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THE VORTEX-WAVE SYSTEM WITH GYROSCOPIC

EFFECTS

by

Christophe Lacave & Evelyne Miot

Abstract. — In this paper, we study the well-posedness for a coupled PDE/ODE
system describing the interaction of several massive point vortices moving
within a vorticity backgound in a 2D ideal incompressible fluid. The points
are driven by the velocity induced by the background vorticity, by the other
vortices, and by a Kutta-Joukowski-type lift force creating an additional gy-
roscopic effect. This system reduces to the so-called vortex-wave system, in-
troduced by Marchioro and Pulvirenti [13, 14], when the point vortices are
massless.

On the one hand, we establish existence of a weak solution before the first
collision. We show moreover that the background vorticity is transported by
the flow associated to the total velocity field. On the other hand, we establish
uniqueness in the case where the vorticity is initially constant in a neighborhood
of the point vortices. When all the densities of the point vortices have the same
sign, no collision occurs in finite time and our results are then global in time.
Our proofs strongly rely on the definition of a suitable energy functional.

1. Introduction

The purpose of this article is to investigate the well-posedness of the following
PDE/ODE system:

(1.1)





∂tω + div(vω) = 0,

v = u+
N∑

k=1

γk
2π

(x− hk)
⊥

|x− hk|2
, u = K ∗ ω, K(x) =

1

2π

x⊥

|x|2 ,

mkḧk = γk

(
ḣk − u(t, hk)−

∑

j 6=k

γj
2π

(hk − hj)
⊥

|hk − hj|2
)⊥

for k = 1, . . . , N,
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where

ω : [0, T ]× R
2 → R, hk : [0, T ] → R

2 for k = 1, . . . , N,

and where

(mk, γk) ∈ R
+
∗ × R for k = 1, . . . , N.

We supplement (1.1) with the initial conditions

ω(0, ·) = ω0 ∈ L∞(R2) compactly supported in some B(0, R0),

(hk, h
′
k)(0) = (hk,0, ℓk,0) for k = 1, . . . , N, with hk,0 distincts.

(1.2)

System (1.1) for N = 1 was derived by Glass, Lacave and Sueur [7] as an
asymptotical system for the dynamics of a body immersed in a 2D perfect
incompressible fluid, when the size of the body vanishes whereas the mass is
assumed to be constant. The position of the body at time t is represented by
the position h(t), the fluid is described by its divergence-free velocity u(t, x)
and vorticity ω(t, x) = curlu(t, x). Under suitable decay assumptions, the
divergence free condition enables to recover the velocity explicitly in terms of
the vorticity by the Biot-Savart law [14]: u = x⊥/(2π|x|2) ∗ ω. The quantities
m and γ are reminiscent of the mass of the body and of the circulation of the
velocity around the body, respectively. The second order differential equation
verified by h means that the body is accelerated by a force that is orthogonal
to the difference between the body speed and the fluid velocity at this point.
This gyroscopic force is similar to the well-known Kutta-Joukowski-type lift
force revealed in the case of a single body in an irrotational unbounded flow,
see for instance [10, 14, 20]. Therefore, a byproduct of [7] is the existence of
a global weak solution of (1.1) when N = 1.

In the case N > 1, it is not known whether the previous convergence re-
sult holds. The main goal of this paper is to establish the existence and the
uniqueness (under an additional assumption on the initial data, see below) of
solutions for any N > 1. In particular, we will prove that the trajectories of
the points hk never collide if all the circulations γk have the same sign. Such
a result is important for example to justify the 2D spray inviscid model es-
tablished by Moussa and Sueur [16], which was derived as a mean-field limit
N → ∞ of (1.1). We refer to that article for a comparison of the recent spray
models introduced in the literature.
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Before giving the precise statements of our theorems, we mention that (1.1)
reduces to the so-called vortex-wave system when setting mk = 0:

(1.3)





∂tω + div(vω) = 0,

v = u+
N∑

k=1

γk
2π

(x− hk)
⊥

|x− hk|2
, u = K ∗ ω, K(x) =

1

2π

x⊥

|x|2 ,

ḣk = u(t, hk) +
∑

j 6=k

γj
2π

(hk − hj)
⊥

|hk − hj |2
for k = 1, . . . , N.

And indeed, for N = 1, Glass, Lacave and Sueur showed in [8] that the asymp-
totical dynamics of a small solid with vanishing mass evolving in a 2D incom-
pressible fluid is governed by the vortex-wave system. The vortex-wave system
was previously derived by Marchioro and Pulvirenti [13, 14] to describe the
interaction of a background vorticity ω interacting with one or several point
vortices hk with circulations γk. Very recently, Nguyen and Nguyen have also
justified the vortex-wave system as the inviscid limit of the Navier-Stokes equa-
tions [17]. For System (1.3), existence of a weak solution (according to Def-
inition 1.1 below) is proved up to the first collision time between the vortex
trajectories. Concerning uniqueness, it is open in general, and it holds in the
particular case when the vorticity ω is initially constant near the point vor-
tices (namely the condition appearing in Theorem 1.5 below), as suggested in
[13, 14] and proved in [9, 15]. It is also proved in [13] that if all the γk have
the same sign then no collision occurs in finite time therefore global existence
holds.

As for the spray model, these results are the first key to get a time of
existence that is independent of N , in order to consider the homogenized limit
(or mean-field limit) N → ∞, for instance, used by Schochet [18] to justify
the vortex method in R

2. The main goal of this paper is to establish the
corresponding existence and uniqueness results for the vortex-wave system with
gyroscopic effects (1.1). From now on we will refer to the points hk in (1.1) as
“massive” point vortices.

Main results. — The first part of our analysis focuses on the existence issue
for (1.1).

Definition 1.1. — Let T > 0. We say that (ω, {hk}16k6N ) is a weak solution
of (1.1) on [0, T ], with initial data given by (1.2), if:

– ω ∈ L∞([0, T ], L1 ∩L∞(R2))∩C([0, T ], L∞(R2)−w∗), hk ∈ C2([0, T ]) for
k = 1, . . . , N ,

– the PDE in (1.1) is satisfied in the sense of distributions, and the ODEs
in (1.1) are satisfied in the classical sense.
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Theorem 1.2. — Let ω0 and ({hk,0}, {ℓk,0)}) be as in (1.2). There exists
T∗ > 0 such that for any T ∈ (0, T∗), there exists a weak solution (ω, {hk})
to (1.1) on [0, T ]. Moreover, if we assume that γk have the same sign for all
k = 1, . . . , N , then T∗ = +∞.

Remark. — The maximal time T∗ such that Theorem 1.2 holds corresponds
to the first collision between some of the massive points, and we will prove that
no collision occurs in finite time if all the γk have the same sign.

Remark. — If the initial vorticity ω0 was only assumed to be in Lp
c(R2) for

some p > 2, then one could still prove (global if all γk have the same sign)
existence of a weak solution to (1.1) such that ω ∈ L∞(Lp). However in this
case no uniqueness result is known.

As already said, the same existence result is known to hold for the vortex-
wave system (1.3), see [13]. The proof of Theorem 1.2, given in Section 2,
follows the same method as in [13], namely passing to the limit in an iterative
scheme after establishing uniform estimates on the solution (ωn, {hk,n}). To
do so, we introduce a functional Hn in (2.9). This functional is well-adapted
to System (1.1) because it controls both the minimal distance between the
vortex trajectories and the velocities; moreover, it can be shown that its time
derivative is uniformly bounded. Except for the estimates we perform for this
new functional Hn, the proof of Theorem 1.2 is quite straightforward and is
not the main point of this paper.

Our next result is that any weak solution as in Theorem 1.2 is actually
transported by the regular Lagrangian flow relative to the total velocity field.
We refer to the recent papers [1, 2, 3, 4] for the subsequent definition of
regular Lagrangian flow:

Definition 1.3. — Let T > 0 and let v ∈ L1
loc([0, T ] × R

2). We say that
X : [0, T ]× R

2 × R
2 is a regular Lagrangian flow relative to v if

– For a.e. x ∈ R
2, the map t 7→ X(t, x) is an absolutely continuous solution

to the ODE d
dtX(t, x) = v(t,X(t, x)) with X(0, x) = x, i.e. a continuous

function verifying X(t, x) = x+
∫ t
0 v(s,X(s, x)) ds for all t ∈ [0, T ];

– There exists a constant L > 0 independent of t such that

L2(X(t, ·)−1(A)) 6 LL2(A), ∀t ∈ [0, T ],∀A Borel set of R2,

where L2 is the Lebesgue measure on R
2.

Such a definition is intended to generalize the classical notion of flow asso-
ciated to smooth vector fields. It was proved by Ambrosio [1] that such flow
exists and is unique under BV space regularity for the vector field. In [9, 4], a
similar result was established for vector fields composed of a smooth part and
of a part with a specific localized singularity that is explicit. In the present
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setting, where the total velocity field in (1.1) contains singularities created by
the point vortices, we will rely on those last results to establish the following
general result.

Theorem 1.4. — Let {hk} be any given maps belonging to W 2,∞([0, T ];R2)
without collision:

min
k 6=p

min
t∈[0,T ]

|hk(t)− hp(t)| > ρ > 0.

For ω0 ∈ L∞
c (R2), let ω be a weak solution on [0, T ] (in the sense of Defini-

tion 1.1) to

(1.4)





∂tω + div(vω) = 0,

v = u+

N∑

k=1

γk
2π

(x− hk)
⊥

|x− hk|2
, u = K ∗ ω, K(x) =

1

2π

x⊥

|x|2 ,

such that ω(0, ·) = ω0. Then, there exists a unique regular Lagrangian flow X
relative to the total velocity field v and ω is transported by this flow:

ω(t, ·) = X(t, ·)#ω0.

Moreover, the vorticity ω(t, ·) is compactly supported in B(0, RT ) for all
t ∈ [0, T ], where RT depends on T , on ‖hk‖L∞([0,T ]) and on the initial data.

Furthermore, we have the additional non collision information:

for a.e. x ∈ R
2, X(t, x) 6= hk(t), ∀t ∈ [0, T ], ∀k = 1, . . . , N.

Finally, if we assume

(1.5) ω0 = αk on B(hk(0), δ0), ∀k = 1, . . . , N

for some αk ∈ R and δ0 > 0, there exists a positive δ depending only on T , δ0,
‖ω0‖L∞ , ‖hk‖W 2,∞([0,T ]) and R0, such that

ω(t, ·) = αk on B(hk(t), δ), ∀t ∈ [0, T ].

We emphasize that Theorem 1.4 does not rely on the equation verified by
the point vortices and thus it holds not only for (1.1) but also for any system
(1.4).

We finally turn to the uniqueness issue of (1.2).

Theorem 1.5. — Let ω0 and ({hk,0}, {ℓk,0)}) be as in (1.2). Assume more-
over that

ω0 = αk on B(hk,0, δ0), ∀k = 1, . . . , N

for some αk ∈ R and δ0 > 0. Then for any T > 0, there exists at most one
weak solution (ω, {hk}) to (1.1) on [0, T ] with this initial condition.
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The proof of Theorem 1.5 is a straightforward adaptation of the uniqueness
proof given for the vortex-wave system in [9] when the vorticity is constant for
all time in the neighborhood of the point vortices. Hence the main difficulty
in order to prove uniqueness under Assumption (1.5) is to prove the last point
of Theorem 1.4.

Theorem 1.5 together with Theorem 1.2 thus implies global existence and
uniqueness if all the γk have the same sign, and existence and uniqueness up
to the first collision otherwise.

The plan of this paper is as follows. In the next section, we prove Theo-
rem 1.2 after collecting a few well-known properties. Then in Section 3 we
establish Theorem 1.4. Finally, in Section 4 we show how it implies Theo-
rem 1.5 by adapting the arguments of [9, 15]. For simplicity we focus for
this on the case of one point, but the case of N > 1 points is similar. The
last section is devoted to some additional properties satisfied by solutions of
System (1.1).

With respect to the above-mentioned previous works, the main novelty for
the proofs here is the use of a new local energy functional

(1.6) Fk(t) =
N∑

j=1

γj
2π

ln |X(t, x) − hj(t)|+ ϕ(t,X(t, x)) + 〈X(t, x), ḣ⊥k (t)〉,

defined as long as X(t, x) 6= hj(t), where ϕ is the stream function associated

to u (namely u = ∇⊥ϕ, see (2.2)). It turns out that the two last terms in
the definition (1.6) are uniformly bounded. Hence controlling the distances
between the fluid particles and the massive point vortices (thus controlling the
behavior of ω(t, ·) near those points) is made possible by proving that Fk(t) is
bounded. In the case of one point vortex, the following formal computation
on the derivative of F (t) := F1(t) shows that the most singular terms cancel,

which motivates our definition (1.6)(1):

F ′ =

〈
γ

2π

X − h

|X − h|2 , u(t,X) + γK(X − h)− ḣ

〉

+ ∂tϕ(t,X) + 〈Ẋ,∇ϕ(t,X)〉 +
〈
Ẋ, ḣ⊥〉+ 〈X, ḧ⊥

〉

=

〈
γ

2π

X − h

|X − h|2 , u(t,X) − ḣ

〉
+ ∂tϕ(t,X) − 〈Ẋ, u⊥(t,X)〉 + 〈Ẋ, ḣ⊥〉+ 〈X, ḧ⊥〉.

Since
γ

2π

X − h

|X − h|2 = −Ẋ⊥ + u⊥(t,X),

(1)We set X = X(t, x) and h = h(t) for more clarity.



THE VORTEX-WAVE SYSTEM WITH GYROSCOPIC EFFECTS 7

we observe that the singular terms in the previous expression actually cancel.
Finally, we get

F ′(t) = −〈u⊥(t,X), ḣ〉+ ∂tϕ(t,X) + 〈X, ḧ⊥〉.

Thus it only remains to notice that this expression only involves bounded terms
so that |F ′(t)| 6 C on [0, T ], as wanted. The rigorous proof of this bound for
several points will be established in Proposition 3.3.

Notations. From now on C will refer to a constant depending only on
T , on ρ, on ‖hk‖W 2,∞([0,T ]), and on the initial data (R0, mk, γk, hk,0, ℓk,0
and ‖ω0‖L∞), but not on δ0. It will possibly changing value from one line to
another.

Acknowledgements. The authors are partially supported by the Agence
Nationale de la Recherche, Project SINGFLOWS, grant ANR-18-CE40-0027-
01. C.L. was also partially supported by the CNRS, program Tellus, and
the ANR project IFSMACS, grant ANR-15-CE40-0010. E.M. acknowledges
French ANR project INFAMIE ANR-15-CE40-01. Both authors thank warmly
Olivier Glass and Franck Sueur for interesting discussions. They also thank
warmly the anonymous referee for suggesting a simplification of the proof of
Proposition 3.1, which appears in the present paper.

2. Proof of Theorem 1.2

2.1. Some general regularity properties. — We start with the following
well-known property, see [14, Appendix 2.3] for instance.

Proposition 2.1. — Let Ω ∈ L∞([0, T ], L1 ∩L∞(R2)). Let U = K ∗Ω. Then
we have

‖U‖L∞ 6 C‖Ω‖1/2
L∞(L1)

‖Ω‖1/2L∞ .

Moreover, U is log-Lipschitz uniformly in time:

‖U(·, x)−U(·, y)‖L∞(0,T ) 6 C(‖Ω‖L∞(L1∩L∞))|x−y|(1+| ln |x−y||), ∀(x, y) ∈ R
2×R

2.

We also have the Calderón-Zygmund inequality [19, Chapter II, Theorem 3]

Proposition 2.2. — There exists C such that for all p > 2

‖∇U(t, ·)‖Lp 6 Cp‖Ω(t, ·)‖Lp for all t ∈ [0, T ].

In particular, it follows that any such velocity field satisfies

(2.1) U ∈ L∞([0, T ]× R
2)) ∩ L∞([0, T ],W 1,1

loc (R
2)), div(U) = 0.
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2.2. Some basic properties for weak solutions of (1.1)-(1.2). — In all
this paragraph, (ω, {hk}) denotes a weak solution of (1.1)-(1.2) on [0, T ], so
that in particular u satisfies Proposition 2.1 and the regularity property (2.1).
We assume moreover that ω(t, ·) is compactly supported in some B(0, R) for
all t ∈ [0, T ].

We introduce the stream function

(2.2) ϕ(t, x) =
1

2π

∫

R2

ln |x− y|ω(t, y) dy,

so that

u(t, x) = ∇⊥ϕ(t, x).

For the subsequent computations, in order to make the arguments rigorous,
we introduce a regularized version of the stream function: for ε > 0 and lnε a
smooth function coinciding with ln on [ε,+∞) and satisfying | ln′ε(r)| 6 C/ε
for all r > 0, we set

(2.3) ϕε(t, x) =
1

2π

∫

R2

lnε |x− y|ω(t, y) dy.

Note that by assumption on the support of ω(t, ·) the following estimate holds
for ϕε:

(2.4) |ϕε(t, x)| 6 C ln(2 + |x|),
with C also independent of ε.

The following bound will be useful in order to establish a bound on the local
energies in Proposition 3.3:

Proposition 2.3. — There exists CR depending only on R, ‖ω‖L∞ , ‖hk‖L∞,
and the initial data, such that

‖∂tϕε‖L∞ 6 CR.

Proof. — Using the weak formulation for ω in (1.1), we have

∂tϕε(t, x)

=
1

2π

∫

R2

ln′ε(|x− y|) y − x

|y − x| ·
(
u(t, y) +

N∑

k=1

γkK(y − hk(t))

)
ω(t, y) dy,

therefore

|∂tϕε(t, x)| 6C‖u‖L∞

∫

R2

|ω(t, y)|
|x− y| dy

+C
N∑

k=1

∫

R2

∣∣∣∣
(x− y) · (y − hk(t))

⊥

|x− y|2|y − hk(t)|2
ω(t, y)

∣∣∣∣ dy.
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By the estimates (1.39) to (1.43) in [12], there exists a constant C depending
only on R, on ‖ω‖L∞ , and on ‖hk‖L∞ , such that

|∂tϕε(t, x)| 6 CR.

The conclusion follows.

In the previous computation, we needed the smoothness of lnε in order to use
the weak formulation for ω. This explains why we have to replace ϕ in the
definition of Fk (1.6) by ϕε (see (3.5)) when we compute the derivative.

In the following proposition we state that ∇ϕε approaches uniformly ∇ϕ.

Proposition 2.4. — We have

∇⊥ϕε = u+Rε,

where Rε satisfies

‖Rε‖L∞ 6 εC‖ω‖L∞ .

Proof. — We have

∇⊥ϕε(t, x) = u(t, x) +

∫

R2

(x− y)⊥

|x− y|2
(
|x− y| ln′ε |x− y| − 1

)
ω(t, y) dy

= u(t, x) +Rε(t, x),

where

|Rε(t, x)| 6 C

∫

|y−x|6ε

1

|x− y| |ω(t, y)| dy 6 C‖ω(t, ·)‖L∞ε.

2.3. Proof of Theorem 1.2. — The proof of Theorem 1.2 is divided into
two steps.

Step 1: iterative scheme. Let ρ ∈ (0,mink 6=p |hk,0 − hp,0|) which will be
fixed later. We consider the following iterative scheme: for n ∈ N

∗, given

ωn−1 ∈ L∞([0, Tn−1], L
1 ∩ L∞(R2)),

and given N trajectories hk,n−1 in C2([0, Tn−1]) such that

min
t∈[0,Tn−1]

min
k 6=p

|hk,n−1(t)− hp,n−1(t)| > 0,

for some Tn−1 > 0, we set

un−1 = K ∗ ωn−1,
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having in mind to solve the linear PDE

(2.5)




∂tωn + div

[(
un−1 +

N∑

k=1

γk
2π

(x− hk,n−1(t))
⊥

|x− hk,n−1(t)|2
)
ωn

]
= 0

ωn(0) = ω0,

and the non linear system of ODEs: for k = 1, . . . , N ,

(2.6)





ḧk,n(t) =
γk
mk

(
ḣk,n(t)− un−1(t, hk,n(t))

−
∑

j 6=k

γj
2π

(hk,n(t)− hj,n(t))
⊥

|hk,n(t)− hj,n(t)|2
)⊥

(hk,n(0), ḣk,n(0)) = (hk,0, ℓk,0),

on [0, Tn], where Tn ∈ (0, Tn−1] will be chosen such that

(2.7) min
t∈[0,Tn]

min
k 6=p

|hk,n(t)− hp,n(t)| > ρ.

For n = 0 we take ω0 and (hk,0, ℓk,0) as data (with T0 = +∞).

Proposition 2.5. — For all n ∈ N, there exist Tn ∈ (0, Tn−1] and a unique
weak solution ωn to (2.5) and {hk,n} to (2.6) on [0, Tn] such that (2.7) is
satisfied.

Moreover,
‖ωn(t, ·)‖L1∩L∞ 6 ‖ω0‖L1∩L∞ ∀t ∈ [0, Tn]

and there exists T̃ depending only on ρ, hk,0, ℓk,0, R0 and ‖ω0‖L∞ such that

Tn > T̃ for all n.
Finally, if all the γk have the same sign, then for any T > 0, one can choose

ρ depending on T (and on hk,0, ℓk,0 and ‖ω0‖L∞ , R0) such that Tn = T for all
n ∈ N.

Proof. — Given (ωn−1, {hk,n−1}) satisfying the bound of Proposition 2.5, we
solve the linear transport equation (2.5) with initial data ω0 and velocity field
given by

vn−1(t, x) = un−1(t, x) +

N∑

k=1

γk
2π

(x− hk,n−1(t))
⊥

|x− hk,n−1(t)|2
.

The existence of such a weak solution ωn ∈ L∞([0, Tn−1], L
1 ∩L∞(R2)) follows

from classical arguments on linear transport equation. For the uniqueness issue,
we refer to Lemma A.1 (derived from [15, Chapter 1]), which proves that any
field vn−1 given as above, with un−1 satisfying the regularity property (2.1) and
with the maps hk,n−1 Lipschitz continuous and not intersecting on [0, Tn−1],
has the renormalization property (see [5, Definition 1.5] for the definition of
renormalization). By the usual arguments for linear transport equations, see
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[6], uniqueness therefore holds in L∞([0, Tn−1], L
1 ∩ L∞(R2)) for the linear

transport equation associated to vn−1.
Moreover, it follows from Corollary A.2 in the Appendix that the norms

‖ωn(t, ·)‖Lp are constant in time for all p, therefore we get the desired bound
for ‖ωn‖L1∩L∞ . Recalling Proposition 2.1, it follows that ‖un‖L∞ 6 C. Fur-
thermore, the weak time continuity for ωn established in [9, Proposition 4.1]
(see also [15]) implies that un is uniformly continuous in space-time.

Next, in view of the almost-Lipschitz property and the time regularity for
un−1, Osgood’s lemma ensures that there exists a unique solution {hk,n} to
(2.6) on some maximal open interval In ⊂ [0, Tn−1] such that

min
k 6=p

|hk,n(t)− hp,n(t)| > 0, ∀t ∈ In.

We consider then Tn 6 Tn−1 such that [0, Tn) ⊂ In and Tn is the largest time
for which (2.7) holds:

min
k 6=p

|hk,n(t)− hp,n(t)| > ρ, ∀t ∈ [0, Tn).

Taking the scalar product of (2.6) with ḣk,n(t) and using Proposition 2.1 and
the lower bound (2.7), we get on [0, Tn]:

mk
d|ḣk,n(t)|2

dt
6 C|ḣk,n(t)| 6 C|ḣk,n(t)|2 + 1

hence we deduce by Gronwall that

(2.8) |ḣk,n(t)| 6 C on [0,min(Tn, 1)],

(where we emphasize that C depends on ρ), so

Tn > T̃ := min
(
1,

mink 6=p |hk,0 − hp,0| − ρ

2C

)
.

It remains to study the case where all γk have the same sign (say positive),
where we have to derive an inequality like (2.8) which is independent of ρ. We
fix T > 0 and we assume that Tn−1 = T . We want to show that Tn = T . In
the sequel of this proof, C depends only on the initial data and T . We seek for
a uniform lower bound for the distances |hk,n − hp,n| and for a uniform upper

bound for |ḣk,n| on [0, Tn). To this aim, we introduce the quantity

(2.9) Hn(t) =
∑

j 6=k

γjγk
2π

ln |hj,n(t)− hk,n(t)| −
N∑

k=1

mk|ḣk,n(t)|2,

defined on [0, Tn]. As we shall see below, bounding |Hn| uniformly with respect

to n allows to obtain the desired bounds on |ḣk,n| and on |hk,n−hp,n|. In order
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to obtain a suitable estimate on |Hn|, we compute the time derivative:

Ḣn =
∑

j 6=k

γjγk
2π

(ḣk,n − ḣj,n) ·
hk,n − hj,n
|hk,n − hj,n|2

− 2

N∑

k=1

mkḣk,n · ḧk,n

= 2
N∑

k=1

ḣk,n ·


γk

∑

j 6=k

γj
2π

hk,n − hj,n
|hk,n − hj,n|2

−mkḧk,n


 ,

where we have exchanged j and k in order to pass from the first line to the
second one. Thus by (2.6), it only remains:

Ḣn(t) = 2

N∑

k=1

γkḣk,n(t) · un−1(t, hk,n(t))
⊥.

Using the bound ‖un−1‖∞ 6 C we get

(2.10) |Ḣn(t)| 6 C
N∑

k=1

γk|ḣk,n(t)|.

On the other hand, we notice that for all k, for all t ∈ [0, Tn], using that
ln |x− y| 6 |x|+ |y| we have

|ḣk,n(t)| 6C|Hn(t)|1/2 + C




N∑

j=1

γj |hj,n(t)|




1/2

6C|Hn(t)|1/2 + C




N∑

j=1

γj |hj,n(0)| +
N∑

j=1

γj

∫ t

0
|ḣj,n(τ)| dτ




1/2

6C|Hn(t)|1/2 + C




N∑

j=1

γj |hj,0|+max
k

max
[0,Tn]

|ḣk,n|




1/2

,

hence

max
k

max
[0,Tn]

|ḣk,n| 6C max
[0,Tn]

|Hn|1/2 + C
√
1 + max

k
max
[0,Tn]

|ḣk,n|

6C max
[0,Tn]

|Hn|1/2 + C +
maxk max[0,Tn] |ḣk,n|

2
,

where we have used that C
√
1 + a 6 C

√
2 + C2 + a/2 for a > 0. Therefore

max
k

max
[0,Tn]

|ḣk,n| 6 C max
[0,Tn]

|Hn|1/2 + C.(2.11)
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Inserting (2.11) in (2.10) we also obtain

max
[0,Tn]

|Ḣn| 6C
(
1 + max

[0,Tn]
|Hn|1/2

)
,

therefore we get

max
[0,Tn]

|Hn| 6 C and max
[0,Tn]

|Ḣn| 6 C.

Coming back to (2.11), it follows that

(2.12) max
k

max
[0,Tn]

|ḣk,n| 6 C,

so that

max
k

max
[0,Tn]

|hk,n| 6 C.

Finally, by the definition of Hn(t) and by the previous bounds, using again
that ln |x− y| 6 |x|+ |y| we have for all j 6= k:

γjγk ln |hj,n(t)− hk,n(t)| > −2π|Hn(t)| −
N∑

p,ℓ=1

γpγℓ (|hp,n(t)|+ |hℓ,n(t)|)

> −C,
which means that there exists ρ > 0 depending only on T and the initial data
such that

min
j 6=k

|hj,n(t)− hk,n(t)| > ρ > 0, ∀t ∈ [0,min(Tn, T )).

Choosing this ρ from the beginning, we conclude that Tn = T , and that the
proposition is proved.

Step 2: Passing to the limit We only sketch the subsequent arguments.
By the previous estimates, extracting if necessary, we find that {ωn}n∈N con-

verges to some ω in L∞ weak-∗ on [0, T̃ ] × R2. Moreover, setting u = K ∗ ω,
we infer that {un}n∈N converges to u locally uniformly on [0, T̃ ]× R

2 (see for
instance [7, Sect. 6.1]). On the other hand, the bounds (2.7)-(2.8) (or (2.12))

imply that each sequence {ḧk,n}n∈N is uniformly bounded on [0, T̃ ]. By Ascoli’s

theorem, extracting again if necessary, we obtain that each {(hk,n, ḣk,n)}n∈N
converges uniformly to some (hk, ḣk) on [0, T̃ ], and passing to the limit in (2.6),
we see that the points {hk} satisfy the desired system of ODE in (1.1). Note
that in particular that they satisfy

(2.13) max
k

max
[0,T̃ ]

|hk| 6 C, min
j 6=k

min
[0,T̃ ]

|hj − hk| > ρ > 0
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and

(2.14) max
k

max
[0,T̃ ]

|ḣk| 6 C.

Finally, coming back to (2.5), we can pass to the limit exploiting the previous
types of convergence to show that ω is a weak solution of the first PDE in (1.1)

on [0, T̃ ].
Iterating this construction we reach existence up to the first time of collisions.
If all the circulations have the same sign, we take T > 0, and we can replace

T̃ by T in all the arguments above since for all n we have a solution ωn and
{hk,n} on [0, Tn = T ]. This shows that no collision occurs in finite time.

3. Proof of Theorem 1.4

In all this section, ω denotes any weak solution of (1.4) on [0, T ], where {hk}
are given trajectories belonging in W 2,∞([0, T ]). We assume the analog initial
condition as (1.2):

(3.1) ω(0, ·) = ω0 ∈ L∞(R2) compactly supported in some B(0, R0).

We assume that no collision occurs, i.e.

(3.2) min
t∈[0,T ]

min
k 6=p

|hk(t)− hp(t)| > ρ

for some ρ > 0. The purpose of this section is to show Theorem 1.4. We
emphasize that the proof does not use the dynamics of {hk}.

3.1. Regular Lagrangian flow. — We show here that there exists a unique
regular Lagrangian flow as defined in Definition 1.1.

Recall the general following abstract result by Ambrosio [1, Theorems 3.3
and 3.5]. Given a vector field v in L1

loc([0, T ]×R
d), if existence and uniqueness

for the continuity equation

∂tω + div(vω) = 0, ω(0, ·) = ω0 ∈ L1 ∩ L∞

hold in L∞([0, T ], L1 ∩ L∞) then the regular Lagrangian flow X for v exists
and is unique, and the unique solution is then given by ω(t, ·) = X(t, ·)#ω0.

In order to apply this result to the present setting, we introduce the divergence-
free field

(3.3) v(t, x) = u(t, x) +
N∑

j=1

γjK(x− hj(t)).

By Corollary A.2 in the Appendix, the transport equation associated to v
admits a unique solution (which is renormalized by Lemma A.1: for any con-
tinuous function β growing not too fast at infinity, the function β(ω) is also a
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solution). Therefore Ambrosio’s result yields the existence and uniqueness of
the regular Lagrangian flowX associated to v, and we have ω(t, ·) = X(t, ·)#ω0.
This proves the first claim of Theorem 1.4.

Again by Corollary A.2, the renormalization property ensures that

(3.4) ‖ω(t, ·)‖Lp = ‖ω0‖Lp , 1 6 p 6 +∞.

We derive first the following property:

Proposition 3.1. — There exists C depending only on T , on ‖hk‖L∞([0,T ])

and on the initial data such that

sup
t∈[0,T ]

|X(t, x)| 6 |x|+ C, for a.e. x ∈ R
2.

Proof. — Let us introduce the set of tubular neighborhoods

Σ :=
⋃

t∈[0,T ]

N⋃

k=1

B(hk(t), 1),

which is bounded set, let say included in a ball B(0, C1). Outside Σ, the
velocity v is uniformly bounded by C2 (see Proposition 2.1).

Therefore, for any x ∈ R
2 such that X(·, x) is absolutely continuous on [0, T ],

the map t→ X(t, x) starts from x, has a Lipschitz variation outside Σ and can
evolve with a diverging velocity inside Σ, but remaining bounded.

Thus, setting C = C1 + C2T proves the proposition.

The following corollary gives the second point in Theorem 1.4.

Corollary 3.2. — The vorticity ω(t, ·) is compactly supported for all t ∈
[0, T ], with supp(ω(t, ·)) ⊂ B(0, RT ) for some RT depending only on the initial
data, on ‖hk‖L∞([0,T ]) and on T .

Proof. — We have ω(t, ·) = X(t, ·)#ω0 and ω0 is compactly supported in
B(0, R0), so it follows from Proposition 3.1 that ω(t, ·) is compactly supported
for all t ∈ [0, T ], with supp(ω(t, ·)) ⊂ B(0, RT ) for RT = R0 +C (with C given
in Proposition 3.1).

3.2. Vorticity trajectories. — For the third point in Theorem 1.4, we have
to show that for almost every x ∈ R

2, we have X(t, x) 6= hk(t) for all t ∈ [0, T ]
and for all k = 1, . . . , N .

For almost every x ∈ R
2 \ ∪j{hj,0} such that X(·, x) is an absolutely con-

tinuous solution on [0, T ] to the ODE with field v defined in (3.3), by time
continuity, there exists T ∗(x) such that

min
j

min
t∈[0,T ∗(x)]

|X(t, x) − hj(t)| > 0.
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We may then consider the local microscopic energies near the points hk(t)
on [0, T ∗(x)]:

(3.5) Fk(t) =

N∑

j=1

γj
2π

ln |X(t, x)− hj(t)|+ ϕε(t,X(t, x)) + 〈X(t, x), ḣ⊥k (t)〉,

where we recall that ϕε denotes the regularization of the stream function, see
(2.3).

On the other hand, the result in [9, Proposition 4.1] states the continuity of
u on [0, T ]×R

2. Therefore, the field v(·,X(·, x)) is continuous on [0, T ∗(x)]. So
we infer thatX(·, x) is differentiable on [0, T ∗(x)] with d

dtX(t, x) = v(t,X(t, x)).
This enables to perform the following estimate on the local energies.

Proposition 3.3. — We have for t ∈ [0, T ∗(x)] and for all k = 1, . . . , N ,

|F ′
k(t)| 6 C

(
1 + |x|+ ε|X(t, x) − hk(t)|−1 +

∑

j 6=k

|X(t, x)− hj(t)|−1
)
.

In the previous statement, C is independent of ε whereas Fk depends on ε.

Proof. — In the subsequent proof we set for clarity:

X = X(t, x), u = u(t,X(t, x)), ϕε = ϕε(t,X(t, x)), hk = hk(t),

and we compute on [0, T ∗(x)]

F ′
k =

N∑

j=1

〈
γj
2π

X − hj
|X − hj |2

,

N∑

m=1

γmK(X − hm) + u− ḣj

〉

+ ∂tϕε + 〈Ẋ,∇ϕε〉+ 〈Ẋ, ḣ⊥k 〉+ 〈X, ḧ⊥k 〉

=

〈
N∑

j=1

γj
2π

X − hj
|X − hj |2

,

N∑

m=1

γm
2π

(X − hm)⊥

|X − hm|2

〉
+

N∑

j=1

〈
γj
2π

X − hj
|X − hj |2

, u− ḣj

〉

+ ∂tϕε + 〈Ẋ,∇ϕε〉+
〈
Ẋ, ḣ⊥k 〉+ 〈X, ḧ⊥k

〉

=

〈
γk
2π

X − hk
|X − hk|2

, u− ḣk

〉
+
∑

j 6=k

〈
γj
2π

X − hj
|X − hj |2

, u− ḣj

〉

+ ∂tϕε + 〈Ẋ,∇ϕε〉+
〈
Ẋ, ḣ⊥k

〉
+ 〈X, ḧ⊥k 〉.

Next, using again that X satisfies the ODE with field v defined in (3.3), we
have

(3.6)
γk
2π

X − hk
|X − hk|2

= −Ẋ⊥ + u⊥ −
∑

j 6=k

γj
2π

X − hj
|X − hj |2

,
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hence we get

F ′
k =〈−Ẋ⊥ + u⊥, u− ḣk〉 −

∑

j 6=k

〈
γj
2π

X − hj
|X − hj |2

, u− ḣk

〉

+
∑

j 6=k

〈
γj
2π

X − hj
|X − hj|2

, u− ḣj

〉
+ ∂tϕε + 〈Ẋ,∇ϕε〉+ 〈Ẋ, ḣ⊥k 〉+ 〈X, ḧ⊥k 〉

=〈Ẋ⊥,−u+∇⊥ϕε〉 − 〈u⊥, ḣk〉

+
∑

j 6=k

〈
γj
2π

X − hj
|X − hj|2

, ḣk − ḣj

〉
+ ∂tϕε + 〈X, ḧ⊥k 〉.

Hence, plugging the equality ∇⊥ϕε = u + Rε, with Rε defined in Proposi-
tion 2.4, we have

F ′
k =〈Ẋ⊥, Rε〉 − 〈u⊥, ḣk〉+

∑

j 6=k

〈
γj
2π

X − hj
|X − hj |2

, ḣk − ḣj

〉
+ ∂tϕε + 〈X, ḧ⊥k 〉.

By Proposition 2.4 together with (3.4) and (3.6), we have on the one hand

∣∣∣〈Ẋ⊥, Rε〉
∣∣∣ 6 Cε‖ω0‖L∞




N∑

j=1

|X − hj|−1 + ‖u‖L∞


 .

On the other hand, as hk ∈W 2,∞, we obtain by Proposition 3.1

∣∣∣− 〈u⊥, ḣk〉+
∑

j 6=k

〈
γj
2π

X − hj
|X − hj|2

, ḣk − ḣj

〉
+ 〈X, ḧ⊥k 〉

∣∣∣

6 C
(
‖u‖L∞ +

∑

j 6=k

|X − hj |−1 + |x|+ 1
)
.

Finally, recalling that ‖∂tϕε‖L∞ 6 C by Proposition 2.3 and that ‖u‖L∞ 6 C
by Proposition 2.1, the conclusion follows.

Corollary 3.4. — For almost every x in R
2 we can take T ∗(x) = T , more

precisely
min
j

min
t∈[0,T ]

|X(t, x) − hj(t)| > 0, for a.e. x ∈ R
2.

Proof. — We argue by contradiction, assuming that T ∗(x) = T is impos-
sible for some x ∈ R

2 \ {hk,0} where the flow exists, so that there exist

k ∈ {1, . . . , N} and T̃ < T such that lim inft→T̃ |X(t, x) − hk(t)| = 0 and

minj mint∈[0,T ∗] |X(t, x) − hj(t)| > 0 for any T ∗ < T̃ . We further set X(t) =

X(t, x). Let tn → T̃ such that |X(tn)−hk(tn)| → 0 as n→ +∞. We recall that
ρ is defined by (3.2). For n sufficiently large we have |X(tn)− hk(tn)| < ρ/K,
with K > 3 large to be determined later on. We take t′n maximal such that on
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[tn, t
′
n) we have |X(t)−hk(t)| < ρ/3. In particular, by (3.2), for j 6= k we have

|X(t) − hj(t)| > 2ρ/3 on [tn, t
′
n). We assume first that t′n < T̃ : then we have

|X(t′n) − hk(t
′
n)| = ρ/3. We fix n ∈ N. For all ε > 0, by the definition of Fk,

we write

γk
2π

ln

( |X(t′n)− hk(t
′
n)|

|X(tn)− hk(tn)|

)
=

N∑

j 6=k

γj
2π

ln

( |X(tn)− hj(tn)|
|X(t′n)− hj(t′n)|

)
+

∫ t′n

tn

F ′
k(τ) dτ

+ ϕε(tn,X(tn))− ϕε(t
′
n,X(t′n)) + 〈X(tn), ḣ

⊥
k (tn)〉 − 〈X(t′n), ḣ

⊥
k (t

′
n)〉,

(3.7)

so by (2.4), Proposition 3.3 and the previous estimates we get

|γk|
2π

ln

(
K

3

)
6 C

(
1 + |x|+ ε

∫ t′n

tn

|X(τ)− hk(τ)|−1 dτ
)

(3.8)

Letting ε→ 0 for fixed n, we find

ln

(
K

3

)
6 C,

which is a contradiction for K sufficiently large (depending on x and on the

initial conditions). So we have t′n = T̃ , hence

(3.9) |X(t, x) − hk(t)| <
ρ

3
and |X(t, x) − hj(t)| >

2ρ

3
on [tn, T̃ ).

We have therefore localized the fluid trajectory X(t) in the neighborhood of
one point vortex trajectory hk(t), namely we have proved that if the trajectory
goes too close to hk, it stays in a neighborhood of radius ρ/3. We fix n0 ∈ N

sufficiently large so that |X(tn0) − hk(tn0)| < ρ/K. We come back to (3.7),

replacing t′n by any t ∈ [tn, T̃ ), and we apply again Proposition 3.3:

ln |X(t)−hk(t)| > ln |X(tn0)−hk(tn0)|−C
(
1+|x|+ε

∫ t

tn0

|X(τ)−hk(τ)|−1 dτ
)
.

Letting ε→ 0 we find

|X(t) − hk(t)| > |X(tn0)− hk(tn0)|e−C(1+|x|) on [tn0 , T̃ ),

which contradicts the fact that lim inft→T̃ |X(t, x) − hk(t)| = 0.
Hence we conclude that T ∗(x) = T is possible.

Corollary 3.5. — For a.e. x ∈ R
2, the map X(·, x) is the unique differen-

tiable solution on [0, T ] of the ODE

d

dt
γ(t) = u(t, γ(t)) +

N∑

j=1

γjK(γ(t)− hj(t)), γ(0) = x,

such that minj min[0,T ] |γ(t) − hj(t)| > 0.
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Proof. — We gather the already mentioned time continuity of u, the log-
Lipschitz space regularity for u stated in Proposition 2.1, the no collision prop-
erty of Corollary 3.4, and the fact that K is Lipschitz away from the origin.
Invoking Osgood’s Lemma, we can then conclude.

We finish this paragraph with an additional estimate on the Lagrangian
trajectories, which can be derived easily from the proof of Corollary 3.4.

Proposition 3.6. — Let ω be any weak solution of (1.4) on [0, T ] with initial
datum (3.1), where {hk} are given trajectories in W 2,∞([0, T ]) satisfying the
no collision property (3.2). There exist 0 < δ < min(ρ/3, 1), 0 < δ1 < 1 and
0 < δ2 < 1, depending only on T , ‖hk‖W 2,∞([0,T ]), ρ, R0 and ‖ω0‖L∞, satisfying
the following property:

Let x ∈ supp(ω0) such that minj mint∈[0,T ] |X(t, x) − hj(t)| > 0.
If |X(t0, x)− hk(t0)| < δ for some t0 ∈ [0, T ] and k ∈ {1, . . . , N}, then

δ1|x− hk(0)| 6 |X(t, x) − hk(t)| <
ρ

3
, ∀t ∈ [0, T ].

If minj |X(t0, x)− hj(t0)| > δ for some t0 ∈ [0, T ], then

δ2 6 min
j

|X(t, x) − hj(t)|, ∀t ∈ [0, T ].

Proof. — We start with the first estimate. We come back to the proof of
Corollary 3.4 above, with tn replaced by t0, t

′
n replaced by T . With K > 3 a

sufficiently large number to be chosen, we set δ = ρ/K. By (3.8) we obtain,
using that |x| 6 R0 since x belongs to supp(ω0):

|γk|
2π

ln

(
K

3

)
6 C

(
1 + ε

∫ T

t0

|X(τ)− hk(τ)|−1 dτ
)
.

Letting ε→ 0, we find a contradiction if K is sufficiently large (depending only
on T , ‖hk‖W 2,∞([0,T ]), R0 and ‖ω0‖L∞). Hence by the same arguments as those
leading to (3.9) we obtain:

|X(t, x) − hk(t)| <
ρ

3
, |X(t, x) − hj(t)| >

2ρ

3
for j 6= k on [t0, T ].

We can invoke the same arguments to obtain the estimates above on [0, t0].
Therefore, by Proposition 3.3, this yields:

lim
ε→0

∫ T

0
|F ′

k(τ)| dτ 6 C,

so that, using again (3.7) with tn replaced by 0 and t′n by t, we get

ln |X(t, x)− hk(t)| > ln |x− hk(0)| − C on [0, T ],

for a constant C, so the first part is proved by setting δ1 = e−C .
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We turn now to the second part. Let K̃ > 1 be a number to be deter-
mined later on. Let (t1, t2) ⊂ (0, T ) containing t0 and be maximal such that

minj |X(t, x) − hj(t)| > δ/K̃ on (t1, t2). If (t1, t2) 6= (0, T ), let k ∈ {1, . . . , N}
such that |X(t1, x)− hk(t1)| = δ/K̃ (or |X(t2, x)− hk(t2)| = δ/K̃). Repeating
the first part of the proof of Corollary 3.4 with tn = t0 and t

′
n = t1 (or t

′
n = t2),

we find | ln K̃| 6 C which is a contradiction provided K̃ is sufficiently large

(depending only on T , ‖hk‖W 2,∞([0,T ]), R0 and ‖ω0‖L∞). So, setting δ2 = δ/K̃ ,
the conclusion follows.

3.3. Decomposition of the vorticity and reduction to the case of one

point vortex.— In all this subsection we assume moreover that ω0 is constant
in a neighborhood of {hk(0)}, namely that (1.5) holds. The purpose here is
to show the last property of Theorem 1.4: the vorticity remains constant in
a neighborhood of each point vortex. To this aim, we will first reduce the
problem to the case of one single point vortex. In the next subsection, we will
then establish the desired property.

Let δ, δ1 and δ2 be the constants introduced in Proposition 3.6. We decom-
pose ω0 as

ω0 =

N∑

k=1

ω0,k + ω0,r,

where

ω0,k = ω01B(hk(0),δ), k = 1, . . . , N

and

ω0,r is supported in R
2 \ ∪N

j=1B(hj(0), δ).

By uniqueness of the weak solution to the linear transport equation associ-
ated to the field

v(t, x) = u(t, x) +

N∑

j=1

γjK(x− hj(t)),

(see the Appendix and the beginning of Subsection 3.1), ω may then be de-
composed as

ω(t, ·) =
N∑

k=1

X(t, ·)#ω0,k +X(t, ·)#ω0,r =

N∑

k=1

ωk(t, ·) + ωr(t, ·).

Let Kδ = 1/(2π)∇⊥ lnδ, where lnε is defined in Subsection 2.2. So Kδ is
a smooth, divergence-free map coinciding with K on R

2 \ B(0, δ) such that
‖Kδ‖L∞ 6 Cδ−1.



THE VORTEX-WAVE SYSTEM WITH GYROSCOPIC EFFECTS 21

Let k = 1, . . . , N . By the first part of Proposition 3.6, by definition of δ, we
have

|X(t, x) − hk(t)| <
ρ

3
, ∀t ∈ [0, T ], for a.e. x ∈ supp(ω0,k).(3.10)

Therefore,

min
j 6=k

|X(t, x)− hj(t)| >
2ρ

3
> δ, ∀t ∈ [0, T ] for a.e. x ∈ supp(ω0,k).

So by Corollary 3.5, we have

(3.11) X(t, x) = X̃k(t, x), for a.e. x ∈ supp(ω0,k),

where X̃k is the unique regular Lagrangian flow associated to the field

(3.12) ṽk(t, x) = u(t, x) +
∑

j 6=k

γjKδ(x− hj(t)) + γkK(x− hk(t)).

In particular,

(3.13) ωk(t, ·) = X(t, ·)#ω0,k = X̃k(t, ·)#ω0,k.

We observe here for later use that the same argument applied to ω2 (noting
that it is also a distributional solution of (1.4) with initial datum ω2

0) yields

(3.14) ω2
k(t, ·) = X(t, ·)#ω2

0,k = X̃k(t, ·)#ω2
0,k, k = 1, . . . , N.

So we are left with the case of a linear transport equation with field ṽk given
by the superposition (3.12) of a regular part

(3.15) uk(t, x) = u(t, x) +
∑

j 6=k

γjKδ(x− hj(t))

and a singular part generared by only one point vortex:

γkK(x− hk(t)).

The analysis of this case was performed in [4]. It was proved in particular that

for all t ∈ [0, T ], the regular Lagrangian flow X̃k associated to ṽk is the limit

in L1
loc(R

2) of the sequence X̃k,n(t, ·), where X̃k,n is the flow associated to any
regularization of ṽk:

ṽk,n(t, x) = uk,n(t, x) +
γk
2π

(x− hk(t))
⊥

|x− hk(t)|2 + n−2
,

with uk,n a smooth and divergence-free approximation of uk. By Liouville’s the-

orem, X̃k,n(t, ·) thus preserves Lebesgue’s measure. Moreover, Proposition 3.1

also applies to X̃k,n (with a constant independent of n). Therefore, passing to

the limit, we conclude that X̃k(t, ·) preserves Lebesgue’s measure:

(3.16) X̃k(t, ·)#dx = dx, ∀t ∈ [0, T ].
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We next derive a localization property for X̃k(t, ·).

Proposition 3.7. — For all R > 0, there exists CR depending only on R, T ,
‖hk‖W 2,∞([0,T ]), ρ, R0 and ‖ω0‖L∞ , but not on δ0, such that

CR|x− hk(0)| 6 |X̃k(t, x)− hk(t)|,
∀t ∈ [0, T ], for all x ∈ B(0, R) \ {hk(0)}, k = 1, . . . , N.

Remark 3.8. — By (3.11) and by Proposition 3.6, we already know that this
holds for a.e. x in supp(ω0,k).

Proof. — As long as X̃k(t, x) 6= hk(t), we introduce the new energy

F̃k(t) =
γk
2π

ln |X̃k(t, x)−hk(t)|+ϕε(t, X̃k(t, x))+ψδ(t, X̃k(t, x))+〈X̃k(t, x), ḣk(t)
⊥〉,

where

ψδ(t, x) =
∑

j 6=k

γj
2π

lnδ |x− hj(t)|,

so that

∇⊥ψδ(t, x) =
∑

j 6=k

γjKδ(x− hj(t)).

Exactly as in the proof of Proposition 3.3, we compute, recalling the definition
(3.15) of uk,

F̃k
′
(t) =−

〈
u⊥k (t, X̃k(t, x)), ḣk(t)

〉
+ ∂tϕε(t, X̃k(t, x)) + ∂tψδ(t, X̃k(t, x))

+
〈

˙̃
Xk(t, x)

⊥, Rε(t, X̃k(t, x))
〉
+
〈
X̃k(t, x), ḧ

⊥
k (t)

〉
.

Using the uniform bounds on uk, ∂tψδ, hj, ḣj and ḧj for j = 1, . . . , N , and
using the previous bounds for ∂tϕε and Rε we therefore get for all ε > 0

|F̃k
′
(t)| 6 C

(
|x|+ ε|X̃k(t, x)− hk(t)|−1 + 1

)
.

We may now conclude exactly as in the proof of the first part of Proposition 3.6:

as long as X̃k(t, x) 6= hk(t), letting ε tend to zero after integrating the inequality
above on [0, t], we get

∣∣∣∣∣ln
(
|X̃k(t, x)− hk(t)|

|x− hk,0|

)∣∣∣∣∣ 6 C(1 + |x|),

where C depends on δ, T , ‖hk‖W 2,∞([0,T ]), ρ and on the initial data. So, setting

CR = e−C(1+R), the conclusion follows.
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Proposition 3.9. — We have

|x− hk(0)| 6 C(|X̃k(t, x)− hk(t)|+ 1),

where C depends only on T , ‖hk‖W 2,∞([0,T ]), ρ, R0 and ‖ω0‖L∞, but not on δ0.

Proof. —

d

dt
|X̃k(t, x)− hk(t)|2

= 2
〈
X̃k(t, x)− hk(t), uk(t, X̃k(t, x)) + γkK(X̃k(t, x)− hk(t))− ḣk(t)

〉

= 2
〈
X̃k(t, x)− hk(t), uk(t, X̃k(t, x)) − ḣk(t)

〉

> −2|X̃k(t, x) − hk(t)|(‖ḣk‖L∞ + ‖uk‖L∞),

hence
d

dt
|X̃k(t, x)− hk(t)| > −C,

so the conclusion follows.

3.4. The vorticity remains constant in the neighborhood of the point

vortices. — We finally establish that the vorticity remains constant in a
neighborhood of the point vortices. Let C be the constant of Proposition 3.9.
We set

R = 2C + |hk(0)|,
and we consider the corresponding constant CR of Proposition 3.7. We may
decrease δ0 so that

max(δ0, CRδ0) < min

(
δ, δ2, 1,

2ρ

3

)
,

where we recall δ and δ2 were found in Proposition 3.6.
We fix t ∈ [0, T ]. We claim that

(3.17) ωj(t, y) = 0, for a.e. y ∈ B(hk(t), CRδ0), ∀j 6= k.

Indeed, by (3.14), considering the L1 function ϕk = 1B(hk(t),CRδ0), we find
∫

R2

ω2
j (t, y)ϕk(y) dy =

∫

R2

ω2
0,j(x)ϕk(X(t, x)) dx.

On the other hand, for x ∈ supp(ω0,j), we have by (3.10) |X(t, x)−hj(t)| < ρ/3
and therefore |X(t, x) − hk(t)| > 2ρ/3 > CRδ0. So the right hand side above
vanishes, which establishes (3.17).
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Using that δ2 > CRδ0, by the same arguments as above, the second part of
Proposition 3.6 yields that

(3.18) ωr(t, y) = 0, for a.e. y ∈
N⋃

k=1

B(hk(t), CRδ0).

Finally, we show that

(3.19) ωk(t, y) = αk, for a.e. y ∈ B(hk(t), CRδ0).

Indeed, since ωk(t, ·) = X̃k(t, ·)#ω0,k, ω
2
k(t, ·) = X̃k(t, ·)#ω2

0,k, and X̃k(t, ·)#dx =

dx by (3.13), (3.14) and (3.16), we compute
∫

R2

(ωk(t, y)− αk)
2ϕk(y) dy

=

∫

R2

ωk(t, y)
2ϕk(y) dy − 2αk

∫

R2

ωk(t, y)ϕk(y) dy + α2
k

∫

R2

ϕk(y) dy

=

∫

R2

ω2
0,k(x)ϕk(X̃k(t, x)) dx− 2αk

∫

R2

ω0,k(x)ϕk(X̃k(t, x)) dx

+ α2
k

∫

R2

ϕk(X̃k(t, x)) dx

=

∫

R2

(ω0,k(x)− αk)
2ϕk(X̃k(t, x)) dx

=

∫

X̃k(t,·)−1(B(hk(t),CRδ0))
(ω0,k(x)− αk)

2 dx.

Now we observe that since CRδ0 < 1, by Proposition 3.9, we get

X̃k(t, ·)−1
(
B(hk(t), CRδ0)

)
⊂ B(hk(0), 2C) ⊂ B(0, R).

Thus, we are allowed to use Proposition 3.7, and we have for x ∈ X̃k(t, ·)−1(B(hk(t), CRδ0)):

CR|x− hk(0)| 6 |X̃k(t, x)− hk(t)| 6 CRδ0.

We get therefore
∫

R2

(ω(t, y)− αk)
2ϕk(y) dy 6

∫

B(hk(0),δ0)
(ω0(x)− αk)

2 dx = 0,

and the conclusion follows.

In view of (3.17), (3.18) and (3.19), we finally conclude that

(3.20) ω(t, ·) = αk, a.e. on B(hk(t), CRδ0).
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4. Proof of Theorem 1.5.

Step 1: uniqueness in the case of one point vortex.

We start with the case N = 1. Let (ω, h) and (ω̃, h̃) two solutions of (1.1)
with initial datum (ω0, h0, ℓ0) satisfying the assumption of Theorem 1.5. So
Theorem 1.4 holds for both solutions: ω and ω̃ remain constant in a neighbor-
hood of the trajectories of h and h̃.

Noting that u − ũ = K ∗ (ω − ω̃) with
∫
(ω − ω̃) = 0 and ω, ω̃ compactly

supported, we have u − ũ ∈ L2(R2) (see [11, Proposition 3.3]) and we may
consider the quantity

D(t) = ‖u(t, ·) − ũ(t, ·)‖2L2 + |h(t)− h̃(t)|2 + |ḣ(t)− ˙̃
h(t)|2, t ∈ [0, T ].

In what follows we establish a Gronwall inequality for D(t).
We remark that the only difference between (1.1) and the vortex-wave system

(1.3) is the ODE for the point vortex, since the PDE for the vorticity is the
same. Thus we may directly use the estimates derived for (1.3) in [9, Subsection
3.4] for the quantity ‖u(t, ·) − ũ(t, ·)‖2L2 . More precisely, by the estimate (3.9)
in [9] we have for t ∈ [0, T ∗) and for all p > 2

‖u(t, ·) − ũ(t, ·)‖2L2 6 C

∫ t

0

(
r(τ) +

√
r(τ)f(

√
r(τ)) + p r(τ)1−1/p

)
dτ,

where
r(t) = ‖u(t, ·) − ũ(t, ·)‖2L2 + |h(t) − h̃(t)|2,

and where
f(τ) = τ | ln τ |.

Here, T ∗ ∈ [0, T ] is the largest time such that |h(t) − h̃(t)| < min(1, δ/2) on
[0, T ∗). So using that r(t) 6 D(t), and the inequalities τf(τ) 6 f(τ2), τ 6 f(τ)

for τ 6 1 and f(τ) 6 pτ1−1/p (for all p > 2), we get for t ∈ [0, T ∗) and for all
p > 2

(4.1) ‖u(t, ·) − ũ(t, ·)‖2L2 6 C p

∫ t

0
D(τ)1−1/p dτ.

We emphasize that the property obtained in Theorem 1.4 is crucial in order to
obtain the previous estimate, by implying in particular that u− ũ is harmonic
in the neighborhood of h and h̃.

We turn next to the estimate for the point vortices. We compute

d

dt
|h− h̃|2 + d

dt
|ḣ− ˙̃

h|2

=2〈h− h̃, ḣ− ˙̃
h〉 − 2

γ

m
〈ḣ− ˙̃

h, u(t, h)⊥ − ũ(t, h̃)⊥〉

6D(t) + 2
γ

m

√
D(t)|u(t, h)− u(t, h̃)|+ 2

γ

m

√
D(t)|(u− ũ)(t, h̃)|.
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On the one hand, since u is log-Lipschitz we have |u(t, h)− u(t, h̃)| 6 Cf(|h−
h̃|) 6 Cf(

√
D(t)). On the other hand, exactly as in Step 2 in the proof of [9,

Proposition 3.10], we rely on [9, Lemma 3.9]: using the analyticity of u − ũ

near h and h̃, that lemma enables to obtain

|u(t, h) − ũ(t, h)| 6 C‖u(t, ·)− ũ(t, ·)‖L2 .

Hence we get finally that for all p > 2,

(4.2)
d

dt
|h− h̃|2 + d

dt
|ḣ− ˙̃

h|2 6 Cf(D(t)) 6 CpD(t)1−1/p, ∀t ∈ [0, T ∗).

Finally, gathering (4.1) and (4.2), we find

D(t) 6 C p

∫ t

0
D(τ)1−1/p dτ, ∀p > 2.

So we conclude by usual arguments (see [11, Chapter 8] that D ≡ 0 on [0, T ∗).
Thus by definition of T ∗ we get T ∗ = T and uniqueness follows on [0, T ].

Step 2: Proof of Theorem 1.5 completed

Once the case of one point is settled, the conclusion of Theorem 1.5 follows
easily by adapting the proof above to the case of several points, using (3.20),
(2.13) and (2.14). We refer also to the proof of uniqueness in [15, Theorem
2.1, Chapter 2] dealing with several points.

5. Some additional properties

We prove in this section some additional properties for System (1.1) in the
case where the circulations and the vorticity have positive sign.

Proposition 5.1. — Let ω0 and ({hk,0}, {ℓk,0}) be as in (1.2) and let (ω, {hk})
be any corresponding weak solution to (1.1) on [0, T ]. The following quantities
are conserved:

– The energy,

H0 =
1

2π

∫

R2

∫

R2

ln |x− y|ω(t, y)ω(t, x) dx dy + 1

π

N∑

k=1

γk

∫

R2

ln |x− hk(t)|ω(t, x) dx

+
∑

j 6=k

γkγj
2π

ln |hk(t)− hj(t)| −
N∑

k=1

mk|ḣk(t)|2.

– The momentum,

I0 =
∫

R2

|x|2ω(t, x) dx +
N∑

k=1

γk|hk(t)|2 − 2
N∑

k=1

mkhk(t)
⊥ · ḣk(t).
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Proof. — (sketch) For ε < 1
3 minj 6=k mint∈[0,T ] |hj(t)− hk(t)|, we replace ln by

the smooth function lnε defined in the first section and we set ϕε = 1
2π lnε ∗ω

as in (2.3), so that, setting

Hε =

∫

R2

ϕε(t, x)ω(t, x) dx + 2

N∑

k=1

γkϕε(t, hk(t))

+
∑

j 6=k

γjγk
2π

lnε |hj(t)− hk(t)| −
N∑

k=1

mk|ḣk(t)|2,

we have sup[0,T ] |H0−Hε| 6 Cε, with the quantity C depending only on ‖ω‖L∞ ,

‖hk‖L∞ , mk, γk etc.
It suffices then to compute the time derivative of Hε using the weak formu-

lation for ω and the ODE for the h′ks, which yields sup[0,T ] |Ḣε| 6 Cε. Letting
ε tend to zero, the conclusion follows.

For I0 we compute directly the time derivative using the weak formulation
for ω and the ODE for the h′ks and we show that it vanishes, which yields the
result.

With these conservations, we can prove that the massive point vortices are
confined if ω and {γk} have the same sign.

Corollary 5.2. — Assume moreover that

ω0 > 0, a.e. on R
2, γk > 0, k = 1, . . . , N.

Let (ω, {hk}) be any corresponding weak solution to (1.1) on [0, T ]. Then there
exists C > 0 and d > 0, depending only on H0, I0, mk, γk and ‖ω0‖L∞ and
R0, but not on T , such that

sup
t∈[0,T ]

(
|ḣk(t)|2 + |hk(t)|2

)
6 C

and

inf
t∈[0,T ]

min
j 6=k

|hj(t)− hk(t)| > d.

Proof. — Since ω is transported by the flow, we have ω(t, ·) > 0 almost every-
where for t ∈ [0, T ]. Similarly to the proof of Proposition 2.5, picking m 6= n,
we have, using that ln(|x− y|) 6 |x|+ |y|,
γmγn
2π

ln |hm(t)− hn(t)| > H0 −
1

2π

∫

R2

∫

R2

(
|x|+ |y|

)
ω(t, y)ω(t, x) dx dy

− 1

π

N∑

k=1

γk

∫

R2

(
|x|+ |hk(t)|

)
ω(t, x) dx−

∑

j 6=k

γkγj
2π

(
|hk(t)|+ |hj(t)|

)
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therefore by Cauchy-Schwartz inequality:
(5.1)

γmγn
2π

ln |hm(t)− hn(t)| > H0 − C

(∫

R2

|x|2ω(t, x) dx+
N∑

k=1

γk|hk(t)|2
)1/2

,

where C depends only on ‖ω(t, ·)‖L1 = ‖ω0‖L1 and on γk.
By the same estimates we also obtain

(5.2)
N∑

k=1

mk|ḣk(t)|2 6 −H0 + C

(∫

R2

|x|2ω(t, x) dx+
N∑

k=1

γk|hk(t)|2
)1/2

.

On the other hand, by Cauchy-Schwartz inequality:

∫

R2

|x|2ω(t, x) dx+
N∑

k=1

γk|hk(t)|2 6 I0 + C

(
N∑

k=1

mk|ḣk(t)|2
)1/2( N∑

k=1

γk|hk(t)|2
)1/2

6I0 + C


−H0 + C

(∫

R2

|x|2ω(t, x) dx+

N∑

k=1

γk|hk(t)|2
)1/2




1/2(
N∑

k=1

γk|hk(t)|2
)1/2

6I0 + C

(
1 +

∫

R2

|x|2ω(t, x) dx+

N∑

k=1

γk|hk(t)|2
)3/4

where we have used (5.2). We conclude that

∫

R2

|x|2ω(t, x) dx+

N∑

k=1

γk|hk(t)|2 6 C

with C depending only I0,H0 and ‖ω0‖L1 . Coming back to (5.1) and (5.2), the
conclusion follows.

Appendix A

Some results included in [15]

In this Appendix we gather several results from [15, Chapter 1]. Since that
reference is in french we provide here the statements in english and refer to
[15] for the proofs. Similar results and proofs in the case of one point vortex
are also to be found in [9].

Lemma A.1. — Let {hk} be N Lipschitz trajectories on [0, T ] without colli-
sions:

min
t∈[0,T ]

min
k 6=p

|hk(t)− hp(t)| > ρ
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for some ρ > 0. Let ω be a weak solution of the PDE

(A.1) ∂tω + div(vω) = 0 on [0, T ],

where v is the divergence-free velocity field given by

(A.2) v(t, x) = u(t, x) +
N∑

j=1

γjK(x− hj(t)).

with u a divergence-free vector field satisfying

(A.3) u ∈ L∞([0, T ]× R
2) and u(t, ·) is log-Lipschitz uniformly in time.

Let β : R → R be C1 such that

|β′(z)| 6 C(1 + |z|p), ∀z ∈ R,

for some p > 0. Then for all test function ψ ∈ C∞
c ([0, T ] × R

2), we have

d

dt

∫

R2

ψβ(ω) dx =

∫

R2

β(ω)(∂tψ + v · ∇ψ) dx in L1([0, T ]).

This lemma is stated in [15, Chapter 1, Lemme 1.5] in the case where
(ω, {hk}) is a weak solution of the vortex-wave system. However a straight-
forward adaptation of the proof shows that this holds for the linear transport
equation (A.1) with any vector field v given by the decomposition (A.2), where
u satisfies the regularity properties (A.3) and where the h′j are Lipschitz contin-

uous on [0, T ] and do not intersect. We emphasize that their precise dynamics
is not used to show the renormalization property.

As a consequence of Lemma A.1 it is observed in [15, Chapter 1, Remarque
1.3] (or in [9, Lemma 3.2] for the case of one point) that

Corollary A.2. — Under the same assumption as in Lemma A.1 for the
{hk}, let ω be a weak solution of the PDE (A.1). Then for all 1 6 p 6 +∞ we
have ‖ω(t, ·)‖Lp = ‖ω(0, ·)‖Lp . In particular, uniqueness of the weak solution
holds.
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[6] R. J. DiPerna and P.-L. Lions. Ordinary differential equations, transport theory
and Sobolev spaces. Invent. Math., 98(3):511–547, 1989.

[7] O. Glass, C. Lacave, and F. Sueur. On the motion of a small body immersed
in a two-dimensional incompressible perfect fluid. Bull. Soc. Math. France,
142(3):489–536, 2014.

[8] O. Glass, C. Lacave, and F. Sueur. On the motion of a small light body immersed
in a two dimensional incompressible perfect fluid with vorticity. Comm. Math.
Phys., 341(3):1015–1065, 2016.

[9] C. Lacave and E. Miot. Uniqueness for the vortex-wave system when the vorticity
is constant near the point vortex. SIAM J. Math. Anal., 41(3):1138–1163, 2009.

[10] H. Lamb. Hydrodynamics. Cambridge university press, 1993.

[11] A. J. Majda and A. L. Bertozzi. Vorticity and incompressible flow, volume 27
of Cambridge Texts in Applied Mathematics. Cambridge University Press, Cam-
bridge, 2002.

[12] C. Marchioro. On the Euler equations with a singular external velocity field.
Rend. Sem. Mat. Univ. Padova, 84:61–69 (1991), 1990.

[13] C. Marchioro and M. Pulvirenti. On the vortex-wave system. In Mechanics, anal-
ysis and geometry: 200 years after Lagrange, North-Holland Delta Ser., pages
79–95. North-Holland, Amsterdam, 1991.

[14] C. Marchioro and M. Pulvirenti. Mathematical theory of incompressible nonvis-
cous fluids, volume 96 of Applied Mathematical Sciences. Springer-Verlag, New
York, 1994.
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