamelet structure, Sd, and uc. This issue is worth366

further studying by analyzing appropriate DNS data bases.367

Finally, since results reported in Figs. 8-12 were obtained by selecting extreme points368

characterized by the largest
∣∣〈n · ∇u|√nyny > n∗‖√nznz > n∗〉

∣∣ and |nx| � 1, the statis-369

tical importance of the studied local effects may be put into question. To address such a370

concern, the following ratios371

R(g) =

∫∫∫
〈T ||∇tun| = g|∇ · u|L〉dVf∫∫∫

TdVf
(9)372

were calculated for various values g = |∇tun|/|∇ · u|L of the normalized locally tangential373

gradient of the locally normal velocity, with the term T being equal either to the magnitude374

|Tω| = |ρ−2∇ρ × ∇p| of the baroclinic torque term in the transport equation for vorticity375

ω or to the baroclinic torque term Tω = ρ−2ω · (∇ρ × ∇p) in the transport equation for376

enstrophy ω ·ω. Integration in Eq. (9) was solely performed over flamelet volume Vf where377

ε < c(x, t) < 1−ε. Accordingly, the two ratios Rω and Rω characterize relative contributions378

to vorticity and enstrophy, respectively, generation due to baroclinic torque from flamelet379

regions characterized by particular magnitudes g− 0.5∆g ≤ |∇tun|/|∇ ·u|L < g+ 0.5∆g of380

the locally tangential (to the flamelet) gradient of the locally normal velocity un. Similar381

ratios were also evaluated for the magnitude |n · ∇ut| of the locally normal gradient of the382

locally tangential velocity.383

Dashed lines in Fig. 13a show that, while the ratio Rω (results obtained for Rω are384

very similar and are not reported for brevity) has a sufficiently sharp peak at low g =385

|∇tun|/|∇·u|L, notable values of Rω are still observed at tangential gradients of the normal386

velocity, whose magnitudes |∇tun| are comparable with the magnitude |∇ · u|L of velocity387

gradient across the laminar flame. Therefore, contribution of flamelet regions associated388

with significant local shear |∇tun| to the total generation of vorticity due to baroclinic389

toque is not negligible. This trend is more pronounced in case L, see black dashed line,390

probably, because vorticity generation due to baroclinic torque is weak in other regions in391

this case characterized by a low density ratio.392

Solid lines in Fig. 13a show that the ratio Rω peaks at g = |n · ∇ut|/|∇ · u| about 0.3393

in case H. Therefore, contribution of flamelet regions associated with significant local shear394
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|n · ∇ut| to the total generation of vorticity due to baroclinic toque is substantial in this395

case.396

Contribution of the strong-shear-regions to vorticity generation in the studied premixed397

turbulent flames is even more pronounced if ratios like398

R(g) =

∫∫∫
〈T ||∇tun| ≤ g|∇ · u|L〉dVf∫∫∫

TdVf
, (10)399

which is simply equal to the sum of the ratios R for all tangential gradients weaker than400

g|∇ · u|L, are considered. Indeed, dashed lines in Fig. 13b show that flamelet regions401

characterized by |∇tun| > 0.2|∇ · u|L are responsible for about 20 % of volume-integrated402

baroclinic torque term Tω in case H and even 50 % in case L. Moreover, red solid line403

indicates that more than 50 % of volume-integrated baroclinic torque term Tω stem from404

flamelet regions characterized by |n · ∇ut| > 0.3|∇ · u|L in case H. Thus, flamelet regions405

characterized by a strong local shear |n · ∇ut| induced due to thermal expansion may play406

a substantial role in vorticity generation in premixed turbulent flames.407

. IV. CONCLUSIONS408

DNS data obtained from turbulent premixed flames associated with the flamelet com-409

bustion regime were analyzed in order to explore differences between velocity and pressure410

variations (i) in flamelets in a weakly turbulent flow and (ii) in the counterpart laminar411

flame. Obtained results show that, while the scalar structure of flamelets is weakly per-412

turbed when compared to the laminar flame under conditions of the present DNS, the local413

velocity, vorticity, and pressure fields within the flamelets may be significantly different from414

the local velocity, vorticity, and pressure, respectively, fields within the laminar flame. In415

particular, in the former case, there appear local shear layers characterized by large velocity416

gradients (both the tangential gradient of the normal velocity with respect to the flamelet417

surface and the normal gradient of the tangential velocity), whose magnitudes are compara-418

ble with the magnitude of the velocity gradient across the laminar flame. In flamelet zones419

characterized by a relatively large magnitude of the locally normal gradient of the tangential420

velocity, the local vorticity magnitude is also large and such zones contribute substantially421

to the overall (in the entire flame brush) generation of vorticity due to baroclinic torque.422

These results cast doubts on the validity of a simple common approach that consists in423

directly invoking expressions derived for the laminar flames in order to model the influence424

of combustion-induced thermal expansion on turbulent velocity and pressure fields.425

It is worth stressing, that such doubts concern solely velocity and pressure426

fields, whereas expressions derived for the thermo-chemical characteristics of427

laminar flames appear to be valid in the flamelet combustion regime addressed428

in the present paper. Indeed, Figs. 11 and 12 indicate weak perturbations429

in the local flamelet structure. Accordingly, the latter (i.e., thermo-chemical)430

expressions are widely used in exploring turbulent combustion, e.g., see re-431

cent models44,45 that invoke theoretical expressions for the cutoff length scale432

of the hydrodynamic instability46 of laminar premixed flames. Moreover, the433

doubts concern expressions derived by studying the unperturbed laminar pre-434

mixed flames. Theoretical research into velocity and pressure fields within lam-435

inar premixed flames that propagate in more complicated flows could be of great436

interest for developing better models of the influence of combustion-induced437

thermal expansion on turbulence. The present paper calls for more attention438

to this problem.439

As a future task, it will be of interest to explore whether or not the aforementioned440

shear layers can significantly affect the local flamelet structure in the cases of non-unity441

Lewis number, heat losses, and complex combustion chemistry. Moreover, investigation442

of the shear layers in more intense turbulence will also be of interest. It is443

worth remembering that the conditions of the present DNS (u′ � σSL in flame444
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H) are beneficial for effects due to combustion-induced thermal expansion, but445

such effects could be of less importance in the opposite case of u′ � σSL, as446

discussed elsewhere.9,10
447
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