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QUASI-REGULAR REPRESENTATIONS OF DISCRETE
GROUPS AND ASSOCIATED C*-ALGEBRAS

BACHIR BEKKA AND MEHRDAD KALANTAR

ABSTRACT. Let G be a countable group. We introduce several
equivalence relations on the set Sub(G) of subgroups of G, de-
fined by properties of the quasi-regular representations Ag,p as-
sociated to H € Sub(G) and compare them to the relation of G-
conjugacy of subgroups. We define a class Subgg(G) of subgroups
(these are subgroups with a certain spectral gap property) and
show that they are rigid, in the sense that the equivalence class
of H € Subg(G) for any one of the above equivalence relations
coincides with the G-conjugacy class of H. Next, we introduce a
second class Suby_par (G) of subgroups (these are subgroups which
are weakly parabolic in some sense) and we establish results con-
cerning the ideal structure of the C*-algebra C’;G/H (@) generated
by Ag, g for subgroups H which belong to either one of the classes
Suby_par(G) and Subg(G). Our results are valid, more generally,

for induced representations Indg o, where o is a representation of
H € Sub(G).

1. INTRODUCTION

Let G be a countable discrete group. By results of Glimm [Gli61] and
Thoma [Tho68], the classification of unitary dual G , that is, the set of
irreducible unitary representations of G up to unitary equivalence, is
hopeless, unless G is virtually abelian. By contrast, the primitive ideal
space Prim(G), that is, the set of irreducible unitary representations
of G up to weak equivalence (see Section 7), is a more accessible dual
space of G : indeed, Prim(G), equipped with a natural Borel structure,
is known to be a standard Borel space for any countable group G (see
[Eff63]).

Examples of irreducible unitary representations of GG are given by the
quasi-regular representations (Ag/u, (2(G/H)) of self-commensurating
subgroups H (see Subsection 2.6). Given two such subgroups H and
L, a natural question is: when do Ag/y and Ag/r, define the same point
in Prim(G), that is, when are Ag/g and g/ weakly equivalent? One
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2 B. BEKKA AND M. KALANTAR

of our main concerns in this paper is to study this question as well as
related problems.

Let Sub(G) be the set of subgroups of G and Rep(G) the set of
unitary representations of G on a separable Hilbert space. Consider
the map

A : Sub(G) — Rep(G), H — \g/n-
The group G acts by conjugation on Sub(G) and A factorizes to a map
Sub(G)/~conj = Rep(G)/~un,

where Sub(G)/~con; is the set of conjugacy classes of subgroups of G
and Rep(G)/~u, is the set of equivalence classes of unitary represen-
tations of G.

The sets Sub(G) and Rep(G) carry natural topologies, respectively
the Chabauty topology and the Fell topology. The map A is continuous
with respect to these topologies (see Proposition 3.3 below) and so
factorizes to a map

Sub<G)/waconj — Rep<G)/Nw7una

where Sub(G) /~w—_conj is the quasi-orbit space of Sub(G) with respect
to the action of G (see Section 3) and Rep(G)/~yw—_un is the set of weak
equivalence classes of unitary representations of G.

Unitary equivalence and weak equivalence of representations induce
through the map A : Sub(G) — Rep(G) two other equivalence relations
~rep AN~y _yen 00 Sub(G) ¢

o H ~ep L if A\gyy and Ag/ are equivalent;

® H ~y_rep L if A\g/g and Mgy, are weakly equivalent.
So, we have four equivalence relations ~conj, ~w—conj; ~rep aNd ~y_rep
on Sub(G), the strongest and the weakest of which being ~cqn; and
~w—rep, Tespectively. The following diagram summarizes the relation-
ships between these equivalence relations (for more details, see Propo-
sition 3.2 below):

H ~~w—conj L

Vi AN

H ~conj L <H; H ~w—rep L
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A natural question is: which subgroups H of GG are rigid with respect
to one of the relations ~y_conj, ~reps O ~w_rep i the sense that the
equivalence class of H with respect to one of these relations coincides
with the conjugacy class of H? In particular, which subgroups have
the strongest form of rigidity, that is, their ~y_,ep-equivalence class
and the conjugacy class coincide?

In this view, we introduce the class Suby(G) of what we call sub-
groups with the spectral gap property; this is the class of sub-
groups H of G such that the trivial representation 1y is isolated in
the spectrum of the natural representation of H on ¢?(G/H). The class
Subge(G) contains all subgroups with Kazhdan’s property (T) which are
moreover strongly self-commensurating (see Definition 4.4 for this no-
tion); the class Subg,(G) contains also all non-amenable a-normal sub-
groups, that is, non-amenable subgroups H of G such that H NgHg™*
is amenable for every g € G\ H. As an example, H = SL,_(Z)
belongs to Subg(G) for G = SL,(Z) and n > 3 (see Example 7.7);
other examples include non-amenable maximal parabolic subgroups of
convergence groups (see Proposition 5.15 below).

Our first result shows that subgroups from the class Suby(G) are
rigid in the sense mentioned above.

Theorem A. Let G be a countable group and H € Subg(G). Then H is
representation rigid inside the class of self-commensurating subgroups
of G : if L € Sub(G) is self-commensurating, then the representations

Ae/a and Agyr are weakly equivalent if and only if L is conjugate to
H.

Our next result deals with the ideal structure of the C*-algebra
C’/’{G/H(G), that is, the closure in B({*(G/H)) of the linear span of

A/ (G) for the norm topology (see Subsection 2.2). For subgroups
H € Subg(G), we prove the following result.

Theorem B. The C*-algebra CXG/H(G) contains the ideal I of compact
operators on (*(G/H) and I is the smallest non-zero ideal of C’iG/H(G) :
every non-zero two-sided closed ideal of C;G/H (G) contains I.

Next, we introduce a second class of subgroups: the class Suby_par (G)
of what we call weakly parabolic subgroups of G; this is the class of
subgroups H of G for which there exists a topologically free boundary
action G ~ X such that X admits an H-invariant probability measure
(concerning the notion of a boundary action, see Subsection 5.2 below).
When G has a topologically free boundary action G ~ X, then every
amenable subgroup are well as every point stabilizer of X belongs to
the class Suby_par(G); see also Example 6.3.
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For the class of weakly parabolic subgroups, we prove the following
result which generalizes a criterion from [KK17] for the reduced C*-
algebra C? (G) to be simple.

Theorem C. Let G be a countable group and H € Suby_p.(G).

(i) The regular representation \g factorizes to a representation of
C;G/H(G); so, the reduced C*-algebra C(G) of G is isomor-
phic to C;G/H(G)/I, where I is the kernel of A\ in C;G/H(G).

(ii) I is the largest proper ideal of C’;G/H(G): every proper two-sided
closed ideal of C’;WH(G) is contained in I.

Theorem B has the following consequence for the space Prim(G).

Corollary D. Let G be a countable group. The natural map
Subsg(G) — Prlm(G), H— [)\G/H]

factorizes to an injective map from the quotient space Suby(G)/G to
Prim(G), where [Ag/u] denotes the weak equivalence class of Mg n.

Actually, we prove much stronger versions of Theorem A, Theorem B,
Theorem C, and Corollary D; indeed, our results are valid more gener-
ally for induced representations Indg o for a representation o of H: see
respectively Theorem 4.3, Theorem 7.4, Theorem 7.2, and Theorem 7.1
below.

We apply our results to the case of subgroups arising as point-
stabilizers of actions G ~ X of G on Hausdorff topological spaces
X. In particular (see Theorem 5.1), we prove that, for the stan-
dard action 7' ~ S!' of Thompson’s group T on the circle and for
z,y € S1\ {e* | § € Q} which do not belong to the same T-orbit,
the following hold:

T:): ~w—conj Ty and T:L“ 7érep Tya

where T, and T, denote the stabilizers of x and y in T, respectively.

Interesting examples of subgroups H which belong to either one of
the classes Subge(G) or Suby_pa (G) arise as point-stabilizers of actions
G ~ X, where X is extremally disconnected or where G ~ X is a
topologically free boundary action (see Section 5 below).

One example of a group G and a subgroup H which belongs to
both classes Subg,(G) and Suby_par (G) is given by G = PSL,(Z) and
H = PSL,_4(Z) for n > 3 (see Example 7.7). Our results show in
particular that Prim(PSL,(Z)) is infinite for n > 3; this last result is
also true for n = 2 (see [BB18]).
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This paper is organized as follows. Besides this introduction, the
paper contains six more sections. In Section 2, we gather some back-
ground material on representation theory of discrete groups that will
needed throughout the paper. We investigate in Section 3, connections
between the equivalence relations introduced above and study rigidity
properties of subgroups with respect to these equivalence relations. In
Section 4, we prove Theorem 4.3 about rigidity of subgroups with the
spectral gap property, which is a more general version of Theorem A.
In Section 5, we study subgroups of a group G which stabilize a point
or a probability measure for a continuous action G ~ X. Section 6
is devoted to the study of weakly parabolic subgroups. In Section 7,
we examine the ideal structure of C*-algebras associated to induced
representations; we prove there Theorem 7.4 and Theorem 7.2 which
are more general versions of Theorem B and Theorem C.

2. PRELIMINARIES

2.1. The compact space of subgroups. Let G be a countable dis-
crete group. Let Sub(G) be the set of subgroups of G, endowed with
the Chabauty topology; this is the restriction to Sub(G) of the product
topology on {0,1}% where every subgroup H € Sub(G) is identified
with its characteristic function 15 € {0,1}“. The space Sub(G) is com-
pact and metrizable, and the group G acts continuously on Sub(G) by
conjugation:

G x Sub(G) — Sub(G), (9, H) > gHg™".

For H € Sub(G), we denote by C(H) the G-orbit of H, that is, the
conjugacy class of H. This gives rise to a first equivalence relation ~¢p;
on Sub(G) for which the equivalence class of H € Sub(G) is C(H). We
will introduce further equivalence relations on Sub(G) in Section 3.

2.2. (*-algebras and von Neumann algebras associated to uni-
tary representations. Let G be a countable discrete group. Every
unitary representation (7, H) of G extends uniquely to a representation
(that is, a s-homomorphism) 7 : C[G] — B(H) of the group algebra
C|G] of finitely supported functions on G given by

w(f)=>_fls)n(s) for feC[G].
seG
The C*-algebra C*(G) generated by 7 is the norm closure in B(#) of
the x-algebra {7(f) | f € C|G]}. The von Neumann algebra W3*(G)
generated by 7 is the closure in B(#) of C(G) for the strong (or weak)
operator topology.
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Recall that the maximal C*-algebra C*(G) of G is the completion
of C[G] of G with respect to the norm

[ sup lw(f)],

m€Rep(G)

where Rep(G) is the set of unitary representations of G on a separable
Hilbert space. Every m € Rep(G) extends uniquely to a surjective
s-homomorphism 7 : C*(G) — CX(G).

A unitary representation (7, H) of G is factorial if the von Neumann
algebra W* (@) is a factor; in this case, 7 is said to be traceable (or
normal) if there exists a faithful normal (not necessarily finite) trace 7
on W*(@G) and a positive element € C*(G) such that 0 < 7(z) < +o0.
If 7 is irreducible, then 7 is traceable if and only if the C*-algebra C*(G)
contains the algebra of compact operators on H. For more details on
all of this, see Chapters 6 and 17 in [Dix77].

For every subgroup H of GG, the injection map 7 : H — G extends
to a x-homomorphism 4, : C*(H) — C*(G) which is injective, and so
C*(H) can be viewed as a subalgebra of C*(G).

We denote by (A\g, £*(G)) the (left) regular representation of G. The
associated C*-algebra C}_(G) is called the reduced C*-algebra of G
and will be denoted by C* (G). The Dirac function d, at the neutral
element e € G extends uniquely to a bounded trace 7¢ on W:G(G),
called the canonical trace on G.

2.3. Weak containment and Fell’s topology. Let G be a countable
discrete group. Recall that p € Rep(G) is weakly contained in 7 €
Rep(G), in symbols p < m, if

lp@)| < llx(z)l  forall  zeCYG),

or, equivalently, if C*kerm C C*kerp, where C*kernm and C*kerp
denote the kernels of the extensions of 7 and p to C*(G). The repre-
sentations m and p are weakly equivalent, in symbols p ~ 7w, if 7 < p
and p < .

We equip Rep(G) with Fell’s topology (see Appendix F in [BAIHV0S]
or [Dix77]): a sequence (m,), in Rep(G) converges to m € Rep(G) if
every function of positive type associated to 7 is the pointwise limit of
sums of functions of positive type associated to m, as n — oo; when 7
is cyclic with cyclic vector &, it suffices to check this for the function of
positive type g — (m(g)¢ | ) associated to &.

Convergence in Rep(G) can be expressed in terms of weak contain-
ment: lim, m, = 7 if and only if 7 < @®m,, for every subsequence

(7ny, )k Of ()
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2.4. States on (*-algebras associated to unitary representa-
tions. We recall a few facts about states of C*-algebras (for more
details, see Chap. 2 in [Dix77]).

Let A be a unital C*-algebra, with unit element 1 4. A state of A
is a positive linear functional ¢ on A with (1 4) = ||¢| = 1. The set
of states of A, denoted S(A), is a convex and compact subset of the
unit ball of the dual space A*, where A* is endowed with the weak*
topology. Observe that in the case A = C'(X) for a compact space X,
the state space S(A) is the space Prob(X) of probability measures on
X.

Assume that B is a unital C*- subalgebra of A. Then every state
of B extends to a state of A. If C is a quotient C*-algebra of A, then
every state of C lifts to a state of A and so we can view S(C) as weak™
closed subset of S(A).

Let G be a discrete group and 7 be a unitary representation of G.
There is natural (right) action G ~ S(C%(G)) on the state space of
C*(G) given by

g9+ @(T) = o(n(g)Tm(g7)),
for g € G, p € S(CL(G)), and T € C:(G).

Let 7, p be unitary representations of G. Viewing S(C*(G)) and

S(C5(G)) as subsets of S(C*(G)), we have:

p =7 <+= S(C;(G)) C S(CLG)).

Assume, moreover, that p is cyclic; then p < 7 if and only if the state
T — (p(T)¢ | ) belongs to S(C%(G)), where £ is a unit cyclic vector
for p. In particular, for 7 € Rep(G), we have

)\G < T < 1Tg € S(C:;(G)),

where 7¢ € S(C}(G) is the canonical trace on G.

2.5. A few facts about induced representations. Let G be a
countable discrete group. We collect a few known facts on induced
representations Ind$ o for H € Sub(G) and for a unitary represen-
tation (o, K) of H. Recall that Ind% o of G may be realized as follows.
Let H be the Hilbert space of maps F' : G — K with the following
properties

(i) F(xh) =o(h 1) F(x) for all x € G, h € H;

(i) yeaym IF@ < .

The induced representation 7 = Indg o is given on H by left transla-
tion:

(m(g9)F)(z) = F(g'z) forall g€ G, Fe€H and z € G.
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We give a decomposition of the restriction of Ind% o to another sub-
group L in terms of induced representations of L and we recall how
amenability of H or G can be expressed in terms of topological prop-
erties of Ind% o.

For H € Sub(G), 0 € Rep(H) and g € G, we denote by ¢ the
representation of ¢g~'Hg defined by

o9(z) = o(grg™) forall z€g 'Hg.

The following lemma is well-known (for a proof, see for instance
Proposition 9 in [BB18§]).

Lemma 2.1. Let G be a countable discrete group, H, L € Sub(G) and
o € Rep(H). Let S be a system of representatives for the double coset
space H\G/L. The restriction of Ind% o to L is equivalent to the direct

sum
@ Indéﬂsles (US |Lﬁs*1Hs> .

ses

Recall that, if 7 is finite dimensional unitary representation of a
group G, then m ® 7 contains the trivial representation 1, where 7 is
the conjugate representation of 7, and 7 ® p denotes the (inner) tensor
product of the representations 7 and p (see [BAIHVO08, Proposition A.
1.12)).

Amenability of G is characterized in terms of A\g by the Hulanicki-
Reiter theorem ([BAIHV08, Theorem G .3.2]):

G is amenable <= 15 < A\ <= 7 < Ag for every 7 € Rep(G).
Lemma 2.2. Let 7 be a finite dimensional unitary representation of
G. The following properties are equivalent:

(i) m < Ag;

(ii) G is amenable.

Proof. The fact that (ii) implies (i) follows from the Hulanicki-Reiter
theorem. Assume that m < Ag. Then

TRT < A ® Aa ~ Ag,

where we used the fact that \g ® p is equivalent to a multiple of A\ for
every p € Rep(G) (see e.g. [BAIHVO08, Corollary E 1.12]). Since 7 ® ©
contains the trivial representation 14, it follows that 15 < Ag and so
G is amenable, by the Hulanicki-Reiter theorem. O

Here is a well-known consequence of Lemma 2.1 and Lemma 2.2.

Corollary 2.3. For H € Sub(G) and o € Rep(H), the following prop-
erties are equivalent:
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(i) Ind$ o < Ag;
In particular, if o is finite dimensional, Indfl o < Ag if and only if H
1s amenable.

Proof. If ¢ < Ay, then, by “continuity of induction” (see [BAIHVO0S,
Theorem F.3.5]),

Indf o < Indf Ay = Indf (Indfl, 15) = Ac.

Conversely, assume that Ind$ o < Ag. Then (Ind$ o)z < A¢|x and
hence (Ind% )|z < Ag, since Ag|y is a multiple of Ay (see [BAIHVO0S,
Remark F.1.9]). By Lemma 2.1, ¢ is a subrepresentation of (Ind% o)|z.
It follows that o < Ag.

Assume now that o is finite dimensional. Then, by Lemma 2.2,
o < Ag if and only if H is amenable. U

2.6. Irreducible quasi-regular representations. Let GG be a count-
able discrete group. Recall that H, L € Sub(G) are commensurable
if H N L has finite index in both H and L. The commensurator
of H in G is the subgroup, denoted by Commg(H ), of the elements
g € G such that gHg™! and H are commensurable. The subgroup H
is self-commensurating if Commg(H) = H.

For H € Sub(G), denote by A¢/m the quasi-regular representation
of G on (?(G/H), that is, A\g/g = Ind% 1.

The subgroups H for which g,y is irreducible are described by the
following classical result (see [Machl], [Kle61], [Cor75]).

Theorem 2.4. (Mackey’s theorem)

(i) Let H be a self-commensurating subgroup of G and let o a fi-
nite dimensional irreducible unitary representation of H. Then
Ind$, o is irreducible.

(ii) Let H and L be self-commensurating subgroups of G, and let
o1 and oy be finite dimensional irreducible unitary representa-
tions of H and L, respectively. Then Indfl o, and Indf oo are
equivalent if and only if there exists g € G such that

e g'Lg=H and
e 01 is equivalent to o3.
Let G be the unitary dual of GG, that is, the set of equivalence classes
of irreducible unitary representations of G.

Let Subg.(G) be the subset of G consisting of the self-commensurating
subgroups of G. Set

X = {(H, o) | H € Subs.(G),0 € f[fd}v
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where H 7a denotes the set of equivalence classes of finite dimensional
irreducible unitary representations of H. There is a natural (left) action
of G on X, given by

(9, (H,0)) = (gHg ™", 0% ").
Denote by X/G the space of G-orbits in X. Identifying an irreducible

representation of G with its equivalence class, Theorem 2.4 can be
rephrased as follows:

Theorem 2.5. The map
Ind: X — G, (H,0) — Ind o

is well-defined and factorizes to an injective map X/G — G.

3. REPRESENTATION EQUIVALENT SUBGROUPS

In this section, we introduce various equivalence relations on the
space of subgroups of a discrete group, investigate connections between
them, and study rigidity properties with respect to these equivalence
relations.

3.1. Equivalence relations on the space of subgroups. Let G be
a countable discrete group and let Sub(G) be the set of subgroups of
G, endowed with the Chabauty topology as in Subsection 2.1.

Definition 3.1. Let H, L € Sub(G).

e H and L are weakly conjugate (in symbols, H ~y_conj L) if
C(H) =C(L).

e H and L are representation equivalent (in symbols, H ~i,
L) if the associated quasi-regular representations (Aq/u, €*(G/H))
and (A\g,r,(*(G/L)) are unitary equivalent.

e H and L are weakly representation equivalent (in sym-
bols, H ~y_ep L) if the associated quasi-regular representa-
tions (A m, (*(G/H)) and (Ag/r, (*(G/L)) are weakly equiva-

lent.

It is clear that all the relations introduced above are equivalence
relations on Sub(G). We mention that all the equivalence relations we
have introduced can be defined in exactly the same way on the space
Sub(G) of closed subgroups of a general locally compact group G.

The relation of weak conjugacy is related to the notion of quasi-
orbits: given an action G ~ X on a topological space X, consider the
equivalence relation ~ defined on X by

v~y if Gr =Gy
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An equivalence class for ~ is called a quasi-orbit for G. The space
X/ ~, equipped with the quotient topology, is a Ty topological space
and is characterized as such by a certain universal property; quasi-
orbit spaces play an important role in the theory of C*-algebras, among
others. For more on this, see [Wil07, Chap.6].

The notion of representation equivalent subgroups (of general lo-
cally compact groups) appeared in the context of the question of the
existence of isospectral but not isometric Riemannian manifolds (see
[Sun85], [Gor09], [BPR14]).

We collect some facts about the equivalence relations on Sub(G)
introduced in Definition 3.1.

Proposition 3.2. Let H, L € Sub(G). Then
() H ~~conj L = H ~y_ conj L;'

) HNCOHJ L = HNrep L;
(ili) H ~w—conj L = H ~y_rep L;
(IV) H Nrep L — H ~w—rep L

v) in general, H ~y_conj L %5 H ~pep L;
(vi) in general, H ~yep L =5 H ~oeonj L
(vil) in general, H ~yep L =5 H ~y_conj L;
(viil) in general, H ~y_yep L =5 H ~opep L.

Proof. (i) and (iv) are obvious.

(ii) Assume that H ~on L; we have to show that A\g /1 18 equivalent
to Ag/r. Indeed, if L = gHg ™' for g € G, the map U : (*(G/H) —
(*(G/L), defined by

Uf(x) = flg~'wg)  for  fel*(G/H), z€G,
is a bijective linear isometry. Moreover, U intertwines Aq/y and )\*g/lL.

As /\‘(g/lL is unitary equivalent to Ag,r, this proves the claim.

(iii) For the proof, see Corollary 3.4 below.

(v) For the proof, see Theorem 5.1 below.

(vi) There are examples of finite groups G containing non conjugate
subgroups H, L such A,y and Ag/p are equivalent (see [Bér92, 1.8)).
(vii) Let G, H and L be as in (vi); then H ~, L and H 7 conL and
hence H % _conjL, since G is finite.

(viii) Let G = F5 be the free group on two generators a,b and let
H be the subgroup generated by a and L = {e}. On the one hand,
Ag/u is weakly contained in Ag = Mg/, since H is amenable (see
Corollary 2.3). On the other hand, lim, b" Hb™" = {e} and hence \g
is weakly contained in Ag/p, by Corollary 3.4 below. Hence, we have
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H ~y_iep {€}. However, A i is not equivalent to A¢ = Ag/r. Indeed,
H has a non-zero invariant vector in ¢?(G/H) and no such vector in
(*(G). Hence, H # yop{e}. O

3.2. Weak conjugacy and weak representation conjugacy. We
investigate the relationship between weak conjugacy and weak repre-
sentation conjugacy of subgroups of a countable discrete group G.

The following result is a special case of a far more general result of
Fell, valid for induced representations of locally compact groups (see
[Fel64, Theorem 4.2]).

Proposition 3.3. The map
A : Sub(G) — Rep(Q), H — Ag/u
18 continuous.

Proof. Let (H,), be a sequence in Sub(G) converging to H € Sub(G).
Then 1y, and 1y are functions of positive type on G associated to
AG/m, and Ag/p, respectively; moreover, we have

lim1ly, (9) =1g5(9) for every geaq,

by definition of the Chabauty topology on Sub(G). Since dg € (*(G/H)
is a cyclic vector for Ag/p and since 1y = (Ag/u(-)dm | 0n), it follows
that lim,, Aq/m, = Ag/n in the Fell topology. U

Corollary 3.4. Let H, L € Sub(G).

(i) Assume that L € C(H). Then A/ < Ag/n-
() H ~yoconj L = H ~oyrep L.

Proof. (i) Let L € C(H), and let H,, € C(H) be such that lim,, H, = L.
Then, by continuity of the map A, it follows that

lim Ag/m, = lim A(H,) = A(L) = A1

Since Ag g is equivalent to Ag g for every H' € C(H), we have there-
fore /\G/L < AG/H
(ii) This follows immediately from Item (i) and the definitions. O

Remark 3.5. (i) The converse in Corollary 3.4.i does not hold in
general: for every amenable subgroup H of GG, we have Aq/p <
A¢ (see Corollary 2.3); however, H € {e} only if H = {e}.
(ii) As shown in Proposition 3.2.vii, the converse in Corollary 3.4.ii
does not hold in general.
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Let Sub,(G) be the subset of Sub(G) consisting of amenable sub-
groups of G. The following well-known fact (see [CM14, Corollary 4])
is another consequence of Proposition 3.3.

Corollary 3.6. Let G be countable group. Then Sub,(G) is closed in
Sub(G).

Proof. Let (H,), be a sequence in Sub,(G) converging to H € Sub(G).
Then lim, Aq/n, = Aq/m, by Proposition 3.3. Since H,, is amenable,
we have Ag g, < Ag for every n. Thus, we have A\q/y < Ag, which
implies that H is amenable (see Corollary 2.3). 0

3.3. Conjugation rigidity of subgroups. We define notions of rigid-
ity for subgroups of a countable discrete group G, related to the various
equivalence relations on Sub(G) introduced in Definition 3.1.

Definition 3.7. Let H € Sub(G).
(i) H is said to be conjugation rigid if, for every L € Sub(G),
we have
L ~w—conj H — L ~conj H
(in other words, if C(L)=C(H) = C(L) = C(H));
(ii) H is said to be representation rigid if, for every L € Sub(G),
we have

L ~w—rep H = L ~conj H
(in other words, if A/, ~ A/ = C(L) =C(H));

(iii) H is said to be strongly representation rigid if the following
holds: if Ind¥ ¢ ~ Ind$, 7 for L € Sub(G), 0 € Lygand 7 € Hjy,
then there exists g € G such that L = g7 Hg and o is equivalent
to m9.

Let H be a G-invariant subset of Sub(G) and H € H. One may define
conjugation rigidity, representation rigidity and strong representation
rigidity of H inside H, by allowing only subgroups L € H in (i), (ii),
and (iii).

Remark 3.8. Let H € Sub(G).

(i) It follows from Corollary 3.4 that if H is representation rigid,
then H is conjugation rigid.

(ii) H may be conjugation rigid without being representation rigid;
indeed, let G = F5 be the free group on two generators a,b. The
trivial subgroup H = {e} is obviously conjugation rigid; how-
ever, for L = (a), the representation g/, is weakly equivalent
to Ag (see proof of Proposition 3.2.viii), that is, H ~y_rep L.
So, H is not representation rigid.
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(iii) Generalizing (ii), let G be C*-simple group, that is, a group
G for which the reduced C*-algebra C* (G) is simple; for large
classes examples of such groups, see [BKKO17]). Then, for
every amenable subgroup L of G, we have L ~y_,¢, {€}; so,
H = {e} is conjugation rigid and not representation rigid if

G # {e}.
4. A CLASS OF RIGID SUBGROUPS

We exhibit a class of subgroups H of G which have rigidity properties
in the sense of Definition 3.7.

Let G be a countable discrete group acting on a set X. Let mx be
the associated natural representation of G on ¢?(X). We say that the
action G ~ X has a spectral gap if 7x does not weakly contain the
trivial representation 1¢; this is the case if and only if there exists no
G-invariant mean on ¢>°(X). For more on group actions with a spectral
gap, see the overview [BB17].

Let H € Sub(G). Observe that H is a global fixed point for the
natural action H ~ G/H.

Definition 4.1. We say that a subgroup H € Sub(G) has the spectral
gap property if the action H ~ X has a spectral gap, where X =
G/H\ {H}. We denote by Subg(G) the set of all subgroups of G with
the spectral gap property.

Remark 4.2. (i) Let H € Subg(G). Then H is the only H-
periodic point in G/H (that is, the only point with finite H-
orbit). Indeed, let O C G/H be a finite H-orbit. Then 14 is an
H-invariant non-zero function in ¢*(G/H) and hence O = {H}.

(ii) By Lemma 2.1, a subgroup H € Sub(G) has the spectral gap
property if and only if 14 is not weakly contained in the direct

sum
@ AH/(HNs—1Hs)-
s€G\H

(iii) Let H € Subg(G). Then it follows from part (i) above that H
is self-commensurating. In fact, H satisfies a slightly stronger
property to be introduced in Definition 4.4 below.

We now establish a strong rigidity property of the class Subg, (G). Re-
call that traceable representations have been defined in Subsection 2.2.

Theorem 4.3. Let G be a countable discrete group and H € Subg(G).

(i) Let o € ]/-jfd. Then Ind$; o is a traceable irreducible representa-
tion of G.
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(ii) Let o € ﬁfd and ™ € G. If 7 ~ Ind$ o, then 7 is unitary
equivalent to Tnd% o.

(iii) The subgroup H is strongly representation rigid inside the class
Subg.(G) of self-commensurating subgroups: if IndS o ~ Ind% =
for L € Subs.(G), o € Zfd and w € ﬁfd, then there exists g € G
such that H = g~'Lg and 7 is equivalent to o9.

Proof. By Mackey’s theorem (Theorem 2.4), Ttem (iii) is a special case
of Item (ii). Item (ii) follows from Item (i), in combination with a well-
known fact about irreducible representations of C*-algebras containing
the algebra of compact operators (see Corollary 4.1.10 in [Dix77]). So,
we only have to prove Item (i).

As a preliminary step, we first establish that H enjoys a spectral
gap property which is formally stronger than the one stated in Re-
mark 4.2.ii.

e Step 1. For every s € G\ H, let 0, € Rep(H N s™'Hs). We claim
that the direct sum

p = @ Indgﬂsles Os

s€eG\H

does not weakly contain any finite dimensional unitary representation
of H.

Indeed, assume, by contradiction, that p weakly contains a finite
dimensional unitary representation of H. Then, p ® p weakly contains
1g. On the other hand, p ® p is equivalent to

@ Indgﬁsles Pss
seG\H

where ps = 05 ® (p|rns-—11s); see [BAIHVOS, Proposition E. 2.5]. So,
denoting by ICs the Hilbert space of ps for s € G\ H, there exists a
sequence (F?),>1 of maps F? : H — K5 in the Hilbert space of

s 1= Indjje 14 s,
with the following properties:
* > covm |FE||? =1 for all n > 1;
® limy, s o0 D e 175 (D) Fy — Ep|I> = 0 for every h € H.

Define, for every s € G\ H, a sequence (f;),>1 of functions f; : H - R
by
fox) = ||F; ()] for x € H.
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Then f¢ is constant on the H N s~! Hs-cosets and, for the norm of f?
in ((H/(H N s 'Hs)), we have

£ = Y IE@IP = 1F)*

zeH/(HNs~1Hs)

hence,
SoAsIE= D IEIP=1
s€G\H s€G\H
for all n > 1. Moreover, for s € G\ H and h € H, we have
S S S - S 2
|Amyns )W s = FalP = Y 15 ()l = (| 3 ()l
zeH/(HNs~1Hs)
< ) IEeTy) - R@)
z€H/(HNs~1Hs)
= ||ms(h)Fy — E3|*.
Therefore,
Tim S [ Oans ) (W) i = fiI2 =0,
seG\H
and so

Jn = @ In

s€eG\H

is a sequence of almost invariant unit vectors for the representation

@ /\H/(Hms*leﬁ

s€eG\H

this contradicts the fact that H has the spectral gap property (see
Remark 4.2.ii) and proves the claim.

e Step 2. Set 7 := Ind§ o for 0 € fAIfd. We claim that 7 is an
irreducible and traceable representation of G.

Indeed, since H is self-commensurating, the irreducibility of 7 follows
from Mackey’s theorem. To prove that 7 is traceable, it suffices to show
that 7(C*(G)) contains a non-zero compact operator.

Let S C G be a system of representatives for the double coset space
H\G/H with e € S. By Lemma 2.1, 7|y is equivalent to

@IndﬁﬂS_lHS(o’ﬂHms_le) =0® @ Indgﬂs—le(Us’Hﬂs—le)’
ses seS\{e}
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By Step 1 above, the representation

@ Indgﬂs—le(O-slHﬁs_le)‘
seS\{e}

does not weakly contain the finite dimensional representation o. It fol-
lows from [BB18, Lemma 6] that #(C*(H)) contains a non-zero com-
pact operator. Since C*(H) can be viewed as subalgebra of C*(G), this
proves the claim and hence Item (i). O

4.1. Kazhdan subgroups. We now turn to examples of subgroups
with the spectral gap property. We need the following strengthening
of the notion of a self-commensurating subgroup.

Definition 4.4. A subgroup H € Sub(G) is strongly self-commen-
surating in G if gHg~'N H has infinite index in H for every g € G\ H.

Remark 4.5. (i) It follows from Remark 4.2.i that every subgroup
H in Subg(G) is strongly self-commensurating in G.

(ii) A self-commensurating subgroup H € Sub(G) is not necessarily
strongly self-commensurating. Indeed, let G = F; be the free
group on two generators a and b. The subgroup H generated
by {b"ab™™ | n > 1} is easily seen to be self-commensurating.
However, b 'HbN H = H.

Our first main class of examples of subgroups with the spectral gap
property is given by subgroups with Kazhdan’s property (T); for an
account on Kazhdan’s property (T), see [BAIHV0S].

Proposition 4.6. Let H € Sub(G) be a strongly self-commensurating
subgroup with property (T). Then H € Subg(G).

Proof. Assume, by contradiction, that the action H ~ X does not
have a spectral gap, where X = G/H \ {H}. Then (see Remark 4.2.ii)
1y is weakly contained in the direct sum

@ )\H/Hﬂs—lHS'

s€eG\H

Since H has property (T), this implies 15 is contained in Ag/gns—14s,
for some s € G\ H. Then H N s 'Hs has finite index in H and this
contradicts the fact that H is strongly self-commensurating. U

It follows from Proposition 4.6 and Theorem 4.3 that strongly self-
commensurating Kazhdan subgroups are strongly representation rigid
inside the class Subs.(G) of self-commensurating subgroups. We do not
know whether such subgroups are representation rigid (or strongly rep-
resentation rigid) inside the whole of Sub(G). However, as we now show,
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they are conjugation rigid. Indeed, as Kazhdan groups are finitely gen-
erated, this follows from the following proposition.

Proposition 4.7. Let H be a strongly self-commensurating finitely
generated subgroup of G. Then H is conjugation rigid: if L € Sub(QG)

is such that C(L) = C(H), then L is conjugate to H.

Proof. As C(L) = C(H), we have lim,, z,, Lz, = H and lim,, y, Hy, ' =
L for sequences (2,,)n, (Yn)n in G. Since H is finitely generated, it fol-
lows from the definition of the Chabauty topology that there exists
no > 1 such that H C z,Lz;! for every n > ng. As

1_ -1
= TpoLx,,

. -1
h;n TnoYnHY, T,

and, again, as H is finitely generated, there exists n; > 1 such that

-1

o for all n>n.

HC anynHyglx

Since H is strongly self-commensurating, it follows that z,,y, € H,

that is, @,y Hy, 'z, = H, for all n > n,. Hence, x,, Lz, = H. [

no

Remark 4.8. The set of Kazhdan subgroups is in general neither
closed nor open in Sub(G), as the following examples show.

o Let G = |J,,cn Hyr be an inductive limit of a strictly increasing
family of finite subgroups H,,. Then every H,, has property (T)
but lim,, H,, = G does not have property (T), as it is not finitely
generated.

e The sequence of the subgroups H,, = 2"Z of G = Z, which
of course do not have property (T), converges to the Kazhdan
subgroup {e}.

4.2. A-normal subgroups. We are going to introduce our second
class of examples of subgroups with the spectral gap property.

Recall that a subgroup H of G is said to be malnormal (respectively
weakly malnormal) if H N gHg ! = {e} (respectively H NgHg™! is
finite) for every g € G \ H. For the relevance of this notion in group
theory and operator algebras, see [LS01] and [PV08]). We introduce a

class of subgroups which contains all weakly malnormal subgroups.

Definition 4.9. A subgroup H € Sub(G) is said to be a-normal if
HnNgHg™" is amenable for every g € G\ H. We denote by Sub, o (G)
the set of all a-normal subgroups of G.

Remark 4.10. (i) Of course, every malnormal subgroup and ev-
ery amenable subgroup is a-normal; however, we will be mainly
interested in a-normal subgroups which are not amenable.
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(ii) Every non-amenable a-normal subgroup H of G is strongly self-
commensurating in G in the sense of Definition 4.4: for g €
G\ H, the group H N gHg™! is amenable and so cannot have
finite index in the non-amenable group H.

Proposition 4.11. Let H be a non-amenable a-normal subgroup of G.
Then H € Subg(G).

Proof. Assume by contradiction that H is not in Subg(G), that is (see
Remark 4.2), 1 is weakly contained in the direct sum

@ )\H/HﬂsleS'

seG\H

Since H is a-normal, H N s~ 'Hs is amenable and so AH/HAs—1Hs 18
weakly contained in Ay for every s € G\ H (see Corollary 2.3). This
implies that 1 is weakly contained in Ay, hence that H is amenable,
and this is a contradiction. 0

It follows from Proposition 4.11 and Theorem 4.3 that non-amenable
subgroups in Sub, ,om(G) are strongly representation rigid inside the
class Subg.(G) of self-commensurating subgroups.

We do not know whether non-amenable a-normal subgroup are rep-
resentation rigid (or strongly representation rigid) inside the whole of
Sub(G). However, as we now show, they are conjugation rigid inside
Sub(G). For this, we will need the following observation.

Lemma 4.12. The set Sub, o (G) is a closed and G-invariant subset

of Sub(G).

Proof. Since the conjugate of an a-normal subgroup is obviously again
a-normal, Sub,_pom (G) is G-invariant.

Let (H,), be a sequence in Sub,_,o:m (G) converging to H € Sub(G).
Let z € G\ H. Since

limH, NzH,x ' =HNzHz !

and since, by Corollary 3.6, Sub,(G) is closed in Sub(G), it suffices to
show that = ¢ H, for n large enough.

Assume, by contradiction, that x € H,, for a subsequence (H,, )i of
(Hp,)n. Then 2 € H, by the definition of the Chabauty topology, and
this is a contradiction. O

Corollary 4.13. Let H be a non-amenable a-normal subgroup of G.
Then H is conjugation rigid: if L € Sub(G) is such that C(L) = C(H),
then L s conjugate to H.
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Proof. Let L € Sub(G) be such that C(L) = C(H). Then L is a-normal,
by Proposition 4.12. We claim that L is non-amenable. Indeed, since
H € C(L), it would follow otherwise that H is amenable (see Corol-

lary 3.6) and this contradicts our assumption. The claim now follows
from Corollary 3.4 and Theorem 4.3. U

5. POINT-STABILIZERS OF TOPOLOGICAL ACTIONS

In this section, we study classes of subgroups of a group G which
arise as stabilizers of points for certain actions G ~ X on a topological
space X.

5.1. Continuity points of the stabilizer map. Given an action
G ~ X of G on a Hausdorff topological space X by homeomorphisms,
let Stab : X — Sub(G) be the G-equivariant map defined by

Stab(z) = G, for e X,

where G, = {g € G : gx = x} is the stabilizer of x in G.

For z € X, denote by GY the (normal) subgroup of G, consisting
of all ¢ € G for which there exists a neighbourhood Uy, of x such that
gy = y for all y € U,. It is easy to show that Stab : X — Sub(G)
is continuous at x € X if and only if G, = G2; moreover, the set of
continuity points of this map is a dense Gs-subset of X if X is a Baire
space (for the elementary proof of these facts, see Lemmas 2.2 and
Proposition 2.4 in [LBMB18]).

The following result, announced in Proposition 3.2, shows that, in
particular, the equivalence relations ~y_conj and ~ep, on Sub(G) are
not comparable in general.

Recall (see [CFP96]) that Thompson’s group 7' is the group of ori-
entation preserving homeomorphisms of the circle S* = R/Z, which
are piecewise linear, with only finitely many breakpoints, all at dyadic
rationals, and with slopes all of the form 2* for k € Z. Thompson’s
group F' is the stabilizer in T" of the point 1 € S!.

As is well-known and easy to check, the action 7' ~ S! is minimal.
Recall that an action G ~ X of a group G on a topological space X is
said to be minimal if the G-orbit Gz is dense in X for every z € X.

Theorem 5.1. Let G be Thompson’s group T and consider its action
on St. Let ,y € S' and let o and p be finite dimensional irreducible
unitary representations of G and G, respectively.

(i) The representation Indgx o s irreducible.
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(ii) The representations Indgz o and Indgy p are equivalent if and
only if there exists g € G such that gr = y and p is equivalent

—1
to o9

(ili) Assume that y ¢ Gu; then Gy trep Gy
(iv) Assume that x,y € S'\ {e* | 6 € Q}; then Gy ~y—_conj Gy-

Proof. Assume that x # y. We claim that G, NG, has infinite index in
G, or, equivalently, that the GG -orbit of y is infinite. Indeed, it follows
from Lemma 4.2 in [CFP96] that every orbit of Gy NG, = F NG, in
S\ {z,1} is infinite and it is clear that the G,-orbit of 1 is infinite if
x # 1.

Let g € G\ G,. Then, by what we have just shown, G, N gG,g~! =
G N Gy has infinite index in G,. Hence, Commg(G,) = G,.

Moreover, we have G, = gG,g~' for some g € G if and only if
Gy = Gy, that is, if and only if y = gz. So, Items (i) and (ii) follow
from Mackey’s Theorem 2.4.

Item (iii) is a direct consequence of Item (ii).

To prove Item (iv), note that S'\ {€2™ | § € Q} is contained in the
set C' of continuity points of the map Stab : S' — Sub(G).

Let S¢(S') be the closure of {G, | z € C'} in Sub(G). Since T' ~ S?
is minimal, the action G ~ Sg(S?) is minimal, by [Glal5, Proposition
1.2]. It follows that G, ~y_conj Gy for all z,y € C. O

Remark 5.2. Consider the action of Thompson group T on S!; the
closure in Sub(T") of the set {T, | z € C'}, which appeared in the proof
of Theorem 5.1, is the stabilizer URS (short for “uniformly recurrent
subgroup”) for T~ S' in the sense of [Glal5]; this URS has been
completely described in [LBMB18, Proposition 4.10].

We apply now the result (Proposition 3.3) on the continuity of the
map

A : Sub(G) — Rep(G), H — Ag/u

to point-stabilizers of a topological action of a group G.

Proposition 5.3. Let G ~ X be an action of G on a Hausdorff topo-
logical space X.

(i) Let x € X and let = € Gz be such that G, = G°. Then G,
belongs to the closure of the conjugacy class C(Gy) of Gy; in
particular, A\g/a, < Aa/a,-

(ii) Letx € X be such that Gx contains a point with trivial stabilizer

and H be a subgroup of G,. Then {e} belongs to the closure of
C(H) and \g < /\G/H'
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Proof. For Item (i), note that by assumption, Stab : X — Sub(G)

is continuous at z and z € Gz. Thus, we have G, € C(G,), and
Proposition 3.3 implies that A\g/q. < Aq/q, -

To show Item (ii), let z € Gx be such that G, = {e}. We have
trivially G, = G?; hence, {e} € C(G,), by Item (i). It follows from
the definition of the Chabauty topology that {e} € C(H) for every
subgroup H of G,. This, together with Proposition 3.3, implies that

Ag < Ag/H- O

Recall that an action G ~ X of G on a Hausdorff topological space
X is called topologically free if, for every g € G\{e}, the set Fix(g) =
{z € X | gx = z} of fixed points of g has empty interior in X. Observe
that, for such an action, the set of points x € X with G, = {e} is
a dense (and in particular, non empty) subset of X, provided X is a
Baire space; indeed, the set of continuity points of the stabilizer map
X — Sub(G) is dense, as mentioned at the beginning of this section.

A Hausdorff topological space X is called extremally disconnected
(or Stonean) if the closure of every open set of X is open. A relevant
fact about these spaces is the following result from [Fro71].

Lemma 5.4. Let X be an extremally disconnected topological space.
The fized point set of every homeomorphism of X is open. In particular,
if G ~ X 1s an action of a group G on X, then G, = G for every
x € X and so the map Stab : X — Sub(G) is continuous.

The following corollary is an immediate consequence of Lemma 5.4
and Proposition 5.3.

Corollary 5.5. Let G ~ X be a minimal action of G on an extremally
disconnected topological space X . Then Gy ~w—vep Gy for all z,y € X.

5.2. Boundary actions. We turn our attention to subgroups which
are point-stabilizers of boundary actions of a countable group G.

Let X be a compact topological space. Recall that an action G ~ X
of G on X is said to be strongly proximal if, for every probability
v € Prob(X) on X, the weak™ closure of the orbit Gv contains some
point measure 6., * € X. The action G ~ X is called a boundary
action or a G-boundary if it is both minimal and strongly proximal.

By [Fur73], every group G admits a universal boundary drG, called
the Furstenberg boundary: 0pG is a G-boundary and every G-
boundary is a continuous G-equivariant image of dpG. Moreover, it is
known that OrG is extremally disconnected (see [KK17, Remark 3.16]
or [BKKO17, Proposition 2.4]).
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It follows from Lemma 5.4 that, if X is extremally disconnected,
then G ~ X is topologically free if and only if G ~ X is free, that is,
Fix(g) = 0 for every g € G\ {e}.

C*-simple groups have been characterized in [KK17] in terms their
actions on boundaries as follows (see also [BKKO17]).

Theorem 5.6. [KK17] Let G be a discrete group. The following prop-
erties are equivalent:

(i) G is C*-simple;
(i) the action G ~ OpG is free;
(iii) there ezists a topologically free boundary action G ~ X.

Recall that the amenable radical of a group G is the unique largest
amenable normal subgroup of G. A long well-known fact (see [BCdIH94,
Lemma p.289]) is that a group with a non-trivial amenable radical is not
C*-simple; examples of non C*-simple groups with a trivial amenable
radical have been given in [LB17].

Proposition 5.7. Let G be a countable group which is not C*-simple
and let G ~ OpG be the Furstenberg boundary action.

(i) For everyx € OpG, the stabilizer G, is non-trivial and amenable.
(ii) For any x,y € OpG, we have Gy ~y_conj Gy-

(ili) For every x € OrG, we have Gy tby_rep {€}-

(iv) Assume that the amenable radical of G is trivial. Then there
exists an uncountable subset A of OpG such that, for every
x,y € A with x # y, we have Gy #conj Gy.

Proof. Since G is not C*-simple, Item (i) follows from Theorem 6.2 in
[KK17] and from its proof (see also Theorem 3.1 and Proposition 2.7
in [BKKO17)).

As O is extremally disconnected, the map Stab : 9pG — Sub(G) is
continuous (see Lemma 5.4). Since G ~ 0pG is minimal, the action of
G on {G, | x € OpGY} is also minimal. This implies that G, ~w—_conj Gy,
for any pair of points z,y € OrG, and therefore proves Item (ii).

Let x € OpG. Since G, is non-trivial, it follows from [BKKO17,
Proposition 3.5] that A¢ A Ag/e, and hence Gy %w_rep {€}. This
proves Item (iii).

By Item (i) and [LBMBI18, Proposition 2.18(iii)], the set {G, | = €
OrG} is uncountable, provided G has a trivial amenable radical. Since
G is countable, this implies Item (iv). U
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5.3. A criterion for C*-simplicity. We give a sufficient condition
for the C*-simplicity of a countable group G in terms of a dynamical
property of non necessarily compact G-spaces.

Proposition 5.8. Let G ~ Y be a non-topologically free boundary
action of G, and let G ~ X be a topologically free minimal action of
G on a Baire space X. For everyy €Y, the subgroup G, has no global
fixed point in X.

Proof. Since G ~ Y is a non-topologically free boundary action, the
quasi-regular representation A\g/q, does not weakly contain the regular
representation Ag for any y € Y, by [BKKO17, Proposition 3.5].
Assume, by contradiction, that G fixes a point € X. Since G ~
X is minimal and topologically free, Gxr = X contains a point with
trivial stabilizer. Proposition 5.3 implies that A < Ag/q, and this is
a contradiction. O

Example 5.9. Let T" and F' be the Thompson groups.

(i) The standard action T~ S! is a non-topologically free bound-
ary action and F'is a point-stabilizer for this action. Let T~ X
be a topologically free minimal action of T" on a Baire space X.
It follows from Proposition 5.8 that F' has no global fixed point
in X.

(ii) Let " ~ K be a minimal action of 7" on a compact space K such
that [ stabilizes a point in K. The rigidity result on minimal
actions of T on compact spaces from [LBMB18, Theorem 1.8],
combined with (i), shows that 7' ~ K factors onto the standard
action T~ St

As a consequence of Proposition 5.8, we obtain a sufficient condition
for C*-simplicity of a group.

Corollary 5.10. Let G be a group with the following property: for
every amenable subgroup H € Sub(G), there ezists a topologically free
minimal action G ~ X on a Baire space X such that H fizes a point
in X. Then G is C*-simple.

Proof. For each y € OpG, the stabilizer G, is amenable and hence fixes
a point x € X, by assumption. Proposition 5.8 implies that G ~ OpG
is topologically free; therefore, G is C*-simple (see Theorem 5.6). [

Example 5.11. Let G be a torsion-free word hyperbolic group and
let G ~ OG be its the action on its Gromov boundary. Then every
amenable subgroup of G is infinite cyclic (see e.g. [KB02, Theorem
12.2]) generated by a loxodromic element, hence fixes two points in

0G.
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5.4. Examples of a-normal subgroups. In this subsection, we give
some examples of classes of a-normal subgroups as defined in Subsec-
tion 4.2.

Example 5.12. Let G = x;H; be a free product of countable discrete
groups H;. It follows from the definition of the free product that, for
every factor group H; and every s ¢ H;, we have sH;s~' N H; = {e}.
Hence, every factor H; is an a-normal subgroup of G. If, in addition,
a factor group H; is non-amenable, then H; € Suby,(G).

We can determine when two factor groups in a free product are
weakly representation equivalent.

Proposition 5.13. Let G = Hy x Hy be the free product of non-trivial
countable groups Hy and Hs, at least one of which is of order bigger
than two. Then Hy ~y_rep Ho if and only if both Hy and Hy are
amenable.

Proof. The group G is C*-simple (see for instance [PS79]). Assume
that H; and Hy are amenable. Then, by [BKKO17, Theorem 1.2], we
have

AG/H, ~ Aa ~ AG/H,-

Conversely, assume that H; is non-amenable. Since H; is a-normal
(see Example 5.12), it follows H; is conjugation rigid, by Corollary
4.13. On the other hand, H; #con; H2, by definition of the free product.
Hence, Ag/m, #w—rep AG/Hs- O

The subgroups H; from Proposition 5.13 are examples of maximal
parabolic subgroups of relatively hyperbolic groups, in the sense of
Bowditch [Bow12], which in turn are special cases of convergence groups
(see [Yam04] and [Bow98] for more details).

Definition 5.14. (i) A discrete group G is a convergence group
if it admits an action G ~ X by homeomorphisms on a perfect
compact Hausdorff space such that the induced action on the set
of distinct triples {(z,y,2) € X x X x X | Card{z,y, 2z} = 3}
is properly discontinuous. In this case, we say that G ~ X is
a convergence action.

(ii) Let G be a convergence group. We say that a subgroup H €
Sub(G) is parabolic if it is infinite and if there is a convergence
action G ~ X such that H fixes some point of X and such H
contains no loxodromic element, that is, no element g € G of
infinite order with Card(Fix(g)) = 2.

If G, H, and G ~ X are as in the above Definition 5.14.ii, then
H has a unique fixed point in X which is called a parabolic point.
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The stabilizer of a parabolic point is a parabolic subgroup and hence
a maximal parabolic subgroup.

Proposition 5.15. Let G be a convergence group. Let H € Sub(G) be
a torsion-free maximal parabolic subgroup. Then H is malnormal and
hence a-normal. If, moreover, H is non-amenable, then H € Subg,(G).

Proof. Since H € Sub(G) is a maximal parabolic subgroup, there is a
convergence action G ~ X as in the Definition 5.14.ii, and a parabolic
point € X such that H = G,. Let g € G\ H, and let s € HNgHg™'.
Then s fixes the pair of distinct points x and gx. Since H does not
contain any loxodromic elements, it follows s has finite order and so
s =e, as H is torsion free. Thus, H NgHg ' = {e}. O

Here is another class of actions for which point-stabilizers are a-
normal (and not necessarily malnormal).

Proposition 5.16. Let G ~ X be an action of the group G on a set
X. Assume that no non-amenable subgroup of G fizes more than one
point in X. Then G, is a-normal for every x € X.

Proof. Let x € X and ¢ € G\ G,. Then gxr # x; the subgroup
G, N gG,g~!, which fixes both x and gz, is therefore amenable. O

Example 5.17. Let K be a field and G a subgroup of GL3(K). The
standard action G ~ X on the projective plane X = P?(K) satisfies
the condition of Proposition 5.16 above; indeed, for distinct points x
and y in X, the group G,NG,, is conjugate inside G L3(K) to a subgroup
of the group

*
L:=10
0

D ox ¥ %

Do x o

since L is amenable, it follows that
a-normal for every point z € X.

N Gy is amenable. Hence G, is

6. WEAKLY PARABOLIC SUBGROUPS

In this section, we study subgroups of a group G which stabilize a
probability measure on a G-boundary.

6.1. Weakly parabolic subgroups: definition and examples.
Let X be a compact space. Recall that the space Prob(X) of proba-
bility measures on X, endowed with the weak™* topology, is a compact
space. Assume that we have an action G ~ X of a group G on X.
Then G acts on Prob(X) through v — g.v, where g,v is the image of
v € Prob(X) under the map x — gx for g € G.

We introduce our second main class of subgroups of G.



QUASI-REGULAR REPRESENTATIONS 27

Definition 6.1. Let GG be a countable group. We say that a sub-
group H of GG is weakly parabolic, if there exists a topologically free
boundary action G ~ X such that H has a fixed point in Prob(X).
We denote by Suby,_par(G) the set of weakly parabolic H € Sub(G).

Remark 6.2. Let G be a group which admits a topologically free
boundary action G ~ X.

(i) The group G is C*-simple, by Theorem 5.6.

(ii) The set

{H € Sub(G) | H has a fixed point in Prob(X)}

is a closed and G-invariant subset of Sub(G). It follows that
Suby_par(G) is a G-invariant subset of Sub(G).

Example 6.3. (i) Let G be a group which admits a topologically
free boundary action. Then every amenable subgroup of G belongs
to Suby_par(G). Indeed, if H ~ X is an action of an amenable group
on a compact space X, then H has a fixed point in Prob(X).

(ii) Let G ~ X be a topologically free boundary action of a group G.
Let x € X. Every subgroup of the point-stabilizer G, of x is weakly
parabolic. Here is a specific example.

e Let G = PGL,(Q) for n > 2 and let G ~ X be the standard
action on the projective space X = P(k™), where k is the field
R of real numbers or the field Q, of p-adic numbers. Let z
be the image in P(k™) of some vector from Q" \ {0}. Then
the point stabilizer GG, is isomorphic to the semi-direct product
PGL, 1(Q) x Q"' given by the standard linear action on
anl‘
(iii) Let G ~ X be a continuous action of a locally compact group G
on a compact space X. Let G be a countable (not necessarily discrete)
subgroup of G such that the restricted action G ~ X is a topologically
free boundary action of G. Let H be an amenable closed subgroup of
G. Then every subgroup H of G NH belongs to Suby,_p.:(G). Indeed,
the locally compact amenable group H stabilizes a probability measure
on X and the claim follows. Here are two specific examples.

e For n > 2, we claim that H = PO,(Q), the (projective) group
of orthogonal matrices with rational entries, is a weakly para-
bolic subgroup of G = PGL,(Q). Indeed, let G = PGL,(R)
and G ~ X the standard action on X = P(R™). The action
G ~ X is a topologically free boundary action and H is con-
tained in the compact subgroup PO, (R) of G. Observe that H
is not amenable when n > 3, as it is dense in PO,(R) and so
contains non abelian free subgroups.
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e For n > 2, we claim that H = PSL,(Z) is a weakly parabolic
subgroup of G = PSL,(Q). Indeed, let G = PSL,(Q,) for a
prime integer p and G ~ X the standard action on X = P(Qy).
The action G ~ X is a topologically free boundary action and
H is contained in the compact subgroup PSL,(Z,) of G.

6.2. Some properties of weakly parabolic subgroups. The fol-
lowing property of weakly parabolic subgroups will be a crucial tool in
the study of their associated C*-algebras (see the proof of Theorem 7.2).
Recall that a map ® : A — B between two unital C*-algebras is unital
if (1 4) = 15 and that & is positive if &(7") > 0 for every T' € A with
T > 0.

Proposition 6.4. Let G be a countable group and H € Suby_p.(G).
Then there exist a topologically free boundary action G ~ X and a
linear isometric map C(X) — ((G/H) which is G-equivariant, unital
and positive.

Proof. Since H € Suby,_pa:(G), there exists a topologically free bound-
ary action G ~ X such that X admits an H-invariant probability
measure v. Consider the Poisson transform P, : C(X) — (>*(G/H),
defined by

Pu(f)gH) = /Xf(gfl?)dl/(:c) for  feC(X),geq.

It is clear that P, is linear, G-equivariant, unital and positive. So, P,
induces a G-equivariant map ® : G/H — Prob(X), given by

d(gH)(f) =P, (f)(gH) for feC(X), geq.

Since G ~ X is a boundary action, the range of ¢ consists exactly of
the point measures d, for x € X (see [Fur73, Proposition 4.2]). So,
there exists a surjective map ¢ : G/H — X such that ®(gH) = dyym)
for every g € G. It follows that P, is isometric; indeed, let f € C(X).

Then
sup | P, (f)(gH)| = sup |®(gH)(f)]

geG geG

= sup [ f(e(gH))|

geG

= sup |f(x)]

zeX

O

The next result generalizes the well-known fact that a C*-simple
group contains no non-trivial amenable normal subgroup. Recall that,
if Suby—par(G) # 0, then G is C*-simple (Remark 6.2).
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Proposition 6.5. Let G be a countable group. Then Suby,_pa:(G) con-
tains no non-trivial normal subgroup of G.

Proof. Let N be a normal subgroup of G, and suppose there is a
topologically free boundary action G ~ X and an N-invariant v €
Prob(X). Since N is normal, g,v is N-invariant for every g € G. As
G ~ X is a boundary action, the point measure 9, belongs to the the
weak*-closure of {g.v | g € G} for every x € X. Hence, N acts trivially
on X and this implies that N = {e}, since G ~ X is topologically
free. 0

Next, we establish an interesting property of the conjugacy class of
weakly parabolic subgroups.

Theorem 6.6. Let G be a countable group. For H € Suby_,a(G), the
following hold:

(i) {e} € C(H);

(ii) )\G =< Ag/H.

Proof. Let G ~ X be a topologically free boundary action such that
H stabilizes a probability measure v on X. Let x € X be a point with
trivial stabilizer. Then §, € Prob(X) has a trivial stabilizer. Since
G ~ X is a boundary action, d, belongs to the weak*-closure of Gu.
Proposition 5.3.ii applied to the action G ~ Prob(X) shows that Items
(i) and (ii) hold, since H C G,,. O

Remark 6.7. We will give below (Theorem 7.2) a much stronger ver-
sion of Theorem 6.6.ii.

A subgroup H € Sub(G) is recurrent if {e} does not belong to the
closure of C(H) for the Chabauty topology; this notion was introduced
in [Ken| and used there (see Theorem 1.1) to give the following char-
acterization of C*-simplicity: a discrete group G is C*-simple if and
only if G has no amenable recurrent subgroup. Since amenable sub-
groups are weakly parabolic (provided Suby,_par(G) # (), the following
corollary of Theorem 6.6 strengthens one implication in this result.

Corollary 6.8. Let G be a countable group. Then Suby_pa(G) con-
tains no recurrent subgroup of G.

7. C"-ALGEBRAS ASSOCIATED TO INDUCED REPRESENTATIONS

We are going to draw some consequences of the results from Section 4
for the primitive ideal space of a countable group G; we also study the
ideal theory of C*-algebras associated to induced representations of
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G from subgroups which either have the spectral gap property or are
weakly parabolic.

7.1. Primitive ideal space of . Recall that the primitive ideal
space Prim(G) of G is the set of equivalence classes of irreducible
unitary representations of G for the relation of weak equivalence.

Let C*(G) be the maximal C*-algebra of G (see Subsection 2.2). One

may describe Prim(G) as the set {C* ker(r) | 7 € G}, where C* ker(r)
is the kernel of the extension of the representation = to C*(G); for all
this, see [Dix77, Chap.13].

Let

X = {(H,g) | H € Subs.(G),0 € ﬁfd}a

where Subg.(G) is the set of self-commensurating subgroups of G. Recall
from Subsection 2.6 that G acts naturally on X and that the map

Ind : X — Rep(G), (H,0) — Ind$ o

factorizes to an injective map X/G — é, where X/G is the space of
orbits for that the natural G-action on X. This yields the map

X — Prim(G), (H,0) — C*ker(Ind% o)

which factorizes through X/G.
Items (ii) and (iii) of Theorem 4.3 may be rephrased in terms of the
primitive ideal space of G in the following way.

Theorem 7.1. Let G be a countable group. The restriction of the map
X — Prim(G),  (H, o)~ C"ker(Ind% o)
to the G-invariant subset

Xy 1= {(H, o) | H € Suby(G), 0 € ﬁffd}

factorizes to an injective map X /G — Prim(G).
Moreover, if C* ker(r) = C*ker(Ind% o) for somen € G and (H,0) €
Xgg, then 7 is equivalent to Indg 0.

7.2. C*-algebras associated to induced representations. We prove
a result about the ideal structure of the C*-algebra generated by an
induced representation from a weakly parabolic subgroup.

In the sequel, by an ideal in a C*-algebra A, we mean a closed two-

sided ideal of A.

Theorem 7.2. Let G be a countable group, H € Suby_pa(G) and
o € Rep(H). Let m := Ind$ 0. The C*-algebra C*(G) contains a
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(unique) largest proper ideal I,y that is, a proper ideal of C*(G) which
contains every proper ideal of C:(G). Moreover, the map

m(G) = Aa(G), m(g) = Aa(g)

extends to a surjective x-homomorphism C:(G) — Cr (G) with kernel

Imax-

Proof. Let IC be the Hilbert space of 0. Recall that the Hilbert space
H of 7 = Ind% o is the space of maps F : G — K such that F(zh) =
o(h™Y)F(z) for all x € G, h € H and such that H ~ ||F(x)|| belongs
to (*(G/H). Every f € (*°(G/H) defines a bounded operator M(f) on
H, given by multiplication by f :

(M(f)F)(z) = f(zH)F(x) forall xed, FeH,;
moreover, we have the covariance relation

(%) m(g)M(f)m(g™")=M(,f) forall ge€G,

where ,f € (°°(G/H) is defined by ,f(xH) = f(g 'z H).
Since H € Suby_par(G), there exist a topologically free boundary
action G ~ X and a linear isometric map

P:O(X) = (=(G/H)

which is G-equivariant, unital and positive (see Proposition 6.4). Ob-
serve that P is not an algebra homomorphism in general. We will view
C(X) as a closed G-invariant subspace of (*(G/H).

Let S(C%(G)) and S(B(H)) be the state spaces of C*(G) and B(H)
(see Subsection 2.4). The action G ~ S(C:(G)) extends to an action
G ~ S(B(H)), given by the same formula:

g-9o(T) =¢(r(g)Tn(g™")) for geG, ¢cS(B(H)), T € B(H).

Recall that the embedding P : C(X) — ¢>°(G/H) preserves positiv-
ity. Hence, for ¢ € S(B(#)), the map

CX)=C,  fr=oM(f)),

denoted by ¢|c(x), is a state on C'(X) and is therefore given by a
probability measure on X. So, {¢|c(x) | ¢ € S(B(#H))} can be identified
with Prob(X); moreover, since C(X) is G-equivariantly embedded in
(>°(G/H) and in view of the relation (x), the restriction of the action
G ~ S(B(#H)) to Prob(X) under this identification corresponds to the
natural action of G on Prob(X).

From now on, we imitate some of the arguments given in the proof
of [Haal5, Theorem 4.5], adapting them to our context.
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e Step 1. Let p € S(C:G)) and z € X. Let ¢’ € S(A) be an
extension of ¢. There exists a net (g;); in G such that (g;-¢'); converges
to a state 1 € S(A) with ¥|c(x) = 0a.

Indeed, let u = ¢'|c(x) € Prob(X). Since G ~ X is a boundary ac-
tion, there exists a net (g;); in G such that lim; g; - u = J,.. By compact-
ness of S(A), by passing to a subnet if necessary, we can assume that
(gi - ¢')i converges to some 1 € S(A). Then lim;(g; - ¢")|c(x) = ¥]ox)
and, since (g; - ¢')|c(x) = ¢i - 11, we have ¥|c(x) = 6,.

e Step 2. Let ¢ € S(C:(G)) and z € X. Assume that gr # x for
every g € G\ {e}. There exists a state ) € S(C%(G)) which belongs to
the weak™® closure of {g- ¢ | g € G} such that

Y(m(g)) =0 forall ge G\ {e}.

Indeed, let ¢' € S(A),g; € G and ¥ € S(A) be as in Step 1. Let
g € G\ {e}. Since gx # x, we can choose f € C(X) such that

0< f<lcw), [flgz)=0, and f(z)=1.
Hence, we have 0 <1 — f < 1¢(x) and so
0< M(Lox) = f) < M(Low)-
Therefore,
(M(Lep — ) < M(Lex) — f)-

One the one hand, using the Cauchy-Schwartz inequality, it follows
that

[ (Lpaey = M(f))m(9)) P = | (M (L) — f))m(g)
(

so that ¥(m(g)) = v(M(f)m(g)).

On the other hand, since 0 < f < 1¢(x), we have, as above,

M(f)* < M(f).
Using the fact that (T%) = o(T) for any T € B(H) and applying
again the Cauchy-Schwartz inequality, it follows that
(WM (f)m(g)* = [ (m(g= )M () I
< ¥(r(g " )M(f)*n(9))

< Y(m(g " YM(f)7(g))
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= 77Z}(M<g*1f))
= f(gz) = 0;

so, Y(M(f)m(g)) = 0. Hence, 1(m(g)) = 0, as claimed.

Recall (see Subsection 2.4) that we can view S(C;(G)) as a weak*
closed subset of S(C*(G)) for every p € Rep(G).

e Step 3. Let ¢ € S(C%(G)). The canonical trace 7 belongs to the
weak*-closure of {g-¢ | g € G}.

Indeed, since G ~ X is topologically free, we can find x € X with
gx # x for every g € G\ {e}. Let ¢» € S(C%(G)) be as in Step 2. Then
W(m(g)) =0 for every g € G\ {e}. Hence, 1) = 7, when ¢ and 7¢ are
viewed as elements of S(C*(G)). This proves the claim.

e Step 4. Let p € Rep(G) be such that p < 7. Then A\g < p.

Indeed, let ¢ € S(C(G)). Since p < 7, we can view  as a state on
C*(@). Hence, 7¢ belongs to the weak*-closure of {g- ¢ | g € G}, by
Step 3. As g- ¢ € S(C;(G)), it follows that 7¢ € S(C;(G)); hence,
Ag < p, since \g is cyclic.

In particular, it follows from Step 4 that A\ < 7 and so the map
7(g9) — Ac(g), extends to a surjective x-homomorphism C*(G) —
C* 4(G). Let I be the kernel of this x-homomorphism. So, C*(G)/I is
isomorphic to C (G).

e Step 5. We claim that I is a proper ideal of C(G) that contains all
other proper ideals of C*(G).

Indeed, observe first that I is proper since it is the kernel of a non-
zero homomorphism. Now, let J be a proper ideal of C*(G). Then J
is the kernel of the extension to C*(G) of a unitary representation p of
G. Then p < 7 and hence, by Step 4, A\¢ < p. Therefore, J C I. O

Remark 7.3. (i) Let G be a countable group, H € Suby_pa(G),
and o € Rep(H). Then, for the ideal I,,., as in Theorem 7.2,
we have

Inax = {0} <= 0 < Apy.
Indeed, since A\ < Ind$, o, we have (see Corollary 2.3)
Lnax = {0} <= Ind% 0 < \¢ <= 0 < Ap.

In particular, for ¢ = 1z so that Indga = Ag/m, we have
Iax = {0} if and only if H is amenable.

(ii) Let G be a countable group such that there exists a topologically
free boundary action G ~ X. Then Theorem 7.2 applied to
the case H = {e} € Suby_par(G) shows that that C},(G) is
simple. Thus, Theorem 7.2 generalizes the main criterium for
C*-simplicity of G from [KK17] (see Theorem 5.6 above).
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(iii) Let G be a countable group, H € Suby,_par(G) and 7 = Ind§; for
o € Rep(H). Using arguments as in the proof of [Haalh, Theo-
rem 4.5, one can rephrase Theorem 7.2 in terms of a “Dixmier
approximation property”: for every finite subset F' of G\{e}
and € > 0, there exist elements g1, ..., g, € G such that

1 < .

- > wlgigg")

i=1

<e for every g € F.

Next, we examine a consequence of Theorem 4.3 for the ideal the-
ory of the C*-algebra generated by an induced representation from a
subgroup with the spectral gap property.

Theorem 7.4. Let G be a countable group, H € Subg(G) and o €
Hgn. Let m = Ind% 0. The C*-algebra C:(G) contains a (unique)
smallest non-zero ideal I, that is, a non-zero ideal such that every
non-zero ideal C*(G) contains Iyin.

Proof. Theorem 4.3 shows that 7 is a traceable irreducible representa-
tion; hence, C*(G) contains the ideal I = KC(H) of compact operators
on the Hilbert space H of 7. Let J be a non-zero ideal of C*(G) . Then
clearly JI # {0} and hence JNI # {0}. Since I is a simple C*-algebra,
it follows that I C J. O

For subgroups H belonging to both Subg(G) and Suby_par(G), we
have the following consequence of Theorem 7.2 and Theorem 7.4.

Corollary 7.5. Let G be a countable group, H € Suby,_pa (G)NSubg (G),
and o € Hg,. Let m:= Indg o.

(i) The C*-algebra C:(G) contains a smallest non-zero ideal.
(ii) The regular representation \g extends to a representation of
C%(G) and the kernel of this extension is the largest proper ideal
of C:(G).
(iii) There exists mmin € Rep(G) with the following property: for
every p € Rep(G) with p < m and p +# 7, we have

Ag < P = Tmin < T.

Proof. Ttems (i) and (ii) are immediate consequences of Theorem 7.2
and Theorem 7.4.

Let mmin be a representation of C*(G) with kernel the smallest non-
zero ideal I;,; the restriction of 7y, to G is a unitary representation,
again denoted by myip.

Let p € Rep(G) with p < 7 and p ¢ w. The kernel J of the
extension of p to C*(G) is a non-zero proper ideal of C*(G). Hence,
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Inin € J C ILyax, by Items (i) and (ii), with ., the kernel of the
extension of A\g to C*(G); this means that \g < p < Tpmin. O

Remark 7.6. It is conceivable - but we know of no example - that, for
some groups G and subgroups H € Suby_par(G) N Subg (G), the ideals
Iin and .y of C’;G/H(G) coincide. If this happens, then C} G)

has a unique non-trivial ideal.

Example 7.7. Let G = PSL,(Z) for n > 3. Let H be a standard
copy of PSL,_1(Z) inside G, that is, the image in G of, say,

orm

[é SLng(Z)]'

We claim that H € Suby_pa(G) N Subg(G).

Indeed, the fact that H € Suby_pa(G) is shown in Example 6.3, To
show that H € Subg(G), we have to consider the two cases: n = 3 and
n > 4.

e n = 3 : Example 5.17 shows that H is a-normal. Since H is
non-amenable, we have H € Subg,(G), by Proposition 4.11.

e n > 4 :the subgroup H has Kazhdan’s propery (T) since n—1 >
3. Moreover, [1:0:---: 0] is the unique periodic point of H in
X =P(R"). It follows that H is strongly self-commensurating.
Hence, H € Subg(G), by Proposition 4.6.

With similar arguments, it can be shown that every standard copy of
PGL,1(Q) inside G = PGL,(Q) belongs to Suby_pa(G) N Subg(G)
for n > 3.
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