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Algebraic Nonlocal Transition Modeling of Laminar

Separation Bubbles using k-ω Turbulence Models

Luis Bernardos1, F. Richez2 and V. Gleize3

ONERA, Meudon, 92190, France

G.A. Gerolymos4

Sorbonne Université, 75005 Paris, France

Algebraic transitional extensions for the accurate computation of laminar separation

bubbles are developed for use with k-ω models. The transitional model, based on inte-

gral boundary-layer parameters and transition criteria, introduces streamwise-variable

weighting of the production terms in the k-ω equations and delay of the shear-stress-

limiter activation. Calibration to fit available DNS data yields satisfactory results for

a flat-plate reference case, both for skin-friction and velocity-profiles. It is shown that

the model can be adapted to different k-ω variants by appropriate calibration of coeffi-

cients. The model is then validated for 2 airfoil test-cases, both for very low and higher

Reynolds numbers, a NACA 0012 airfoil at chord-based Reynolds number Rec = 105

and angle-of-attack α = 10.55 deg and a S809 airfoil at Rec = 2 × 106 and α = 1 deg. For

both application cases comparison with available data is satisfactory.

Nomenclature

c = airfoil chord length (m)

Clim = shear-stress limiter delay function

Cp = pressure coefficient
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cf = skin-friction coefficient

F2 = Menter’s second blending function

f tr = Transition function

H = boundary-layer shape parameter (= δ∗/θ)

k = turbulence kinetic energy (m2 s−2)

kL = laminar kinetic energy (m2 s−2)

M = Mach number

N = total amplification factor

Ncr = critical total amplification factor

n = airfoil wall-normal coordinate (m)

Pk = production of turbulence kinetic energy (kg m−1 s−3)

p = static pressure (Pa)

Rec = chord-based Reynolds number, ρe cUe/µe

Reθ = momentum-thickness Reynolds number, ρe θ Ue/µe

Sij = strain rate tensor (s−1)

s = wall-tangent curvilinear abscissa (m)

ssep = laminar separation point (m)

str = transition onset (m)

ŝ = Dimensionless streamwise abcissa, (s− str)/(str − ssep)

ŝa, ŝb, ŝc, a = Transitional model closure coefficients

Tu = turbulence intensity, (2k/3)1/2/Ue

ui = local Reynolds-averaged velocity i-component (m s−1)

us = velocity component projected into s abscissa (m s−1)

uτ = friction velocity, (τw/ρ)1/2 (m s−1)

u+ = velocity in wall-units, u/uτ

Ue = boundary-layer edge velocity (m s−1)

x = DNS wall-tangent coordinate (m)

xR = DNS turbulent reattachment point (m)

xS = DNS laminar separation point (m)

xRS = Dimensionless DNS coordinate frame, (x− xR)/(xR − xS)

y = DNS wall-normal coordinate (m)

y+ = distance in wall-units, ρuτy/µ
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α = airfoil’s angle of attack (deg)

αω = turbulence model’s production of ω closure coefficient

βk, βω = turbulence model’s dissipation of k and ω closure coefficients

γ = Intermittency factor

δ = boundary-layer thickness (m)

δ∗ = boundary-layer displacement thickness (m)

ε = dissipation of turbulence kinetic energy (m2 s−3)

θ = boundary-layer momentum thickness (m)

Λ2 = Pohlhausen parameter

µ = molecular dynamic viscosity (kg m−1 s−1)

µt = dynamic eddy viscosity (kg m−1 s−1)

ν = molecular kinematic viscosity (m2 s−1)

νt = kinematic eddy viscosity (m2 s−1)

ρ = density (kg m−3)

σk, σω, σd = turbulence model’s Prandtl diffusion coefficients for k, ω, and the cross-diffusion.

τw = wall shear stress (kg m−1 s−2)

Ωij = Rotation-rate tensor (s−1)

ω = Turbulence specific dissipation rate (s−1)

I. Introduction

Laminar separation bubbles [1, LSBs] appear in numerous aerodynamic applications, such

as dynamic stall phenomenon of helicopter blades [2, 3], low-Reynolds number micro air-vehicles

(MAV) [4] or wind turbines with enhanced laminarity [5]. It is well established that the flow

initially undergoes laminar separation because of the adverse pressure-gradient [6], followed by

transition onset in the separated shear-layer [7], identified as the amplification of Kelvin-Helmholtz

instabilities leading to turbulence [8] . Increased turbulent mixing in the shear layer may, depending

on flow conditions [9], lead to rapid reattachment (short bubble locally modifying wall-pressure

distribution [1]) or remain separated for longer distances (long bubble globaly modifying wall-

pressure distribution [1]). In both cases, airfoil lift, drag and moment are influenced by the presence

of the bubble.
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RANS (Reynolds-averaged Navier-Stokes) turbulence models require specific transition infor-

mation and/or modification to handle the separation-induced transition which dominates the flow

[7, 10]. Numerous early [1, 6, 9, 11, 12] and more recent [8, 13–15] studies, both experimental

and computational, highlight the complex physics of the transitional flow inside laminar separation

bubbles (LSBs), such as pronounced three-dimensionality, high unsteadiness, turbulent breakdown

driven by multiple coherent structures and complex oscillator and amplifier instability mechanisms

that may lead to notable changes in the flow topology. Several approaches of varying degree of

empiricism have been used to predict this difficult flow.

Ultimately, improved transport-equation based transition models [16] are expected to accurately

predict such flows. Correlation-based models [17, 18] reformulate widely used transition correlations

[19] into coefficients of transport equations for the intermittency [20, 21] and other transition param-

eters, to obtain local, and recently [22] Galilean invariant, transition models. Physics-based models

[23–25] generally rely on the concept [26] of laminar (pre-transitional) kinetic energy kL ≈ 1
2u
′2 (es-

sentially streamwise, in agreement with transition physics [27] and with the observed rapid increase

of the Reynolds-stress tensor anisotropy in very low Reynolds number channel flows [28]), which

is computed by a specific transport equation, to trigger and control transition in the turbulence

model. Transport-equation based transition models are quite successful in mimicking transitional

flow effects and in detecting transition [16]. Given the extreme difficulty of accurately predicting

transition, algebraic nonlocal transition models are also developed [29], including specific adapta-

tions of additional transport equations [30–32].

Numerous authors have contributed to RANS modeling of LSBs on airfoils, especially at low

chord-based Reynolds number Rec. Yuan et al. [33] and Windte et al. [34] performed extensive

RANS modeling of LSBs for the flow around a SD7003 airfoil at Rec =60,000, with various models,

and concluded that Menter’s BSL [35] k-ω performed quite well. Source terms were disabled in the

laminar regions upstream of transition onset which was determined using an approximate envelope

method [34]. Lian and Shyy [36] proposed a nonlocal intermittency model for the activation of

Wilcox’s 1994 k-ω [37], through direct weighting of the eddy viscosity νeffectivet = νtγ, and determined

transition onset by the eN method [38]. Calculations of the SD7003 airfoil at Rec = 60, 000 at
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various angles of attack gave promising results [36]. The same flow was studied by Catalano and

Tognaccini [39] with disabled source terms in the laminar regions upstream of the user-prescribed

transition onset. These authors proposed a modification of the F2 blending function appearing in

the expression of the shear limiter of Menter’s k-ω SST model [35] and of the cut-off value of ω,

thus enhancing turbulence production in the transitional region and improving upon the results of

the original formulation. An empirical transition onset correlation was added to the method [40]

which was applied to various airfoil calculations (SD7003, NACA 0012, S809 and S827). No specific

treatment of the transitional region was performed, in the sense that the activation of the turbulence

model was made instantly through the source terms at the transition onset.

Despite the encouraging results of the previously described approaches, accurate prediction of

LSB is still challenging. As remarked by Dick and Kubacki [16], the quality of the predictions

of separation-induced transition remains case-dependent. Numerous existing methods focus on

correctly predicting the transition onset, but the transition region prediction still relies on the

turbulence model’s unapprehended ability to correctly produce turbulence at and downstream of

the transition onset. In this paper we develop a transition modeling formulation that intends to

account for the turbulence growth within a LSB and in the downstream relaxation flow region. This

formulation is based on the observations of Direct Numerical Simulation (DNS) results obtained

from a simple flat plate configuration.

We concentrate in this work on linear k-ω models [41, p.124] which are largely used as the

underlying RANS framework of transition models [37, 42]. The main focus of the paper is to develop

a transitional adaptation of k-ω models, where the transition process in LSBs, from transition onset

to fully turbulent flow, is represented with reasonable accuracy. To this purpose, laminar separation

transition triggering (hereafter LSTT) in the k-ω model is progressive in the streamwise direction (s),

from the criteria-determined [43–45] transition onset (str) to full transition. The assumption is made,

that the streamwise length between the laminar separation point (ssep which is exactly determined

by the solution of the laminar Navier-Stokes equations) and the criteria-determined transition onset,

str − ssep, is the characteristic lengthscale of the LSTT-process. Therefore, triggering functions of
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the model are expressed in terms of the nondimensional coordinate

ŝ :=
s− str
str − ssep

(1)

Furthermore, wall-normal variations in the LSTT model are neglected, in line with many algebraic

transition models using intermittency functions [36, 46]. The triggering coefficients control the

production of k and ω, and hence the growth of turbulence. They are calibrated to obtain the best

possible agreement with available LSB DNS data [47, 48]. Although most methods dealing with

the transition region use the concept of intermittency [21, 22], the transition-triggering functions

used in the present work are not directly related to this concept, but should rather be considered

as "empirical weighting coefficients" [49] designed to reproduce as best as possible the progressive

growth of turbulence in LSBs. Therefore they are not necessarily bounded by 1, but may be designed

to locally overshoot this bound.

The present paper is organized as follows. In section II we present the main reference flow of

the current study. In section II B we apply some classical RANS approaches to the modeling of

the laminar separation bubble, and we highlight the points where there is room of improvement.

In section III we propose the new model that improves the predictions of the reference flow. The

calibration of the proposed model is presented in section IV. In section V we validate the proposed

model for low and high Reynolds number flows around the airfoils NACA 0012 and S809, respectively.

II. DNS calibration database

The proposed model was calibrated using LSB DNS data (§IIA), based on the analysis of the

performance of existing models (§II B).

A. DNS database

The flow configuration (Fig. 1) consists of a flat-plate with an upper slip-wall (dashed lines)

that produces a streamwise variable adverse pressure gradient on the lower no-slip wall (hatched).

Upstream of the no-slip wall there is a symmetry condition at the bottom of the domain (dashed-

dotted line). Inflow conditions are applied on 1© and 2©, and an outflow condition on 0©. The variable

adverse pressure gradient induced by the curved upper wall mimics the pressure distribution at the
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Fig. 1 Flow configuration (DNS by Laurent et al. [48]) used as reference for calibration

purposes, with exaggerated wall-normal scaling, and main boundary-layer parameters.

leading-edge region of a OA209 airfoil near stall (Richez et al. [2, 50]). The freestream Mach number

and chord-based Reynolds number of this airfoil configuration are, respectively: M∞ = 0.16 and

Rec = 1.8 × 106. The flow coming from 1© and 2© is laminar, and separates from the no-slip wall

as a consequence of the adverse pressure gradient. Downstream of the laminar separation, the flow

transitions to turbulence and reattaches to the no-slip wall, forming the transitional bubble sketched

in Fig. 1. Downstream of the bubble, the streamwise pressure gradient becomes zero, as the curved

upper slip wall terminates tangentially to the flow direction.

The DNS results of Laurent et al. [47, 48] are used in this study. The dimensionless boundary-

layer parameters (Fig. 1) are

Λ2 =
θ2

ν

dUe
dx

; cf =
2µ∂yu|0
ρeU2

e

; Reθ =
ρeUeθ

µe
; H =

δ∗

θ
; xRS :=

x− xR
xR − xS (2)

where Λ2 is the Pohlhausen parameter (which reaches a minimal value of -3.5 in the neighborhood of

the reattachment point), cf is the skin-friction coefficient, Reθ is the momentum-thickness Reynolds

number, H is the boundary-layer shape factor, and xRS the streamwise coordinate scaled by the

length of the bubble (xR and xS are the reattachment and separation points of the DNS calculations).

Several flow regions are identified by the time-averaged DNS results

• xRS < −1, Attached laminar flow

• −1 ≤ xRS < 0, Short transitional bubble where cf < 0. This region can be subdivided in

two parts, the separated laminar boundary-layer (−1 ≤ xRS < xtrRS = −0.27) followed by

the separated transitional region (xtrRS = −0.27 ≤ xRS < 0) characterized by a high rate of
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production of turbulence and sudden increase in Reθ (at xtrRS = −0.27).

• 0 ≤ xRS < 2, Relaxation boundary-layer: The attached boundary-layer downstream of the

bubble is not yet fully turbulent, since the log-law is not completely established. Specifically,

the velocity profile predicted by the DNS lies below the theoretical log-law [51, 52]. In this

region there is a local positive peak of skin-friction coefficient and a pronounced boundary-layer

thickness growth rate.

• 2 ≤ xRS , Fully-developed turbulent boundary-layer: The attached turbulent boundary-layer

is well established and the log-law is verified. The streamwise pressure gradient is null. In this

region, as shown by Laurent et al. [48], the budget of the turbulent kinetic energy is in close

agreement with the DNS results obtained by Spalart [53] for an attached turbulent boundary

layer.

B. Results with existing models

Laurent et al. [48] compared k-ω results with fixed transition location and an arbitrarily pre-

scribed streamwise-variable intermittency-function with the DNS data. In Fig. 2 we present the

predictions of the reference flow with the Langtry-Menter γ-Reθ model [54, 55], and with the Wilcox

2006 k-ω [56], both with (Clim = 1) and without shear limiter (Clim = 0). For the Wilcox 2006 model,

the production terms of the turbulence equations were disabled in the laminar region upstream of

transition onset where they were instantly activated. This kind of activation is hereafter referred to

as Step. The transition onset was prescribed at the DNS-computed location (xtrRS = −0.27).

It can be observed from Fig. 2 that no model properly predicts the DNS flow topology. The

boundary-layer quantities are expressed as a function of the dimensionless coordinate xRS , Eqn.

(2). The Langtry-Menter model predicts correctly the location of transition, as the coordinate

from which Reθ grows abruptly is fairly close to the DNS data. However, the bubble length is

overestimated by about 30%, and both cf and Reθ are overestimated downstream of the bubble.

The Step-activated model are sensitive to the use of a shear stress limiter, as observed in Fig.

2. Surprisingly, if no shear limiter is employed, the bubble length is correctly predicted, as the

reattachment point is overestimated by just 6% of the bubble length. However, if the shear limiter
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Fig. 2 Classical activations of turbulence models applied to the prediction of the reference

flow of Laurent et al. Production-to-dissipation ratio calculated from the DNS data (in the

laminar region, ε(τ) was clipped by its value at the transition onset)

is activated, a significant overestimation of the bubble length of 55% is produced. The Reθ plot

effectively shows that the use of the shear limiter massively reduces the rate at which Reθ increases

downstream of the bubble. The reason of this noticeable impact of the shear limiter is related to the

production of the Reynolds stresses. Indeed, the shear limiter indirectly reduces the rate of growth

of the production of k, which translates into an underestimation of the Reynolds shear-stress, as

will be shown in the following sections. As a result, the diffusion of momentum is comparatively

lower, which delays reattachment.

Withal, an important observation is related to the production-to-dissipation of turbulence of

the reference flow Pk/ε(τ), where

Pk = −ρu′iu′k(∂kui) ; ρε(τ) = τ ′ik
∂u′i
∂xk

(3)

This ratio (Fig. 2) is representative of the departure of turbulence from equilibrium. We remark

that Pk/ε� 1 in the shear layer of the transitional region, which indicates a fast growth of the
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turbulence provoked by the rapid breakdown to the turbulence. Current k-ω turbulence models

experience difficulties in properly modeling the effects of this pronounced non-equilibrium region,

and as a result, the bubble topology is poorly predicted and therefore the predicted downstream

development of the turbulent boundary layer may yield unrealistic results, as shown in Fig. 2. In

turn, if the bubble topology was better predicted by improving the capacity of the turbulence models

to account for the aforementioned non-equilibrium region effects, then the history effects related to

the bubble would be correctly modeled, and the turbulent boundary layer predictions downstream

of the bubble would be more realistic.

Several authors have made similar observations and have come to the conclusion that the effects

of the non-equilibrium region could be modeled by boosting the production term of the turbulence

model. Arnal [49] was one of the first authors to suggest a ‘boost’ of the production of the turbu-

lence in the transitional region of the laminar separation bubble by means of a non-local transition

function, not necessarily linked to the physical intermittency factor. Langtry & Menter [18] γ-

Reθ model proposed a fully-local boost mechanism of the production term of k by means of an

“effective” intermittency that can yield values higher than one: P̃k = γeffPk. Recently, Menter et

al. [22] proposed a new local approach of boosting the Pk term that accounts for both attached

and separation-induced transition. These authors effectively observed that the original SST model

required an overlong length to build-up turbulence in the boundary layer. Their production term

of k includes a new contribution, which is also dependent on the intermittency factor. Kubacki

and Dick [29] also proposed a local boosting of the production term of k in order to model the

separation-induced transition. The boosting strategy proposed by Kubacki and Dick is similar to

the Menter et al. [22] approach, in the sense that a new supplementary contribution is added to the

original production term.

In summary, fundamentally two conclusions based on the previous observations constitute the

foundations of the proposed model that is presented in the next section, namely: (a) boosting

the production of turbulence seems appropriate to account for the non-equilibrium effects of the

transitional region, and (b) the use of the shear limiter will be avoided in the transitional region in

order to allow for sufficiently fast growth of the turbulence.
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III. LSTT model formulation

In this section we present the proposed model, denoted ‘LSTT’ for Laminar Separation Transi-

tion Triggering. In contrast to the ‘Step’ approach, where the source terms of the turbulence model

are set to zero in the laminar regions and instantly activated from the transition onset location, the

new model introduces streamwise-variable weighting of turbulent production.

A. Correlations for transition onset location

The location of the transition onset is calculated by the empirical correlation of Roberts [43],

and by the combined criteria of Arnal et al. [44] and Gleyzes [45], following equation (4)

str = min(sRoberts, sAHD-Gleyzes) (4)

Details on the correlations, which provide str with input the calculated boundary-layer param-

eters (Reθ(s), H(s), Λ2) and the turbulence intensity Tu(s) at the boundary-layer edge, are given

in the appendix.

B. Transition triggering in k-ω

In the present work we model the smooth rise of turbulence from transition onset, str, to the

point where the fully turbulent k-ω model is applied, sc, by introducing two modifications to the

k-ω equations (written below in a generic form, which can represent different model variants).

∂t(ρk) + ∂i(ρuik) =f tr(−ρu′iu′j)(∂jui)− βkρωk + ∂i[(µ+ σkµt)∂ik] (5a)

∂t(ρω) + ∂i(ρuiω) = min(f tr, 1)αω
ω

k
(−ρu′iu′j)(∂jui)− βωρω2 + ∂i[(µ+ σωµt)∂iω] (5b)

+σd
ρ

ω
max((∂ik)(∂iω), 0)

(−ρu′iu′j) ≈2µtSij −
2

3
ρkδij (5c)

µt =
ρk

max

{
ω;Clim

√
2λ1Sij Sij+2λ2F 2

2 Ωij Ωij
(λ1+λ2)βk

} (5d)

• The non-negative dimensionless transition function f tr(s), weights the production term of the

11



k equation. It was designed to trigger the transition at the location of the transition onset str

(Eq. (4)) . It is not an intermittency function as it is not bounded by 1.

• The production term of the ω equation is weighted by min(f tr, 1). The authors found that

limiting the value of the weighting factor of the production of ω was necessary in order to

avoid an undesired boosting of the destruction of k when f tr > 1. This is required in order to

allow a rapid enough growth of the net production of turbulence in the transitional region.

• Preliminary tests showed that the shear stress limiter reduced turbulence production in the

bubble shear layer where transition occurs. It is therefore enabled once the boundary-layer

reaches a fully turbulent state. This is accomplished via the Clim coefficient.

The shear stress is limited using the blending function F2 proposed by Menter [35]. We have

used the same nomenclature as Wilcox [41] regarding the coefficient Clim. In the original Wilcox

2006 k-ω model, λ1 = 1, λ2 = 0 and Clim = 7/8. A value of Clim = 0 would disable the stress limiter.

However, for this study we employ λ1 = 0 and λ2 = 1, similarly to the Menter SST formulation.

Although a compressible flow solver was used [57], given the low Mach numbers of the cases

studied, we use an incompressible formalism for the presentation of the model. All equations can be

readily extended to a compressible framework, invoking Morkovin’s hypothesis [58] and replacing

Sij by its deviatoric part Sdij = Sij − 1
3Smmδij .

C. Triggering functions

In the present work, we propose Clim to be a zonal 1D function along the transition lines,

similarly to the transition function f tr. Therefore, both f tr and Clim are functions of the transition

line dimensionless streamwise coordinate, ŝ, defined by Eqn. (1).

By construction, ŝ = −1 at the laminar separation point and ŝ = 0 at the transition onset.

We propose a transition function f tr(ŝ) adapted to each considered k-ω model. The functions

are built using simple piecewise Hermite polynomials with continuous tangents (C1 continuity). The

general form of f tr(ŝ) is

12



f tr(ŝ) =





0 (ŝ < 0)

a

(
−2

(
ŝ

ŝa

)3

+ 3

(
ŝ

ŝa

)2
)

(0 ≤ ŝ < ŝa)

2

(
ŝ− ŝa
ŝb − ŝa

)3

(a− 1)− 3

(
ŝ− ŝa
ŝb − ŝa

)2

(a− 1) + a (ŝa ≤ ŝ < ŝb)

1 (ŝ ≥ ŝb)

(6)

The stress limiter is controlled by means of the coefficient Clim(ŝ) as shown in equation (7).

Specifically, the stress limiter is disabled in the bubble and in the neighborhood of the reattachment

point, and enabled several bubble lengths downstream of the reattachment point. As anticipated in

section II B, disabling the stress limiter in the bubble is necessary in order to allow the models to

reach high values of production-to-dissipation ratio sufficiently fast, as it has been observed in DNS

simulations.

Clim(ŝ) =





0 (ŝ < ŝc)

1 (ŝ ≥ ŝc)
(7)

The functions f tr(ŝ) and Clim(ŝ) vary as eqns. (7) and (6) along the transition lines [46], but

they are indeed applied throughout the entire flowfield by means of simple orthogonal extrusion

from the wall. The transitional extensions presented in this study have been intentionally designed

to be simple, as we only act on the production terms of the turbulence equations and on the stress

limiter by means of 1D transition functions. In order to apply the transitional model, one needs

to compute the laminar separation point ssep along the transition line; predict the transition onset

str by means of transition criteria; and finally apply the appropriate closure constants for ŝa, ŝb, ŝc

and a.

In the following section we present the proposed calibration of the set of constants ŝa, ŝb, ŝc,

and a, adapted to each of the four different k-ω models considered in this study. The calibration has

been performed based upon the DNS data of the reference flow presented in section II. We initially

apply the model to the Wilcox 2006 k-ω model [56], and we then extend it to the Wilcox 1988 [59],

Kok [60] and Menter SST [61] models.
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IV. Calibration

A. Numerical method and boundary conditions

The simulations were run using the Navier-Stokes solver elsA [57] developed at ONERA and

post-processed using the code Cassiopee [62] developed at ONERA. The post-processing functions

are employed in exactly the same fashion to the available time-averaged DNS fields and the RANS

simulations results.

The computations were run on a 2D mesh of 560946 nodes distributed in 14 structured blocks.

The height of wall adjacent cells is such that ∆y+ < 1 everywhere in the turbulent boundary-layer,

and there are about 250 streamwise points in the reversed-flow region belonging to the separation

bubble. A grid-convergence study will be presented in paragraph IVD.

A typical problem of two-equation models at the farfield is the specification of appropriate values

ensuring both sufficiently slow decay and low values of µt. Rumsey [63] notes that the numerical

transition to turbulence may depend on the free-stream values of the turbulence variables. It may

also depend on their cut-off values. The free-stream and numerical cut-off values employed in this

study are

(ρk)∞ =
3

2
Tu

2
∞V

2
r ρr (ρω)∞ =

ρr(ρk)∞
0.01µ∞

(8)

(ρk)cut-off = 10−2(ρk)∞ (ρω)cut-off = 10−2(ρω)∞ (µt)cut-off = 10−3µ (9)

The reference values employed are: Tu∞ = 0.01 × 10−2; ρr = 1.21 kg·m−3; Vr = 55 m·s−1,

where the subscript r stands for reference. These settings verify the recommendations of Rumsey

and Spalart [64].

The wall condition on ω is implemented assuming values at the centers of wall-adjacent cells

equal to ω = 6ν/βy2. The inflow and boundary conditions on the γ-Reθ quantities, for the Langtry-

Menter [18, 54] model, are set as follows

γ∞ = 1, Reθ∞ = 1173.51− 589.428Tu∞ + 0.2196/Tu
2
∞ (10)
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Fig. 3 Comparison of the LSTT model with existing approaches for the prediction of velocity

profiles, both in linear (above) and in log-scale (below) for the reference flow of Laurent et al

[48].

The transition onset location is accurately predicted by the Roberts criterion at xtrRS = −0.27 for

a turbulence level of Tu = 0.1× 10−2. One may note that, as shown in the Appendix, the Roberts

criterion is insensitive to turbulence levels lower than Tu < 0.1× 10−2.

B. Closure coefficients applied to Wilcox 2006

The calibration of the closure constants (shown in table 2) aimed at satisfying mainly two

constraints. The first constraint consists in the bubble reattachment point being close to the DNS

reattachment point. The second constraint consists in the local maximum peak of skin-friction being

close to the DNS value. The results (Fig. 3 and 4) indicate that these constraints are adequate to

obtain satisfactory agreement with the DNS mean bubble dimensions. The skin-friction coefficient

is defined as cf = τw/0.5ρeU
2
e and the dimensionless boundary-layer displacement thickness scaled

by the DNS average bubble size is expressed δ∗RS = δ∗/(xR − xS).
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Fig. 4 Comparison of the LSTT model with existing approaches for the prediction of velocity

profiles, both in linear (above) and in logscale (below) for the reference flow of Laurent et al

[48].

As shown in Fig. 2, the Langtry-Menter model and simple ‘Step’ activation of Wilcox 2006

yield a bubble which is longer than DNS. As a result, in Fig. 3 we can observe that the shape

factor of these two models reach very high maximum values. There is an important history impact

of the bubble upon the downstream turbulent boundary-layer predictions. The Langtry-Menter

model overestimates the thickening rate of the boundary-layer, as observed through the values of

δ∗RS and Reθ downstream of xRS = 1. We can observe that the LSTT model properly reproduces the

separation and reattachment points and positive peak of skin-friction coefficient, thus corroborating

that the calibration constraints have been respected. Furthermore, the LSTT model also predicts

closer values for the other boundary-layer quantities (Reθ, H and δ∗RS) with respect to the DNS

data.
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Several velocity profiles are shown in Fig. 4, where the theoretical inner viscous layer u+ = y+

and the log-law layer u+ = 1
0.41 ln y+ + 5 laws are also shown (thin dotted curves). It can be

observed that the log-law is not fully established by the DNS mean field upstream of xRS = 2. We

remark that among the different compared models, only the Wilcox 2006 LSTT model correctly

predicts the velocity profiles, both in the separated and in the reattached region. The log profiles

indicate that models using a shear limiter predict an overlong transitional region until fully turbulent

conditions are reached. The same observation applies to a lesser extent to the Wilcox 2006 model

without shear limiter and Step activation. The LSTT model correctly transitions at the same rate

as the DNS data, indicating again that the history effects related to the bubble have been properly

modeled. Inside the LSB (xRS ≤ 0), we can see that the deficit of velocity is overestimated by both

the Menter-Langtry model and the Step activation. This confirms the overestimation of the slope

of δ∗RS observed previously in Fig. 3. Disabling the shear stress limiter (Clim = 0) slightly reduces

the differences with DNS, as it allows a comparatively faster turbulence growth, thus reducing the

separation extent.

Indeed, in Fig. 5 we can observe the significant effect of the LSTT with respect to a simple

activation with no shear limiter delay. Plots (a) and (b) show a good qualitative agreement of the

Reynolds shear stress. In the other hand, plot (c) and (d) show poor agreement of the Reynolds

shear stress compared to the DNS data. This lack of production of −u′v′ observed in (c) and (d) is

mainly due to two reasons: (1) the shear limiter has an opposing effect to the large production rate

of Reynolds stress in the transitional region; and (2) from the transition onset, a simple “off/on”

step activation of the source terms of the model does not suffice to properly account for the rapid

turbulence growth rate of the transitional region. The LSTT approach introduced in section III

addresses both these issues.

C. Calibration for other k-ω variants

The LSTT approach (6)-(7) can be adapted to other k-ω variants, as the Wilcox 1988, Kok and

Menter SST. Since each k-ω version naturally yields different boundary-layer development behavior

[65], a specific calibration of the LSTT closure coefficients adapted to each variant is required. The
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Fig. 5 Shear Reynolds stress, −u′v′, scaled by the free-stream reference velocity u∞, for: (a)

the DNS data from [48]; (b) The Wilcox 2006 LSTT transitional extension proposed in this

study; (c) Simple step activation of the Wilcox 2006 model, with the stress limiter activated

everywhere (Clim = 1); and (d) Simple step activation of the Wilcox 2006 model, with the

stress limiter disabled (Clim = 0). The subscript (•)RS means that the coordinate has been

scaled with respect to the DNS-computed bubble length.

ŝa ŝb ŝc a

Wilcox 2006 0.182 0.414 5.83 2.15

Kok 0.200 0.620 5.83 2.23

Menter SST 0.312 0.544 5.83 2.20

Wilcox 1988 0.086 0.487 3.78 1.85

Table 2 Models coefficients for the LSTT model

closure coefficients are presented in table 2, and the resulting f tr(ŝ) functions and skin-friction

predictions are shown in Fig. 6.

The proposed calibration shows acceptable agreement between the RANS models and the DNS

data. All models yield the laminar separation at the same location (xRS = −1), which coincides

with the location of the laminar separation of the DNS results. The reattachment point is also

located at the same point (xRS = 0) for all the models and the DNS, which shows that the main

design requirement has been satisfied. All models produce a local minimum peak of skin-friction
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Fig. 6 Transition function and global boundary-layer parameters predicted by the LSTT mod-

els for the four k-ω variants. DNS data is marked .

just upstream of the reattachment point. The maximum skin-friction peak right downstream of the

reattachment point is also fairly well predicted by all the models. The most significant deviations

from the DNS results are observed further downstream (from xRS > 0.5). In this region, we can

clearly observe that the Kok and Menter models tend to under-predict the skin-friction values,

whereas the Wilcox 1988 model slightly overpredicts it. The relative differences on the cf values

downstream of the bubble were discussed by Bernardos et al. [65]. In short, the classification

by decreasing order of diffusivity of the turbulent boundary layer for the models is: Wilcox 1988,

Wilcox 2006, Kok and finally Menter. As the diffusivity, or similarly, the growth rate of the turbulent

boundary layer, is related to the prediction of the skin-friction via the Von-Kármán integral equation,

we find the same trend in the skin-friction predictions. In summary, the calibration of all models

respect to the DNS data is acceptable, which justifies the choice of the formulation of the LSTT

approach for predicting this kind of flow.
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GRID N†i N†j ∆y+(xRS=2) Nδ(xRS=2)

r2 1428 330 0.29 254

ry2 714 330 0.29 254

Baseline 714 165 0.58 127

c2 357 165 0.58 127

c4 178 165 0.58 127

c8 89 165 0.58 127

Table 3 Considered meshes for grid-assessment. †: the number of points concerns the region

−1 ≤ xRS ≤ 2 and 0 ≤ yRS ≤ 0.5. The last column indicates the approximate number of points

in the boundary layer.
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Fig. 7 Skin-friction for the grids considered in table 3 and the Wilcox 2006 LSTT model.

D. Grid convergence study

We examine the grid-dependency of the Wilcox 2006 LSTT model proposed in the previous

section. Six grids are considered, as shown in table 3. The grid labeled Baseline is the mesh that

has been used in sections IVA to IVC. It is the same grid employed by Laurent et al. [47] to assess

the Wilcox 1988 turbulence model for the reference configuration [48].

The skin-friction and velocity profiles are shown in figures 7 and 8. It can be observed that

reasonable convergence is reached for the grid labeled c2, which is twice coarser than the baseline

grid in the streamwise direction. The grid labeled ry2 is twice finer than baseline in the wall-normal

direction, and no significant difference is observed with respect to the baseline. The finest grid,
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labeled r2, which is twice finer in both directions than baseline, yields comparable results with

respect to the baseline grid, with only a slightly less pronounced cf positive peak, which can be

observed at xRS ≈ 0.25.

As observed in Fig. 7, there is a clear trend in the results when the streamwise discretization

is coarsened. As the mesh is coarsened streamwise, the bubble size is reduced, the positive peak of

skin-friction becomes more pronounced, and the negative peak is reduced. Remarkably, downstream

of the bubble, for xRS ' 2, the differences between the grids are mitigated, as the cf and velocity

profiles shown in Fig. 8 tend to merge. This seems logical, as the streamwise mesh quality is

expected to affect more the predictions inside the bubble, but less so the downstream development

of the turbulent boundary-layer. Actually, an interesting consequence of this observation is that if

too coarse a mesh is employed, say e.g. grid c8, the bubble is poorly predicted, but the history

effects on the downstream boundary-layer seem to have little impact on the skin-friction and velocity

profile predictions, provided that the wall-normal discretization is of acceptable quality.

The results of grids c2, Baseline, ry2 and r2 grids are close. Considering that the streamwise

discretization law is nearly homogeneous, the number of streamwise points contained in the bubble

is about 1/3 of the Ni points shown in table 3. As a consequence, it appears that streamwise

grid convergence is achieved by 120 stations within the bubble. Furthermore, as the downstream
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boundary-layer predictions of the grid c8 are acceptable in spite of a poor prediction of the bubble

itself, we remark that 30 streamwise points inside the bubble are enough for a fair prediction of the

downstream turbulent boundary-layer, which is the actual target for many applications.

V. Validation test cases

In the current section we present two different validation test cases: the NACA 0012 airfoil

at 10.55◦ of angle of attack and Rec=100,000; and the wind-turbine airfoil S809 at 1.01◦ and

Rec=2×106. These test cases have been chosen because they cover a wide range of chord-based

Reynolds number (low and high Reynolds number), the airfoils have very different geometries,

and also the operating angles of attack are very different. Hence, these two cases are challenging

validation flows for the proposed model.

In order to show how the model behaves under application conditions (with no a priori knowledge

of the transition onset location), the NACA 0012 airfoil case has been computed by coupling the

proposed model to the transition criteria of AHD-Gleyzes and Roberts.

As mentioned in section III, the presented models require the prediction of the transition onset

location, noted str, in the curvilinear abscissa frame of the transition line (airfoil surface), noted s.

In the current application test case, we use simultaneously two transition criteria: the Roberts [43]

criterion, and the AHD [44] Gleyzes [45] criterion. Further details of these criteria are found in the

original publications, and a brief description is given in the Appendix. A summary of the specific

implementation in the elsA code of these criteria was reported by Cliquet et al. [46] and Perraud

et al. [66].

Both Roberts and AHD-Gleyzes criteria are sensitive to a critical external turbulence rate. For

the present computations, we applied a characteristic external turbulence rate of 0.1%, which can

be considered representative of a low-turbulence atmosphere. Following Mack’s relationship [67],

this turbulence level translates to a critical total amplification rate of Ncr = 8.15.

The Roberts criterion, which is completely empirical, is best adapted to short transitional

bubbles characteristic of high chord-based Reynolds number airfoils. For low-Reynolds number flows

around airfoils, this criterion tends to predict an unrealistically far downstream transition onset.
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On the other hand, the AHD-Gleyzes criterion, which has been designed employing more profound

physical foundations, is better suited to low-Reynolds number flows than Roberts criterion. However,

from the authors’ experience, AHD-Gleyzes criterion is very sensitive to the flow topology, and this

can result in convergence difficulties, specially in the transient period right after the simulation

initialization. This is the reason why we combined these two criteria [Eqn. (4)], Roberts would

ease the convergence in the initial iterations, and then a realistic transition onset is obtained by

AHD-Gleyzes criterion.

A. NACA0012 test case

The results presented in this paragraph are compared to the LES computations of Alferez et al.

[68]. For this case, we compare the results of the LSTT model applied to the Wilcox 2006 k-ω with

the predictions of Langtry-Menter γ-Reθ model and the criteria-based approach with simple Step

activation.

The mesh is of C-type, and it has been generated through wall-normal hyperbolic extrusion

using Cassiopee [62]. At least 60 normal points are contained in the boundary-layer. The wall-

adjacent cell height is such that ∆y+ < 1 everywhere along the airfoil where the boundary-layer is

turbulent. About 150 streamwise points are present between 0.001 < x/c < 0.1 in the suction side,

which is the region where the transitional bubble should appear following the LES data.

In Fig. 9 the airfoil skin-friction coefficient is calculated as cf = τw/(0.5ρ∞U
2
∞) and the pressure

coefficient as Cp = (p− p∞)/(0.5ρ∞U
2
∞).

We can observe in Fig. 9 that the best overall agreement is achieved with the LSTT model. The

Langtry-Menter model predicts correctly the location of the transition onset, at about x/c = 0.07,

but fails to predict the reattachment and, as a consequence, the formation of the bubble. The

evolution of the boundary-layer parameters Reθ and H is also strongly affected by the models.

The failure to reattach shortly downstream of the transition onset for the Step activation with shear

limiter and the Langtry-Menter models provokes too pronounced a thickening of the boundary-layer,

due to the massive detached flow characteristic of the stalled condition. On the other hand, the

Wilcox 2006 LSTT model shows a reasonably accurate growth of Reθ, closely following the LES
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Fig. 9 Boundary-layer parameters on the suction side of the NACA 0012 airfoil predicted by

several models and compared with LES results [68].

data. A simple Step activation without stress limiter (Clim = 0) predicts a bubble (reattachment)

but with a 60% overestimation of its length. Interestingly, the step-activation without shear limiter

correctly predicts the Cp distribution up to the end of the bubble plateau (the transition onset),

whereas the proposed activation of the Wilcox 2006 overestimates the Cp values of the plateau. The

reasons of this behavior are unknown to the authors, and it has been observed also for the Wilcox

1988 model predictions, but not for the Kok and Menter SST turbulence models when the proposed

LSTT is performed (not shown).

The resulting velocity profiles can be observed in Fig. 10. The Wilcox 2006 LSTT turbulence

model produces an important improvement with respect to the other considered methodologies near

the bubble region. Far downstream of the bubble, from x/c > 0.5, the agreement of the LSTT

model with the LES data is acceptable, but surprisingly the simple Step activation is fairly close to

the data as well. This could be anticipated by observation of the H evolution in Fig. 9. Indeed,

from about x/c > 0.3 the evolution of H for the Step activation without stress limiter is closer
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Fig. 10 Comparison of velocity profiles for several models for the NACA 0012 test case [68].

The airfoil-tangential velocity us is plotted against the airfoil’s wall-normal direction n. The

tangential velocity component has been scaled by its value at the boundary layer edge of the

LES data U (LES)
se . The airfoil’s distance to the wall n has been scaled with respect to the

integral displacement thickness of the LES data δ∗(LES)

to the data than the LSTT model. Clearly, this does not mean that the Step activation better

models the bubble history effects. Indeed, the LSTT model at, e.g. x/c = 0.3, yields much better

predictions than the Step activation. Hence, if the history effects are correctly modeled up to the

point x/c = 0.3, any subsequent deviation from the data is rather related to the turbulence model

behavior than the activation model.

B. Wind turbine airfoil test case

In the second test case we apply the LSTT model to the simulation of the flow around the S809

airfoil. Experimental data were published by Somers [5]. This airfoil was designed at the National

Renewable Energy Laboratory, and has been tested in the low-turbulence wind tunnel of the Delft

University of Technology Low Speed Laboratory. We selected the case Rec=2×106 at an angle of

attack of α=1.01◦, where two short transitional bubbles appear, one on each side of the airfoil. The

Cp distributions are shown in Fig. 11. From AHD-Gleyzes transition criteria and LSTT modeling,

the obtained transition onset is located at x/c=0.552 for the top side, and x/c=0.503 for the bottom

side. These points approximately correspond to the end of the plateau of Cp shown in the zoomed

axis of the Fig. 11, where the Cp shows a rapid recovery towards the “fully-turbulent” distribution
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downstream of the bubble. The Step computation transition onset has been explicitly prescribed

at the aforementioned locations, in order to assess the impact of the activation of the turbulence

model.

The RANS simulations have been performed using the same numerical parameters as the NACA

0012 case presented in §VA. The mesh is such that ∆y+ < 1 everywhere in the turbulent boundary

layer, and the bubbles are discretized with at least 60 streamwise points.

In Fig. 11 we also show a “fully-turbulent” computation employing the Wilcox 2006 model,

plotted in dotted lines. The overall agreement with the experimental Cp distribution is quite good.

This seems logical, as the chord-based Reynolds number is relatively high. As expected, the fully-

turbulent computation fails to reproduce the short transitional bubbles. The dash-dotted curve

shows a Step activation of the model, with no delay of the stress limiter (Clim = 1). We can observe

that in this case bubbles do indeed appear, but their size is overestimated because the Cp recovery

does not occur rapidly enough, as the slope of the Cp curve in the recovery region is not sufficiently

steep. This effect is due to a slow turbulence growth in the transitional region, already discussed in

the previous paragraphs. Moreover, we observe an overestimation of the Cp values right downstream

of the bubble. In solid line we present the LSTT model proposed in this work. The Cp recovery is

much faster and in closer agreement with the experiment, which translates into a good estimation

of the bubble size. Downstream of the bubble, the Cp is closer to the experiment than the Step

activation, but there is still a slight overestimation. Overall, the improvement of the proposed model

is satisfactory.

VI. Conclusion

The k-ω models transitional adaptations to laminar separation bubbles show promising results

compared to other transition triggering mechanisms where the effect of the bubble is not modeled.

During this work, we showed that the accuracy of the predictions depends not only upon the calcu-

lation of where the transition onset is located, but also on how the turbulence models are activated.

One of the key features that produced good results is the method of disabling the shear limiter in

the transitional region, where the turbulence production-to-dissipation ratio is considerably high.
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This delay mechanism, together with the boosting of the production of turbulence, translated in

appropriate predictions of the Reynolds shear stress in the transitional region.

This Laminar Separation Transition Triggering (LSTT) approach assumes that the character-

istic length of the transition process within the LSB is the distance between the laminar separation

point and the transition onset. Algebraic triggering functions were developed that weight the pro-

duction terms in the k-ω equations and activate the stress limiter several characteristic lengths (4

to 6) downstream of the transition onset.

The proposed models are not too intrusive into each model’s fully turbulent original formulation,

in the sense that the closure coefficients are not modified and the original characteristics and behavior

of the models are preserved. An asset of the present models is their ease of implementation into CFD

codes where the concept of transition lines [46] is included, as the proposed functions are simply

one-dimensional. This also makes it easier to combine with other existing transition criteria for

natural, by-pass and crossflow transition [46, 66]. The calibration of the model has been performed

following constraints based uniquely on the skin-friction coefficient. We observe that this also results

in satisfactory predictions of the velocity profiles and Reynolds shear stress. This suggests that the
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simple modeling approach of the LSTT is sufficient to correctly predict the main features of a LSB.

The flow used for the calibration of the model is characteristic of a high Reynolds number

bubble, typically known as ‘short’ type. Good results are obtained for high chord-based Reynolds

number transitional bubbles, such as in the S809 airfoil case. Additionally, a low-Reynolds number

application test case has been studied. This test case consists in the flow around a NACA 0012

airfoil at chord-based Reynolds number of 100,000 and 10.55 degrees of angle of attack, which is

very close to the stall condition. The proposed model produced promising results compared to other

methods. Considering that the models have been calibrated for a bubble with physical conditions

characteristic of an OA209 airfoil at chord-based Reynolds number of 1.8 million, the NACA 0012

airfoil test case is a challenging scenario for the proposed models.

The present work constitute an effort towards the modeling of the effects produced by transi-

tional bubbles encountered in aeronautical applications. However, the models presented herein have

been calibrated using a single reference flow, and their universality and applicability to other flows

strongly depends on the computation of the transition onset (e.g. by means of transition criteria).

Even if these criteria give adequate results for a large range of bubbles, other parameters may be

required to describe adequately relevant characteristics of the bubble, and future progress may be

achieved by extending the dependence of the transition functions upon such parameters. Further

validation and extensions of the proposed models should be undertaken, especially for different

chord-based Reynolds number and external turbulence levels.

Appendix

1. Evaluation of boundary-layer parameters

The transition criteria are based on global boundary-layer parameters which are evaluated

following the methodology of Cliquet et al. [46] for evaluating the boundary-layer thickness and

external-flow velocity. Both edge-search and integrations are performed along the quasi-wall-normal

structured-grid lines. The threshold values εΩ = 0.0005 and ετ = 0.00005 were used in the present

applications.
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2. Roberts correlation [43]

Transition onset, str, in the LSB is given by [43]

str − ssep

θsep
=

25000

Reθsep
log10

[
coth

(
10 max(0.001, Tu)

(
c

Ls

) 1
5

)]
(11)

where ssep is the location of the laminar separation point, Tu is the external flow turbulence intensity

(bounded above 0.1%) and Ls the longitudinal integral lengthscale [43]. In the absence of data for

Ls, Ls = c/15.8 was taken in the applications.

3. AHD-Gleyzes criterion

The Arnal-Habiballah-Delcourt [44, 69, 70] (AHD) criterion is used jointly with the Gleyzes [45]

criterion for the natural attached and separated transition onset computation of the boundary-layer.

Details on the formulation, implementation and use can be found in [46, 66]. The AHD criterion is

expressed as follows:

Reθtr = −206 exp(25.7Λ2)[ln(16.8Tu)− 2.77Λ2] +Reθcr (12)

The transition onset is located at the point s = str when Reθ(s) = Reθtr is reached.

The subscript “cr” denotes the critical point, which is located at s = scr < str when

Reθ(s) = Reθcr = exp(52/H(s) − 14.8). The mean Pohlhausen parameter Λ2 is expressed as:

Λ2 =
1

s− scr

∫ s

scr

−θ2

µUe

∂pwall
∂s

ds (13)

Where Ue denotes the magnitude of the velocity at the boundary-layer edge and pwall the

pressure at the wall.

If the shape parameter reaches the value H(s=ssw) = Hsw = 2.8, and transition onset has not

been reached (Reθ(s=ssw) = Reθsw < Reθtr; switch point s = ssw), the Gleyzes criterion is applied

for s > ssw. The start value of the total amplification factor Nsw is computed by injecting the

Mack’s relationship [67], N = −2.4 ln(Tu)− 8.43, into eqn. (12) and solving for N at the point
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s = ssw. Then, the Gleyzes criterion can be evaluated for s > ssw, which is better adapted to high

values of H than the AHD criterion

N(s) = Nsw +

∫ Reθ

Reθsw

−2.4

BGL
dReθ (14)

Where BGL is the Gleyzes function and is expressed as follows

BGL =





−162.11093

H1.1
for 3.36 < H

−73[exp [−1.56486(H − 3.02)]] for 2.8 < H ≤ 3.36

−103[exp[−4.12633(H − 2.8)]] else

(15)

The transition onset is located at the point s = str such that N(s=str) of eqn. (14) is equal to

a critical total amplification factor Ncr related to the external turbulence level. We note that this

transitional total amplification factor can be deduced from a characteristic external turbulence rate

via the Mack relationship [67].
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