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SEMICLASSICAL RESOLVENT ESTIMATES FOR L* POTENTIALS ON
RIEMANNIAN MANIFOLDS

GEORGI VODEV

ABSTRACT. We prove semiclassical resolvent estimates for the Schrédinger operator with a real-
valued L potential on non-compact, connected Riemannian manifolds which may have a com-
pact smooth boundary. We show that the resolvent bound depends on the structure of the man-
ifold at infinity. In particular, we show that for compactly supported real-valued L* potentials
and asymptoticaly Euclidean manifolds the resolvent bound is of the form eXp(Ch74/3 log(h™1)),
while for asymptoticaly hyperbolic manifolds it is of the form exp(C h= 3), where C' > 0 is some
constant.

1. INTRODUCTION AND STATEMENT OF RESULTS

The purpose of this paper is to extend the semiclassical resolvent estimates obtained recently
in [8], [12], [13] and [14] for the Schrodinger operator in the Euclidean space R™ to a large
class of non-compact, connected Riemannian manifolds (M, g), n = dim M > 2, with a smooth,
compact boundary M (which may be empty) and a smooth Riemannian metric g. We will
consider manifolds of the form M = X UY, where X is a compact, connected Riemannian
manifold with boundary 0X = 0M U 9Y, while Y is of the form Y = [rg,00) x S with metric
gly = dr? +o(r), where (S,0(r)) is a compact n — 1 dimensional Riemannian manifold without
boundary equipped with a family of Riemannian metrics o(r) depending smoothly on r which
can be written in any local coordinates # € S in the form

o(r) = gij(r,0)dd;db;, gij € C(Y).
i3
Given any r > rg, denote Y, = [r,00) x S. We can identify dY, with the Riemannian manifold
(S,o(r)). Then the negative Laplace-Beltrami operator on 9Y, can be written in the form

Aoy, =p "> 06,(pg" 0s,),
0,
where (") is the inverse matrix to (g;;) and p = (det(g;;))"/? = (det(g”))~*/2. Let A, denote

the negative Laplace-Beltrami operator on (M, g). Clearly, we can write the Laplace-Beltrami
operator Ay := Ayly in the form

/
Ay = p~18,(pd,) + Dgy, = 82 + %ar + Apy..

We have the identity
(1.1) PP Ayp 2 =02 + Ag(r) — q(r,0)
where

Ao(r) =3 00.(9" (r,0)0s;)

1



2 G. VODEV

and ¢ is an effective potential given by the formula
q=(2p) 2(0p)* + (20) > g7 09, pdg,p — 27 pAy (p7 ).
2%
We suppose that
(1.2) o(r) = f(r)’w as r— oo

where w is a Riemannian metric on S independent of r, which in the local coordinates 6 € S
takes the form
w = Zwij((g)dtgid(gj, wij € COO(S)
/[:7-7

Here f(r) is a function either of the form

(1.3) fry=rF k>0,
or of the form
(1.4) fry=¢e", 0<a<l.

The condition (1.2) implies
g7 (r,0) — f(r)2w9(#) as r— o0

where (w) is the inverse matrix to (w;;). In fact, we need stronger conditions on the functions
g%, namely the following ones:

(1.5) |97 (r,0) — f(r) 2w (0)] < Cf(r)2,
(1.6) 10: (97 (r,0) = £(r) 2w (0))| < CF'(r) f(r) ™"

with some constant C' > 0. Under the condition (1.2) we also have that the effective potential
q tends to the function

(n—=1)(n—=3)f'(r)>  (n—-1)f"(r)
geE )
More precisely, we suppose that for large r the functions ¢ and ¢q satisfy
(1.7) la(r,0) — qo(r)] < Cr=tf(r) 72,
(1.8) qo(r) <C, rqo(r) <Cr'f(r)?
with some constant C' > 0. In fact, an easy computation yields
qo(r) = k(n — 1)(kn — k — 2)(2r) 2

qo(r) =

if f is given by (1.3) and

qo(r) =22a(n — 1)(a(n — 1) + 2(a — 1)r~ )22
if f is given by (1.4). Thus one can check that the condition (1.8) is always fulfilled if f is given
by (1.4), while in the other case it is fulfilled if k <1, n >2,0ork>1,n>3,0r k > 2, n=2.
In other words, (1.8) fails only in the case whenn =2, 1 < k < 2.

Note that the above conditions are satisfied in the two most interesting cases which are
the asymptoticaly Euclidean manifolds (which corresponds to the choice f(r) = r) and the
asymptoticaly hyperbolic manifolds (which corresponds to the choice f(r) = €"). In the first
case we have gy = (n — 1)(n — 3)(2r)~2, while in the second case we have gy = ("7_1)2

Our goal is to study the resolvent of the Schrédinger operator

P(h) = —h*A, + V()
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where 0 < h < 1 is a semiclassical parameter and V € L*(M) is a real-valued potential such
that V(r,0) := V|y satisfies the condition

(1.9) [V (r,0) < Crof(r)—2

with some constants C' > 0 and > 1. More precisely, we consider the self-adjoint realization of
the operator P(h) (which will be again denoted by P(h)) on the Hilbert space H = L*(M, dVoly).
When the boundary OM is not empty we put Dirichlet boundary conditions. Given s > 1/2 we
let xs € C%°(M), xs > 0, be a function such that xs =1 on X and ys = r~* on Y, 1. We are
going to bound from above the quantity

RE(h,e) :=log |xs(P(h) — E + ie)*IXSHH%H

where 0 < e <1 and F > 0 is a fixed energy level independent of h. Set
max{3—2k, 5711} if f is given by (1.3),

mo =
6%1 if f is given by (1.4).

If V is of compact support we set
2 if f is given by (1.3),
mo =
1 if f is given by (1.4).
Our main result is the following

Theorem 1.1. Let the potential V satisfy (1.9). In the case when the function f is given by
(1.4) we suppose that § > 370‘ + 1. Then there exist positive constants C' and hg, independent of
h and €, such that for all 0 < h < hg we have the bound

[un

k

(110) R;t(h,c?) < Ch—4/3—mo(1—k) (log(h—l)) —1

if [ is given by (1.8) with k < 1. Moreover, if V is of compact support we have the sharper
bound

(1.11) RE(h,e) < Ch "%

If f is given by (1.3) with k = 1 we have the bound

(1.12) RE(h,e) < Ch™43log(h™Y).
If f is given by (1.3) with k > 1 or by (1.4) we have the bound
(1.13) RE(h,e) < Ch™/3.

Recall that for asymptoticaly hyperbolic manifolds we have f = e, while for asymptoticaly
Euclidean manifolds we have f = r. Thus we get the following

Corollary 1.2. Let V € L®(M) be a compactly supported real-valued potential. Then, for
asymptoticaly Euclidean manifolds of dimension n > 2 we have the bound (1.12), while for
asymptoticaly hyperbolic manifolds of dimension n > 2 we have the sharper bound (1.13).

Note that for smooth potentials the following much sharper resolvent bound is known to hold
(see [2], [4], [11])
(1.14) RE(h,e) <Ch7h

A high-frequency analog of (1.14) on Riemannian manifolds similar to the ones considered in the
present paper was also proved in [1] and [3]. In all these papers the regularity of the potential
(and of the perturbation in general) is essential in order to get (1.14). Without any regularity
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the bound (1.12) has been recently proved in [8], [12] for real-valued compactly supported L
potentials when M = R", n > 2, and in [13], [14] for real-valued short-range L potentials
when M = R", n > 3. When n = 1 it was shown in [7] that for compactly supported real-valued
potentials we have the better bound (1.14) instead of (1.12). This result has been recently
extended in [6] to more general potentials. When n > 2, however, the bound (1.12) seems hard
to improve without extra conditions on the potential and it is not clear if it is sharp or not. In
contrast, it is well-known that the bound (1.14) cannot be improved in general (e.g. see [5]).

To prove the above theorem we first prove a global uniform a priori estimate on an arbitrary
compact, connected Riemannian manifold X. Roughly, we show that given an arbitrary open
domain U C X, U # (), and any function v € H%(X), we can control the Sobolev norm ]l o xy
by the norms |[(P(h) — 2)ulz2(x) and |u[| g1 (), where z € C (see Theorem 2.1 for the precise
statement). When 90X is not empty we put Dirichlet boundary conditions on u. To do so we
use the local Carleman estimates proved in [9] (see Proposition 2.2). We then propagate these
local estimates in a way similar to that one developed in [9], making however some significant
modifications due to the different nature of the problem we consider here. Note that local
Carleman estimates with Neumann boundary conditions are proved in [10], so most probably
one can use the results in [10] to conclude that Theorem 2.1 still holds in the case of Neumann
boundary conditions. The proof, however, would be more technical and longer, and that is why
we do not consider this case in the present paper.

In Section 4 we adapt the approach in [13] to our situation in order to prove a global Carleman
estimate on the end Y of the manifold M (see Theorem 4.1). To do so, we construct in Section
3 global phase and weight functions on Y in terms of the function f, depending only on the
variable r, and we study their main properties. The most important one is the inequality (3.9)
which is absolutely necessary for the Carleman estimate (4.1) to hold. Finally, in Section 5 we
glue up the Carleman estimate on Y with the a priori estimate on the compact manifold X
coming from Theorem 2.1 to obtain the resolvent estimate. Note that a similar approach has
already been used in [8] in the simpler case when M = R™, n > 2. In contrast, in [12], [13]
and [14] the global Carleman estimate is obtained on the whole space R™, which in turn poses
some difficulties when n = 2 due to the fact that in this case the effective potential (the function
qo(r) above) is negative and the analysis as 7 — 0 gets quite complicated. That is why in [13]
and [14] the condition n > 3 was imposed. However, arguing as in the present paper we can
avoid the problems related to the behaviour of the effective potential as r — 0. In fact, only
the behaviour of the effective potential as r — co matters. Therefore the results in [13] and [14]
hold for n = 2, too.

2. CARLEMAN ESTIMATES ON COMPACT MANIFOLDS

Throughout this section (X,g), n = dim X > 2, will be a compact, connected Riemannian
manifold with a smooth boundary 0X which may be empty. Let A, denote the negative Laplace-
Beltrami operator on (X, g) and introduce the operator

P(h) = —h*A, + V()

where 0 < h < 1 is a semiclassical parameter and V' € L*°(X) is a complex-valued potential.
Let U C X, U # 0, be an arbitrary open domain, independent of h, such that 90U N9X = () and
let z € C, |z| < Cpy, Cy > 0 being a constant independent of h. We will also denote by H ,1L the
Sobolev space equipped with the semiclassical norm. In this section we will prove the following
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Theorem 2.1. There exists a positive constant v depending on U, sup |V| and Cy but indepen-
dent of h such that for all 0 < h <1 we have the estimate

—4/3
(2.1) lull gy ) < €™ NP (R) = 2)ull p2x) + ™ HUHHl(U
for every u € H*(X) such that ulpx = 0 if OX is not empty.

Proof. We will make use of the local Carleman estimates proved in [9]. Let W C X be a
small open domain and let = be local coordinates in W. If T' := W N 0X is not empty we
choose © = (x1,2’), 1 > 0 being the normal coordinate in W and 2’ the tangential ones. Thus
in these coordinates I' is given by {z1 = 0}. Let p(x,§) € C°(T*W) be the principal symbol
of the operator —A, and let 0 < i < 1 be a new semiclassical parameter. Let ¢ € C*°(W)
be a real-valued function independent of A. Then the principal symbol, p,, of the operator
—h2e?/ hAge**"/ " is given by the formula

pw(.%', 5) = p(x7§ + ZV(P(%’))

We suppose that ¢ satisfies the Hérmander condition

(2.2) V(z,&) € T*W,py(x,&) = 0= {Repy,,Imp,} (x,£) > 0.
It is easy to check that (2.2) is fulfilled if we take ¢ = e*¥, where 1) € C>°(W) is such that
(2.3) Vi #0 in W

and A > 0 is a constant big enough. If I # () we also suppose that

9y
24 —(0, 2’ 0, V'
( ) 8.%'1 ( ,l’ ) > Y x
If o = e the condition (2.4) is equivalent to

0
(2.5) i —(0,2') >0, Va'

8.%'1

Let ¢ € C®°(W), supp¢ C W, and let u be as in Theorem 2.1. The next proposition follows
from Propositions 1 and 2 of [9].

Proposition 2.2. Let ¢ satisfy (2.2). If T # 0 we also suppose that ¢ satisfies (2.4). Then
there exist constants C,hy > 0 such that for all 0 < h < hg we have the estimate

(2.6) /X (lpul® + |hV (¢pu) |?) X/ dx < Ch?’/X 1A, (pu) e/ M d,
We take now i = kh*/3, where k > 0 is a small parameter independent of h. By (2.6) we have

/ (\Mz + K7h% 3!W(¢U)\2> 20/ gy < OB / W20 (pu) e/
X X
< COr’° /\ ) — 2)(¢u) 22/ d 4 Ok /y — 2)(¢u)[2eXe/ 5 gy

Taking  small enough we can absorb the last term in the right-hand 81de of the above inequality.
Thus we obtain the following
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Proposition 2.3. Let ¢ satisfy (2.2). If T' # 0 we also suppose that ¢ satisfies (2.4). Then
there exist constants C, kg > 0 such that for all 0 < k < kg and all 0 < h < 1 we have the
estimate

(2.7) / (Jgul® + [AV (¢u)[2) 2/ do < th2/3/ (P(h) — 2)(du)|2e2/=h"" 4.
X X

In what follows in this section we will derive the estimate (2.1) from (2.7). Given a small
parameter € > 0, independent of h, we denote X, = {z € X : disty(z,0X) > €} if 0X # 0,
X, = X if 90X = (). Taking e small enough we can arrange that U C X.. We will first derive
from (2.7) the following

Lemma 2.4. If 0X # (0, there exists a positive constant 3 independent of h such that for all
0 < h <1 we have the estimate

(2.8) lull g xy < €

=3 —4/3
I(P(R) = 2)ull p2x) + €™ llull x.)-

Proof. Let ¢ € C*°(X) be such that ( =1 in X \ X, ( =0 in Xy.. Set ¢(z) = disty(x,0X).
Clearly, ¢ is C*° smooth on supp (, provided e is small enough. Moreover, the function
satisfies the conditions (2.3) and (2.5) on supp (. Indeed, in the local coordinates (x1,z’) above,
we have ¢ = z1. Let also n; € C§°(0X), j = 1,...,J, be a partition of the unity on 0X such
that the estimate (2.7) holds with ¢ = ™, A > 1, and ¢ replaced by ¢; = ¢n;. Taking into
account that

[P(h), 6] = =h*[Ag, Cnj) = —h*[Ag, )¢ — hPni[Ag, (]
and that [Ag, (] is supported in X, \ Xo, we get from (2.7)

/ (I65ul* + AV (65u)?) €2/ dw < Crn=/? / [C(P(h) — 2)ul?e/ " dy
X X

+C/£/ (ICul® + |V (Cu)|?) 2P/ WM g 4 Cﬂ/ (Jul* + |hVul?) 2P /KM o
X Xe\X26

Summing up the above inequalities and using that ( = ijl ¢;j, we obtain

[ G + 19 u?) 2o ar < oon=?P [ (e e
X X

+Cli/ (|Cu|2 + |hV(<u)|2) eQ‘P/Rh4/3dx + C/{/ (|u|2 + |hvu|2) 62¢/nh4/3dx
X X

€ 2e

with a new constant C' > 0. Taking s small enough we can absorb the second term in the
right-hand side of the above inequality and obtain the estimate

/ (|Cul® + [hV (Cu)|?) e2e/"h*? gy < QCnhz/?’/ IC(P(h) — z)u\Qez“’/“hMBdm
b'e X

+2C/£/ (Jul* + |hVul?) e2e/5h " o
Xe\X2€
Clearly, this implies

(2.9) ICull gy xy < €™

with some constant 7 > 0. Since

4/3 ~p—4/3
I(P(R) = 2)ull p2¢x) + €™l (xx\ X -

11— C)UHH;(X) S HUHH;(XS)a

we get (2.8) from (2.9). O



SEMICLASSICAL RESOLVENT ESTIMATES 7

Theorem 2.1 is a consequence of Lemma 2.4 and the following

Lemma 2.5. Given any 8 > 0 independent of h there exists a positive constant v independent
of h such that for all 0 < h <1 we have the estimate

h—4/3 _Bh—4/3 h—4/3
(210)  lullgpxn < €™ TINPR) = 2l + e ullgr ) + € ull g o) -

Proof. Given any 0 < p < ¢/6 there are an integer I = I(p) > 1 and balls B;(p) = {z €
X :disty(z,y) < p}yi=1,...,1, y1 € U, y; € X, i = 2,..., 1, such that X, C UL B;(p). If
0X # 0, clearly 90X N B;(5p) =0, i = 1,...,I. Taking p small enough we can also arrange that

Bi(p) C U. Set ¢(x) = —disty(x,y;) € C(B;(5p) \ {v:}) and let ¢ € C§°(B;(5p) \ Bi(p/2)) be
such that ¢ =1 in B;(4p) \ Bi(p). Clearly, the function 1 is smooth on supp ¢ and satisfies the
condition (2.3). Thus, since supp ¢ NIX = @, we can apply the estimate (2.7) with ¢ = e,

A > 1, to obtain
eZe?’)‘p/f@h“/?’/ (‘u’2+ ’hvu‘Z) dx
(3p)\Bi(p)

g/ (Jul* + |hVul?) L
i(3p)\Bi(p)

< [ (ouP + IV () /4 s
< h- 2/3/ | ¢u)|2 2<p//ih4/3dx

<h™ 2/3/ 6(P ’2 2<p/nh4/3dx

+/ (Jul* + |hVul?) L
(Bi(5p)\Bi(4p))U(Bi(p)\Bi(p/2))

S () — 2y
X

+626_4Ap/“h4/3 / (|u|2 + |hVu|2) dx
B;(5p)\Bi(4p)

_|_e26_>\ﬂ/2/lih4/3/ (|u|2 + |hvu|2) dx
Bi(p)\Bi(p/2)
This implies

_ o k= 1p—4/3
el (5,300 S P 2e2an™ M (P(h) = 2)ull72x)

_ —1p-4/3 —1p—4/3
(2.11) e 2en lullfzs o) + € el (5,000

for every 0 < k < 1 independent of h, where ¢; = e /2 —¢3% > 0 and ¢y = e 3 —e~ 4 > (.
Choosing the parameter x suitably we will show now that (2.11) implies the estimate

h—4/3
HuH%{’ll(Bi(p)) S (P (h) - Z)UH%?(X)

(2.12) e~ 28R 2k

9 4/3
HUHH}L(X) te HUHH}L(Bl(p))

for all ¢ =1, ..., I, and for any S > 0 independent of h with some constant v; > 0 depending on

B. The estimate (2.12) is trivial for ¢ = 1. Let ¢ > 2. Since X is connected, there exist integers
il,...,iL, QSLSI, il :1, iL:i, QSZ‘gSIifQSgSL—lSUChthat

(2.13) By (o) N Biy(p) #0, 2<(<L.
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Clearly, (2.13) implies
(2'14) Biz (p) - Biz71(3p)’ 2</(<L.

We now apply the estimate (2.11) with ¢ replaced by iy—1 and k replaced by k¢ to be chosen

later on. Thus, in view of (2.14), we get

- c1k, Th=4/3
HUHE}L(BQ(/})) S hEar IR (P(h) — Z)“H%%x)

_ 71h_4/3 *1h—4/3
(2.15) e2ene el () + €4 el s, (o

for all ¢ =2, ..., L. Iterating these inequalities leads to the estimate

2 —2/3 _ 2 2 2
(2.16) HUHH}L(BZL(/))) S h QlH(P(h) Z)UHLQ(X) +Q2HUHH}L(X) +Q3HUHH;11(Bi1(P))
where
L L c
Q1= Zexp <2h4/3 Z —1> ,
(=2 v=/{ R
Q2 = exp <—2h4/3c—2> ,
KL
if L =2,
c L—1 c L c
Q2 = exp (—2h‘4/3—2> +Y exp (—2h‘4/3—2 +op—4/3 —1> :
L =2 ot v=_0+1 v
if L >3, and

L
Q3 = exp <2h4/3 Z Z—1> .
v=2"Y

Observe now that given any 8 > 0 we can choose the parameters kg, £ = 2, ..., L, small enough

in order to arrange the inequalities

L
C2 1
L 4 v—t+1 v

for every 2 < ¢ < L —1 (if L > 3). Therefore the estimate (2.12) follows from (2.16). Finally,

observe that summing up all the inequalities (2.12) leads to the estimate (2.10) with any

> max ;.
Y 1§i§1%

Combining the estimates (2.8) and (2.10) we get
I(P(h) = 2)ull L2 (x)

(FH)h=4/3

HUHH}L(X) < 9e(GHNR=Y?

_|_e*(5*:/)h_4/3

[ull g x) + e [l g 0ry-

Clearly, taking 8 big enough we can absorb the second term in the right-hand side of the above

inequality and obtain (2.1) with a new constant ~.

d
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3. CONSTRUCTION OF THE PHASE AND WEIGHT FUNCTIONS ON Y

We will first construct the weight function. In what follows b > 0 will be a parameter
independent of A to be fixed in the proof of Lemma 4.2 depending only on the dimension n, the
Riemannian metric w and the constants C' appearing in the conditions (1.5) and (1.6). Since
the function f is increasing, there is 71 > ¢ depending on b such that f(r) > 2b for all r» > 7.
If V is of compact support we take r; large enough to assure that V =0 in Y,,. With this in
mind we introduce the continuous function

() = { (F(r) = b)? for i <r<a,

(f(a) = b)? +a 25t —p= 25+ for 1 >q,

where
1 1\ !
(3.1) s = ;_6, €= <logﬁ> ,
and a = h~™ with \
t
m:mo—i-—e( %(;m01+ ),

myg being as in Section 1, A = loglog % If V is of compact support we set
m = mg + €t.

Here t > 0 is a parameter independent of h to be fixed in the proof of Lemma 3.3. Clearly, the
first derivative (in sense of distributions) of p satisfies

vy ) 2f'(r)(f(r) =b) for r <r<a,
p(r) =

(25 —1)r—2s for r>a.

Lemma 3.1. For all r > r1, v # a, we have the bounds

() 1 f(a)2r2
(32 B <
pu(r)? -1 4,25
(3.3) 0 Sefla)r.
Proof. For r1 < r < a we have the bounds
pr) )b f)
(84 P R TIOENTCE,
GG 1l
&5) R o e ST
For 7 > a we have u = O(f(a)?) and p'(r) = er—2s. O

We now turn to the construction of the phase function ¢ € C*([ry, +00)) such that ¢(ry) = 0
and ¢(r) > 0 for r > r1. We define the first derivative of ¢ by

, 7f(r)' —=7f(a)”! for r <r<a,
@'(r) =
0 for r > a,

where

(3.6) T =71h /3
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with a parameter 79 > 1 independent of h. Clearly, the first derivative of ¢’ satisfies
” —7f'(r)f(r)~% for ri<r<a,
@' (r) =

0 for r>a.

Lemma 3.2. If f is given by (1.3) with k < 1 we have the bounds

1—k
h—4/3=mo(1=k) (1og(R1)) =1 4f V sati 1.9
(37) h_lgD(T‘) 5 . ( Og( )) lf sa 2Sﬁes ( )7
h™ 3k if V is of compact support,
for all 7 > r1. In the other two cases we have the bounds
(3.8) hlo(r) < h=43log(h=Y) if f is given by (1.3) with k = 1,
h—4/3 if f is given by (1.3) with k> 1 or by (1.4).

Proof. We have

a ¢ dr
max p — "(Pdr < 7
naxe = [ par<e [ 50

h=1/3=m(=k) " if fis given by (1.3) with k < 1,
Sq hY3log(h™t) if f is given by (1.3) with k = 1,
h=1/3 if f is given by (1.3) with £ > 1 or by (1.4).

Observe now that in the first case we have

m(l —k)=mo(l — k) + 5 16)\—|— O(e),
while if V' is of compact support we have
2(1 - k)
This clearly implies (3.7). O

For r > ri, r # a, set
A(r) = (") (r)
and
(1) (R0 f ()72 + b () 2+ | (0))
h=1e (r)p(r) + ' (r) '

B(r) =

If V is of compact support we set

_ _ 2
(u(r) (hr 1 f(r) 2 + " (1))
h=1e (r)p(r) + ' (r)
The following lemma will play a crucial role in the proof of the Carleman estimates in the next
section.

B(r) =

Lemma 3.3. Given any C > 0 independent of the variable r and the parameters h, T and a,
there exist 71 = 11(C') > 0 and hg = ho(C) > 0 so that for T satisfying (3.6) with 79 > 71 and
for all 0 < h < hy we have the inequality

E
(3.9) A(r) = CB(r) = h*(ugo)'(r) > —5 K (")
forallr>ry, r#a.
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Proof. We will first bound from above the function
(nao)" = (qo + 5(16) W
using that gy satisfies the condition (1.8). For 1 < r < a we have
) + A e L (O R A (D S
For r > a, in view of (3.2), we have
g0 + ,qo S1+efa)’r f(r)~

Observe now that for € small enough the function r¢f(r)~2 is decreasing. Hence

rif(r)? <af(a)7? S fla)7?
where we have used that a® = O(1). Thus we get the inequality
E

(3.10) h? (o) (r) < hyt'(r) < SH )

provided h is small enough.
We will now bound from below the function A(r) for r; < r < a. We have

A(r) =21/ (r)(f(r) = 0)0, (1 = bf(r)™" = (f(r) = 0)f(a) ")
=21 (r)(f(r) = )(bf( V()7 = f(r) f(a))
> br () f'(r) f(r) ™ = 20 () f(r) (£ (r) = b) (@)™
> bre! (r) f'(r) )T ().
(

F)y™t =72 (r1)”
Observe now that when f is given by (1.3) we have
Tzf(a)_l T2a—k g hmk—2/3
< ®/O=1) if V satisfies (1.9),
~ e M if V is of compact support,

while when f is given by (1.4) we have
2f(a)t = 2 S RT3 <

Thus, taking h small enough and ¢ big enough, we can arrange that the inequality

E
(3.11) Ar) = br (n) f1(r) f(r) ™ = 24 ()
holds for all | <r < a.
We will now bound from above the function B in the general case. When V is of compact
support the analysis of B is much easier and we omit the details.

Let first 1y <r < % In this case we have

¢'(r)>Crf(r)”!
with some constant C' > 0. Thus we obtain
) 1) (B R ) 4 )?)
~ h=1e!(r)

< (rh) L
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e RUCR C vl
ST ()T () () £ () ()
FROT T () () B f () () ()
S 70 0T () () () 7+ B (r)

where we have used that f' = O(f), f~! = O(1) together with the bound (3.4). The above

bound together with (3.10) and (3.11) clearly imply (3.9), provided 7, ' and h are taken small
enough depending on C.

Let now § <7 < a. In view of (3.4), we have

= (ﬁ/((?)f (W21 b )2 41 (0)]) W)

< (R 2 b i) )

_ _ C1\2
S (W' f(a/2) 7+ f(a/2)7h) i (r) S B ().
Again, this bound together with (3.10) and (3.11) imply (3.9).

It remains to consider the case r > a. Taking into account that s satisfies (3.1) and using the
bound (3.2), we get

By = (B0 (he2r 2y a2
S 2 (W2 (@) P )7 B2 (a) () 7)1 )
S €2 (h2a 0 L n2a ) )
S (W2 g pme2) ()

< <h2m(57176)7272e>\ i e*2h2) W (7).
On the other hand, we have

m(é—l—e)—l—e)\:<mo+w>(5—l—e)—l—6)\

= (6 —1)mo — 1 + et — O(\e?) > et /2.
Hence

312 B (¢4 K) W) < ot

provided h is taken small enough and t big enough, independent of h. Since in this case A(r) = 0,
the bound (3.12) together with (3.10) clearly imply (3.9). 0
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4. CARLEMAN ESTIMATES ON Y,
Our goal in this section is to prove the following
Theorem 4.1. Let s satisfy (3.1) and let u € H*(Y,,,dVol,) be such that
r5(P(h) — E + ie)u € L*(Y;,,dVol,)

and v = Opu = 0 on 0Y,,. Then, under the conditions of Theorem 1.1, given any R > r;
independent of h there is a constant C' > 0 independent of h, € and u such that for all0 < h < 1
we have the estimate

\\T_Se“&/h“HL?(YT1 Jdvoly) T HGWhDrUHB(YTl \Yi,dVoly)

< Crf(a)®(eh)r°e?/"(P(h) — E + i€)ullL2(v,, avoly)

(4.1) +072f(a)€1/2(5h)71/2HewhuHm(le JdVoly)
where D, := —ih0,.
Proof. In what follows we denote by || - || and (-,-) the norm and the scalar product in L2(S).
Note that dVol, = p(r,0)drdf on Y,,. Set v = p'/2¢#/"vy and
PE(h) =p'/?(P(h) — E +ic)p~ '/,
PE(h) = /" PE(R)e M,

Using (1.1) we can write the operator P*(h) as follows

PE(h) =D? + Lo(r) — E +ic + V + h?q

where we have put Lg(r) = —h%Ay(r) > 0. Since the function ¢ depends only on the variable r,
this implies

PE(h) =D} + Lo(r) — E +ic — ¢ + hy' + 20D, + V + h’q.
For r > ry, r # a, introduce the function
F(r) = —((Lo(r) = E = &' (r)? + K*qo)v(r,-), v(r,-)) + [ Dro(r, )|
and observe that its first derivative is given by
F'(r) = —([0r, Lo(r)]v(r, ), v(r, ) + ((¢)? = h2q0)[o(r, )|*
—2h™ ' Im (PE (h)v(r, ), Dro(r, )
+2eh ™ Re (v(r, ), Dyo(r, ) + 4h~ 1 | Dov(r, -) ||
+2h7Mm (V 4 he” + h%(q — qo))v(r, -), Dyv(r, -)).
Thus, if p is the weight function defined in the previous section, we obtain the identity
WF + pF" = —((uldy, Lo(r)] + ' Lo(r))v(r, ), v(r, )
+HEW + (u(e")? = h2ugo)) o (r, )|I?
—2h~ ' pIm (P (h)(r,-), Dyo(r,-))
+2eh ™ pRe (v(r, ), Dyv(r, ) + (1 + 4071 @) [ Dro(r, ) |12
+20 pdm (V + he" + h*(q — q0))o(r, ), Dy (r, ).
We need now the following
Lemma 4.2. For all r > r1, v # a, we have the inequality
(4.2) (0, Lo()] + 1 Lo(r))v,0) <0, Vo € H(S).
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Proof. Clearly, the operator in the left-hand side of (4.2) is of the form
—h*) " 0y, (2 (r,0)0p,)
1,

where

O = pdrg” + " = pdr (g7 — fRY) 4 (97 = FTPWT) A+ (nf ) WY

Thus the left-hand side of (4.2) can be written in the form
h? Z(qﬂja&.v, Op; V).

0]
Therefore, to prove (4.2) it suffices to show that
(4.3) D @igE <0, veec

0,
To this end, we will use the conditions (1.5) and (1.6). For r1 < r < a we have
b \bf'(r) _ _bf'(r)
wf <1 - > < - :
Sl F) 161 =0

Observe now that the function f satisfies the inequality

(4.4) flr)y=Crlf(r), C>0.
In view of (4.4), for r > a, we have
oy 2p(r)f'(r) | p(r)
S (LR (O

__u)f'(r)  C(f(a) =b>—2s+1 _ p(r)f'(r)
TSP rf(r)? S
provided a is taken large enough. Thus, using that
D WhgE > Cilel?, Gy >0,

,J

we obtain with some constant C' > 0 independent of the parameter b,

ieg < W) S e, CBO() o O
Z@ &8 <~y 2]3 G+ =y P+ el
f'(r)

Cﬁbf() 2 4 (7") 2__C 2

for r1 <r < a, if we choose b = 4C/Cﬁ. In view of (4.4) for » > a we have

1,J

f(r) f( ) ( )

_Cyu(r)f'(r)
T 2f(r)p?

provided a is taken large enough. Thus in both cases we get (4.3).

€? <o,

Using (4.2) we get the inequality

WF + pF' > (B + (u(@')? = B pgo))|[o(r, ) 1? + (1 + 4b~ ¢ )| Dy (r

Sl
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3h72u2
- /
—eh ™ (o (r,)* + [Dpo(r, )|1?)
—=3h2p? (' + 4b G ) TV + ke + B (g — qo))u(r, )|
1 _
=30+ 4R )| Dy, )

> (B + (u(¢)? = h2ugo)') o(r, )|
—CpP (W +h )T BT () T e () 7+ 1) ()|
3h_2M2

!

IPE e, )P = S 1Dt )2

o
+ 31D ) 1Pz (R)o(r, )|

—eh™ p((lo(r, )12 + 1Dro(r,)[1?)
with some constant C' > 0. Now we use Lemma 3.3 to conclude that
E ,U’/ 3h_2,U,2
WE + B > 2 |[o(r )| + Z Do) ” - T\\Pf(h)v(ﬁ ok
—eh ™ ([[o(r, )P+ 1Dro(r,)|17) -
We now integrate this inequality with respect to r. Since F'(r1) = 0, we have

/ (W F + pF')dr = 0.

T1

Thus we obtain the estimate

E > / 2 1 * !/ 2
5 [ wll@lFdr+ 5 | @l Dro(r, )| dr
r1

T1

oo ,,2
_ Iz
< 3h 2/ M,Ilpf(h)v(r,-)\lzdr
T1

(4.5) +eh™! /oo p (oI + 1Drv(r, )|1?) dr.

T1

Using that u = O(f(a)?), i’ > er—2 together with (3.3) we get from (4.5)

¢ / T (o )|+ Dyl )| dr < C(a) e / P IPE M|

T1 T1

(4.6) seen o) [ (o2 + 1Dl )2 dr

T1

with some constant C' > 0 independent of h and €. On the other hand, we have the identity

Re /Oo<2z'<p'Drv(7", D, v(r,-))dr = /OO he” ||v(r, -)||*dr

71 1
and hence

Re /OO(P;f(h)v(r, D, v(r,-))ydr = /00 | Dyv(r, ) ||2dr + /OO<L.9(T)U(7“, ), v(r,-))dr

T1 T1

o0

- / T(E 4 ol )|Pdr + / (V + B2q)o(r, ), v(r, ))dr.

T1 T1
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Since ¢’ = O(7), this implies

[t < o [t P

T1 T1

+ </OO 2w (r, -)||2dr> " </OO | P (h)v(r, .)H2dr> v

with some constant C7 > 0. Hence

ch f(a)? / IDro(r, Y|Pdr < Crreh™ f(a)? / lo(r, ) |2dr
71 1
(4.7) e / 25 o(r, ) 2dr + 4 e 2 f(a)? / P25 P2 (hyo(r, )| dr
71 1

for every 4 > 0. Taking « small enough, independent of h, and combining the estimates (4.6)
and (4.7), we get

e [ et P It ) < O @2t [ PR ol P

T1 T1

o0

(4.8) +C€h_1f(a)27'2/ Hv(r,-)Her

T1

with a new constant C' > 0 independent of h and e. Let us see now that the estimate (4.8)
implies (4.1). Observe that

1/2_o/h o,
p /e Du=Dw+i| ¢ +—|v.

2p
Hence
h h
[/ DrulFay, \vigavory) = P27 " Drtll ey, vy
R
< [ (O lotr I + 125000 ) ) dr

T1

(19) <06 [ (0P + 1D I
T1

It is obvious that the estimates (4.8) and (4.9) imply (4.1). 0

5. PROOF OF THEOREM 1.1

In this section we will derive Theorem 1.1 from Theorems 2.1 and 4.1. Let r; be as above
and fix r;, j = 2,3,4, such that r < 7y <rs < rs. Choose functions 1,72 € C°°(M) such that
m=1in M\Y,,,m=0inY,,,ne=1in M\Y,,, nn=0inY,,, and 77j|yr1 depending only on
the variable r. Then we have

[P(h),n;] = =h?[Ag, nj] = =200, — h?n] — K*nip'p~".

Let u € H%(M, dVol,) be such that x; 1 (P(h) — E £ic)u € L*(M,dVol,). If OM # () we require
that u|apr = 0. Set

Q = |Ix; (P(h) —E i€)ull L2 (ar,avol,)
Q1 = |lullrz(v, \viy) T IPrull L2y, \viy)

Qs = [JullL2 (v, \vry) + [Prull L2 v\ 17y
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and observe that
I[P(h)mjlullze < Qj, J=1,2.
We now apply Theorem 2.1 to the function nyu to obtain
h—4/3 .
lull i any,y) < Im2ullmany,,) < € [(P(h) — E £ ie)noullr2any,.,)

4/3

(5.1) < " (P - Bt ie)ul 2oy, + e Qs

with probably a new constant v > 0. In particular, (5.1) implies

(5:2) Q1 <y + " Q.
On the other hand, Theorem 4.1 applied with some R > 74 to the function (1 — n;)u yields

—4/3

HT’_SGW}LUHB(YW,dvolg) + HGW}LDrUHB(Ym\YR,dvolg)

< ‘|7"78€¢/h(1 - 771)u||L2(YT1 JdVolg) T ‘|€¢/hDr(1 - 771)U||L2(yr1 \Yg,dVoly)
< C7f(a)’(eh)|r*e?"(P(h) — E £ ie)(1 — m)ull 2y, avol,)
4'072‘10(6051/2(Eh)_l/Q||€Sa/hu||L2(Yr1 ,dVoly)

< Orf(a)’(eh) " |r*e?™ (P(h) — E £ie)ull 2(v,, avol,) + Cf () (eh) " e? /M0

(5.3) +C7%f(a)e'/ (eh) 1/ ”ewhuHm(le ,dVol,)-
In particular, (5.3) implies
#/1Qy < O fa)2(eh) ™2/ Qy + 072 (a)e2(eh) 2™ ¥/ 3 31 v

(5.4) +Crf(a)(eh)LePr/hQ,.
We have v
o(rs) — plra) = 7 / (F) " = fla) ™) dr > eroh™/3

T2

with some constant ¢ > 0. Observe also that f(a) = O(h~*™) if f is given by (1.3), while in the

other case the assumption § > 3% + 1 guarantees that f(a) = (’)(eh%/g)
deduce from (5.4)

Qz < exp <ﬁh_4/3 + max @/h) Qo + &% exp <ﬁh_4/3 + max @/h) lull 2 (ar,avoly)

. Thus in both cases we

(5.5) + exp ((ﬁ — CTo)h_4/3> O,
with some constant 8 > 0. Combining (5.2) and (5.5) we get

Qs < exp ((B+7)h3 + maxp/h) Qo+ exp (B3 + max p/h ) llullp2(as.aven,)

(5.6) +exp ((8+7 = ero)h %) Q.

Taking 9 big enough and h small enough, we can absorb the last term in the right-hand side of
(5.6) to conclude that

(5.7) Q1+ Q2 <exp (51h_4/3 + max w/h) Qo +e"/?exp <ﬁ1h_4/3 + max @/h> 1wl 2 (ar,avoly)
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with some constant 51 > 0. By (5.1), (5.3) and (5.7) we obtain
(5.8) HXSU”B(M,dvolg) <NQy+ 81/2NHUHL2(M,dvolg)

where

N = exp <ﬁ2h_4/3 + maxgo/h)
with some constant f2 > 0. On the other hand, since the operator P(h) is symmetric, we have

ellull 2 ar avor,y) = I A(P(R) = E + ie)u, u) 12 (a1,qvo1,)

(5.9) < 2N) sl z2aravol,) + CNIIXG (P(R) — B £ ie)ull 2 a gvor,)-
We rewrite (5.9) in the form

1 _ .
(5.10) N€1/2||U\|L2(M,dvo1g) < Slixsullz2anavor,) + 2N%(Ixs H(P(h) — E £ ie)ul| 12 (ar,avol, -

-2
Combining (5.8) and (5.10) we get
(5.11) Ixsull 2 (aravol,) < 4AN?|x5(P(R) — E £ ie)ull 12 (ar,avol,)-
It follows from (5.11) that the resolvent estimate
S N—1 2
(5.12) [xs(P(h) — E +ie) Xs{’LQ(M,dVolg)HLQ(M,dVolg) < 4N

holds for all 0 < h < 1, 0 < ¢ < 1 and s satisfying (3.1). Observe also that if (5.12) holds for s
satisfying (3.1), it holds for all s > 1/2 independent of h. Thus, Theorem 1.1 follows from the
bound (5.12) and Lemma 3.2.
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