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Abstract

We consider a population structured by a space variable and a phenotypical trait, submitted to disper-
sion, mutations, growth and nonlocal competition. This population is facing an environmental gradient: the
optimal trait for survival depends linearly on the spatial variable. The survival or extinction depends on the
sign of an underlying principal eigenvalue. We investigate the survival case when the initial data satisfies a
so-called heavy tail condition in the space-trait plane. Under these assumptions, we show that the solution
propagates in the favorable direction of survival by accelerating. We derive some precise estimates on the
location of the level sets corresponding to the total population in the space variable, regardless of their traits.
Our analysis also reveals that the orientation of the initial heavy tail is of crucial importance.
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1 Introduction

In this paper we study the propagation phenomena of the solution n(t, z,y) to the following nonlocal parabolic
Cauchy problem

Ogn — Oggn — ayyn = <T(y - Bx) - /K(t,l’,y,y/)n(t, CE,y/)dy/) n, t>0, (fﬂ, y) € Rza
R

n(07m7y) = n()(.’ﬂ,y), ($7y) € Rz'

(1)

We shall prove that if the initial data ng > 0 has a heavy tail, in a sense to be precised later, then any solution
of (1) either goes extinct, or spreads in the favorable direction y — Bz = 0 by accelerating.

Equation (1) arises in some population dynamics models, see [21, 23]. In this context n(t,x,y) represents
a density of population at each time ¢ > 0, structured by a space variable x € R and a phenotypical trait
y € R. This population is subject to four biological processes : migration, mutations, growth and competition.
The diffusion operators 0,,n and 0y,n account for migration and mutations respectively. The growth rate of
the population is given by r(y — Bz), where r is negative outside a bounded interval. This corresponds to a
population facing an environmental gradient : to survive at location z, an individual must have a trait close
to the optimal trait y,,; = Bz with B > 0. Thus, for invasion to occur, the population has to adapt during
migration. As a consequence, it is expected that the population, if it survives, remains confined in a strip
around the optimal line y — Bx = 0, where r is typically positive. Finally, we consider a logistic regulation of
the population density that is local in the spatial variable and nonlocal in the trait. In other words, we consider
that, at each location, there exists an intra-specific competition (for e.g. food) between all individuals, regardless
of their traits.

The well-posedness of a Cauchy problem very similar to (1), but on a bounded domain, has been investigated
in [23, Theorem I.1]. As mentioned in [1], we believe the arguments could be adapted in our context to show the
existence of a global solution on an unbounded domain. A limiting argument would then provide the existence
of solutions to (1) in the whole domain, thanks to the estimates on the tails of the solutions obtained in Lemma
3.4. However, in this article, our main interest lies in the qualitative properties of the solutions.

Survival vs extinction. As it is well known, the survival or extinction of the population (starting from
a localized area) depends on the sign of the generalized principal eigenvalue Ao of the elliptic operator —9,,n —
Oyyn — r(y — Bx)n. If A\g > 0, the population goes extinct exponentially fast in time at rate —Xg. If A\g < 0,
the model, which is of Fisher-KPP type [17, 20|, satisfies the Hair-Trigger Effect : any nonnegative initial data
ng # 0 leads to the survival of the population and its spreading to the whole space. Since we are concerned with
propagation results, we shall assume that A\g < 0 and ng # 0 in the rest of this introduction.

The local case. When the competition term in (1) is replaced by a local (in z and y) regulation, the
equation satisfies the comparison principle and, moreover, one can assume B = 0 without loss of generality
(through a rotation of coordinates). This yields to one of the models considered in [6], where the authors show
the existence of travelling waves p(z — ct,y) solutions of the equation for speeds ¢ greater than or equal to a
critical value ¢* > 0. Besides, there exists a unique positive stationary solution, which depends only on y € R,
denoted here by S(y), and all travelling waves connect the state S(y) when © — —oo to zero when x — +o0.

One of the main results in [6] concerns the Cauchy problem. When the initial data is compactly supported and
satisfies no(z,y) < S(y), the solution n(t, z,y) converges locally uniformly in = towards S(y), while propagating
at speed ¢* in both directions x — 4o0.

The nonlocal but decoupled (B = 0) case. It is worth mentioning that the model (1) when B = 0
has been analyzed in [8]. In this context, one can decouple variables z and y, leading to a sequence of scalar
Fisher-KPP equations, each obtained by projection on each eigenfunction of the elliptic operator —d,, — r(y).
This technique [8] allows to prove, again, the existence of fronts (x — ct,y) for speeds ¢ > ¢* = 24/—Xq, as well
as the survival of the population and its spreading at speed ¢* for compactly supported initial data.

Akin to the local model in [6], there exists a unique positive stationary state S = S(y) towards which the
solution n(t,x,y) converges. When K = 1, the state S is actually the principal eigenfunction associated to Ag



(with a unique choice of a multiplicative constant for S to be a positive steady state). For example, when r is
quadratic, S is gaussian since it satisfies the equation of the harmonic oscillator.

The model (1). The propagation phenomenon of problem (1) has been investigated in [1, 3]. Notice
that the authors in [1] also allow the environmental gradient to be shifted (say by Global Warming) at a given
forced speed. Since B # 0, the decoupling argument [8] cannot be invoked here, which makes the analysis more
involved. As far as travelling waves are concerned, problem (1) admits fronts of the form ¢(z — ct,y — Bx) only

for speeds ¢ > ¢* =2 However, the construction of those waves relies on a topological degree argument

1+32
[3] and little is known about their behavior for © — —oo, with y — Bz being constant. This is caused by the
presence of a nonlocal competition term in (1), which prevents the equation to enjoy the comparison principle,
see also [2, 9] for similar issues related to the scalar nonlocal Fisher-KPP equation.

The results [1] for the Cauchy problem (1) are the following : if ng is compactly supported, the total
population at (t,z), given by N(t,z) fR n(t,z,y)dy, spreads at speed c¢*. While the convergence of the
solution towards a possible steady state remains an open question, it is worth pointing out that the population
density remains mainly concentrated around the optimal trait y = Bz.

Accelerating invasions in the one-dimensional case. Before going further, let us here consider the
scalar Fisher-KPP equation [17, 20|, say, for simplicity,

O — Oggu = Tu(l — u), t>0,x€R,

for some r > 0. A result from Hamel and Roques [19] shows that if the initial data displays a heavy tail, i.e.
decays more slowly than any exponentially decaying function, then the population invades the whole space by
accelerating. This is in contradistinction with the well-studied case of exponentially bounded initial data, where
the level sets of the solution spread at finite speed, see [4, 24]. The authors also derive sharp estimates of the
location, at large time, of these level sets [19)].

Accelerating invasions in related models. Let us mention that acceleration also occurs for compactly
supported initial data if the diffusion term is replaced with a fractional laplacian —(—0,;)%u, 0 < a < 1, see
[15], or with a convolution term J % u — w where the kernel J = J(z) admits a heavy tail in both directions
x — £oo [18]. The latter case corresponds to models of population dynamics with long-distance dispersal.

The so-called cane-toad equation proposed in [5] is another biological invasion model where acceleration may
occur. When the trait space is unbounded, propagation of the level sets of order O(t3/ 2) has been predicted
in [13]. This was then proved rigorously in [12] with a local competition term, and in [14] for both local and
nonlocal (in trait) competition, using probabilistic and analytic arguments respectively. Notice however that
acceleration is not induced here by initial heavy tails, but by a phenotype-dependent term before the spatial
diffusion.

Accelerating invasions in model (1). Our aim is to study accelerating invasions in model (1), that
is to determine if acceleration occurs if ngy displays a “heavy tail”, a notion that needs to be precised in the
two-dimensional framework. First, we prove that if ng has a “heavy tail” in the favorable direction y — Bx = 0,
then acceleration of the invasion occurs. Second, we derive precise estimates for the large-time location of the
level sets of the solution. Finally, we also address the case where the “heavy tail” of ng is not positioned along
the direction y — Bx = 0: in this case, since ill-directed, the heavy tail does not induce acceleration.

2 Assumptions and main results

2.1 Functions r, K and ny
Throughout the paper, we make the following assumption.

Assumption 2.1. The function r(-) € L{S.(R) is confining, in the sense that, for all § > 0, there exists R > 0
such that
r(z) < =4, for almost all z such that |z| > R. (2)



Additionally, there exists rpqas > 0 such that r(2) < rpee almost everywhere.
The function K € L>=((0,00) x R3) satisfies
k- <K <ky, a.e. on (0,400) x R3, (3)

for some 0 < k_ < k4.
Moreover, the initial data ng is non identically zero, and there exist Co > 0 and ko > 0 such that

0 < no(z,y) < Coerolvy=Bal, for almost all (z,y) € R%. (4)

An enlightening example of such function r is given by 7(2) = 1 — Az2, hence
r(y — Bx) = 1— A(y — Bx)*, (5)
for some A > 0. Notice that the width of the strip where r is nonnegative, that is the favorable region, is
\/ﬁ (see Figure 1). As a result, both parameters A and B > 0 play a critical role to determine whether

the population goes extinct or survives.

Condition (4) allows us to obtain estimates of the tails of n(t, x, y) in the direction y — Bx — 400 as given by
Lemma 3.4. Note that condition (4) is not the aforementioned heavy tail condition, for any compactly supported
function satisfies it. Before stating our heavy tail condition, we first need to consider some spectral problems.

2.2 Some eigenelements
As in [1, Section 4], rather than working in the (z,y) variables, let us write
n(t,z,y) = v(t, X,Y),

where X (resp. Y') represents the direction of (resp. the direction orthogonal to) the optimal trait y = Bz, that

1S
B - B
_ztBy -y _y-Bzr (6)
V1+ B? + B2

In these new variables, equation (1) is recast

O — Oxxv — dyyv = (f(Y) - / K(t, x, ¢,y )v (t,x, 1) dy’) v, (7)
R
where we use the shortcuts
X-BY / X-BY /
s + By —-B -~ +y
r"(Y):=r 1—|—B2Y , = X’}/’ ! ;:L’ — X’Y’ / ::¢
) =r(VIFBY), x=x(X V)= S w= e Yy = —

We also note vo(X,Y) = no(x,y) the initial data in the new variables.
Next, as recalled in subsection 3.2, we are equipped with a generalized principal eigenvalue A\g € R and a
generalized principal eigenfunction I'g € H? (R) satisfying
{—ayyro(y) —F(V)To(Y) = AI(Y) forall Y € R, -

I'o >0, IToll oo ) = 1-

It is worth noting that, in the particular case where r is given by (5), expression (8) corresponds to the harmonic
oscillator, for which these eigenelements can be explicitly computed as

X = VAl + B?) -1, To(Y) =exp (—;\/A(l + BQ)Y2> . (9)

Finally, for R > 0, let us consider A\Y¥, TZ(Y) the principal eigenelements solving the Dirichlet problem on
(_Rv R)
—OyyTE(Y) —7(V)TE(Y) = \ETE(Y) for Y € (—R, R),

rEYy)=0 for Y = £R, (10)
r&Y) >0 for Y € (—R, R),
T8 |l = 1.

As recalled in Proposition 3.3, there holds A \, \g as R — +o0.
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Figure 1: In grey, the region where vo(X,Y") is assumed to be greater than u,(X), that is a one-dimensional
heavy tail in the X direction. The dotted lines delimit the area where r > 0.

2.3 The heavy tail condition

We can now turn to the two-dimensional heavy tail condition. First, we recall or introduce some definitions for
one-dimensional functions. A function w: R — R is said to be asymptotically front-like if

liminfw >0, w>0, Emsz. (11)

A positive function w: R — R is said to have a heavy tail in +oo if

lim w(x)e®™ = 400, Ve >0, (1D Heavy Tail). (12)

Tr——+0o0

Typical examples are “lighter heavy tails” (13), algebraic tails (14), and “very heavy tails” (15), that is

w(z) ~ Ce " as r — 400, with C;b > 0 and a € (0, 1), (13)
w(z) ~ Cx™?, as ¢ — 400, with C,a > 0, (14)
w(z) ~ C(lnz)™*, asz — +oo, with C,a > 0. (15)

We now state our two-dimensional heavy tail condition for equation (1). Note that this condition is expressed
in the new variables, thus it applies to vg.

Assumption 2.2 (2D heavy tail condition). Let us consider the new coordinates (X,Y) given by (6). The
initial data vo(X,Y) = no(x,y) is such that there exists u, € L>°(R) satisfying (11)-(12), so that

UO(Xa Y) > U (X)1[07,0'+] (Y)v (2D Heavy Tall) (16)
for some reals o_ < o4.

Let us emphasize that we do not assume that 0 € (o0_,04), meaning the initial data may not overlap the
optimal trait line (see Figure 1). Moreover, the interval (o_, o) may not only be arbitrarily far from zero, but
also arbitrarily small. The key assumption is the correct orientation of the heavy tail, that is in the direction
X — +o00, as highlighted by subsection 2.6. In the survival case A\g < 0 and under Assumption 2.2, we shall
prove that the solution of (1) is accelerating.

We now aim at providing a precise estimate of the location of the level sets at large times. To do so, we first
introduce the following definition.



Definition 2.3. A function w is said to satisfy the condition (Q) if

w € L>*(R) and is uniformly continuous,

liminf_w >0, w>0, limi,w=0,

J¢o € R such that w is C? and nonincreasing on [£g, +00),
w’(z) = o(w(x)) as x — +o0,

where o denotes the Landau symbol “little-o0”.

Notice that any function w satisfying (Q) also satisfies w’(z) = o(w(z)) as # — 400, and thus displays a
one-dimensional heavy tail in 400, see [19]. For the scalar Fisher-KPP equation, when the initial data satisfies
(@), the authors in [19] derived precise estimates on the location of the level sets of the solution. In our context,
we make the following assumption on the initial data.

Assumption 2.4 ((Q)-Initial bounds). Let us consider the new coordinates (X,Y) given by (6). The initial
data vo(X,Y) = no(x,y) is such that there exist functions o, u, satisfying (Q) so that

gy (X)1 (Y) S0o(X,Y) <ap(X)To(Y), (17)

0'*70'+]
for some reals o_ < 0.

In particular, if the initial data satisfies Assumption 2.4, then it satisfies Assumption 2.2. As far as the Y
direction is concerned, when r is of the form (5), the eigenfunction 'y is given by (9), so that (17) amounts to a
gaussian control on the initial data. In the general case of a confining growth function (2), one can prove that
['o(Y) decays at least exponentially when |Y| — 400, see subsection 3.2. Under Assumption 2.4, we shall derive
some precise estimates on the large-time position of the level sets, see Theorem 2.7.

2.4 The extinction case

As we shall see, under Assumption 2.1, the population either goes extinct or survives depending on the sign of
the principal eigenvalue Ag. In this short section we simply expose the result of [3], which covers the case A\g > 0.

Proposition 2.5 (Extinction case [3]). Assume Ao > 0. Let r, K,ng satisfy Assumption 2.1. Suppose that there

is k > 0 such that B
y — Bz

no(z,y) < kl'p | —— | .

o(z,y) o( ,;1_’_32)

Then any global nonnegative solution of (1) satisfies

- B
n(t,z,y) < k[ (51_‘_732) e~ Mot (18)

which implies ||n(t, -, -)|| e 2y = O(e*"), that is an exponentially fast extinction.

The proof of Proposition 2.5 is elementary as n(¢,z,y) and the right-hand side of (18) are respectively
subsolution and supersolution of the parabolic operator dyn — Oypn — Oyyn — r(y — Bx)n. The maximum
principle yields the result.

2.5 Main result : acceleration in the invasion case

We now investigate the case where the principal eigenvalue )¢ is negative. In order to capture the spreading
speed of the population in the space variable, we look at the evolution of the total population in (¢, x), regardless
of their trait. Thus, for any u > 0, we define the level set of n by

EN(t) = {x € R‘/Rn(t,x,y)dy - u}.

Let us emphasize again that, because of the nonlocal competition term, problem (1) does not enjoy the
comparison principle. In such situation, and as mentioned in the introduction, the behavior “behind the front” is



typically out of reach, see [1, 2, 3, 9, 16]. For such a reason, we are mainly interested in the spreading properties
of () for small values p.
Let us recall that under Assumption 2.1, if Ay < 0 and if ng # 0 has compact support, then the population

survives and the solution propagates at speed c¢* = 2,/ %, see [1, Theorem 4.2]. Our first result shows that
there is acceleration when, instead of being compactly supported, the initial data admits a heavy tail in the X

direction, in the sense given by Assumption 2.2.

Theorem 2.6 (2D initial heavy tail implies acceleration). Assume Ao < 0. Let r, K,ng satisfy Assumptions 2.1
and 2.2. Let n be any global nonnegative solution of (1). Then there exists § > 0 such that for any p € (0, ),
there holds

1
n min E}; (t) — +oo, as t — +oo.

In other words, if the initial data is greater than or equal to a front-like function with a heavy tail in the
direction X — 400, the solution is accelerating. We will only give a sketch of the proof in subsection 4.4, as it
is similar to the proof of Theorem 2.7 below.

We now state our main result, namely Theorem 2.7, which is an accurate estimate of the position of the
accelerating level sets under Assumption 2.4. In the rest of this article, for any function f: R — R, we denote
f~1(a) the set {x € R| f(x) = a}.

Theorem 2.7 (Asymptotic position of the accelerating level sets). Assume A\g < 0. Let r, K,ng satisfy As-
sumptions 2.1 and 2.4. Let R > 0 be large enough such that \§ < 0 (see subsection 2.2). Let n be any global
nonnegative solution of (1).

Then there exists B > 0 so that for any u € (0,8), ¢ € (0,—AF), T > 0 and v > 0, there exists T* =
T . r.r >0 such that for all t > T*, the set E,(t) is nonempty, compact, and satisfies

1
v1+ B2

Let us make some comments on this theorem. Observe first that for ¢ large enough there holds

E,(t) C [mingal (Fe_(_)‘g_a)t) , Max iy * (76_(_)‘0+E)t)} . (19)

Fe_(—xf—s)t c (07liminfuo) )
—o0
Ne~(Fhotelt ¢ (O,Iiminfuo> )

thus the sets yal (Fe_(_/\g_g)t) and ﬂgl (’ye_(_)‘°+5)t) are non-empty and bounded. Additionally, Assumption

2.4 implies that uy < Cup with C' = min,_ 5 yI'o > 0. In conjunction with A\g < A, it follows that for ¢
possibly even larger there holds

minug" (Te™ N < maxg (e (o))

giving a meaning to (19).

Next, notice that, given any two values y and ' in (0, 8), both level sets £} (t) and Eg,(t) are included in
the same interval given by expression (19). As a consequence, Theorem 2.7 implies that for any ¢ € (0, —\f)
and positive real numbers v and T', there holds

lim inf inf /n(t,m,y)dy > B,
i=+co r<(14+B2)-1/2 minygl(Fef(fk(Il%*f)t) R

I =0.
dm sup /Rn(t,x,y)dy 0

z>(1+B2)~1/2 maxﬁgl('ye*(**0+5)")

The upper bound of E};(t) in (19) is valid for all levels y1, and only requires the upper bound of v in Assumption
2.4. However, the lower bound of E}(t) is valid for levels 1 < 3, and only requires the lower bound of vy in



Assumption 2.4. Also note that the lower bound in (19) leads to 1 min E}(t) — 400 when t — 400, thus we
recover the acceleration.

We now give a sketch of the proof. The upper bound is much easier to prove since the nonlocal term is
nonnegative. One constructs a supersolution of the form ¢(¢t, X)I'o(Y) where ¢ satisfies Opp — Ozud = (— o)
with ¢(0,-) displaying a heavy tail. The upper bound of Lemma 3.1 is still valid in this case, which leads to the
result with an adequate control of the tails of n.

The proof of the lower bound is much more involved. Suppose first that [-R, R] C [0_,04]. Then, after
bounding the nonlocal term with a refinement of a Harnack inequality, we construct a subsolution of the form
w(t, X,Y) = u(t, X)T¥(Y) where u satisfies the Fisher-KPP equation. Therefore applying Lemma 3.1 allows
us to conclude. Note that this might not be a subsolution if R were too small, leading to A¥ being possibly
nonnegative. In the general case we may have [—-R,R] ¢ [0—,04+]. In that event we construct a subsolution
v(t, X,Y) for t € [0,1], such that v(1, X,Y) > puy(X)TE(Y) on R x [-R, R] for some p > 0. Then on [1,+00)
we consider a subsolution of the same form as w, which gives the result.

In particular, to prove acceleration under the hypothesis vo(X,Y) > u(X)1js_ 5, 1(Y), we have to use ' in-
stead of ['g in order to construct the subsolution. Because of this, we obtain —\Z in the lower bound of (19). Had
we supposed the stronger hypothesis v(X,Y) > u,(X)[o(Y) instead, we could replace —\F with —\g and take
any € € (0, —Xp). Let us also mention that 8 tends to zero as R — 400, leading to a trade-off. Indeed, a large
value of R provides a more precise location of the level sets, but also reduces the range of level sets being located.

We conclude this section by applying Theorem 2.7 in the cases where the functions u, and uy are of the

forms (13)-(15). For simplicity, we only consider the lower bound.

Example 2.8. Suppose there exist Xo,b > 0 and a € (0,1) such that @(X) = Ce™**" on [Xg, +00). Then if
we select I' = C, the lower bound in (19) becomes

1 1 1/a
inE"(t) > ————— | —(-AF =)t
min #()—w(b( 0 5)) ’

meaning the total population spreads with at least algebraic, superlinear speed.

Example 2.9. Suppose there exist Xo,C,a > 0 such that u,(X) = CX~® on [Xp,+00). Then if we select
I’ = C, the lower bound in (19) becomes

1 1
min E"(t) > ————exp | = (=A\F =)t |,
p,( ) = \/HiBQ p (a( 0 ) )
thus the total population spreads with at least exponential speed.

Example 2.10. Suppose there exist Xy > 1 and C,a > 0 such that %y(X) = C(lnx)~* on [X(, +00). Then if
we select I' = C, the lower bound in (19) becomes

: n 1 1 R
min E}} (t) > \/ﬁexp <exp (a(—)\o — 5)t>> ,

that is the total population spreads with at least superexponential speed.

2.6 When the heavy tail is ill-directed

When the initial data admits a heavy tail in direction X — 400, in the sense of Assumption 2.2, Theorem 2.6
proves the acceleration of the propagation. It is worth wondering if acceleration still occurs when considering
heavy tail initial condition in a different direction than X — +oc. For the sake of clarity, we only consider the
direction x — 400, but the proof is easily adapted to any direction

’ z+ By

X'= ——= — +oo, with B'# B.
V1+ B"?



Theorem 2.11 (Ill-directed heavy tail prevents acceleration). Suppose A\g < 0. Suppose r, K satisfy Assumption
2.1. Suppose ng satisfies

0< ’no(-’L’, y) < uo(x)l[a,,(nr}(y)? (20)
where ug € L°(R) and o_ < o4. Let n be any global nonnegative solution of (1).

Then if we define ¢* == 2 %, there holds

lim sup/ n(t, ct,y)dy =0, V]e| > ¢*. (21)
t—+o0 JR
Notice that ug appearing in (20) is only assumed to be bounded. In particular, even if uy = cst > 0, a much
stronger assumption than a heavy tail, acceleration does not occur because of ill-orientation.
Before going further, let us mention that [1, Theorem 4.2] shows that, when r, K satisfy Assumption 2.1 and
ng # 0 is compactly supported, the spreading speed of the population is exactly c¢*, in the sense that

hmsup/ n(t, ct,y)dy = 0, Y|e| > ¢*, (22)
t——+oco JR

o N «

ltlrﬁnﬁ&f/mn(t,ct,y)dy > B, Y|e| < ¢, (23)

for some 3 > 0 that may depend on ¢ when |¢| — ¢*.

A consequence of Theorem 2.11 is that if ng # 0 satisfies (20), the population spreads exactly at speed ¢*, in
the sense given by (22)-(23). To prove that (23) holds, one cannot invoke the comparison principle because of
the nonlocal term in (1). However, an essential element of the proof of Theorem 2.11 is the control of the tails
(50). Using it, one can adapt the proof of [1, Theorem 4.2] to show that (23) is valid.

Outline of the paper. The rest of this article is organized as follows. In Section 3 we provide some
materials necessary to the proof, that is an equivalent of Theorem 2.7 for the scalar Fisher-KPP equation, some
properties of functions satisfying (@), some principal eigenelements of elliptic operators, some estimates on the
tails of n as well as a refinement of the parabolic Harnack inequality. Section 4 is devoted to the proof of Theorem
2.7, and presents a sketch of the proof of Theorem 2.6. Finally, Section 5 addresses the proof of Theorem 2.11.

3 Preliminaries

3.1 Acceleration in the scalar Fisher-KPP equation

We consider here the Fisher-KPP equation with a logistic reaction term :

{8tu—8mu:Au(1—u), t>0, zeR, (24)

u(0,z) = up(z), z €R,
with A > 0. The function ug: R — [0, 1] is assumed to be uniformly continuous and asymptotically front-like,

in the sense of (11), and to display a (one-dimensional) heavy tail in +oo, in the sense of (12). Under these
assumptions, Hamel and Roques [19] proved that the level sets of u, defined for n € (0,1) by

E,(t) ={z eR|u(t,xz) =n},

propagate to the right by accelerating, that is min F, (t)/t — 400 as ¢ — 400. Under assumption (@), they
also provide sharp estimates on the position of the level sets. This result, which will be an essential tool for our
analysis, reads as follows.

Lemma 3.1 (See [19, Theorem 1.1|). Let w satisfy (Q), see Definition 2.5. Let u(t,x) be the solution of (24)
with nitial condition ug = w/||w||e. Then for any n € (0,1), € € (0,A), v > 0 and T' > 0, there exists
T =1T,¢~r,a >0 so that

E,(t) cw™? ([ve_(A*'E)t,Fe_(A—E)tD , Vit >T.



In the sequel, in order to prove Theorem 2.7, we shall construct some sub- and super-solutions of the form
u(t, X )To(Y) where u(t, X) solves (24) or a linear version of (24). Then, for the estimates on E,(t) provided
by Lemma 3.1 to transfer to estimates on E(t) = {z € R | [y n(t,z,y)dy = p}, we shall need a technical result
which we now state.

Proposition 3.2. Let w satisfy (Q). Then there exists & > & such that w(x) > w(&) for any x < &;.
In addition, for any 0 < a <b, 'y >0, T’y > 0 and x > 0, there exists t* > 0 such that

minw ™' (Tee™®) + x < minw ™" (Fbefbt) , vt > t*, (25)
maxw ! (Fae_“t) +x < maxw! (Fbe_bt) , Vit > t*. (26)

Proof. Set m = inf_ ¢jw. Since liminf_o,w > 0 and w > 0, it is easy to check that m > 0. Now, since
limy. w = 0, there exists x4 > & such that w(z4) < m. Since w(z4) > 0 and lim; . w = 0, we can find
&1 > xy satisfying w’(€1) < 0. Finally, as w/(£;) < 0 and w is nonincreasing on [£y, +00), we can readily check
that, for any = < &1, there holds

S’U}(.’IJ+) <m§w(x)7 1fx§£07
w(&1) {< w(), if x € (&,&1),

which proves the first assertion.
We now turn to the second assertion. We only give a proof of (25), seeing as the proof of (26) is identical.
In the first place, set ¢ > 0 large enough such that for any ¢t > ¢

e % The b € (0,m), vt > t,

hence the sets w=! (T'ye™ %), w1 (Fbe*bt) are well-defined and compact. Next, suppose by contradiction that
there exist 0 < a < b and positive constants I'y, 'y, x such that

Vit >t dt >t min w™? (Faefat) +x > minw ™! (Fbe*bt) .
As aresult, we can construct an increasing sequence (¢, ), such that lim,,_, o t, = 400 and the above inequality
holds for ¢ = t,. In particular, there exists N € N such that for any n > N, there holds T'ye™%» < w(&),
whence
minw ™! (Fae_“t”) > & > &

Meanwhile, since b > a, we can select N possibly even larger so that for any n > N there holds

r
Tye i < ?ae*at" < T, e %n,

Both assertions imply, by monotony of w on [, +00), that

minw ™! (Fae_at"') < minw™! (I’be_bt") .
Now, from the mean value theorem, there is 6,, € (min w™ (Tge™n) , minw?! (Fbe_bt")) such that

T e %n —Tpe bin

min w1 (Tge=%n) — minw=1 (Dye—btn)

w'(0,) =

<0,

therefore

[Lae % — Tpe0in S T, e™%n
X T2
However, since w satisfies (@), there holds w'(z) = o(w(z)) as  — +00. As a consequence, there exists z, € R

such that |w'(x)| < ﬁw(x) for any > x,. As lim,, 4 6, = +00, we obtain 6,, > x, for n large enough. For
such n, we derive the following inequality :

w'(0n)] > (27)

1
|w' (0,)] < —w(h,) < —Tae%n,

which contradicts (27). Thus (25) holds. O
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3.2 Some eigenvalue problems

We present here some useful eigenelements. This subsection is quoted from [1, Subsection 2.1], which was based
on the results of |7, 10, 11].

The theory of generalized principal eigenvalue has been developed in [7], and is well adapted to our problem
when r, thus 7, is bounded. Following [7], we can then define, for 7 € L>°(Q2) and 2 C R a (possibly unbounded)
nonempty domain, the generalized principal eigenvalue

AF,Q) =sup{AeR [T € HL.(Q), ¢ >0, ¢" (V) + (F(Y) + N)p(Y) <0} . (28)

As shown in [7], if © is bounded, A(7, §2) coincides with the Dirichlet principal eigenvalue Ap, that is the unique
real number such that there exists ¢ defined on 2 (unique up to multiplication by a scalar) satisfying

—¢"(Y)—=7(Y)o(Y) = Apo(Y) a.e. in Q,
¢>0 on €,
¢=0 on 0.

Note that A(7,Q) < A(F, ) if @ D /. The following proposition shows that A(7,Q) can be obtained as a
limit of increasing domains.

Proposition 3.3. Assume that 7 € L*°(R). For any nonempty domain Q C R and any sequence of nonempty
domains (Qn)nen such that
Q, C Qn+17 UnGNQn = Qa

there holds A\(7, Q) \y AM(7, ) as n — +oo. Furthermore, there exists a generalized principal eigenfunction, that
is a positive function I € HZ (R) such that

(V) — #(Y)D(Y) = AFQD(Y),  ae. in Q.

Since our growth function 7 is only assumed to be bounded from above, we extend definition (28) to functions

7 in LS. (Q) such that 7 < 7,4, on Q, for some 7,4, > 0. The set

A7, Q) = {XeR| 3¢ € Hiy (2), ¢ >0, ¢"(Y) + (F(Y) + \)p(Y) < 0}

is not empty since A(max(7, —rmaqs), Q) C A(7, ), and is bounded from above, thanks to the monotony property
of Q — A(7, Q). Finally, going back to the proof of [7, Proposition 4.2], we notice that Proposition 3.3 remains
valid under the weaker assumption 7 € Lo (£2) is bounded from above.

It follows from the above discussion that we are equipped with the generalized principal eigenvalue \g € R

and a generalized principal eigenfunction I'y € H lzoc(R) such that

—T5(Y) =7(Y)To(Y) = XTo(Y) a.e. in Q,
I'o>0 on Q,
[[TollLoe @) = 1.

Let us also mention that, given that 7 satisfies Assumption 2.1, the function I'y decays at least exponentially as
|Y| = 4o00. This result holds by using the comparison principle on {|Y| > Yy} with a supersolution of the form
Ce~*YI, with Y; large enough (so that 7 + \g < —¢ for some ¢ > 0), a small enough and C' large enough.

3.3 Preliminary estimates

The following lemma gathers preliminary results from [1], with ng satisfying Assumption 2.1 instead of being
compactly supported. The proof of the following a priori estimates is easily adapted from [1, Lemmas 2.3 and
2.4] and is therefore omitted (see also the proof of Lemma 5.1).

Lemma 3.4 (Some a priori estimates). Let r, K, ng satisfy Assumption 2.1. Then, there exist Noo > 0, C' > 0
and k > 0 such that any global nonnegative solution of (1) satisfies

/ n(t, z,y)dy < Noo, (29)
R

11



n(t,z,y) < Ce =5, (30)
forallt >0,z € R, y e R.

While Lemma 3.4 provides us with a uniform bound, we need more precise estimates on the nonlocal term
fR (t,x,y)dy. To do so, we invoke a refinement of the parabolic Harnack inequality, as exposed in [1].

For any (t,z) € (0,4+00) x RY with N > 1, we consider a solution u(t,z) of the following linear parabolic
equation

N N
atu(tax) - Z ai,j(tv‘r)aﬂcm]‘u(tvx) - Zbi(ta x)@ziu(t,x) = f(t,x)u(t,z), t> Oa LS RN (31)
i,7=1 i=1

where the coefficients are bounded, and (a; ;)i j=1,....n is uniformly elliptic.

Theorem 3.5 (A refinement of the Harnack inequality [1, Theorem 2.7]). Assume that all the coefficients
(aij)ij=1,..Ns (bi)i=1,..~, [ belong to L5.((0,400) x RN), and that (a; ;) is uniformly positive definite on RY.
Assume there exists K > 0 such that, for all1 <i,57 < N,

a; ;(t,x) < K, b(t,z) <K, f(t,z) <K, a.e. on (0,400) x RV,

Let R,0,U, e, p be positive constants.
There exists C > 0 such that for anyt > ¢, any T € RY and any nonnegative weak solution u € H*((0,+00) x
RY) of (31) satisfying ||u||p @~y < U, there holds

max u(t,z) <C min u(t,z)+ 0.
z€B(T,R) z€B(T,R)

Notice that, as seen from the proof of [1, Theorem 2.7], the constant C' > 0 does not depend on ¢ provided
that £ > & > 0, which validates the above setting.

4 Acceleration result

Subsections 4.1 and 4.2 are devoted to prove the following : under the hypotheses of Theorem 2.7, there exist
Tier>0and T g > 0such that

Hhe Y
/ n(t,z,y)dy < u, Ve > (1+ B?)~Y?maxa, (’ye*(f)“ﬁa)t) , vt>T, .., (32)
R
/ n(t,z,y)dy > p, Yo < (1+B%) "2 minyg (Fe (= —f”) . VT pp. (33)
R

Subsection 4.3 concludes the proof of our main result, namely Theorem 2.7, based on (32)-(33). Lastly, in
subsection 4.4, we sketch the proof of Theorem 2.6.

In the rest of this section, in view of (3), we shall consider K = 1 without loss of generality. Additionally, to
alleviate notations, the function 7#(Y) = r(v/1 + B?Y) will be denoted as r.

4.1 The upper bound (32)
This subsection is devoted to the proof of (32).
Lemma 4.1. Let A > 0 and ¢ the solution of the Cauchy problem

{3t¢> —Oxxp=Ag, t>0,X€R, ”

¢(03X)ZEO(X)3 XER,

where Ty satisfies (Q). Set EZ(t) = {X e R | ¢(t, X) = n} for any n > 0.
Then for any n > 0, € € (0,A), v > 0, there exists T =T, .~ > 0 such that for any t > T the set Eﬁf(t) is
nonempty, admits a maximum, and

max Ef;’(t) < max g ' (’ye_(A+E)t) .
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This means that the upper bound of Theorem 3.1 is still valid when the logistic reaction term Au(l — u) in
(24) is replaced with Au. Note that, as in Lemma 3.1, T}, . , also depends on A. However, we ignore it here
since we will fix A = —Xy. The proof of Lemma 4.1 is easily adapted from that of [19, Theorem 1.1] and is
consequently omitted.

Proof of (32). Set A =—Xg >0, and
i(tv X7 Y) = ¢(t7 X)FO(Y)a

where ¢ is the solution of the Cauchy problem (34). We readily check that ¥ is a supersolution of the operator
8t — 8XX — ayy — ’I“(Y) :

04U — Oxx0 — OyyD — T(Y)@ = (62(,25 — aXXd) + )\0(,25) I's =0.
Meanwhile, since v > 0, it is clear that v is a subsolution of the same operator. Since (17) provides vp(X,Y) <

v(0, X,Y), we conclude with the maximum principle that v <o on [0, +00) x R2.
Next, let >0, € € (0,A), and v > 0. One can select n > 0 and § > 0 such that

nv/1+ B2 / To(Y)dY + 6 < p. (35)
R
From our control of the tails (30), there exist C,x > 0 such that
o(t, X,Y) < Ce”™VIFPIVI L wyr >0, V(X,Y) € R
From there, we can find ¢ = {(d) > 0 large enough, such that for any ¢ > 0 and x € R, there holds

/Rn(t,x,y)dy:/Rv(t,X(x,y),Y(x,y))dy

r+ By y—Bx
= [ vlt, , d
R V1+ B2 1+ B?

:\/1+B2/v(t, 1+ B2z + Bs, s)ds
R

—¢ +o0
/ Ce—"VITB2Is| gg 4 / o(t,V/'1+ B%x + Bs, s)ds
_ -

o0

<1+ B2

“+o00
<641+ B? / o(t, V14 B2z + Bs)y(s)ds.
—<¢
Now, set E?(t) = {z € R | ¢(t, X) = n}. We will show that for any

max a, * (’ye_(A"’E)t) ,

1
€r > —
~ V1+ B?

and for t large enough there holds ¢(t,v/1+ B2x + Bs) < n for any s > —(. For now, let us only assume the
condition on x. By applying Proposition 3.2 to wy with

a=A+¢e/2, b=A+e,
Fa:’yv Fb:73
x = B¢,

there exists t*(a, b, T, Ty, x) = tZ . ¢ > 0such that for all t > ¢7 . there holds

maxﬂal (787(A+6/2)t> + B¢ < maxﬂal ('ye*(AJrs)t) .
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From there, Lemma 4.1 proves the existence of T, . /5 , > 0 such that for all t > T . = max(tzmc,Tn,E/Qﬂ)
the following holds

max Ef,’(t) < maxﬂal (76*(A+6/2)t)
S maxﬂal (,ye_(A"rE)t) _ BC
< \/@x — BC¢.

It is then easily deduced that for any s > —(, there holds ¢(¢,v1+ B?z + Bs) < 1. Indeed, assume by
contradiction that there exists zg > 1+ B2x — B( such that ¢(t,z9) > n. Since for any ¢ > 0 one has
o(t,X) = 0 as X — 400, there would exist 1 € Ej;(t) N [zg, +00), which contradicts the above inequality.

Finally, for any t > 7); . | and z > \/ﬁ max, * (ye~A+9)?), there holds :

+oo
/ n(t,z,y)dy <0 +nvV1+ BQ/ Io(s)ds
R —C
<é+nv1+ B2 / To(s)ds,
R
which, combined with (35), proves (32). O

4.2 The lower bound (33)
This subsection is devoted to the proof of (33).

Lemma 4.2. Let u, satisfy (Q), see Definition 2.3. Then there exists a function Uy R — R such that
L4 g S y07
e there exists &5 € R such that U, = Uy On [£2, +00),
e u, satisfies (Q),
o u is of class C? on R and there exists K > 0 such that \gg| < Kgo on R.

Proof of Lemma 4.2. From Proposition 3.2, there exists & > & so that uy(X) > uy(&) for any X < &. Fix
h e (0751 - gO)

Since u, satisfies (Q), there is & > &; such that uy(§2) < uy(&1) and |uf) (X)] < up(X) for all X > &. Next,
one can construct a nondecreasing, concave function ¢: R, — R of class C? satisfying

¢(z) =

m, Vo > ug(&),

{x, Vo < ug(&2),

for some m < uy(&1). Finally, set Uy = ¢ owugy. Let us prove that Y, satisfies all the desired properties.

Given that ¢ is concave, we have ¢(z) < x on R, thus u, < Uy on R. Meanwhile, for any X > &, there
holds ug(X) < ugy(€2), which implies u (X) = ug(X). Furthermore, the function u is of class C? on R. Indeed,
by composition u, Is C? on (& — h,+00), whereas on (—o0, £1], u, is constant from our choice of ;.

Let us check that the function u o which is clearly bounded, satisfies condition (Q), see Definition 2.3. Given
that ¢ and u, are uniformly continuous, so is u_. Then, since u_ = u, on [£2, +00) and u, satisfies (Q), we collect
for free the properties corresponding to the third and fourth lines of condition (Q), as well as lim o u, = 0.
Meanwhile, ¢ > 0 leads to Uy > 0. Eventually, given our choice of &1, one deduces lim inf_ o uy > uy(&1), whence
liminf_o u, =m > 0. As a result, u does satisfy (Q).

It remains to prove the existence of a real K > 0 such that |g’0’ | < K u, on R. From our choice of &3, there
holds

— [uf(X)] < up(X) = u,(X) VX > &.

,,(X){=O<UO(X) VX <&,
2o
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Meanwhile, u is C? and positive on [£1, &), thus there exists K’ > 0 such that for any X in [¢;, &]
v/ (X)| < K' min u. < K'u (X).
‘:0( < 61,621 70 :O( )

Thus it suffices to choose K = max(1, K'). O
We now turn to the derivation of estimate (33).

Proof of (33). The proof involves three steps. First we construct a subsolution v on [0, 1] X R X [o_ —a, 04 +a],
which, for o > 0 large enough, provides a lower bound of the form v(1, X,Y) > pu, (X)TE(Y) for some p > 0,
where u is constructed from u, as in Lemma 4.2.

Next, equipped with this lower bound provided by v, we construct a second subsolution w on [1, +00) x R?,
which spreads and accelerates in the direction X — +o0o. Let us recall that due to the nonlocal term, equation
(1) does not satisfy the comparison principle. Thus, to prove that v(t,-,-) > w(t,-,-) for ¢ > 1, we invoke a
refinement of the parabolic Harnack inequality, that is Theorem 3.5.

The last step consists in transferring the estimates on the level sets of w into estimates on E}(t), similarly
to the proof of (32) in subsection 4.1.

First subsolution. Let o > 0 large enough so that [-R, R] C (60— — o,04 + «). Let p(¢,Y) be the solution
of the initial boundary value problem

op—0Oyyp=0, te (0,1, Y € (0_ —a,04 + ),
p(t,Y) =0, te (0,1, Y =04 +a,
p(0,Y)=po(Y), Y e (o_,04),

or+o_
2
the one-dimensional heat equation on [0,1] X [o— — a, 04+ + ], with zero Dirichlet conditions imposed on the
boundary. Let us recall that N, C and s are positive real numbers such that (29) and (30) hold. Moreover,
since r € L2 (R), there exists 7, < 0 such that r(Y) > ry, for any Y € [o- — «,04 + a]. We define the

loc
following subsolution

with po the quadratic polynomial that satisfies pg(oc+) = 0 and pg ( ) = 1. In other words, p(t,Y) solves

o(t, X, Y) = e Py (X)p(t,Y), (36)
k=K — Tmin + Noo, (37)
Q={t,X,Y)|0<t<l, XeR, Ye(o_—a,or+a)}, (38)
where Uy is constructed from u, as in Lemma 4.2, with the associated constant K > 0, so that £k > N, > 0.
Let us prove that v > v on §2. We first check that v < v on the parabolic boundary of €2, that is

9,0 = ({o} x R x [o,,ﬂ]) Up:Jp-,

where
Dy ={(t,X, 00 ta)|te(0,1],X € R}.
On the one hand, it follows from (17) that vo(X,Y) > v(0,X,Y) for X € Rand Y € [o0_,04]. On the other
hand, on Dy U D_, one has v = 0 < v. Thus v > v on 9,). It remains to show that v — v is a supersolution of
a parabolic problem on Q. First, for ¢ € (0,1), there holds
Ov — Ixxv —dyyv=7r(Y)v — v/ v(t, x,¥)dy
R
Z (rmin - Noo)v

Meanwhile, since |u(| < Ku,, one obtains

O — Oxxv — Oyyv=e M [_@op - ugp]

= Bikt |:(Tmzn - Noo)gop + (7Kg0 B gg)p:|
< (Tmin - NOO)U'

We conclude by the maximum principle that v > v on Q. We have thus completed the first step of the proof.
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Second subsolution. We now turn to the construction of a second subsolution. The maximum principle
shows that p(1,Y") is positive on (0_ — a, 04 + ). Since [-R, R] C (06— — «, 04 + «), there exists pmin > 0 so
that p(1,Y) > pmin for any Y € [—R, R]. Thus, for any X € R and Y € [-R, R], there holds

o(l, X,Y) >v(1,X,Y)
e_kpmingo (X)
eikpmingo (X)F(I)?(Y)v

Y

Y

where I’ solves (10). Fix now any real number p > 0 small enough so that p < |j ||cce™ Pmin. We allow
ourselves to take p even smaller if needed. Set AZ = —\' — /2 > 0. For any ¢t > 1 and X,Y € R, define

w(t, X,Y) = pu(t, X)TF(Y),
where u(t, X) solves the Fisher-KPP equation

u —uxx = Afu(l—w), t>1, X €R,
u(l, X) = u (X)/|lyglleo, X €R.

In particular, u(t, X) € [0,1] thanks to the maximum principle.
We shall now prove that v(¢, X,Y) > w(t,X,Y) on [1,+00) x R%. Given our choice of p, we indeed have
v(1,X,Y) > w(1,X,Y) on R2. Assume by contradiction that the closed set

E={t>1|3(X,Y)eR? v(t,X,Y)=w(tXY)},

is nonempty. Set o ;== min E > 1 and (X, Yy) € R? the point where v(to, Xo, Yo) = w(to, Xo, Yo). Note that
this implies Yy € (=R, R), since the maximum principle yields v(¢,-,-) > 0 for any ¢ > 0. Before going further,
we first use Theorem 3.5 to estimate the nonlocal term in (7). Let (zo,y0) be the corresponding coordinates
of (Xo,Y)) obtained through the change of variable (6). Fix M > 0, large enough so that %e*"‘M < ¢/8 and

lyo — Bxzo| = V14 B?|Yy| < M. Thanks to the control of the tails (30), there holds

Xo—BYy Xo—BYy
+ By —-B +y
v <t0, 1+ B2 V1+B? dy

/U(tO,X(XOa}/E)ay)7w(X()vYan))dy:/
R

R

Vi+BZ ' 1+ B2

:/n(f0,$07y)dy:/”(t07$0,3$0+y)dy
R R

<2M max n(ty,xo, Bxo+y) +/ Ce " lvldy. (39)
y€E[—M,M] [—M,M]e

Next, in order to estimate the first term of (39), let us recall that the solutions are uniformly bounded, as
implied by (30). This allows us to use the refinement of the Harnack inequality, namely Theorem 3.5, with

5= QEKe"“M > 0. Thus there exists a constant C; > 0 such that

t B <C i t B ]
ey 2% 1y M0 T0 2, Bro+y) < Cur min | (o, 2o + 2, Bro +y) +

< Cun(to, zo,y0) + 9,

which we plug into (39) to obtain

Xo*BY() ! XQ*BYQ !
+ By —B +vy 3C
\/1+ B2 V1+B?2 / —kM
t dy <2MC to, Xo, Y — .
/]RU<°’ 1152 ' JitB? ) Y < ZMCrolto, Xo, Yo) + e

Going back to our proof by contradiction, since (w — v) is negative on [1,#y) x R?, it reaches its maximum
on [1,tg] x R? at the point (ty, Xo, Yy). Thus

[0i(w —v) — Oxx(w—v) — dyy (w —v) —(Yo)(w — v)] (te, X0, Yo) > 0, (40)
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On the one hand, there holds

— 0w — Oxxv — Oyyv — r(Y)v] (to, Xo, Yo) = v(to, Xo, Yo) / v(to, X, )dy
R

On the other hand, one has

Ow — Oxxw — Oyyw — T’(Y)Q =p (atu —Oxxu-+ /\gu) FO

Thus, (40) leads to

< 2MCrw(to, Xo, Yo)? + %efﬁMw(to,Xo,Yo)-

R

IN

p (At 4 Afu) T

IN

9
——Ww.
27

3C
0< —gw(to»Xo, Yo) + 2M Cryw(to, Xo, Yo)? + TG_NM&(th Xo,Yo)

S{;+2MCMP+%S€HM]w@meKO

< {_f L5 i} w(to, Xo, Yo),

2 8 8

provided we select p small enough so that 2MCjp < £/8. Note that reducing p may change the values of
to, Xo, Yy but all above estimates remain true since there always holds Yy € (—R, R) and C); does not depend
on ty > 1. In the end, one has —zw(to, Xo, Yp)/4 > 0. This implies w(to, Xo, Yo) < 0, which is absurd. As a
result, w(t, X,Y) <v(t,X,Y) for any t > 1 and X,Y € R.

Conclusion. Before going further, let us mention that, for any ¢ > 1 and X € R, there holds u(¢, X) < 1, thus

[ wtt.x.v)y < p [ L5y = o1 B [ D)y = 5.
R R R

Therefore, the lower bound v(t, X,Y) > w(t, X,Y) on [1,+00) x R? does not provide any information on the
location of EJ(t) for levels u > 3. As a result the location of larger levels are seemingly out of reach, which is
typical of equations without comparison principle, as already mentioned in the introduction and subsection 2.5.

Now, given any u € (0, 3), one can select = n(u) € (0,1) such that n > p/B. Since v > w on [1, +00) x R?,

there holds for any ¢t > 1

/n(t,xvy)dyZ/w(thY)dy
R R

> / pult, X)TE(Y)dy
R
x + By ) R( y — Br )
>o [ u(t, 224 I 2T Vg
_p/R ( vizg) *\vizp2)"Y
> p\/1+ B? / u(t,/1+ B2x + Bs)['§(s)ds
R
R
>V 1+ BQ/ u(t, /1 + B2z + Bs)TF(s)ds.
-R

We will show that for any

< minyal (Fef(Affeﬂ)t) 7
1+ B2
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and for ¢ large enough there holds w(t,v1+ B?x + Bs) > n for |s| < R. For now, let us only assume the

condition on x. By applying Proposition 3.2 to u, with

a=AEF—¢/2, b=Al—¢/4,
r,=r, T, =T,
x = BR,

we deduce that there exists ¢} , p p, \ =tf g > 0 such that for any s € [-R, R] and t > t}, 5 _, there holds

vV14 B2z 4+ Bs < mingal (I‘e‘<A§_E/2)t) + Bs
< mingal (Fe*(Affe/z)t) + BR
< ming&l (Fe_(A§_5/4)t) .

Since 7 € (0, 1), Lemma 3.1 gives the existence of a real T, /4 r ar > 0 such that

min E, (t) > mingal (I‘e*(Agﬂs/‘l)t) , Vi > T, c/ar Ak,

where E,(t) = {z € R | u(t,z) = n}. However, Lemma 4.2 provides some & € R such that u (X) = ug(X)
for X > &, and since u, satisfies (Q) (see Definition 2.3), one can take T}, ./4 r ar possibly even larger so that

mingal (I‘e*(A?’E/‘l)t) > &5. Also, since Yy < Yo, there holds mingal (Fe*(/‘f’a/ﬁ‘)t) > &9, so that

ming&l (I’e_(A?_E/‘L)t) = minug* (Fe_(AE_E/‘l)t) , Vt > T, c/ar AR
Additionally, seeing that infx<ou(t,X) — 1 as t — 400, there is t, r . > 0 such that

lim inf u(¢, X) > 7, Vi >t Re-
X——o0

Finally, set
* o *
T, er.r =max(ir g o Tpejarar, tnre);

then for any z < min ug * (Fe_(Af_E/Q)t) and t > T _ 1 g, there holds

1
Wienee
min E, (t) > nﬁn;&;l<I@44AfAf/®t>

>+/1+ B2x + BR.

(41)

Thus for any s € (=R, R), one has u(t,v/1+ B%2x + Bs) > 7. Indeed, assume by contradiction that there
exists s € (—R,R) such that u(t,v/1+ B?z + Bsg) < 7. Given that t > t, p., there would exist z; €

E,(t) N (=00, V1 + B2?z + Bsy), which is absurd considering (41).

Consequently, whenever ¢ > Ty .r.r and x < \/ﬁ mingo_1 (Fe—(Af—6/2)t), there holds

R
/ n(t,z,y)dy > pV/1+ BQ/ nlg (s)ds
R —R
>nB > p.

Since AR — £/2 = —\E — ¢, this concludes the proof of (33).
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4.3 Conclusion

Proof of Theorem 2.7. Let us recall that (32)-(33) have been established in subsections 4.1 and 4.2 respectively.
We can now complete the proof of Theorem 2.7. Set

Ni(x) = / n(t, z, y)dy,

R
foranyt >0and x € R. Set T; . p p==max(T}; . ,, T,  r r). One can reformulate (32)-(33) as follows : there
exists 3 > 0 so that for any u € (0, ), € € (0, =Af), T > 0 and v > 0, there exists T} . 4 r,r = 0 such that for

all ¢t > T:,s,’y,I‘,R’ there holds

1
Ni(z) < p, Vo > ———— max, ' ('ye_(_’\”e)t) )

~V1+B?
1 R
Ni(z) > p, Vo < ——— minuyg? (I‘e_(_’\o _E)t) ,
)= w Jir e e
Since N; is continuous for any ¢ > 0, and Eﬁ(t) = Nt—l(u)’ the level set Eﬁ(t) is nonempty, closed, and included
in

1 .1 _(_\E_ _ i
———— |minygt (Te= (o E)t) max g (’ye ( ’\O“)t)}
g s ( meto |

for any t > T This concludes the proof of Theorem 2.7. O

ey, Re

4.4 A heavy tail induces acceleration

In this short subsection, we give a sketch of the proof of Theorem 2.6, as it follows the same lines as the proof
of (33) done in subsection 4.2.
By assumption, there holds \g < 0. Select R > 0 large enough so that A < 0 (see subsection 2.2). Choose

any ¢ > 2v/—M¥ and set a, € (0, /—AF) the only real satisfying ¢ = a. +
that ug(X) > min(m, e~*X), we can construct, as in the proof of Lemma 4.2, a C? function u R — [0, 1] that
satisfies

R
a/\" . Since there exists m > 0 such

o u < ug,

e u_ is asymptotically front-like, i.e. satisfies (11),

0

e u (X)= e~ X for X large enough,
e there exists K > 0 such that |gg| < Kgo on R.

Then, select a > 0 large enough so that [-R,R] C (60— — o,04 + «). Set v as in (36)-(38). From (16), the
maximum principle allows us to conclude that v > v on [0,1] x R2.

Next, as in subsection 4.2, we can construct a second subsolution on [1, +0c0) x R? of the form w(t, X,Y) =
pu(t, X)TE(Y) for some p > 0, where T'¥ solves (10) and u(t, X) solves

u —uxx = - Au(l—u), t>1, XeR,
u(l,X) = u (X), X eR.

However, since u_ (X) decays as e~“X  the function u(t, X) converges to a shift of the front o.(X — ct) solution

0
of the Fisher-KPP equation u; — uxx = —Afu(1 — u), see [24]. As a consequence, with the same calculation as

in subsection 4.2, we deduce the existence of a level 8 > 0 such that for any u € (0, 3), there holds
1

— o,

V1+ B?

Since ¢ > 24/—A{* may be chosen arbitrarily large, there holds min ER(t)/t — +ooast — +oo, for all u € (0, 3),
leading to the result of Theorem 2.6.

t—+o0

1
lim inf (t min Eﬁ(t)) >
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5 No acceleration for ill-directed heavy tails

In contradistinction with Section 4, we will keep the notation 7#(Y) = r(y — Bz) = r(v/1 + B?Y), since the two
coordinate systems (z,y) and (X,Y") will be used in conjunction during the proof.

Proof of Theorem 2.11. We only give the proof for ¢ > c¢*, as the case ¢ < —c* is similar. We first set the
following positive constants
s i=c"V1+ B2 =2y-\, ~v = 1+/—Ao.
Fix any s > s*, and define
b(t, @, y) = Ce T XL (Y),
p(t,2,y) = e u(t, x)p(t, y),

where X,Y are given by (6), a > 2 (1 + ﬁ) may be chosen arbitrarily large, C' > 0 is a positive constant to
be determined later, and the functions u(¢,x), p(t,y) respectively solve

O — Ozt = u(||uglloo —u) t >0,z €R, (42)
u(0,x) = uo(x) z €R,
Oip — Oyyp =0 t>0,yeR, (43)
p(O,y) = 1[U,,U+](y) Y€ R.

Since p solves the one-dimensional heat equation, it is expressed as the convolution

1 T .
p(t,y)zm/ e~ W2/ g, (44)

We shall prove that ¥ + ¢ > n using the maximum principle. Notice that one clearly has ¢(0,-,-) > 0, and
©(0,z,y) > no(x,y) with (20). Also, since nonnegative, n is a subsolution of the linear local operator :

L = 0y — 0y — Oyy — 7(y — Bx),
=0, — Oxx — Oyy — 7(Y),

thus it suffices to prove that L£(1) + ¢) > 0 on (0, +0c) x R? to conclude.
Given that —8ny0 — ’I:(Y)FO (Y) = /\Oro(Y), we have

Ly = (ys—~*+ X)) ¥ >0,

since vs* — v2 4+ A\g = 0. In particular, 1/ is a supersolution.
Let us now turn our attention to the function ¢. Since r satisfies Assumption 2.1, there exists Yy > 0 such
that 7#(Y) < —a whenever |Y| > Y). Set

Q= {(a:,y) € R?

1
Y=———|y—Bx| <Yy ;.

On Qf, there holds —7(Y) = —r(y — Bx) > a.. Therefore this implies
Lo = —ap+ ([[uollec —u)p —r(y — Br)p = ([Juollec —u)p = 0.
Thus L(¢ + ) > 0 on (0, +00) x 5.
Next, let us consider the domain €2y5. On this domain, ¢ may no longer be a supersolution because r may be
greater than —a. However we shall prove that ¢ 4+ ¢ is a supersolution. Indeed, there holds

Ly > Qre "X oh), (45a)

,C(,O 2 _Q2€_atp(t7y)v (45b)
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where

— _ A2 i
Qi = (vs ="+ %) C min To(Y) >0, (46a)
Q> 1= (o + Tmaz)| 1o |oo- (46b)

Now, let us divide ¢ into two parts :
Q_=QN {(xvy) | BX —Y, < 0}7
Q+ = QO N {(I7y) | BX -Yy > 0},

where

f == max <1, (o +1)vV1+ Bz) > 0.

On the domain Q_, one has
L) > Qle—’YX > Qle—’Y(Yo-‘r@)/B
Lp > —Qae™|p(0, )||oo > —Q2.

In view of (46) it suffices to take C large enough to reach £(1) + ¢) > 0 on (0,+00) x Q_.
It remains to prove that £(1) 4+ ¢) > 0 on (0,4+00) x Q4. For any (z,y) € Q4+, we have

_BX+Y _ BX-Y% .
ViR BE T VitBR T Vit B

Consequently, from (44) we obtain

4.

p(ta y) S ! (O'+ — O'_)ei(y70+)2/(4t)

At
. ( )e 1<BX+Y >2

= N I (i S
int P 4 \Vit B2 +
1 —Z2% )4t

oL —o0_)e ,
- 47rt( + )
where
A BX—YO N 0 >
= 0 _ 5 7

VieB: T vieB T

As a result, from (45), there holds

L+ @) > Qre " e — Qae™“'p(t,y)
> @;6—72\/1“/3267“ _ @t—l/2e—o¢t6—Z2/4t’

where

Gr = Que (o IFF ) 8.

—~ 1
QQ = Q2(0+ - O—*) \/E
Thus L(v) + ¢) > 0 on (0, +00) x Q4 if
Qe VEVIFB?/B 5 (3,4 1/2= 2% 4t f(—a—ys)t (47)

for every Z > 1 and ¢t > 0. For any such Z, the function

g:tes t—1/26—22/4t6(—a—vs)t’
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defined on (0, 400), attains its maximum at

144 +a)Z2 -1
tmaz = (75 a) >0,

4(ys+ )
which, since v1+ a2 —1<a < +/1+ a? for any a > 0, leads to

(vs +a)Z? o 1+4(ys+ a)Z?
<p | —
14+4(ys+a)Z2? -1 P 4

g(t) < Qsexp <
< Qze Vst
with Q3 = t;ﬁl{fel/‘l > 0. Therefore, (47) amounts to

C2lef'wa/lJr1/B2 > @Qsefx/'straZ.

Now, let us recall that since o > ~2 (1 + %), we have

1
vy 1+§ < Vys+a.
Finally, by increasing C' > 0, if necessary, one has 62/1 > @Q;g, thus L(¢ + ¢) > 0 on (0, +00) X Q.
Putting all together, we have thus proved £(1) + ) > 0 on (0, +00) x R? and, from the comparison principle,
n(t,z,y) < ¥(t,z,y) + @(t,z,y) on (0,+00) x R% In other words, for any s > s* and o > 7% (1 + 3z ), there
exists C' > 0 such that for any ¢t > 0 and (z,y) € R?, there holds

n(t,z,y) < Ce T XTIT(Y) + e~ u(t, )p(t, y). (48)

We are now in the position to complete the proof of (21). This requires an additional control of the tails of
n which is postponed to Lemma 5.1. In the sequel, we select ¢’ > 0 and x > 0 such that (50) holds. Choose
any ¢ > ¢* = s*/v/1+4 B? and s € (s*,cv/1 + B?). Now, fix u > 0 and select ¢ > 0 large enough so that

-
c / eIl gy < 1.
- 2

Additionally, there exists Ti, , > 0 such that for any ¢t > T, ,, and for all z € R, there holds

"

[ ettt oty < e lunlllos — o) < 5.
R

Then, set { := —( + Bet. For any t > T, ,,, combining (48) and (50) one obtains

3 +oo
[ttty < [ oremiset sy cetute cpte)] dy+ [ fottctn) + ot ctv)ldy
R —00 13
—¢ +o0
S/ C'e*"ly‘dy—k/e’o‘tu(t,ct)p(t,y)dy—k WY(t, ct,y)dy
—o0 R 3

oo ct + By y — Bct
cve [om (o (BB )Y, (2B
H ¢ p{—7 11 B2 0 1T B2 Y
+oo
<u+C /1+Bg/ 6—7(\/1+BQCt+Bz—st)Fo(z)dZ
—¢/V1+B?
< o4 Gem (VI

where C' = Cy/1 + B2e)BS/VITE? JzTo(2)dz > 0. From there we deduce limsup,_, , ., [ n(t,ct,y)dy < pu. This
proves (21) since p may be taken arbitrarily small. O
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To conclude the above proof, we require the control (50).

Lemma 5.1. Suppose r, K and ng satisfy the assumptions of Theorem 2.11. Let n be any global nonnegative
solution of (1). Then there exists Noo > 0 such that

/ n(t,z,y)dy < Neo. (49)
R
Additionally, for every o > 0 there exist C',k > 0 such that

n(t,a,y) < Cle” =B 4 o=yt 2)p(t, y), (50)
where u and p respectively solve (42)-(43).

Proof of Lemma 5.1. The proof, very similar to that of [1, Lemma 2.4], is included here for the sake of com-
pleteness. The first assertion is straightforward. If we define the mass N(t, z) := fR n(t,z,y)dy, an integration
of (1) along the y variable provides the inequality

OIN — 0N < N(Tyaz — kE—N).

Since No(z) < ||upl|oo (04 — 0—), it follows from the maximum principle that the mass is uniformly bounded :

N(t:0) < N o= ma (Junllo s o), 222 )
which proves (49).
Let us now turn to the second assertion. Fix R > 0 large enough such that 7#(Y) < —« whenever |Y| > R.

Set | Bl
y — Bz
Qr =< (z,y) eR? ||V <R}.
Let us prove that n is uniformly bounded on Qz. In view of Assumption 2.1, there exists M > 0 such that for
all (x,y) € Qry1, there holds

r(y — Bx) — / K(tw,y,y’)n(t,x,y')dy" < |7l poe(@p) + k+Noo = M.
i

As a consequence, n is the solution of a linear parabolic problem with bounded coefficients on Qg1 (the nonlocal
term being treated as a function of (¢, x,y)), which allows us to apply the parabolic Harnack inequality (see [22]
for instance). Fix any 7 > 0. There exists Cy = Cg (7, R) > 0 such that for all t >0 and Z € R :

max t,x C min  n(t+71,2,9),
B M TV < Cn  mip ol v)

where Br(Z) C Q2r4+1 denotes the closed ball of radius R of center (, BZ). This yields

CH C’H]Voo

Cu
L+ 7T y)dy = SLN(t
<m,y?éa3§<>(zy)—2R/ T Ty = S NI+ TT) < =g

CHNW on Ry x Qp.

Seeing that Cy does not depend on Z, the population n(t, z,y) is uniformly bounded by
To conclude, define, for any o > 0,

o(t, z,y) = CemrWW=Bal=RVITER) 4 omaly (¢ 2yp(t,y),

where C, k are positive constants, and u, p solve (42) and (43) respectively. Let us check that n(t, z,y) < ¢(t,x,y)
on R, xR?. The inequality holds for t = 0 by (20). If we choose any C' > CHN°° , there holds n(t, z,y) < (¢, z,y)

on Ry x Qp. Next, on the remaining region (0, 400) x Q%, we have r(y — Bm) < —a, thus ¢ satisfies

Oy p — Duwp — Oyyp — r(y — Bx)p = (—#2(1 + B?) — r(y — Bx)) Cerly=Bel-RVI+5%)
+ (—a +[uolloc = ult;z) = r(y = Ba))e™*“ult, 2)p(t, ),
> (a — k(1 + B?)) Ce™ v 1B o =rlY]
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which is nonnegative if we fix any k < Since n > 0, it is a subsolution of the same operator. The

[0
+B2°
maximum principle allows us to conclude that n(t, z,y) < ¢(t, z,y) on (0, +00) x Qf,. We deduce (50) by setting
C' = CerRVITB?, -
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