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INVARIANTS OF THE WEYL GROUP OF TYPE A}’

KENJI IOHARA AND YOSIHISA SAITO

Dedicated to Professor Kyoji Saito on the occasion of his 75th Anniversary

ABSTRACT. In this note, we show the polynomiality of the ring of invariants with respect
to the Weyl group of type Ag).
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INTRODUCTION

Let V' be a finite dimensional vector space over a field K of characteristic 0. A reflection is a
finite order linear transformation on V' that fixes a hyperplane. Such a linear transformation
is called real if it is of order 2 and complex if it is of order > 2. A group G of linear
transformations is a finite reflection group if it is a finite group generated by reflections.
In particular, a finite reflection group generated only by real reflections are called Coxeter
group, otherwise it is called a complex refelction group. The G-action on V induces an G-
action on its dual V*, hence on its symmetric algebra S*(V*). C. Chevalley (for real case)
[Ch] and G. C. Shephard and J. A. Todd (for complex case) [ST] have shown that the ring

of invariants S(V*)% is a Z-graded algebra generated by dimg V' homogeneous elements that
1
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are algebraically independent. Notice that, for a finite group, there is the so-called Reynold’s
operator to obtain invariants explicitly.

Now, for an affine Weyl group W, one can consider the W-invariant theta functions defined
on a half space Y of a Cartan subalgebra § of the affine Lie algebra g whose Weyl group is W.
A first attempt has been made to determine the structure of the ring of such W-invariant
theta functions by E. Looijenga [L] in 1976 whose argument has not been sufficient, as
was pointed out by I. N. Bernstein and O. Schwarzman [BS] in 1978. Indeed, the ring

Th+ of W-invariant theta functions is an Og-module, where H is the Poincaré upper half
plane {7 € C|Im7 > 0}, spanned by the normalized characters {xa}acp, mod cs of simple
integrable highest weight modules over g. We remark that each x, is a holomorphic on Y,
as was shown by M. Gorelik and V. Kac [GK].

In 1984, V. G. Kac and D. Peterson [KP] has published a long monumental article on
the modular transformations, in particular, the Jacobi transformation, of the characters of
simple integrable highest weight modules over affine Lie algebras. In particular, as an appli-
cation of their results, they presented a list of the Jacobian of the fundamental characters

for affine Lie algebras except for type F4(1), Eél), EéQ), ES) and Eél), and stated that the ring

Th+ of W-invariant theta functions is a polynomial ring over Oy generated by fundamental
characters {xa, }o<i<;- Unfortunately, their proofs have never been published (cf. Ref. [35]
in [KP]). In 2006, J. Bernstein and O. Schwarzman in [BS1] and [BS2] presented a detailed
version of their announcement [BS|, where their final result is a weak form of what V. Kac
and D. Peterson has announced. Moreover, J. Bernstein and O. Schwarzman excluded two

cases: type Dl(l) and Ag).

In this article, we determine the Jacobian of the fundamental characters for the affine Lie
algebra g of type Ag). In particular, we show that the explicit form of Jacobian in Table

J of [KP] for type Ag) is valid. As a corollary, it follows that the fundamental characters
{xa, }o<i<i of g are algebraically independent.

This article is organised as follows. As the practical computation requires many detailed
information, Section 1 is devoted to providing root datum, detailed description on the non-
degenerate symmetric invariant bilinear form restricted on a Cartan subalgebra b and its
induced bilinear form on the dual h*, and the structure of the affine Weyl group of type Ag) .
In Section 2, we recall the theta functions associated to the Heisenberg subgroup of the affine
Weyl group of type AS) and the modular transformation of the normalized characters of irre-
ducible integrable highest weight g-modules. In Section 3, After some technical preliminary
computations, we study the modular transformations of the Jacobian of the fundamental
characters. Finally in Section 4, we determine the Jacobian of the fundamental characters

of type Ag).

This text contains many well-known facts about the characters of integrable highest weight
modules over affine Lie algebras for the sake of leader’s convenience.

Acknowledgment. At an early stage of this project, K. I. was partially supported by
the program FY2018 JSPS Invitation. He is also partially supported by the French ANR
(ANR project ANR-15-CE40-0012). Y .S. is partially supported by JSPS KAKENHI Grant
Number 16K05055.
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1. PRELIMINARIES

In this section, we recall the definition of the affine Lie algebra of type AS) and its basic

properties. Everything given in this section is completely known, see e.g., [Kac] and/or [MP].
Nevertheless, in order to fix our convention clearly and to avoid unnecessary confusion, we
collect several explicit data that would be useful for further computations.

1.1. Basic data. Here, we fix the enumeration of the vertices in the Dynkin diagram of
type Ag) as follows (cf. [Kac]):

Qp o a2 a1 8%
Ag) (1>2) O<=— 00— —0O0——0<==0
Qo aq
AP O<=0

In particular, this implies that the corresponding generalized Cartan matrix A = (a; j)o<i j<i
is given by

-1 2 -1 :
0 —1 2
A=
2 -1 0
-1 2 =2
0 0 -1 2

for [ > 2, and

2 —4
=40
for [ = 1. A realization of the generalized Cartan matrix A is a triple (b, II,1I") such that

(i) b is an [ + 2-dimensional C-vector space,
(i) IV = {hi}o<i< is a linearly independent subset of b,
(iii) IT = {ei}o<i<i is a linearly independent subset of h* := Homc(h, C), and
(iv) (hr,aj) = a;j for any 0 < 4,7 <.
Here, (-,-) : h x h* — C is the canonical pairing.
The labels ag,ai,---,a and co-labels ay,af, -+ ,a’ are by definition, relatively prime
positive integers satisfying

ag 0
aq 0
(ag,af, - ,a/)A=(0,0,---,0), Al 1 =1.
a; 0
Explicitly, they are given by the following table:
e [0l =111
a; |22 2 |1

al |12/ 2 |2
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As a corollary, the Coxeter number A and the dual Coxeter number h" are shown to be

l l
h::Zai:2l+1, hvzzzay:2l+1.
=0

1=0

Let us introduce some special elements ¢ of b, and § of h* by
1 !
c:i= Za;/hi =ho+2(hy+---+h) €D, 0= Zaiai =2+ -+ 1) + .
i=0 =0

By definition, we have
(c,qs) =0, (hi,8) =0,

for any 0 < i < (. Now, define d € h and Ag € h* the elements characterized by

(d, ;) = 0,0, (hiy Ao) = i 0, (d,No) = 0.
It can be checked that

(e, N\o) = af =1, (d,0) = ap = 2.
For later purpose, we recall the definition of i-th fundamental weight A; € h*, the element

of b* satisfying

(hiy \j) = 0, (0<i, 5 <), (d, \;) = 0.
Clearly, one has

(e, \;) = a;.

1.2. Bilinear forms on § and h*. Here, we recall the bilinear form / on h* and [* on b
that are called normalized invariant forms by V. Kac [Kac| in an explicit manner.

On b:
[*<hl, hj) = aj(a;-/)*laiyj (O S Z,j S l),

F(hi,d) =0  (0<i<]l),
I*(ho,d) = ag =2,  I*(d,d) =

In particular, we have

On h*:

We also have
I(Ag,0) = 1.
The above bilinear forms are introduced in such a way that the linear map v : (b, I*) —
(h*, I) defined by

alv(ay) = a;, v(c) =6, v(d) = agho = 2A¢

K3 3

becomes an isometry.
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1.3. Affine Lie algebra of type Ag). Let g = g(A) be the Kac-Moody Lie algebra at-
tached with the generalized Cartan matrix A which is introduced Subsection 1.1. Since A is
symmetrizable, it is defined to be the Lie algebra over the complex number field C generated
by e;, fi (0 <1i <) and bh, with the following defining relations:

(i) [es, fj] = 0ijhi  for 0 <14, <1,
(i) [h, W] =0 for h,h € b,
(iii) [h,e;] = (h,a)e;, [h, fi] = —(h,a;)f; for hebhand 0 <i<lI,

(iv) (ade;) i (e;) =0, (ad f;)~ it (f;) =0 for 0 <i##j<I.

The Lie algebra g is called the affine Lie algebra of type AS). The vector space b is
regarded as a commutative subalgebra of g, which is called the Cartan subalgebra of g.

It is well-known that g admits the root space decomposition:

g=he (@ga),

a€A

where g, = {X € g|[h,X] = (h,a)X for every h € b} is the root space associated to
a€ b and A= {a € h*\ {0} | go # {0}} is the set of all roots. An element o € A is called
a real root if I(a, ) > 0, and the set of all real roots is denoted by A™. Set A™ := A\ Are.
An element o € A" is called an imaginary root. The explicit forms of real and imaginary
roots will be given in the next subsection.

For v € A", define a reflection r, € GL(H*) by

ro(A) = A — <®I/l(a), )\> o

for A € h*. Let W be the Weyl group of g. That is, W is a subgroup of GL(h*) generated
by 7o (v € AT). It is known that the action of W on h* preserves the set of roots A. The
detailed structure of the Weyl group W will be given in the next subsection also.

1.4. Affine Weyl group. Here, we describe the structure of the Weyl group of type Ag),
paying attention to the fact that the lattice of the translation part is not an even lattice.

To describe its structure, we regard the O-th node as the special vertex, namely, the
complementary subdiagrams

(651 6%)] a2 a1 67/

G (122) O—O— == O O+=0
a1
Ay O

will be called the finite part of the Dynkin diagram of type Ag).

Let b be the subspace of b defined by

l
[)f = @ Chl
1=1
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This can be viewed as the Cartan subalgebra of the finite part. In particular, we fix the
splitting of b as follows:
(1) h=h;®(Cda Ce).

This is an orthogonal decomposition with respect to the normalized invariant form introduced
in the previous subsection. We denote the canonical projection to the first component by
“:h — by. Similarly, we set

!
b = P Ca
=1
and the canonical projection to the first component of the decomposition
(2) b* = b} & (C§ & CA)

will be denoted by the same symbol = : h* — b}. It should be noticed that the image of the
restriction of v : h — b” to by is b.

Now, we recall the root system of the finite part. Although most of the informations can
be found in [Bour| for example, we describe this to fix the convention.

We identify by and b} via the isometry v. An orthonormal basis {ei}1<i<i of b} with
respect to I should be so chosen that the root system Ay of the finite part and the set of
simple roots II; = {a;}1<i<; has the next description:

€i — €it1 i <,

Ap={tei e haaU{2ehac, o= {28 i

B. Forl=1, A= {£2e}. O

In particular, the sets A;{, A;l and A;s
roots, respectively are given by

A ={ateihcigaU{2ehaa, AL ={26h<a, A, ={aF g

We remark that w; := A; = Z;’:l gj for 1 <14 <[ is the i-th fundamental weight of h;. The
highest root 6 € b7} can be written as

of positive roots, positive long roots and short

9:5—&00z0:5—20é0:2€1,

and its coroot 0¥ € by as
!

2 1
Y — -1 — . v = — =
0" = I(@,@)V (0) = g hi, v(6Y) 28 £1.

=1

Let W} be a subgroup generated by r,, for o; € II;. This group is isomorphic to the Weyl
group of type Ci-type. That is, W; & &; x (Z/27)'".

The set of real roots A" of g is described as follows: for [ > 2,
A" =ATCUATE U A

Are _ {%a+ Qr—l )‘aGAf,l77“€Z}>
Whel"e ATC :{ +T6|a€Af,S7 TEZ}y
A ={a+2ré|lae Ay, rel},
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and for [ =1,
AT =AU A,
where {Age = {%(a +(2r —1)9) ‘ a€Ayrel } ;
A ={a+2rd|lac Ay, reZ}.
The set of imaginary roots can be described as
=70\ {0}.

For detail, see [Kac].

Now, we can describe the Weyl group W. As ¢ = hg + 260", one has
TaoT0(N) =Tag (X — (07, 0)0) = X — X(0Y)0 — (ho, X — (07, \)) g

At e N6 - (wV, N +5le /\>) 5

=X+ {c, \)v(0") — ([()\, v(0Y)) + %(c, MI(v(6Y), 1/(9\/))> J,

for A € h*. Set
M = Zv(Wy-0Y) = @Ze,,

and, for a € b == M ®z R, we define ¢, € Endc(h* ) by

ta(A) = A+ (¢, \)a — (I()\, a) + %(c, M, a)) J.

It is known that the assignment the lattice M to Endc(h*) defined by « to ¢, gives an
injective group homomorphism M — W. Furthermore, one has
W=W;x M= (6 x(Z/2/Z)") x M.

We note that the lattice M is an odd lattice. This fact is essential in the following discussion.

2. MAIN THEOREM
Let g be the affine Lie algebra of type Ag) recalled in the previous section.

2.1. Formal characters. Let ny be the subalgebra of g generated by {e;}o<i<; (resp.
{fito<i<i). We have the so-called triangular decomposition: g =n; & hdn_.

Let V' be a bh-diagonalizable module, i.e., V' = ,,. Vi where V) = {v € V |hv =
(hy\) v h € b}. Set P(V) := {\ € h*|V\, # {0}}. Let O be the BGG category of
g-modules, that is, it is the subcategory of g-modules whose objects are h-diagonalizable
g-modules V = P, . Vi satisfying

(i) dim V) < oo for any A € P(V),

(ii) there exists A1, Ag, -+, A, € h* such that P(V) C |J;_, (A — ZxolI).
A typical object of this category if a so-called highest weight module defined as follows. We
call the V is a highest weight module with highest weight A € h* if

(i) dimVy =1

(ii) 11+.VA = {0} and V = U(g)VA



8 KENJI IOHARA AND YOSIHISA SAITO

In particular, the last condition implies that V = U(n_).V, as a vector space and
PV) :={re b VA #{0}} CA—Z>ll

A typical example is given as follows. For A € h* let C, = Cv, be the one dimensional
module over by := b @ n, defined by

howy = (h,A)vy (h €b), np.vp =0.

The induced g-module M(A) := Indg+ C, is called the Verma module with highest weight A.
It can be shown that for any highest weight g-module V' with highest weight A € h*, there
exists a surjective g-module map M(A) — V. The smallest among such V' can be obtained
by taking the quotient of M (A) by its maximal proper submodule and the resulting g-module
is the irreducible highest g-module with highest weight A, denoted by L(A).

Let € be the formal linear combination of e* (A € h*) with the next condition: >, cye* € €
= JA, Ao, -+ 5 A € b* such that

{Mex # 0} C U(/\z‘ — Zoll).

=1

We introduce the ring structure on & by e* - e# := e 4.

The formal character of V' € O is, by definition, the element chV € £ defined by

chV = > (dimV})e*,
AeP(V)

ch(-) can be viewed as an additive function defined on O with values in £. For example, The
formal character of the Verma module M (A) is given by

chM(A) = et H (1 — e~ mult(e),
aEAL
where A, is the set of positive roots of g and mult(a) = dimg, is the multiplicity of
the root a. Set g(w) = (=1)"™) where I(w) is the length of an element w € W. For
A e P = {A € h*|(hi,A) € Z>,|0 < i < I}, the character of L(A) is known as Weyl-Kac
character formula and is given by

D wew E(w)e O

Ha€A+ (1 _ efa)mult(a) !

where p € h* is the so-called Weyl vector, i.e., it satisfies (h;, p) = 1 for any 0 < i <[ and
(d, p) = 0. In particular, for A = 0, as L(0) = C is the trivial representation, one obtains
the so-called denominator identity:

(3) Z 6(w)ew(p) = e H (1-— e_a)m‘ﬂt(a).

weW aEAL

chL(A) =

This implies that the Weyl-Kac character formula can be rephrased as follows:

ZwEW g(w)QW(Aer)
D wew E(w)e )

(4) chL(A) =



INVARIANTS OF THE WEYL GROUP OF TYPE A% 9

2.2. Normalized characters of affine Lie algebra of type Ag). For A € P, with
(¢, A) = k € Z>p, the normalized character y, of the irreducible highest weight g- module
L(A) with highest weight A is defined by

Xa = e ™°chL(A),
where the number m,, called the conformal anomaly, is defined by

oo AT Atrp) L(pp)
ATk + Y 2RV

where hY = 2] + 1 is the dual Coxeter number of A(;). Here, the bilinear form is normalized
as in §1.2 (cf. Chapter 6 of [Kac]). For A € P, with (¢, A) = k, set

A4p)— I(A+p,A+p) 5
Apyp = E e(w)ew( P)= 50y O,
weW

This is a W-skew invariant. By (4), one has

Ay
5 = ——£
(5) X =
We regard this normalized character x, as a function defined on a certain subset of b
as follows. For A € bh*, e can be viewed as a function defined on h: e*(h) := e®V. Tt is

shown in [GK] that the normalized character y, for A € P, can be viewed as a holomorphic
function on a complex domain

Y = {h € hRe (h,8) > 0}.

We introduce a coordinate system on fh as follows. Set ¢; := y_l(gi) for 1 < i <[, where
v : b — b*is the isometry defined in §1.2. Then, {¢;}1<i<; is an orthonormal basis of b} with
respect to I* b% b’ - For h € Y, define z € by, 7,t € C as in [Kac]:

(6) h=2mvV—1(z— v (Ag) + tr™(8)) = 2mv/—1 (z — %Td + tc) )

and write z = 22:1 z;€;. With this coordinate system, we see that

(7) Y S5 Hxbhyx CEXHXxC xC; h — (1,2,t) = (7,(21,20,- -+, 21), 1),

where H is the upper half plane {7 € C|Im(7) > 0}. We write xa(7, 2,t) := xa(h).
For k € Z, set

PF={\eb*|{c,\) =k, A& M},
and for A € P*, set

I\
@)\ = 6_ 2k >6 E eta(k)'

aeM
This is the classical theta function of degree k. Its value on h € b is given by
(8) ON(T, 2, 1) = 2™Vt Z o™V TRTI (v )2/ TRI (y,(2))
yEMA+k—1X

Now, we recall the modular transformations of the classical theta functions. Recall that
SL(2,7Z) is the group generated by

s=(19) 7=(01)
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As SL(2,7Z) acts on the complex domain Y by
a b ar+b  z cl*(z,2)
. t) = t—
(C d) (7.2,%) (CT—i-d’CT—i-d’ 2(CT+d)>’
This action induces a right action of SL(2,Z) on Oy as follows: for ¢ € SL(2,7Z) and
F e Oy,

Fly(r,2,t) == F(g.(T, 2,1)).

The next formula is a simple application of the Poisson resummation formmula:
Proposition 2.1 (cf. Theorem 13.5 in [Kac]). Let A € P*. One has
1
1 z I*(z, 2)  \? 2ny=TI(NE)
O, 2+ 27 ) [ —— ) k3! &0 t
)‘( 7’7’ 2T ) (\/_1) ’ Z € u(T,2,1),

u€Pk  mod Cé+kM
\/7

IA)\@,\(T z t)

In particular, when k is even, one also has

ONT+2,2,t) =e

OrT+1,2,t)=e B ANO,\(T, 2, 1).
In fact, the lattice M is not an even lattice.
For k € Zsg, let Pf := P; N P* be the set of dominant integral weights of level k. As an

application of the above proposition, V. Kac and D. Peterson [KP] proved that the C-span
of {AA+/,}A6P£ mod cs admits an action of a certain subgroup of SL(2,7Z), so does the C-span

of the normalized characters {x\(, z, t)}/\eP,j mod C5-

Theorem 2.1 ([KP]). Let g be the affine Lie algebra of type Aé}). For \ € PF (k € Z~o),

one has (2, 2)
1 z I"(z, 2
w(-23-52) = X e

pePF  mod Cé

where the matriz (a(\, ,u)))\’uepf mod Cs 1S given by

a(\ p) = (V=1 (k+ 20+ 1) 2

2my/—1I(A + p, w(p + p))
<D €<w)eXp(_ k+20+1 >

WES X (Z,/27)!

One also has
AT +2,2,t) = e4”rm*x,\(7',z,t).

Remark 2.1. For later purpose, we recall the modular transformations of the denominator:

(L na Py () e

T T 27 V-1
AT +2,2,t) =exp (l(l ;_ 1)7T\/—1> AT, 2,1).

Remark 2.2. [t can be checked that, for w =on € W; (o0 € &,n= (m,---,m) € {£1}}),
one has det y: (w) = sgn(o) Hézl ;.-
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Notice that, for each k € Zs, the C-span of the normalized characters y, (A € Pf
mod C9) is [p-stable, where 'y is the subgroup of SL(2,Z) generated by S and T2

In the following, we recall an expansion of x, in terms of the classical theta functions. An
element A € P(L(A)) is called maximal if A +9 ¢ P(L(A)), and let max(A) be the set of all
maximal elements of P(L(A)). Hence, we have a decomposition of P(L(A)):

PLA) = || {A—nd|neZs}.
Aemax(A)
For A € max(A), set

I(\N)
%

oN— e (A9 Z(dimc L(A),\_mg)e_"‘s, where mp(\) :=my —
n=0

Furthermore, we extend the definition of ¢} to an arbitrary A € h* as follows. If (X +

Cé) Nmax(A) = 0, we set ¢} := 0. Otherwise, there exists a unique p € max(A) such that

A — p € C§. Hence, we set ¢y = cﬁ.
A

Similar to the case of classical theta functions, we regard the series ¢y as a (formal)
function on Y. By the definition, this function depends only on the variable 7 € H. The
following proposition is well-known in the representation theory of affine Lie algebras. For
example, see [Kac|, in detail.

Proposition 2.2 ([Kac]). Let k > 0 be a positive integer and A € PF.

(i) The series ¢y = cx(7) converges absolutely on the upper half plane H to a holomorphic

function.
(ii) The normalized character xa has the following expansion in terms of the classical
theta functions:

XA = Z Cf\\@)\.

AePk mod (kM+C9)

The holomorphic function ¢{(7) is called the string function of A € h*.
2.3. Ring of Theta functions. For a € b}, we define p, € Endc(h*) by

pa(h) = h+ 21V =107 ().
Set
N =bjp x hjp x V-IR
and define a group structure on N by
(@, B,u) - (o, B, ) = (a + o', B+ B u+u' + oV =1{I(a, §') = I(e, B)}).
The group N is called Heisenberg group. This group acts on h by
(v, Byu).h = tg(h) + 2mvV/ =1~ a) + {u — /=11 (a, B)}ec.

This N action preserves the complex domain Y. We note that («,0,0).h = p,(h) and
(0,3,0).h = tg(h). We consider the subgroup Nz of N generated by («,0,0), (0, 3,0) with
a,B € M and (0,0,u) with v € 2n/—1Z, i.e.,

Nz ={(o,B,u) € N|a,B € M, u+nvV—1I(a, B) € 21/ —1Z}.
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Let Oy be the ring of holomorphic functions on Y. We define the right N-action on Oy
by
Fl s (h) = F((a, B,u).h) F € Oy.

Definition 2.1. For k € Z>, define

Thy — (1> F|(a,ﬁ,u) = I V(a,ﬁ,u) € NZu
Thk = {FEOY (2> F(h+ac):ek“F(h) VhEYCLndCLEC. )
and set N
k=0

An element F of ﬁk is called a theta function of degree k.

Remark 2.3. The ring Th is a Z-graded algebra over the ring ﬁzo = Oy, the ring of
holomorphic functions on the upper half plane H.

A typical example of an element of ﬁlk for k € Z+ is the classical theta function ©, of
degree k, i.e., A € P*.

Remark 2.4. It follows from (8) that
Oxrikatas = Ox  for every a € M and a € C.
Thus, a classical theta function of degree k depends only on the finite set P* mod (kM + C6).

Let D be the Laplacian on Y:
1 (.00 KO
D=—|2——— — |.
472 ( ot ot — 823)

e ::{{FeThHD(F):O} k>0,

For k € Zzo, set

C k=0.
V. Kac and D. Peterson showed the following proposition.

Proposition 2.3 ([KP]). Let k be a positive integer.
(i) The set {©x|\ € P* mod kM + C6 } is a C-basis of Thy,.
(ii) The map: Oy ¢ Thy —>Ehk defined by f @ F +— fF is an isomorphism of Oy-
modules. In other words, Thy, is a free Og-module with basis {Oy | A € P* mod (kM +
Co) }.
As the finite Weyl group Wy acts on Y, it induces the right action of Wy on Oy
Fly(h) == F(w-h) for F € Oy and w € Wy.

For any k € Zx¢, this right W-action on Oy restricts to a right W-action on ﬁzk Thus,
we set

Thy ={F € Thy| Flo = F Vwe W},

Thy, :={F € Thy| F|y, = dety-(w)F Yw € Wy},
—~ 4+

Thif :=Th;, 0 Thy.
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~— ~+
An element of Th = @, Thy is called a W-invariant (resp. Wj-anti-invariant). For
k € Zy, set B
P ={A € P"|(h;,\) € Zo}.

Let A € P*. Obviously, the element Ay, introduced in §2.2 is a W-anti-invariant. On

the other hand, set

weWw wreWy

Then, it is an element of Th; .
Another important example of Wy-invariants is the normalized character ya. Indeed,

Proposition 2.2 (ii) tells us that y, is an element of TNhk In addition, thanks to the descrip-
~+
tion (5) of xa, it is invariant under the action of W;. Therefore, one has x5 € Th, .

Proposition 2.4 ([KP]). Let k be a non-negative integer.
(i) The set {Sa| A € PfmodCd} is a C-basis of Thy.
(ii) For k> 21+ 1, the set {A\| X € P¥, modCd } is a C-basis of Thy, .
—~
(i) The map Py in Proposition 2.3 is Wy-equivariant. Therefore, the Oy-modules Th,,
are free over {xa| A € P¥ modCs} (resp. {Ax| X € P¥, modCd}).

As the map P} — Pk“lJrl A — A+ p is bijective, (5) and the above proposition implies

Corollary 2.1. The space of Wy-anti-invariants Th isa free ﬁJr—module over A,.
As P, mod C¢ is the monoid generated by {A;}o<i<; and (c A;) = a}, it can be shown

l )

that the Poincaré series P+ (T') of the graded Oy-algebra Th is given by

l
/-\_/J'_ Vi
Po+(T):= Y ranke,(Th)T" =[x —1%)""

kJEZZO =0

By the same computation, this implies

l

> dime(Th)TF = [J(1 - 1)

kEZZO =0

For each 7 € H, let Y; be the subset of Y that corresponds to {7} x h; x C via the
isomorphism Y = H x h; x C discussed in (7) , ¢y, : Y; < Y the corresponding embedding.
The above computation leads to the next conjecture:

Conjecture 2.1 (cf. [KP]). Let g be the affine Lie algebra of type Ag).

(i) For each T € H, ﬁ+‘y_r is a polynomial ring generated by {¢3. (Xa,)}o<i<i over C.
(ii) The graded ring Th' isa polynomial algebra over Oy generated by {xa, }o<i<i-

2.4. Jacobian of fundamental characters. Let A € P, be a dominant integral weight.
For an integer 0 < i < [, we define the directional derivative 0;x by

(Oixa)(T, 2, t) := lim xah +2my/~Tsh;) XA(h).

s—0 S
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Asc=hg+2 22:1 h;, it follows that
!

(Doxa) (7, 2,t) = 2mv/=1{c, A)xa (7, 2,t) = 2 Oixa(T, 2, ).

i=1
Hence, the Jacobian of the fundamental characters is, by definition,
Xo Oixo + Oixo
T 21) = deb(Orn et = o/ T 2>:<1 81:X1 e &:Xl .
2$(l al.Xl T 81.Xl

It can be easily seen that this determinant is an element of th;z 41, 1.e., there exists a
holomorphic function F' € Oy such that J(7,2,t) = F(1)A,(T, 2,1).
In the rest of this article, we will determine this function F' and prove Conjecture 2.1.

Remark 2.5. A weaker statement is proved by I. Bernstein and O. Schwarzmann [BS1] and
[BS2] for any affine root systems except for Dl(l) and Ag).
3. PRELIMINARY COMPUTATIONS

In this section, we study the modular transformations and leading terms of the Jacobian
of certains characters.

3.1. Explicit formulas on a(\, ). As ay =1 and a) = 2 for 0 < i <, one sees that
(i) P{ mod Cé = {Ag} and

First, we compute a(Ag, Ag). By Theorem 2.1 and the denominator identity, we have

a(fo, Ao) =(vV=D) 201+ 1)) 72 3" e(w) exp (_W—_H (w(ﬁ)ﬁ))

e [+1

=(V=DR M+ 1) T (e = et ( W—_lp)

weA [+1
2_1 1 . (1(p,a)
_9l l l )
=2""2'(I+1)2 H sin <2(l+1>7r> :
aEA}'
Hence, by §1.4 and the well-known formula
- k
(9) Hsin <H7T> = 2:_1,
k=1
it follows that

Lo (4057) - 1L () s o ()

+
aEAf

=2 Pl (14 1)2,
thus we obtain

(10) a(Aog, Ag) = 1.
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Next, for level 2 case, we set

N\ — 2A0 Z:O,
N 0<i<l.

By Remark 2.2, for A+ p = Y\ mye; and i+ p = S.._, mie;, we have

21/ — 1IN + p,w(n + p
Y c(w)esp (_ (2l++p3 (0 + p)))

WwES X (Z/22)!

= a(a)ﬁ exp —Mmm “1(py | —exp 2n _1mrn “1()
2043 77 2l +3 7

ceS; r=1
l
2m, n -1
:_2/—_1lj: 92 rlbo=1(r)
( ) UEGLE(U)H ( o ( 20+3 7T>)

2m,n
= (—2v/—1)"det { si T2 .
( ) ‘ <Sln <2l +3 ﬂ-) ) 1<r,s<1
AsNi+p=2 (I +2—Fk)ep + 34, (I+1—k)ey, and

2 2 _ _
det ( sin [ 22 1 — det [ sin | Ztiorielos ,
20+ 3 1<rs<l 20+ 3 1<rs<l

to compute a();, \;), it suffices to compute the (—1)"*7 times (I + 1 — 1,0 + 1 — j)-entry of
the cofactor matrix of the matrix

2
My = (sin( s W)) .
20+3 1<r,s<l41

With the aid of Cj-type denominator identity (cf. [Kr]), i.e., the identity
I !

det(X! = X haga = ([[ X070 TI (0= XXX = X)) [ (X7 - D).

i=1 1<i<j<l i1
in C[Xfﬂ, T ,Xlil], one can show that
det My = (—1)z/FD2-(H0 (97 4 3)3(+D)

Moreover, it can be shown that

1
M2 = 1(21 +3) 141

Combining these facts, we obtain

(11) a(Xi, \j) = \/QZQ?COS ((2Z ;_(;l)fjg;_ 1)7r> (0<i,7<1).
3.2. Modular transformation of Jacobians. For 0 < i </, set
Xao  OiXae 0 9ixag
J(1, 2,t) == 2w/ —1 QXZ/\” av:o\il al)f)\il (1,2,t) e Hx by x C,
QXIAZ-Z 81)'(Ail R al)éAil
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where iy, 9, - - - 4; are integers such that i; < iy < --- <y and {i1,49,--- ,4;} ={0,1,--- I} \
{i}. Note that
JO(t, 2, t) = J(1, 2, 1).

Since these determinants are W-anti invariant and their degrees are Zi:o a! =21+ 1,1t
follows that J'(1,z,t) € ﬁzz_l 11 = OuA,, ie., there exist holomorphic functions F* € Oy
such that
(12) Ti(r,2,8) = F() A, (7, 2,0)

Below, we determine these holomorphic functions {F*(7)}o<i<; explicitly. For this purpose,
we compute the modular transformations of J*(7, z, ).

Let A € P;. Recall that, by Theorem 2.1, there exists a unitary matrix (a(\, u))
such that

ApuePN mod €5

o <_l,f,t_l*(z’z)): 3 alh m)xu(m 2. t).

T T 2T N
/LEPiC’ J

Differentiating both sides of this formula, we obtain

@00 (1.5 0- T2 =0 w0

(e,A)
MEP7L

F2rV/IT (=) (N Y a2, 0)

Mepic,/\)
for any 0 <7 <.

Set MS = (&()\i, )\j))(]gi,jgl' Let MS = ((Ms)i’j)ogi,jgl
0<i<llet 0 <iy <iy <--+ < i be non-negative integers such that {iy,is, -+ ,4;} =
{0,1,---,1} \ {i}. By direct calculation, one obtains

Jz‘ (_l, i,t _ I*(sz))
T T 2T

be the cofactor matrix of Mg. For

XAo XA, s DX Ao
i1y ; )\“,)\ dixy, ca( iy, Aj)Oix,
_ oy Ta(Ag, Ag)r! 2 ( Aixa, 22 a( )O1Xx > a( ‘g)lA
2 a()‘iz’ X, 2 a(/\iza A0, e 2oy alAis Aj)dix,

l

=71 (1) (M) (7, 2, 1).

J=0

On the other hand, it can be checked that M3 & = I1+1. Moreover, with the aide of super
denominator identity of type B(0,1), i.e., the next identity in C[X 2 e X li 2]

l l
det(X7 7% 4 X7 )1§i,j§,:(HXi)—l+% [T -xx)06-x) ][0+ X)),

i=1 1<i<j<l i=1
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one can show that det Mg = 1)(l+1) Hence, we obtain

<_
(Ms)iy = (=13 (M),
= (=1)Fa(x, Ay)
)2 (D)
= (-1 )fzz+3 ( 2(21 + 3) )

Thus, we obtain the next formula:

(=1)"T"|s(7, 2, 1)

w )
2

( (2i+1)(25+1)
2(21 + 3)

l+1

MN

w) (1Y Ji(r, 2, t).

_ l_
-l V2l +3

By definition, the conformal anomaly of the weights Ag, A\;(0 < i <) are given by

(2(1 +1)i —4%) — W+1)

= ——l - 7
mag, mx 6(2[4—3)7

24" “T 2020+ 3)

which implies
mAO—i—Zm,\ —l (20 +1).

Thus, we obtain the next formula:

(=1 T (7, 2,t) = (1) T (T + 2, 2,1)

(14) — exp (4N—_1 (il(% +1)— m)\i)) (=1) T (T, 2, 1).

3.3. Leading terms of Jacobians. In this subsection, we compute the leading degree of
cach Jacobian Ji(7,z,t) (0 <i <) as a g-series, where ¢ := ¢™/ 17,
Let

Pf—{Aebf|< NezZ 1<Vi<l}
{/\Gf)f|< >EZ>0 1§\V/Z§l}

be the set of integral (resp. dominant integral) weights of h;. The Weyl group acts on P/,
hence on its group algebra

C[P!] = { Z cxe?

AEPf

1) cy € C, }
i) #{\|ex # 0} < 0.

For \ € P’ set ay = Zwewf e(w)e” ™. The set {arip},ops spans the set of set of Wy-anti
+

_ Op

invariants C[P/]~"s and it satisfies awny = e(w)ay. For X € P’ set X{ . It follows

12
that X{ € C[P/]"s is the Weyl character formula for the finite root system A; when A € Pf:.
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Now, regard e* (A € P7) as functions on b; defined by h +— e™». We rewrite the
anti-invariant Axy, (A € P;7) of the affine Weyl group W:

AA-l—P(T»Z?t)
62(k+2z+1)7r\/?1t Z e(w) Z qm|(k+25+1)a+w(K+p)|2egm/?l(z,(k+2z+1)a+w(ﬁ+p)>
weWy aeM
_ Q2024 )ry/ T Z thkﬂlﬂ)ﬂxﬁf Z 5(w)€2nﬁ<z,w((k+2l+1)a+X+ﬁ)>
aceM weWy
— 2(k+2l+1)my/ =Tt Z q%(k+2l+1)l('y,'y) Z g(w)e2w\/j1<z,w((k+21+1)'y)>
’yEM-i-% weWy
2k )my =Tt Z gkrai+1),(2TV—12)g 2 (kF2HDI0)
'yGM—i—%

where |3]* := I(B3,5) for 8 € b%. In particular, for A = 0,Ag, A; (0 < <), the first few
terms of this formula are given as follows.
DT I A (1 )

(A=0): = ay(2mV/—12) — axl+ﬁ(27r\/—_12)q% + axﬁxﬁﬁ(%r\/—_lz)
— 52V =12)g + O(%),

3

l\')

(l+1)7r\/7tq 241(2l+1)AA0 p(T P t)

(A= Ap)
= a;(2nV—1z) — aﬂﬁﬁ(?W\/ —1z)g+ GQE+E+5(2W\/—1Z)q2 +O(¢*),
—2(20+3)mv/=Tt G5 4 oot
(A _ 2A0) : q 2A0+P( ) .
= ap(2mvV—12) — a3g, +p(27TV Z)qz + a3A1+A2+p(27TV Z)q2 +O(q2),
e it ey A, PRCER)
(A=Xi,i#0): = s (2mV=12) - a5, 43,20V < T2)g

5 :
N Ay (i 1 i) p( 2TV —12) g2 ;l—O(q?’) i=1
a2/T1+/T2+/TZ_+ﬁ(27TV—1Z>q§ —|—O(q2) 1> 1.
Thus, the normalized characters have the next expansions:
1(141)
6_47r\/7tq6(2l+3) XQA (7‘ z t)

= 1+ x-2rv=12)g> + (})?(2nv/=12)g
+ ((XH) — Xix — XA—M—Q) (27rV=12)g> + O(¢?)
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and, for 0 < <1,

3i(i—2(1+1))+L(1+1)
—Any/ -1t ———emis
e q 6(21+3) X>\z (7-7 27 t)
1

= X%(QW\/__lz) + (X/%Xf\j /TJF/T)(ZW\/_Z) 2
+ (XE(XEXA X )) (2mv/~12)q + O(q

3
2

).

Notice that X%x% — Xyex = Xpo T XAi where we set Xi =0.

Now, we analyze the first few terms of x,,. Recall that the character of the fundamental
representation L(Ag) has the special expression (cf. [KP]):

ZaEM eta(AO)
[[Z,(1—em)t

Hence, it follows from the Jacobi triple product identity that

l
XAo(Ta Z,t) _ 627T\/—71tq—il H <H 1 + qr—§e27r\/7<z 51))<1 + qr_26_27r\/jl<z’€i>>> )

i=1 \r>0

chL(Ag) =

With this expression, one can derive the leading terms of the normalized character xa, (7, 2, t)
as follows. For r € Z¢, thanks to the Wy-invariance, it can be shown that

!
H(l +4q 2e2mV=1(z 61>)(1 + qr_ie_%ﬁ<z’€i>)

i=1
Y \/ — z(r )
ZOXA“”(% 1Z)+2( U Zx e (2rV/-12)
j= —
21 [W]
- ! — i(r—1)
_; Z; S v CUAGREEN I
i= j=

where we set xz-_; and [z] for x € R signifies the maximal integer < 2. Thus, the leading
terms of
22T (Mg ") T (7, 2, 1)

is given by the leading terms of

1+ 0(qg}) Ol (2my/=12)g + O(¢F) - Axd(2mV/=12)g2 + O(¢'F)
1 3 3
2+ 0(q?) (91><A (2mv—=12)g+ O(qz) -~ 8zxA (2mv/=12)q + O(q?)
QXI{—l(ZTF —12) + O(q?) 81XA (2my/— z) +0(q2) - alXA (21 _z) +O(q?)
2X/f\T<27T —1z)+ O(q%) 31)(%(27? —1z)+ O(q%) . alXj;j(%T /—_12) 4 O(q%)
2X£T(27T —12) + O(q?) 31X£T(27T —12) +O(q2) --- 5lxij(27r\/—1z) + O(q2)

2XL(2W\/—_iZ) + O(q%) 51Xf\l(27r\/—;12) + O(q%) . 81Xf\l(2ﬂ\/—_i2) " O(q%)
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In particular, the leading degree with respect to q of this determinant is %z Therefore, since

(20 4+ 1)? 1 1.
= S R N § R 1) U N
mA+ZmA 8(20 + 3) 24< R T T
we have
Ti(r,2,) o e 2(20+1)my/—Tt g;ﬁ’gﬁm(l D)+ 1(1+1)
(15) o

X det(aiXA—j(27T\/__12))1§i,j§l(1 + O(q%))

3.4. Functional equations on {F"(7)}o<i<;- By (12) and Remark 2.1, the equations (13),
(14) and (15) imply the next equations:

(-

l

NI

(2i +1)(2j + 1)

\/WZ ( 2(20 + 3) W)(_l)ij<T>’

(16)

(1) F (7 +2,2,1) :exp( tr/ T <mA +g1)>( .
and
(17) (—1)'Fi(1) o q%ﬁéw%( (1 1 0(g}).

4. DETERMINATION OF JAOCBIANS
4.1. Some modular forms. For m € Z-y and n € Z/2mZ, let
=3 gl
keZ

be the classical theta functions. Their modular transformations are given by

TL2
Opm(T+1) = e%”ﬁen’m(r),

I e

n'€Z/2m7Z

Here, we recall the Jacobi triple product identity:

oo

(19) [T 250 - g )1 - pru) =Y (-1,

k=1 leZ

The Dedekind eta-function is defined as follows:

[e o]

n(r) = g [[(0 - ") = 3 (-1mgdtmi)

n=1 MEZ

It is a weight % modular form:

o+ = (1) = ( j__l)énm.
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Following [KP], for M € Z-y and 0 < r < M, set

FM(r) = g2 JT a-¢9 [ a-¢) J] @-a¢v

n=0 mod M n=r mod M n=—r mod M
n>0 n>0 n>0

By definition, FO(M)(T) = n(M7)3, and for 0 < r < M, the Jacobi triple product identity
(19) gives
FfM) (1) = Onr—2r200(T) — Onryoran (7).

In particular, one has
(M —2r)2

FEM(741)=e ar V1RO (7).

Assume that M is odd (this is the only case we need). Then, its Jacobi transformation
T — —1 is given as follows: for 0 <r < M,

1
1 T 2 1 rr! 1
M) [ _Z) = _q\r-3(M+1) : Lt/ =T (M)
200 ( r) 2(M\/—_1> (=1 2 Sm(M“) e R,

T
2
0<r’'<M
=0 mod 2

Notice that, for 0 < r < M, one has

FyD (1) = EMD(r).

-r

4.2. Conclusion. It turns out that the functions {n(T)l_lFlfllti) (7) }o<i<i enjoys the same

properties as {(—1)"F*(7) }o<i<i, i-€., (16). Thus, we see that
T 20t) o (=1)'n(n) R (1) A7, 2, 8).

In particular, since nl_lFl(fllH) never vanishes on H, we see that, for any 7 € H, the

fundamental characters {xa,}o<i<; are algebraically independent. In particular, we have
proved the validity of the first part of the Conjecture 2.1:

Theorem 4.1. For any 7 € H, we have

Th'| =Clg (xa) (0<i <)),

T

where vy : Y, — Y s a natural embedding.

Remark 4.1. Let L(c, h) be the irreducible highest weight module over the Virasoro algebra
whose highest weight is (c,h). For each integer 0 < i <1, set

320+ 1)? (20 +1)% — (21 +1)?

h; ==
2043 ’ 8(21 + 3)

C2.2143 ‘=

We denote the normalized character trL(Cw%hi)(qLO_ic) by X1441-i(T). It turns out that

(¢f- [IK])

I+1—1

F2143) (7)
n(r)

X1,z+1f¢(7') =
In particular, this implies that

Ji(Ta Zy t) X (_1)i77(T)ZX1,l+1*i(T)AP<T> 2 t)'
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~+
As for the second part of the Conjecture 2.1, ws see that the Oy-algebra Th contains
the Og-algebra generated by {xa, }o<i<i, that is isomorphic to a polynomial algebra, as a

subalgebra. In addition, as a graded Oy-algebra, the Poincaré series of ﬁLJr and Og[xa, (0 <
i < 1)] coincide.
Let g be the quotient field of Og. One has

Ki ®o, Th = Kulxa, 0<i<D;  f®F s fF.

On the other hand, by Theorem 4.1, the above isomorphism restricts to

—
Our ®oy Th = Opr[xa, (0<i <1

Since (), g Om,r = O, this implies

TeH
Theorem 4.2. Th = Oulxa, (0 <13 <)
Hence the second part of the Conjecture 2.1 is also valid.
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