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Abstract

This paper is concerned with the propagating speeds of transition fronts in RY for spatially
periodic bistable reaction-diffusion equations. The notion of transition fronts generalizes
the standard notions of traveling fronts. Under the a priori assumption that there exist
pulsating fronts for every direction e with nonzero speeds, we show some continuity and
differentiability properties of the front speeds and profiles with respect to the direction e.
Finally, we prove that the propagating speed of any transition front is larger than the in-
fimum of speeds of pulsating fronts and less than the supremum of speeds of pulsating
fronts.

Keywords. Pulsating fronts; Transition fronts; Spatially periodic reaction-diffusion equa-
tions; Propagating speeds.

1 Introduction

In this paper, we study the propagating speeds of transition fronts of spatially periodic reaction-
diffusion equations of the type

u=Au+ f(x,u), (¢ x)eRxRY, (1.1)

where u, = ‘3—'; and A denotes the Laplace operator with respect to the space variables x € RY.
Throughout this paper, we assume that the reaction term f(x, u) is Z"-periodic with respect
to x. To be more precise, we denote by TV = RV/ZVN the N-dimensional torus. We assume
that the function f : TV x R — R is continuous, C® in x uniformly with respect to u € R with
a € (0, 1), of the class C? in u uniformly with respect to x € TV while the partial derivatives
Ffulx, 1) = 0, f(x, 1), fuu(x,u) = 0,,f(x,u) are Lipschitz continuous in u, on TV x R. Moreover,
we assume that, for every x € R, the profile f(x, -) is bistable in [0, 1], that is, there is 6, € (0, 1)

such that

f(x,0)=f(x,1)= f(x,0,) =0, f(x,-)<0on (0,6,), f(x,)>0 on (6,,1). (1.2)
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We also assume that 0 and 1 are uniformly (in x) stable zeroes of f(x, -), in the sense that there
existy > 0 and o € (0, 1/2) such that

— fu(x,u) >y forall (x,u) € RV x [0,0] and (x,u) € RN x [1 — o, 1]. (1.3)

Notice that this implies in particular that o < 6, < 1 — o~. For mathematical convenience, we
assume that f(x,u) = f,(x,0)u for (x,u) € RY X (oo, —uy) and f(x,u) = f,(x, 1)(u — 1) for
(x,u) € RY x (1 + ug, +o0) for some positive ug, — f,(x, u) > y for all (x,u) € R X (—o0, o] and
(x,u) € RY x [1 — 0, +00) and f(x,u), f.(x,u), f.(x,u) are globally Lipschitz-continuous in u
uniformly in x € RY.

The cubic nonlinearity is a typical case of such a function f satisfying (I.2) and (I.3), that
is,

fx,u) =u(l —u)(u-0,), (1.4)

where 0 < 6, < 1is a Z"-periodic C*(R") function with respect to x. Moreover, the intermediate
zero 6, of f(x,-) in (L4) or more generally in (I2)) is not assumed to be constant in general.
Our main purpose in this paper is to study the propagating speeds of transition fronts which
are some classical solutions connecting the two stable states 0 and 1. A standard group of
transition fronts are so-called pulsating, or periodic fronts for our spatially periodic reaction-
diffusion equations. Let us recall the definition of a pulsating front which can be referred to

(33,137,138, 39].

Definition 1.1 (Pulsating fronts) A pair (U,,c.) with U, : R x TV — R and c, € R is said to
be a pulsating front of (1) with effective speed c, in the direction e € S¥~! connecting 0 and 1
if the two following conditions are satisfied:

(i) The map u(t,x) := U.(x - e — c.t,x) is an entire (classical) solution of the parabolic

equation (L)
(ii) The profile U, satisfies
5clim UJ&,y) =0, 5Clim U.(&,y) = 1, uniformly fory e TV,
—+00 ——00
Notice that if (U,(,y),c.) is a pulsating front of (II) in the direction e € S¥~!, then it

satisfies the limit condition (ii) in the above definition as well as, if ¢, # 0, the semi-linear
elliptic degenerate equation

c0:U, + 0geU, + 2V,0:U, - e + AU, + f(y,U,) = 0, forall (£y) € RxT". (1.5)

Note that the notion of pulsating front with nonzero speed was first given in and further
developed in 39]]. According to these references, it is said that an entire solution u(z, x)
of (1)) is called a pulsating traveling wave solution in the direction e € SV~! and effective speed
c # 0 if it satisfies the following two conditions

(1) u(t+ k;ce,x) = u(t,x — k), for all k € Z" and (¢, x) € R x R",

(i) lim,_ o u(t,re+y) =0, lim,_,_,u(t,re +y) = 1,forallr € R and y € R".
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Notice that when the effective speed is nontrivial, this definition is equivalent to Definition [L.1]
In fact, if (U,, c.) is a pulsating front with ¢, # 0 in sense of Definition [L.I] u(t, x) = U(x-e —
c.t, x) becomes a pulsating front in sense of [3,[33137,[38.39]]. Conversely if u(z, x) is a pulsating
front in the direction e € S¥~! and the effective speed ¢ # 0, then so is U(&, x) := u( ”C_é:, X) in
the sense of Definition[I. 1] with ¢, = c.

Now we review some known existence results on standard traveling waves. In homogeneous
case, Aronson and Weinberger [2] and Fife and Mcleod have studied the existence and
nonexistence of traveling fronts ¢(x — ct) for one-dimensional equation

Uy — Uxx = f(u)

where f is bistable. Especially, if f simply satisfies f(0) = f(1) =0, f <0on (0,6) and f > 0
on (6, 1), it is known to exist a traveling front ¢(x — ct) satisfying

¢" +cd' + f(¢) =0inR,
{O<¢< linR, ¢(—o0) =1 and ¢(+o0) = 0.

Notice that the propagating speed ¢ has the sign of fol f(u)du and the profile ¢ is unique up
to shifts. For higher dimensions N > 2, an immediate extension of one-dimensional traveling
fronts consists in planar traveling fronts

u(t,x) = ¢(x-e —ct)

for any given unit vector e of RY, where (c,$) are as above. We denote the level sets by
{x € RV u(t,x) = r} for 0 < r < 1 and any t € R. Then, the level sets of planar fronts
are parallel hyperplanes which are orthogonal to the propagating direction e. We also notice
that the profiles of these fronts are invariant as they propagate with speed c in the direction e.
The existence and uniqueness of these fronts can be referred to the one-dimensional traveling
fronts. Besides, in RY with N > 2, more general traveling fronts exist, which have non-planar
level sets. For instance, conical-shaped axisymmetric non-planar fronts are known to exist for
some f, see [7, 25]]. Fronts with non-axisymmetric shapes, such as pyramidal fronts, are
also known to exist, see [34] 36]. For qualitative properties of these traveling fronts, we refer to
(15,16} 17, 25, 26] 291 [35] 136]].

For explicit spatially periodic dependence, only few results has been obtained in the bistable
case. We may refer to the works of Xin who used refined perturbation arguments
to obtain the existence of waves for such periodic equations

u = ) (@) + Y biuy, + fxw) (1.6)

when the diffusivity matrix a is close to identity and f is independent of x. For one di-
mensional case of (L6) when f(x,u) = g(x)f(u) with 0 < g; < g < g < +oco in R and
fol minyg) f(-,u)du > 0, Nolen and Ryzhik [28] proved the existence of pulsating fronts with
nonzero speed. Furthermore, if the solutions of (I.6) with some compactly supported initial
conditions can converge locally uniformly to 1 as t — +oo, there exist pulsating fronts with a
positive speed for (I.6), see [[I1]]. Ding et al [8] also obtained some existence results of pulsating
fronts for one-dimensional reaction-diffusion equations in a periodic habitat. More precisely,
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they proved that pulsating fronts exist for small period and large period by applying the implicit
function theorem and abstract results of Fang and Zhao [[12]] and they got that the speed has the
sign of fn"Nx[o,l] f(x, u)dxdu when the speed is not zero. For one dimensional (I.I]) with spatially
inhomogeneous mixed bistable-ignition reactions, Zlato$ [44] proved that there exists a unique,
up to shifts, right-facing (or left-facing) transition front which is increasing in time. Meantime,
he found a periodic pure bistable reaction such that there is no transition front of (L.I). Thus,
pulsating fronts with nonzero speed do not exist in general, we also refer to 41]].
Throughout this paper, we assume that

(AD [0 f 6 wdxdu 0,

(A2) for any direction e € S7!, there is a pulsating front (U,,c,) with ¢, # 0 satisfying
Definition L1l

From the result of Ducrot [10] and our Lemma[2.2]in Section 2, it follows that the speed ¢, for
each direction e € SV~! has the sign of fﬂrNx[o . f(x, u)dxdu once the assumptions (Al), (A2)

hold. Thus, without loss of generality, one can assume that fTNx[o 1 f(x,u)dxdu > 0, that is,

c, > 0forall e € S¥!. In fact, if ¢, < O for all e € SN!, one can replace u, f, U.(&,y) by
i=1-uglxu)=—-fx1-u), U, y) =1 - U,(=¢£,y) and then, the new pulsating front U,
propagates with speed —c, > 0. From [5]] and Lemmas[2.3|and[2.4]in Section 2, for any direction
e € SN!| the speed c, is then unique and the pulsating front U, is then unique up to shifts in
time.

As we emphasized, even for homogeneous case, there are many types of traveling fronts
in higher dimension such as standard planar fronts, conical-shaped axisymmetric non-planar
fronts, pyramidal fronts and so on. More complicated structured fronts exist for spatially pe-
riodic reaction-diffusion equations. A one-dimensional example can be refer to [9], in which
the authors established a new type of transition fronts which are not pulsating fronts. Even if
the types of traveling fronts are various, there are some common properties shared by them.
For all of them, the solutions u converge to the stable states 0 or 1 far away from their moving
or stationary level sets, uniformly in time. This fact led to the introduction of a more general
notion of traveling fronts, that is, transition fronts, see [4} [5]] and see [30] in the one-dimensional
setting. In order to recall the notion of transition fronts, let us introduce a few notations. First,
for any two subsets A and B of RY and for x € RY, we set

d(A,B) = inf {|x — y|; (x,y) € A X B}

and d(x,A) = d({x},A), where | - | is the Euclidean norm in R". Consider two families (Q).r
and (Q),cr of open nonempty subsets of RY such that

Q NQ =0,
0Q, =0Q =T,

VieR, {0 o (1.7)
Q ul,uQ =R",
sup{d(x,T,); x€ Q) =sup{d(x,T},); xe€Q} =+

and
inf{sup{d(y,F,); yeQ , ly-xI<r}; teR, xe Ft} — +00
as r — +oo. (1.8)

inf{sup{d(y, [);yeQ , ly—-x<r} teR, xe Ft} — +o0
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From the condition (7)), we notice that the interface I'; is not empty for every r € R. As far
as (L8] is concerned, it says that for any M > 0, there is ry; > 0 such that for any ¢t € R and
x € I, there are y* € R such that

y eQr, |x—y*|<ry and d(y*,T,) > M. (1.9)

thatis, y* € B(x, ry) and B(y*, M) C Q;, where B(y, r) denotes the open Euclidean ball of center
y and radius » > 0. Moreover, the sets I'; are assumed to be made of a finite number of graphs:
there is an integer n > 1 such that, for each ¢ € R, there are n open subsets w,, C RN (for
1 < i < n), n continuous maps ¥;, : w;; — R and n rotations R;, of R", such that

Loc | Ri(lxeRY ¥ € win xy =i, ())). (1.10)

1<i<n

Definition 1.2 [4}[5]] For problem (1.1)), a transition front connecting 0 and 1 is a classical solu-
tionu : RxRY — (0, 1) for which there exist some sets (QF)cr and (T,)er satisfying (L7), (L8)
and (IL1Q), and, for every & > 0, there exists M, > 0 such that

{VteR, Vx € Qf, (d(x,T) > M,) = (u(t,x)> 1 —e), (1.11)

VteR, VYxeQ, (dxI,)>M,) = (ut, x)<e).
Furthermore, u is said to have a global mean speed y (> 0) if

d(rt, rs)

— 7y as |t —s| — +oo.
|t — sl

This definition has been shown in [4} 5, [14] to cover and unify all classical cases. Moreover,
it was proved in [[14]] that, under some assumptions on f, any almost-planar transition front (in
the sense that, for every t € R, I, is a hyperplane) connecting 0 and 1 is truly planar, and that
any transition front connecting 0 and 1 has a global mean speed y, which is equal to |c¢|. Non-
standard transition fronts which are not invariant in any moving frame as time runs were also
constructed in [[I4]]. For other properties of bistable transition fronts, we refer to [4} (5, 14]]. There
is now a large literature devoted to transition fronts in various homogeneous or heterogeneous
settings or for other reaction terms, see e.g. [16, 10, [18}, [19] 20, 21}, 22| 23], 24, 27, 28], 31|, 32 42,
A44].

Now, we present our results in this paper. Our first result is about the continuity of the speed
c. and the profile U, with respect to e € S¥~!. Here, we can refer to [I]] for the ignition type, in
which the authors proved the continuity of the speed and the profile of the pulsating front with
respect to the propagating direction.

Theorem 1.3 Assume that (Al), (A2) hold and c, > 0 for any e € S¥='. Then, the speed c, and
the profile U, are continuous with respect to e € SN under a normalization of the profile U,,
that is, U(&,y)dydé = 1 forall e € SN,

R*xTN

Remark 1.4 In Theorem the normalization of U, could be modified. In fact, we can nor-
malize U, by the integral fR+xTN U2(&,y)dydé being any positive constant, or by U,(0,0) being
any constant between 0 and 1 for all e € SV,



Normalize U, by fR+ U2(&,y)dydé = 1 for all e € SV~!. For any b € RY \ {0}, define

xTN

U;,:U% andch:cl%‘. (1.12)
Then, U, and ¢, are well defined and continuous with respect to b € RY \ {0} by Theorem [[.3]

Theorem 1.5 Normalize U, by ﬁvx’n‘w U(&,y)dydé = 1 and let Uy, and c, be defined in (L12).
Then, U, and c}, are doubly continuously Fréchet differentiable at any b € RV \ {0}.

Finally, we prove in this paper that the propagating rate of a transition front satisfies some
estimates related to the speeds c, of pulsating fronts.

Theorem 1.6 Assume that (Al), (A2) hold and c, > 0 for any e € SN~'. For any transition front
u(t, x) of (1), it holds that

. . dI T . dl1,,T
inf ¢, < liminf @I < lim sup @1,) < sup c,.
eeSN-1 lt=sl>+oo |t — 5| |t=s]—+00 |t — s eeSN-1

Remark 1.7 By the continuity of ¢, from Theorem the inf and sup are actually min and
max. Moreover, since ¢, > 0 for any e € SN™!, one has that inf ,csv-1 ¢, > 0 and sup,.qv-1 ¢, <
+00.

We point out that if (A1), (A2) do not hold, there may exist stationary pulsating fronts. In
this situation, we will lose the continuity and differentiability of pulsating fronts in general. On
the other hand, since inf,csv-1 ¢, = 0 when there exist stationary fronts, the first inequality in
Theorem [L.6 holds obviously. But we can not obtain the last inequality in Theorem [L.6 by our
method since our proof is based on the continuity and differentiability of pulsating fronts.

We organize our paper as follows. In the next section, we investigate some properties of pul-
sating fronts. Especially we prove that the pulsating fronts U, and the speeds c, are continuous
and Fréchet differentiable with respect to the direction e € S¥7!, that is, we prove Theorem [L.3]
and Theorem[I.3] Section 3 is devoted to the proof of Theorem[I.6]by showing two key-lemmas
in Section 3.1 and completing the proof in Section 3.2.

2 Properties

In this section, we deduce some properties of pulsating fronts U.(x - e — c.t, x), which are
well-known for planar fronts in homogeneous case. Especially, we prove the continuity and
differentiability of ¢, and U,.(¢,y) with respect to the direction e, which obviously hold for
homogeneous planar fronts since they are independent of the propagating direction.

2.1 General properties

Since the properties in this section are proved for pulsating fronts in every direction e, we fix an
arbitrary e € S¥~! in this section. First, we prove that the pulsating fronts are approaching their
limiting states O and 1 exponentially.



Lemma 2.1 For any pulsating front U,(x - e — c.t, x) with ¢, > 0, there exist Ay, A, € R, u; > 0,
Uz > 0 (uy, wo are independent of e), C; > 0, C, > 0 such that

0<Ux-e—ct,x)<Cre e if x.e—c,t> A, (2.1
0<1=Udx-e—cet, x) < Cre® D if x.e—c,t<A,. (2.2)

Proof. It is known by the strong maximum principle that 0 < U.(x - e — c.t,x) < 1 for all
(t, x) € R x RY. We only prove (Z.1)), the proof being similar for (2.2)). We deal with it into two
cases: ¢, = 0 and ¢, > 0 (although assumption (A1) implies ¢, # 0, we still deal with ¢, = O for
completeness).

Case 1: c, = 0. In this case, the pulsating front U,.(x - e — c,t, x) is a stationary front, that is,
Usx-e—cet,x) = Usx - e, x) := U(x). From Definition [Tl of pulsating front, it satisfies

— AU - f(x,U) =0 for x e R", (2.3)

and lim,.,,,. U(x) =0, lim,,._,_., U(x) = 1. It means that there exists A; € R such that

O0<Ux) <o forall x-e>A;. 2.4)
where o is defined in (I.3). From (L.2)), (I.3), @.3)) and @.4)), it follows that
—AU+yU <0 forallx-e > Ay, (2.5

where y > 0 is also given in (L3).
Define w(x) = oe @41 where u; is a positive constant to be chosen. The function w
satisfies
—Aw +yw = (=5 +y)oe ) for x € RN,

Take p; = +fy so that —uj +y = 0 which also means —Aw+yw = 0 for x € R". Since U(x) — 0
as x-e — +oo and w(x) > U(x) for all x-e = A from (2.4), it follows from (2.3)) and the elliptic
weak maximum principle, that

U(x) < oe 1™ for x . e > A.

Case 2: c, > 0. In this case, we consider the pulsating front v(z, x) := U,(x- e — c.t, x) which
satisfies (LI) with limiting conditions lim,.._. ;. v(f, x) = 0, 1. It means that there exists
Ay € R such that

O0<v(t,x) <o forall x-e —c.t > A;. (2.6)

From (L.3)) and (2.6)), it follows that
vi—Av+yv <0 forall x-e—c.t > Aj. 2.7

Define w(z, x) = oe 1™ =¢!=40 for y1; = fy > 0 such that ¢, — 2 +y = pyc, > 0. Then
w(t, x) satisfies
w; — Aw + yw > 0 for all (¢, x) € R x RV, (2.8)

On the other hand,
§> U,(A,,x) forall x e TV,
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that is, w(t, x) > v(t, x) forall x - ¢ — c,t = A;. Let
g =infle > 0; v(t,x) —e < w(t,x) forall x-e —c,t > A}

which is well-defined from (2.6)) and w(z, x) > 0. We only need to show £* = 0.
Assume by contradiction that £* > 0. There exist then a sequence (g,),cn of positive real
numbers and a sequence of points (¢, x,).en satisfying x,, - e — c.t, > A; such that

g, = & asn — +oo and v(t,, x,) — &, > w(t,, x,) forall n € N. (2.9)

We claim that x, - e — ¢.t, — A; > 0 are upper-bounded uniformly in n € N. Otherwise,
v(t,, x,) — 0 and w(t,, x,) — 0 which means —&* > 0 from (2.9) and then contradicts * > 0.
Therefore, &, := x, - e — c.t, are bounded and v(t,, x,) = U(&,, X,), w(t,, X,) = e Since
U(£,y) is periodic in y, there is then (¢*,x*) € R x RY or say, (,x*) € R x RY such that
X e—c.t* > A and v(t*, x*) — & = w(t*, x*). Define z = w — v. From [2.7)) and 2.8)), it follows
that 7, — Az + yz > O for all x-e — c.,t > A;. But z reaches a minimum at the point (¢*, x*) with
X*-e—c,t* > A and z(t*, x*) = —&* < 0. Thus, —ye* > 0, which is a contradiction. Therefore,
g* = 0, that is, @2.I)) holds. This completes the proof. i

Although the following lemma is elementary, we state it for completeness.

Lemma 2.2 For any pulsating front U.(x - e — c,t, x) with c, # 0, the speed c. has the sign of

AI']\FNx[()’l] f(x’ U)dXdu.

Proof. Notice that u(z, x) = U.(x-e—c,t, x) is a classical solution of (IT)) and v = u, is a classical
solution of v, = Av + f,(x,u)v. Then, by Lemma 2.1l and standard parabolic estimates, all
functions o,U., d,,U,, 0z U., 0,,:U,, and Gyl.yj U,fori, j=1,---,N, converge to 0 exponentially
as & — +oo. Integrating (L3)) in R x TV by parts against 9;U,, one has that

co [ 10cu v - £ wdyd
RxTN

TNX[0,1]
Thus, ¢, has the sign of fTNx[o . f(x, uw)dxdu. O

In the next lemma, we show that every pulsating front with nonzero speed is strictly mono-
tone in time.

Lemma 2.3 Any pulsating front U,(x - e — c,t, x) with c, # 0 is monotone in t.

Proof. By Definition [1.2] of transition fronts, one can notice that, any pulsating front U,(x - e —
c.t, x) is a transition front with (I')er 1= (Cote)er, (Q er = (XX - € < cotDrer, (7 )ier =
({xlx - e > c.t})er. Moreover, from (I.2), (I3) and the regularity of f, there exists a positive
constant ¢ such that the function f(x, s) is nonincreasing in [0, 6] and in [1 — &, 1]. Therefore,
from [, Definition 1.4], U,(x - e — c,t, x) is an invasion of 0 by 1 when ¢, > 0. Then, by [3]
Theorem 1.11] with its followed discussion, it implies that U,(x - e — c,t, x) is increasing in t.
Similarly when ¢, < 0, the pulsating front is an invasion of 1 by 0, and whence it is decreasing
in ¢. From the strong maximum principle applied to u,, this also implies that 0:U.(¢,y) < 0 for
all (£,y) € R x RN which completes the proof. i



Lemma 2.4 For every direction e € SN7!, the speed of pulsating fronts for (1) with non-zero
speed is unique in the sense that if U,(x - e — c,t, x) and U,(x - e — G.t, x) are two pulsating fronts
with c, # 0, ¢, # 0, then ¢, = ¢,. Furthermore, the pulsating front is unique up to shifts in t,
that is, there is T € R such that U,(x - e — &,t,x) = U,(x - € — c,t + T, X).

Proof. Under the assumptions of Lemma[2.4] Lemmal[2.2limplies that ¢, and ¢, have that same
sign. If follows then from [15, Thoerem 1.12 and 1.14] that ¢, = ¢, and that the fronts are unique
up to shifts in time. O

2.2 Continuity

This section is devoted to proving the continuity of (U,, c,) with respect to the direction e.
Following the proof of [9, Theorem 1.4], we can get a uniform bound of the speeds of
pulsating fronts for any direction.

Lemma 2.5 There is a positive constant C depending only on the function f such that

sup |c.| < C.
eeSN-1

Remark 2.6 The strategy for the proof of Lemma as in [9], is to construct supersolutions
and subsolutions of (1) as

_ . (o o _
u(t, x) :mm(e (x-e=Ch) + e 7’,1),f0rt20andxeRN,

and
u(t, x) = max (1 — elxerCn _ %e‘yt, 0) , fort >0and x e R,

where o and 7y are given in (I3) and C > 0 is a sufficiently large constant independent of the
direction e.

We now prove the continuity of (U,, ¢,), that is, Theorem [L.3]

Proof of Theorem Step 1: proof of inf csn-1 ¢, > 0. We first show that inf,.gv-1 ¢, > 0.
Assume by contradiction that there is a sequence (e,) e C SV™! such that ¢, = 0asn — +oo.
We assume that there is e, € SV~! such that e, — ey as n — +o0, even if it means to extract a
subsequence. For every direction e € S¥~!, we normalize U, by

U, 0,0)=1-¢, (2.10)

where ¢’ > 0 will be defined later. Let u,(t, x) = U, (x - e, — c,,t, x). Since 0;U, is negative for
all e € S and U, (&,y) is periodic in y, it follows that

u,(1,x) > 1 -9, for x € Z" such that x - e, — ¢, < 0. (2.11)

By standard parabolic estimates, u, converges locally uniformly, up to a subsequence, to a
solution u,, of (LI). By (u,); > 0, one has that (), > 0. Furthermore, by @.I1)), ¢, — ¢ and
¢, — 0 asn — +oo, it follows that

Uo(l,x) > 1 =8, for x € Z" such that x - ¢y < 0. (2.12)
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Let &’ > 0 be chosen less than 1 and whence (1, x) > 1 =8 > 0 for x € Z" such that x- ¢y < 0
and u,,(0,0) = 1 - ¢’ < 1. By the strong maximum principle, it follows that 0 < u.(z, x) < 1 for
all (£, x) € Rx RV,
Let 6 > 0 be such that
0 < min(y, o),

where y and ¢ are defined in (L3)). Since limg_,_o, U,,(¢,y) = 1 and limg_, .o U, (£,y) = 0, there
is C > 0 such that

Uep,(&,y) 21 =06, foré < —Cand U, (€,y) <6, foré > C. (2.13)

Since 0,U,,(&,y) 1s negative and continuous in R X TV, there is k > O such that —0:U,, > k for
all (£,y) € [-C,C] x TV. Let w > 0 such that

wk > L+ 0,

where L = max,_yejo.1xt | fu(t, X)|. From (2.12), the Harnack inequality and 1 is a solution of
(LI, one can choose ¢’ small enough such that

Uoo(0, x) > 1 — &, for x € RY such that x - ¢y < 0. (2.14)
Then, for any (¢, x) € R x RY, we set
u(t, x) = max(UeO(x ceg = Cot —we™ +w+ C,x) — e, 0) ) (2.15)

Let us check that u is a subsolution for the problem satisfied by u.(z, x), for r > 0 and x € R".
First, at the time 0, it follows from (2.14)) that

Uoo(0,X) > 1 =& > u(0, x), for all x € R" such that x - ey < 0.

On the other hand, from (2.13) and the fact that u., > 0, it follows that for all x € R" such that
x-ey =0,

u(0, x) = max (U, (x - ¢y + C, x) — 6,0) < max(0,0) = 0 < u(0, x).

Thus,
(0, x) > u(0, x), for all x € RV,

Inspired by [[13]] and [[14], it is easy to check that
Lu=u —Au—-f(u)<0
for all £ > 0 and x € R such that u(z, x) > 0. By the comparison principle, one gets that

Uoo(t, X) > u(t, x), fort>0and x € RV,

Since ¢,, > 0 and limg_,_, U, (&,y) = 1, one infers that u.(z, x) converges locally uniformly
to1last— +oo.
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Fix [ € Z" such that /- ¢, > 0. Since e, — ¢, and ¢, = 0asn — +oo, one has that/-¢, > 0
for n large enough, and [ - ¢,/c,, — +00 as n — +oco. Then, for any s € R, it follows from the
definition of pulsating fronts and (u,), > O that

l-e,

Up(s, 0) < u,( 5 0) = un(o, _l),

€n

for n large enough. Passing to the limit as n — +o0, it follows that
Uoo($,0) < u,(0,-1) <1,

for all s > 0. This contradicts the locally uniform convergence of u.(f,x) to 1 as t — +oo.
Thus, we get that inf ,cgv-1 ¢, > 0.

Step 2: continuity of c,. Take any e, € S¥! and any sequence (e,),ery € SV! such that
e, — ey asn — +oo. Then, by Lemma [2.3] and Step 1, there is ¢ > 0 and a subsequence Cey,
such that Ce,, — € @S M — +00. For all direction ¢ € SV~!, we still take the normalization
(210). By standard parabolic estimates applied to u(t, x) = U,(x-e—c,t, x) for all e € S¥~!, one
gets that U, and its derivatives are uniformly bounded in R x TV and uniformly for e € S¥~!.
Then, the sequence U,, converges locally uniformly along with its derivatives up to the second
order, up to a subsequence, to a function U, and U, satisfies

c0:Us + 0z Uso + 2V,0:Us, - €9 + A\ Ues + f(y, Us) = 0, forall (£,y) € R x TV,

and U,(0,0) = 1 — ¢’. That also implies that if let v,(z, x) = Uenk (x-e, — Cey s X), one has that
Va(t, X) = Voo(t, X) = Us(x - o — ct, x) locally uniformly in R x RN and v.(t, x) satisfies (LI).
Moreover, since U, (£, y) is periodic in y and 0:U,(&,y) < O forall e € S¥~!, one has that U (€, y)
is periodic in y and ;U (&,y) < 0.

We borrow the parameters J, w, k from Step 1. By the normalization 2.10) and U (&, ) is
periodic in y and nonincreasing in &, one gets that ve,(f + 1,x) = U (x-eg —c(t + 1), x) > 1 = ¢’
for all # € R and x € Z" such that x - ¢y — c(t + 1) < 0. From the Harnack inequality and 1 is a
solution of (I.)), one can choose ¢’ small enough such that

Vool t, X) = Us(x - g —ct,x) > 1 =0, forall x- ey —ct <0.

Then, one can prove as in Step 1 that u(z, x) defined in (2.13) is a subsolution of the problem
satisfied by v..(2, x), for > 0 and x € R,
By the comparison principle, one gets that

Veolt, X) = Uso(x - €9 — ct, x) > u(t, x), fort > 0 and x € R”.

This implies that ¢ > ¢,,. In fact, if ¢ < ¢,,, one has that for any (¢, x) € (0, +00) X RY such that
X-eg=ct,x-eg—Copl —we™ '+ w+C =—(coy — )t —we™ +w+ C — —o0ast — +oo. Since
limg—,—o U,y (€, y) = 1 and lim,,,o €™ = 0, there exists T > 0 large enough such that for any
x € RY such that x - ey = T,

/

5
Voo T, %) 2 u(T, x) =max (Ue, (x - €0 = ¢oT = we™" + w + C,x) = 6e",0) > 1 - - (216)
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However, for any x € Z" such that x - ey = ¢T, it follows that v (T, x) = Us(0, x) = Us(0,0) =
1 — ¢ since Uy (&,y) is periodic in y which is a contradiction with (2.16)).

Now we prove ¢ < ¢,,. Take z,, such that U, (z,,,0) = ¢". Then, from the analysis of the
head of this step, one has that v, (7, x) = Uenk (x - e, — ¢yt + 2z, x) converge locally uniformly,
up to a subsequence, to a solution v/ (¢, x) = U/ (x - ey — ct, x) of (LI where U’ (0,0) = &,
0:U,, < 0and U/ (&,y) is periodic in y. Then, one can construct supersolutions for the problem
satisfied by Vv/_(z, x) as

ut, x) = min(UeO(x s — Copt + we™ —w—C, x) + 6e™”, 1) ,

for# > 0 and x € R". Similar to the arguments as above, one infers that ¢ < Cep-

Then, one can conclude that ¢ = ¢,,. By the uniqueness of ¢, in the direction e, and e is
arbitrary taken, it implies that ¢, is continuous with respect to e € SV,

Step 3: continuity of U, under a normalization. We now prove the continuity of U, under
the normalization

[ =1 2.17)
RtxTN

Take any e, € SV~! and any sequence (e,),ert € SV~! such that e, — ey as n — +oco. Remember
that ¢,, — ¢,, > 0 from the continuity of ¢,. Let &, such that sup,egy U, (&ny) = 0, where o
is defined in (I3) (remember also that o < @, for all x € R"). Then, by standard parabolic
estimates applied to the fronts (¢, x) = U, (x-e, - c,,t, x) and since c,, — ¢,, > 0, the sequence
U, (- + &, ) converges locally uniformly along with its derivatives up to the second order, up to
a subsequence, to a function U, and U, satisfies

Cey0eUco + 0geUso + 2V,0: Uy, - € + AU, + f(y, Us) = 0, forall (£,y) € R x TV,

and supcpv Us(0,y) = 0. Since U,(&, y) is periodic in y and U, (¢, y) < Oforall e € S¥-1, one
has that U (¢,y) is periodic in y and 9;U(¢,y) < 0. Thus, there are periodic functions p*(y)
and p~(y) such that limg,_, U(£,y) = p*(y) and limg, 0 Us(é,y) = p~(y). Moreover, by
standard parabolic estimates applied to uw(f, x) = U (x — ¢, 1, X), we get that p*(y) are C*(RY)
periodic stationary solutions of (I.I). From sup,epv Uw(0,y) = o, it follows that p~(y) < 0.
Then, by the strong maximum principle, p~(y) = 0. If p*(y) = 1, it implies that u.(t,x) =
Uw(x - €9 — cqt, x) is a pulsating front connecting 0 and 1. Then, by Lemma [2.4] one has that
U equals to U,, up to shifts.

Assume by contradiction that p*(y) # 1. From the strong maximum principle, p*(y) < 1.
Set r = sup, v p*(y) < 1. Then, U (&,y) < r < 1 forall (£,y) € R x T since 9:Uw(&,y) < 0.

Let u(t, x) = U, (x - ey — Cet, X) and ueo(t, X) = Us(X - €9 — € t, X). Notice that u(t, x) > 0
from the maximum principle, since sup gy Us(0,y) = 0o > 0 and ue, > 0. Let 6" > 0 such that
f(x,)is nonincreasing in (=0, ¢’]. Since U (&, y) is nonincreasing in & and limg_, ..o Uo(€,y) =
p~(y) = 0, there is a constant A such that

Uoo(t, X) = Uso(X - €9 — Copt, x) < &', forall (7, x) € R X RY such that x - e — Cegt 2 A.
Since limg_,_o U, (&, y) = 1, there is 7 > 0 such that

u(t+7,x) = Uy (X - €9 — oyt — Co,T, x) > 1, for all (7, x) e R X RY such that x - ey — Ceet < A.
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Then, u.(f,x) < u(t + 7, x) for all (¢, x) € R X RY such that x - ey — c,,t < A since ue(t, x) =
Us(x - eg — cpt, x) < r. Define

W ={(t,x) eRXRY; x-eg—cpt > A}

One can follow the proof of [5, Lemma 4.2] to get that u. (¢, x) < u(t + 7, x) for (r,x) € w™.
Then, u.(t, x) < u(t + 7, x) for all (¢, x) € R x RV,
Define
T = inf{t’ € R; uw(t, x) < u(t+ 7, x) for all (£, x) € R x R"}.

Observe that 7* € R is well defined, since u(t + 7', x) — 0 as 7/ — —oo for every (¢, x) € RxRY,
while uq (7, x) > 0. Since u(t, x) = U, (x - €y — o t, x) and limg_,_o, U, (€,y) = 1, there are some
B > 0 such that u(t + 7, x) > (1 + r)/2 for any (¢, x) € R X RY such that x - ¢ — ¢,,t < —B. Note
that u..(t, x) < r < (1 +r)/2 < 1. Then, assume that inf_Bsx.eo_%tsA(u(t + T, X) — Us(t, x)) > 0
and u.(t, x) < u(t + v, x) for all (¢, x) € R x RY such that —-B < x - ¢y — ceot < A. Then, there is
1o > 0 such that for n € (0, 1),

Uoo(t, X) < u(t + 7" — 1, x), forall (t, x) € R x RY such that =B < x - ey — ¢t < A.

Then, followed again the proof of [5, Lemma 4.2], one has that u.(, x) < u(t + v — n, x) for
(t,x) € w™ and also for all x-ey—c,,t < —B, from the choice of B. Thus, u(t, x) < u(t+7*—n, x)
for all (¢, x) € R x RY which contradicts the definition of 7*. Therefore,

inf{u(t + 7, %) — ue(t, x); =B < x- ey —c,ot <A} =0.

Then, there is a sequence (t,, x,,) such that =B < x, - eg — ¢, tn < A and uc(t,, x,) = u(t, +
7", x,). By periodicity of U,,(¢,y) and U (&, y) with respect to y, one can assume without loss
of generality that the sequence (x, ),y is bounded and that there is (£*, x*) € R X R" such that
x, = x"and 1, — 1" as n — +oo. Therefore, u..(r*, x*) = u(t* + v, x*) and u,(-,-) < u(- +7°,-)
in R X R¥. The strong maximum principle implies that u.(-, -) = u(- + 7%, -) in R Xx RY, which is
a contradiction, since u,, < rin R X RY. Thus, p*(y) = 1 and whence U, equals to U,, up to
shifts.

Now we show that the sequence of shifts &, defined by sup czv U, (4, y) = 0 is bounded.
Assume first by contradiction that, up to extraction of a subsequence, &, — —oco as n — +oo.
Since supcpv U, (§4,y) = 0 and 9,:U,, (£, y) < 0, one has that U,, (£, + £,y) < o for§ > 0 and
y € RY. Followed by the proof of Lemma[2.3] one gets that U, (¢, + &,y) < oe ¢ for & > 0
and y € R, where u; is independent of e,. Then, the normalization (Z.17) implies that

U2 (&, + &, y)dydé < f 026 MEGE 5 0,

(=€nsto0)XTN

1= f U2 (£, y)dydé =
R+xTN

(=€n+o0)XTN

as &, — —oo, which is a contradiction. Then, consider that ¢, — +oc0 as n — +oco. By the
normalization (2.17)), one has that f(_ £ oI UZ (&, + &, y)dydé = 1. Since, from the previous

paragraph, U, (&, + &,y) = U, (€ + &, y) locally uniformly in R x RY for some &, € R, we get
that

f U, (&, + €, y)dydé — U, (€ + &0, y)dydé
[-K,K]XTN

[-K.K]XTN
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for any K > 0 as n — +oo. Since &, — 400 as n — +co, one has that for all K > 0,

f U (¢ + &, y)dydé < lim U (&, + &, y)dydé
[-K,K]xTN =400 JI_K K]xTN
< lim U2 (&, + &, y)dyde = 1.
n—+oo (—f,,,+00)><TN n

The limit as K — +oo leads to a contradiction, since U, (£,y) — 1 as & — —oo. Thus, &, is
bounded and up to extraction of a subsequence, U,, (£,y) — U, (& + &, y) locally uniformly in
R x RY for some & € R as n — +o0.

Then, we prove that the convergence U, (£,y) — U, (£ + &y, y) is in fact uniform in R x RY.
Note that the uniformity with respect to the second variable y immediately follows from the
periodicity. Furthermore, for a given € > 0, let K > 0 be such that

0< Uy (€+&0,y) < ; foré > K,yeRY and 1 — ; < Uy (E+é0,y) < 1foré < —K,yeRY.
Then, for n large enough, one has that
&
NUe,(&,) = Uey (€ + &0, lio(-k k1xmN) < 5

In particular, U, (K,y) < € and U, (-K,y) > 1 — & for all y € R" and n large enough. Since
0:U.(&,y) <0, it follows that

0<U, &y <eforé>2K,yeRVand1—e< U, (£,y) < 1foré <-K,yeRY,

Then, we get that
||Uen(f, y) = Ueg (& + fo,}’)||L°°((—oo,—K]u[K,+ooxRN) <e&,

for n large enough. Therefore, one can conclude that U, (£,y) — U, (¢ + &,y) uniformly in
R xRN asn — +oo.

Finally, we show that & = 0. By Lemmal[Z.1] for any & > 0, there exists K > 0 large enough
such that

f (Ugn(f’y)_ U30(§+§0,y))dyd§
[K,+00)xTN

&
< -
2

Since U, (£,y) = U, (¢ + &,y) uniformly in R X RY as n — +o0, it follows Lebesgue’s domi-
nated convergence theorem that there is N such that forn > N,

£
f (U2 €.9) = UL, + 0.)) dvde| < 5.
(0,KIXTN
Thus, for n > N, one has that
f (U2 (&.y) = U2 (€ + &.y)) dydé| < .
R+XTV

which implies
f U2 (&, y)dydé — f U2 (& + &, y)dydéE, asn — +oo.
R+*xTN R+*xTN
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From the normalization (2.17), it follows that
f Us (& + &, y)dydé =1 = f Uy (&, y)dydé.
R+*xTN R+XTN
Since 0:U,,(&,y) < 0, that implies & = 0. Since ¢ is arbitrary taken, one concludes that U, is

continuous with respect to e € S¥~! under the normalization (Z.17). The proof of Theorem [I.3]
is thereby complete. O

2.3 Differentiability

This section is devoted to proving the differentiability of (U,, c,) with respect to the direction e.
Let us introduce some notions first. Let L>(R x TV), H'(R x TV) and H*(R x TV) be the

Banach spaces defined by
L*RxTV) ={ue L] (RxRY); u,y+k)=u(&y) ae. inRxR" forany k € Z",
and u € L*(R x K) for any bounded set K C RN},
H'RxTV) ={ue H RxRY); u&,y+k) =ul,y) ae. in Rx R for any k € Z",
and u € H'(R x K) for any bounded set K C RM},
and
H*R xTV) ={u € Hy (R xRY); u(¢,y+k) = u(,y) ae. in R xRN for any k € Z",

and u € H*(R x K) for any bounded set K C RM},

endowed with the norms |ull 2gservy = ([ [ lulPdydé)'?,

N

ol crvy = all2gascrvy + 19etllzqascrny + D 18yl
i=1

and

N N N
el 2y = el gy + Ogeutll 2y + Z 100y, ull 2@xTvy + Z Z ||(9yj(9y,-u||L2(RxTN)-
i=1 =1 =1

Fix areal 8 > 0 and for any e € S¥~!, define a linear operator
M. (V) := c.0gv + 0gev + 2V, 0zv - e + Ay — By,
where
veD :={veH RXTY); 0gv+2V,0:v- e+ Ay e L*(Rx TV},

The space D is endowed with the norm [[v|[p = |Vl gxry) + 1026V + 2V,0¢v - € + Ayl 2gsern).
Before going further, we need some properties of the linearization of (L3l at U,. For any
e € SN, define

H (V) := €.0gv + 0gev + 2V, 0ev - e + Ay + f,(v, U, )v, veED,

and let the adjoint operator H; be defined by H; (1) = —c,0zu+0geu+2V,0:u-e+Ayu+ f,(y, Uou
foru € D.

From the proofs of Lemma 3.1, Lemma 3.2 and Lemma 3.3 in [§], one has the following
lemma.
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Lemma 2.7 For every e € SN7!, the operator M, : D — L*(R x TV) is invertible. For all
e € SV and g € L*(R x TV), there is a constant C such that

-1
1M, (Dl @sryy < ClIgll2@xryy-

For every e € SN every g € L*(R x TV) and every sequences (e,)ne in SV, (g,)nen in
L>(R x TV) such that e, — e, ||g, — 8llizgxvy — 0 as n — +oo, there holds Me_nl(g,,) — Me_l(g)
in H'R x TV) as n — +oo.

Remark 2.8 Define
M., (v) := cOzv + Ogev + 2V, 0,y - e + Ay — B.

Following the proofs of Lemma 3.1, Lemma 3.2 and Lemma 3.3 in [8], one can actually obtain
that for every e € SV and ¢ > 0, the operator M., : D — L*(R x TV) is invertible and for
everye € SN ¢ > 0, g € L*(R x TV) and every sequences (e,)nen in SV, (¢p)nen in (0, +00)
and (g,)pery in L*(R X TN) such that e, — e, ¢, — ¢, |lgn — gllzgxvy = 0 asn — +oo, there
holds M_', (g,) = M_}(g) in H'(R X TV) as n — +co. Since c, is continuous with respect to
e € SN and inf cov-1 ¢, > 0, one gets Lemma 2.7 immediately.

From the proof of Lemma 4.1 in [8]], one has the following lemma.

Lemma 2.9 The operator H, and H; have algebraically simple eigenvalue 0 and the range of
H, is closed in L*(R X TV), and the kernel of H, is generated by 0:U,.

Forany e € SV, ve H*R xTV), ¥ € R and n € RY, define
Ke(V, ’ﬂ, n) = ﬁaf(Ue + V) + Zvyaf(Ue + V) ‘n+ f(y’ Ue + V) - f(y9 Ue) +ﬁV,

and

Go(v, 9.1) 1= (v+ M (K.(v.0.1). f (e, ) + vE, ) - U2E )] dydf).
R

+%TN

In view of Lemma [2.7] the function G, maps H*(R x TV) x R x R¥ to D x R. Note that
G.(0,0,0)=0.

Lemma 2.10 For every e € SV7!, the function G, : H*(R x TV) x R x RY — D x R is continu-
ous and it is continuously Fréchet differentiable with respect to (v,19) and doubly continuously
Fréchet differentiable with respect to .

Proof. Since K, is affine with respect to @ and 1 and the function f(y, u) is globally Lipschitz-
continuous in « uniformly for y € TP, it is elementary to get the continuity of K,. Then, from
lemma[2.7] one has that G;(v, %, 7) := v + M, (K,(v,9,7)) is continuous in H*(R x TV) x R X
RY. Since the continuity of G, := fR+><TN [(Ue((f, y) + V(& y)? — U(E, y)] dydé is obvious from
Cauchy-Schwarz inequality, it follows that G, = (G, G») is continuous in H'(R X T") x RxR",
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Since G, is affine with respect to n, it is obvious that G, is doubly continuously Fréchet
differentiable with respect to i and the first ordered derivative is

0,Ge(v, 9,71 = (M, 2V, 0¢(U, +v) - 1), 0),

for any (v,,n) € H*(R x TV) x R x RY and /# € R. Now we show that G, is continuously
Fréchet differentiable with respect to (v,#). Notice that f(y, U, + u) is continuously Fréchet
differentiable with respect to u. In fact, for any u, v € H*(R x TV), one has that

. fo, U, +u+hv)— fOo,U, +u)
bim I

= fu(y, Ue + M)V,

in L>(RxT%). Hence, the function G, (v, ¢, n) is Fréchet differentiable with respect to (v, ) with
derivative

a(11,19)(;e(va ﬂ’ 77)(‘7, l’9)
~ ( U+ MU (90:5 + 00U, +v) + 2V,0: -  + f,(y, U, + V)V + B7) )
B 2 [L o (Uel€, ) + VE Y)VE, y)dydé ‘

for any (v,9,17) € H*(R x TV) x R x RY and (¥,0) € H*(R x TV) x R. Since f,(y, u) is glob-
ally Lipschitz-continuous in u uniformly for y € TV and following the arguments in the first
paragraph, one gets that 9,9G, : H* (R x TV) x R X RV — L(H*(R x TV) x R, D x R) is
continuous.

This completes the proof. O

(2.18)

For any e € SV! and (#,9) € D X R, define

Q.(7,9) = (i + M, (30:Ue + fu(y, Uo)P + BY), 2fR Ue(&, y)V(E, Y)dydf) - (2.19)

+%TN

Notice that Q, has the same form as 9, 5,G.(0, 0, 0) from 2.18).

Lemma 2.11 For every e € SN7!, the operator Q, : D x R — D X R is invertible. Then, for
everye € SN, g € D, d € R and every sequences (e,)ner in SV, (g,)pert in D, (d,)ner in R such
that e, — e, ||g, — gllp — O and |d, — d| — 0 as n — +oo, there holds Q;nl(g,,,dn) — Q;l(g, d)
in 2(RxTY)XR asn — +oo, where the space L*(R x TV) x R is endowed with the norm
[|(P, 5)I|L2(RxTN)XR = |Vl 2y + |9|. Furthermore, for alle € SN, g € > (R x TV) and d € R,
there is C > 0 such that

||Qe_1(g’ D 2exrvixe < ClI(g, Dllpxr.

Proof. The proof of invertibility can just follow the proof of [8, Lemma 3.3] step by step, by
only noticing that the kernel of H, is generated by U, from Lemma[2.9and the domain of Q,
is D X R.

Now, we prove the convergence. Since Q,'(g, d) is linear for (g,d) € D x R, we first show
that Q;'(g.,d,) — (0,0)in L*(R x TV) X R as n — +oo when ||g,llp — 0 and |d,|] — 0 as
n — +oo. Let (¥,,9,) = Q;l(gn,dn). Since the range of Q, is closed and the kernel of Q, is
trivial, one has that (¥,, 3,) — (0,0) in L*(R x T") x R (actually %, — 0 strongly in L*>(R x TV),
weakly in H'). Moreover, by Lemma[27] one has that Q;'(g,d) — Q.'(g,d) in L*(R X T") xR
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asn — +oo whene, — easn — +oco forany g € D and d € R. Since ||Q;n1(g,,,dn) -
0. (8 Dllz@xrvixe < N0 (8ns d) — O, (8ns Al 2y + 110, (8ns d) — Q2 (8, Dl 2y
one can get the conclusion that Q;nl (gn.d,) — Q;l(g, d)in >(R X TV)x R as n — +co, when
en — e, l|lgn—¢gllp = 0and |d, —d| - 0asn — +oo.

For every e € S¥~! and any g € D, d € R, there is §, > 0 small enough such that

de
|

1(g, Dllpxe

since Q;'(gn,d,) — (0,0)in L* (R x TV) x R as n — +oo when ||g,|lp — 0 and |d,| — O as
n — +oo. That implies that for every e € S¥~!, there is §, > 0 such that

0. (g, Dl 2@xrvixe < 1,

_ 1
10, (8 Dll2@rvye. < 5 18 Dlipxz. (2.20)

We now show that 1/, is uniformly bounded for e € S¥~!. Assume by contradiction that there
is a sequence (e,),en C SV! such that

1
| — 0 (g, Dl 2@y — +09, asn — +00,
1(g, Dllpxe ~ " LA@xT)>

There is ¢y € SV! such that e, — ey, up to a subsequence, as n — +oco. Then, up to a
subsequence, Q;,'(g,d) = Q,!(g,d) in L*(R x TV) X R as n — +co. Thus, one has that

|—————0." (g, )l 2@ = +00,
(g, Dllpxz P

which contradicts (2.20). Therefore, for all e € S¥™!, g € L>(R x TV) and d € R, there is C > 0
such that

107" (g, Dll2xrvixe < CI(E, Dllpxe.
The proof is thereby complete. O

Given the previous lemmas, we are now ready to prove Theorem [1.3]

Proof of Theorem [I.3l Step I: first order differentiability. For every e € S¥~!, normalize U,
by
f UZ (€, y)dydé = 1. (2.21)
R+xTN

For any b € RN \ {0}, let
U, = U% andc, = ¢

b
0]
Then, by Theorem (Up, cp) is well defined and continuous with respect to b € RV \ {0}.
Furthermore, U, and ¢, satisfy

b
CbagUb + 8§§Ub + 2Vy8§Ub . m + AyUb + f(y, U, = 0. (222)

Now fix arbitrary e € SV¥~!'. For any & € RY such that e + 1 € RV \ {0}, one has that U,
and c,., satisty (2.22) with b replaced by e + h. Let Uy, = U,y — U, € D, &, = Cosp — Ce € R
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and = (e + h)/le + h| — e. Notice that |[|(Ty, &)l 2@xrvyxz — 0 and h = —(e - h)e + h + o(|h]) as
|h| — 0. By the normalization Z.21)), (U,.j, C.+s) satisfying (2.22) with b = e + h and (U,, c,)
satisfying (I.3)), one can compute that

Ge(f]ha Eh’ il) = (0’ 0)

Recalling that G.(0,0,0) = (0,0) and by Lemma[2.10 and the definition of Fréchet differentia-
bility, it follows that

(0,0) = Go(Uy, &1, 1) = G,(0,0,0) = 8(,.9G(0,0,0)(Ty, &) +3,Go(0, 0, 0+ w, (h) + wy (U, &),

where w;(h) = o(A]) and U)Z(E?h,z'h) = o(I(Ty, Ep)llr2@sermyxi) as |kl — 0. Since 8,9 G.(0,0,0)
has the same form as Q, and U, € D, ¢, € R, one can replace 9, 9G.(0, 0, 0) by Q, in the above
equation. Thus, it follows from Lemma 2.11] that

(Uns &) + O (a(Un, &) = = 0,1 (8,G(0,0,00h) — 0 (wi ()

=- 0, (M;'(2V,0,U, - h),0) — Q. (w;(h)). (2.23)
Then, one has that
1 . - 1 - -
m”(Uh, &)+ 0. (wa(Uy, Cll2exyyxe = mllQe_l(Mgl(ZVyane -h),0)+ Qe_l(wl(h))”LZ(RxTN)xR-

By Lemma[2.7]l Lemmal.I1land w; (%) = o(/h]) as |h| — 0, the right hand is bounded as |4| — 0.
Moreover, since w, (U, &) = o(||(TUy,, Clliz@srvyxr) as |h| — 0, one has that

Mo -1 M o -1 oo
I(Up, €n) + O, (@wr(Up, E)ll 2@ty ZI(Un, Ell2@srvyxe — 19, (@2 (U, Ep)ll2@srvyxe

ZEH(U}“ Cll 2TV xR >

as |h| — 0. Then, [|(Uy, &)l 2@z /|hl is bounded as || — 0. Itimplies that Q; ' (wa(Uy, &) =
o(|h)) as |h| — 0. Therefore, by (2.23) and recalling that 4 = —(e - h)e + h + o(|h]) as |h| — 0, one
gets that

(Uesn = Upy Cosn = ¢0) = (U, &) = =0, (M (2V,0: U, - h), 0) + o(|hl)
= (e-h)Q,;' (M;'(2V,0,U, - €),0) — Q;' (M. (2V,8,U, - h),0) + o(|h)).

Thus, by the arbitrariness of e in S¥~!, one can conclude that (U,, ¢;) is Fréchet differentiable
everywhere at e € SV!. Denote the derivative by (U, c}), that is, for any h € RV

(UL(h), c.(h) = (e - QO (M (2V,0:U, - €),0) — O, (M. (2V,0:U, - h),0), (2.24)

where (U.,c)) : RN - L*(R x TV) x R. By Lemma[27] Lemma2.11] and the continuity of U,
with respect to e € S¥~!, one has that for any 2 € RY, (U.(h), c,(h)) is continuous with respect to
e € SV! (one can actually prove that (U ., (), c, (h)) = (Uy(h),c,(h)) asn — +co when e, — e
as n — +00). Since U,(-,-) € C**(RxRY), it implies that U’(h)(-, -) is in C**(R x RY), for every
heRV,
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Then, for any b € RV \ {0} and any direction 4 € R, one gets that

b+ Bl b+l bl

h b-h h b-h
(v, (Z_ 2y e (2 ) f g,
( R T ))”(' )

(Ub+h - Ub,cb+h —Cb) = (Uh+h - Uﬁ,CIHh —Cﬁ)

This implies that (U,, ¢;) is continuously Fréchet differentiable at any b € R \ {0}.
Step 2: second order differentiability. By Step 1, (U,,c}) is well defined and continuous
with respect to b € RV \ {0}. Fix arbitrary e € S¥~! and h € R". From the definition of (U,, c}),

one has that (Uy, c,) satisfies (2.22). Differentiating (2.22) at b on the direction 7 € R", one gets
that

’ ’ 4 h bl
Cb(l’l)a,be + Chanb(h) + 8§:§Ub(h) + ZV),anh . (m - Wb)

b
+2V,0.U.(h) - o + AU (h) + f,(v, Up)U,(h) =0 (2.25)

Forany e € SN, h e RN, vi, v, € H* (R X TV), ¥, %, € R and n € R", define

K, (vi,01,v2,,1) = c,(h)0gvi + $20:(U, + vi) + 310U, (h) + v,)

h (e+n)-h
+2V,0;U, - [—— —h— —L (e +1) + (e - h)e]
e el e+np T
h (e+n)-h e+n
+2V.0:v1 - - + +2V.0:U’(h) - -
y fvl [|e+77| |€+T]|3 (e 77)] y f e( ) (|e+77| e)
e+ 4 !/
+ 29,0007 G = O B+ L0 U 4 UL + ) = £, U UL)

and

G,(vi, 01, v2, %2, 1)

= (va + MK (v, D1, va, B2, 1)), ZfR » [U,(W(E Vi€, y) + va(Ue(é, y) + vi)] dydé |.
X
Following the arguments of Lemma one has that for every e € S¥7!, the function G/ :
H*RXxTV) xR x H* (R xTV) x Rx RY — D x R is continuous and it is continuously Fréchet
differentiable with respect to (vq, ¢) and (v,, ¥,) respectively, and doubly continuously Fréchet
differentiable with respect to . One can compute that the function G, (v, v2, 91, %2, 1) is with
derivatives
8,G(v1, 01, v2, 90, i = (M, (J1),0),

O, 9)Go(V1, 01, Vo, Do, (31, D) = (Me_l(Jz), 2 f (U.(h)y + vaiy) dydf) ,
R*XTV

Oy G V1, 01, Vo, O, ) (72, D) = (\72 + M;'(J3), Zf (U, + vl)dydf) ,
R

+XTN
where
J1 = 2Vy8§(U;(h) + Vz) -+ 2Vy(9§(Ue + Vl) <12,
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h (e+n)-h

Jr = (c,(h) + $2)0:V) + 2V,0:V, - [ (e+m]+ fuy, Ue + vV 1(U,(h) + v2),

e+nl le+nP
- . e+n y o
.13 = 1916{:\/2 + 2Vy65v2 . (m - 6) +ﬁV2 + fu(y, U, + Vl)Vz + 1926{:((]6 + Vl),
¢ ¢ P ¢
with ( )
n etn)n
= — + s
M e a T Tewqp
(e+m) -7, (e+m)-h_ n-h (e+n)-7
= - —~ —~ —-3(e +n) - h———"](e + 1),
L P P A T A P

for any (v, B, va, 92, 1) € HXRXTV)XRX HXRXTV)XRXRY, 7 € RV, (71, 8)) € HARXTV)xR
and (¥, 6,) € H*(R x TV) x R. One also has that

a(vz,ﬂz)G;(O, O, O, O’ O)(i}Z’ ’52)
= (92 + M, (B9 + £, UTs + $20:U.2 [, Uel€9)Ta(E, y)dydE)

Notice that d,,, 4,)G.(0, 0,0, 0, 0) has the same form as Q,.
For any p € RY such that e + p € RY \ {0}, let f];(h) = U,,,(h) = U, (h) € D, &,(h) =

Chip(h) = c(h) € R, U,=U.,,-U,€D,and &, = c,, — ¢, € R. Then, from (2.23)), it follows
that G;(f/p, Cps 0;)(h), E;)(h),p) = 0. By G(0,0,0,0,0) = (0,0), it follows that

(2.26)

(03 0) :G(Up’ Ep, U;)(h)’ E;)(h)’ p) - G(O’ O, O, O’ O)
=01,9G(0,0,0,0,0)(U,, &) + 81,.6,,G(0,0,0,0,0) (T (h), &,(h))
+8,G(0,0,0,0,0)0 + w1 () + (T, &) + ws(T(h), &,(h)),
where w;(p) = o(pl), w2(U,, &,) = 0(“(01‘1’ Co)llz@xavyxr) (remember that 1Ty, Ell2mscTvyxr =
O(|p|) from arguments of Step 1) and a)z(U;)(h), E;)(h)) = 0(||(U;)(h), f‘;)(h))HLz(RXTN)XR) as [o| — 0.
Since 9, 9,,G(0, 0,0, 0,0) has the same form as Q, and U w(h) € D, ¢, (h) € R, one can replace
901,.9,G(0,0,0,0,0) by Q, in the above equation. Thus, it follows from Lemma 2. 1T] that
(T, (h), &) + O, (ws(T,(h), &,(h)))
= - 0,'(8,G(0,0,0,0,0)0) — O, (w1 (p) + wa(Uy, E,))
=— 0, (M;'2V,0:Uy(h) - p1 + 2V,0: U, - p2),0) = O, (w1 (p) + 02U, E,)), (2.27)

with
pr=p=(e-pe. pr=—(e-ph=(e-Mp=lp-h=3 he-p)le.  (2.28)
Then, one has that
1o I
H”(Up(h)’ &) + Q. l(w3(Up(h)’ C (Ml 2@xrvyxr
(I , ) -
:HIIQel(Mel(zvyagUe(h) o1+ 2V,0:U, - p2), 0) + 02 (@1(0) + s(T, )2 v e

Since w;(p) + wz(ﬁp, ¢p) = o(lpl) as |p| — 0, the right hand is bounded as [p| — 0. Moreover,
since w3(U,(h), ¢,(h) = o(||(U}(h), ¢,(M)l2@xt™)xr) @s [o] = 0, one has that

1T, (), &) + Q; (w3 (U, (), &)l 2 oxrv e
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2T, (h), &, (M)l 2@ = 19, (ws(T) (), & (M)l @sxrvixe
1 ad ~/
ZEH(UP(h)’ CoM)lz2rxrvyxrs

as |p| = 0. Then, ||(l7;(h), & (M)l 2@xrvixe/lol is bounded as |p| — 0. Thus, by Lemma 2.111
one has that Qe‘l(w3(l7;(h), ¢ (h))) = o(lp]) as |o| — 0. Therefore, by 2.27), one gets that

(U () = U (h), ¢, ,(h) = c,(h) = (U, (h), &,(h))
== 0. (M;'2V,8:U(h) - p1 + 2V,0¢U. - p2),0) + o(lp])

Thus, by the arbitrariness of e € SV~!, one can conclude that (U ,(h), c,(h)) is Fréchet differ-
entiable at e € SV~! for any 1 € R". Denote the derivative by (U (h), ¢/ (h)), that is, for any
p €RVN

(U ()(p), c; () = =07 (M 2V,0:U(h) - p1 + 2V,0¢ U, - p2), 0), (2.29)

where p, p, are defined in (2.28)). By Lemma[2.7] Lemma[2.1T]and the continuity of U’(h) with
respect to e € S¥7!, one has that for any & € RY and p € RY, (U (h)(p), c/(h)(p)) is continuous
with respect to e € SV, Since U/(h)(-,-) € C**(R x RY), it implies that U” (h)(p)(:, ") is in
C22(R x RV).

Similarly as in Step 1, one can also get that U, (h) is continuously Fréchet differentiable at
any b € RV \ {0}. The proof is thereby complete. O

From the arguments above, we know that for every e € SV, U/, 0;U., 9, U. (i=1, -+, N)
and U] are bounded linear operators. We emphasize the meaning of the Fréchet derivatives at
e € SV! by examples that U/(h)(-,-) is the derivative of U,(-,-) (where U,(-,-) is defined in
(L12)) at e € SV~! on the direction 7 € RY and U’ (h)(p)(-,) is the derivative of U,(h)(,-)
at e € SV! on the direction p € RY. As we mentioned in the proof of Theorem [L3] that
U (h)(-, ) is in C**(RXRY), the derivatives of U/(h)(, -) with respect to & and y are well defined,
denoted by 9:U’(h), d,,U.(h) (i = 1, ---, N) for any h € RY. By the definition of U’ and the
definition of Fréchet differentiability, we know that d:U(h), 0,,U,(h) (i = 1, ---, N) are also
the Fréchet derivatives of 8;U, and 8,,U, (i = 1, ---, N) ate € S¥! on the direction i € R".
Furthermore, since U,(h) is a linear operator with respect to 4, we can easily get that U,(h) is
Fréchet differentiable with respect to &, with the derivative U/ (p) at any i € RY on the direction
o € RV, Then, we denote the norm of the Fréchet derivatives by that for every e € SV,

1U (MWl 2™y 10U (M)l 2Ry

|U.|| = sup . 16Ul = sup

heRN |h| heRN |h|
and
) 10y, UMl 2@y . , WU (W)l 2@y
16, U7l = sup -2 D =1, e, N), U = =,
heRN Al (h,p)ERN XRN |Allol

Since U, is continuous with respect to e € SV¥~! and SV~! is a compact subset of RY, one has
that 9;U,, d,,U, (i = 1, ---, N) are also continuous with respect to e € S¥~! and it follows from
(ii) of Definition [L. 1] that

§1im U.(&,y) =0, 1, uniformly for e € M.
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This also implies that lims_,.., U.(h)(£,y) = 0 for any 2 € R, uniformly for y € RY, e € SV,
Thus, ||U’|| is bounded uniformly for e € S¥!. Similarly, one can get that lo:U I, 110y, Ul
(i=1,---, N)and ||U/|| are bounded uniformly for e € S¥!.

3 Propagating speed of transition fronts

This section is devoted to prove Theorem [L.6l It shows that the propagating speed of transition
fronts can not be less than the infimum of the speeds of pulsating fronts and can not be larger
than the supremum of the speeds of pulsating fronts. As the transition fronts concerned in
homogeneous case [[14]], the lower bound of the propagating speed of transition fronts is related
on how fast the domain in which the solution of the following Cauchy problem (B.)) is close to
1 extends and the upper bound is related on how fast the domain in which the solution of (3.2)) is
close to O contracts. Thus, in the following section, we prove two key-lemmas about the speed
of extension or contraction.

3.1 Two key-lemmas

In this section, we prove Lemma[3.Iland Lemma[3.2lbelow. In the sequel, we let U, be a family
of pulsating fronts with normalization

f U%(&,y)dydé = 1, for every e € SV,
R+xTN-1

For any b € RV \ {0}, let U, defined in (L12), that is, U, = U,. By Theorem[I.3]and Theorem
[L.3l U, are continuous and doubly continuously Fréchet differentiable at any e € S¥~!. We also
let

c= inf ¢, and ¢ = sup c,.

T eeSNI eeSN-1
As we mentioned in Remark[1.7] one actually has that ¢ = min,csv-1 ¢, > 0 and ¢ = max,esyv-1 ¢, <
+00. Fix two real numbers @ and § such that

O<a<in§9x£sup9x<,8<l

xeT X€TN

where 6, is defined in (I.2) (remember that 0 < o < 6, < 1 — 0o < 1 for all x € TV with
o €(0,1/2)).
For any R > 0, let v and wg denote the solutions of the Cauchy problems

(vR) = Avg + f(x,vg), >0, xeR", a.1)

vr(0, x) = B for |x| < R, vg(0,x) = 0 for x| > R, '
and

(wr): = Awg + f(x,wg), t>0, xeR", (3.2)

wg(0, x) = a for |x| < R, wg(0,x) =1 for |x| > R. '

23



Lemma 3.1 There is R > 0 such that the following holds: for all € € (0, c], there is T, > 0 such
that
Vr(t,x) > 1 =0 forallt > T, and |x| < (c — &), (3.3)

where o is defined in (L3). Furthermore,
vr(t,-) = 1 locally uniformly as t — +oco. 3.4)

Lemma 3.2 For any € > 0, there are some real numbers T, > 0 and R, > 0 such that for all
R > R,, the solution wg, satisfies

R
wr(t,x) <o forall T, <t < and |x| £ R — (¢ + e)t.
>

Lemma [3.1] and Lemma [3.2] could be viewed as analogs of Lemma 4.1 and Lemma 4.2 in
[14] for spatially homogeneous bistable case. However, regarding to our spatially periodic case,
pulsating fronts are depending on the propagating direction e € S¥~! and propagating speeds
are different for different directions in general, which also implies the method in [14] can not
apply here directly.

Proof of Lemma 3.1l  Step I: choice of some parameters. Let us set § = 5, where o is
defined in (L3). Since lims,1o U (€, y) = 0, 1 uniformly for y € RV and e € S¥!, there exists
a constant C > 0 independent of e such that

UJé,y)>1 -6, forallé < —C,y e R¥ and e € SV,

and
U,&,y) <6, forallé > C,yeRY and e € SV,

Since 9; U, is negative and continuous on (£,y) € R x R" and recalling that d,U, is continuous
with respect to e € S¥~!, there is a constant k > 0 such that —0:U, > k on [-C, C] X RY for all
e € SN!. For any ¢ € (0, ], let 6, such that

. &k
0<é, = mln(é, 8_L) , 3.5

where L := max, ,yervxo.17 | fu(x, u)|. Let C; > 3 large enough such that

NN , B S N
sup |3V +200:U,]l + Z 10, Ul +

& ecSN-1 C‘g

1 ck
U”||| £ min< =yd,, — ¢, 3.6
I ell)_mln{BY 8} (3.6)

where vy is defined in (L3)), together with

N -1
Ce

P>
< —. 3.7
=7 (3.7)
Similar as the definition of C, there exists C. > 0 independent of e such that

Us€,y) > 16, forallé < —C.,yeRY and e € SV,
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and
UJ£,Y) < 6, forallé > Cl,y e RY and e € SV,

Let us now introduce an auxiliary function. It is elementary to check that there is C? function
he : R — [0, 1] such that for some &, > 0,

ho(€) = 0foré < —&, — C, hy(é) = 1foré > —C and 0 < h.(€) < 1 for & € R.

Furthermore, we choose &, large enough such that 4(£) and £/ (&) are so small that
1
2(10eU(&,9)] + IV, Uel& 3)) H() < 370 forallé R,y e RN and e € SV, (3.8)

and ,
Slh(é)| < 370 for all £ € R. (3.9)

Step 2: proof when c/2 < & < ¢. To do so, it is sufficient to show that Lemma 3.1l holds with
g=¢gy:=c/2>0,for someR > 0.

Let 0p(1, x) be the solution of (LI) with initial condition (0, x) = g for x € R". Since
B € (sup,v 0y, 1), there holds pg(t, x) — 1 as t — +oco uniformly in x € RV, and there is T > 0
such that o5(T, x) > 1 — &,,/2 for all x € RY. From the maximum principle, it follows that

0 (T. %) (T. %) et’ by d
< p(T, x) —vr(T, x S—f e T dy
g (4nT)N/2 IyI=R

forall R > 0 and x € R". Thus, if 0 < B < R and |x| < R — B, one has that

0 T T a lZ‘Zd
< - = @nTyR e
< Q,B( . x) VR( s x) = (47!'T)N/2 L>B ¢ ¢

Therefore, there exists a constant B > 0 such that, for all R > B and |x| < R — B, 0s(T, x) —
Vr(T, x) < 6,,/2. Then, it holds that

O
Ve(T, x) > 0p(T, x) — 70 >1-6, forallR> Band x| <R - B. (3.10)

Let us set

R=£(,+C+Cy+C, +B>B>0. (3.11)

X

For the family of pulsating fronts U, (¢, y) with ¢., we treat the direction e as a variation X =
for x € RV \ {0} and we can get that (Uz(¢, y), c;) satisfies

C;:0eUs + 0ge U + 2V,0:,Us - £ + AyUs + f(y, Uz) = 0, forall (£,y) e R X RY and x € RV \ {0}.

(3.12)
For all (¢, x) € [T, +o0) x R, we set
v(t, %) 1= max {U(Z(t 20, Dhey (£t ) + (1 = 8)(1 = hey (L1, X)) = 64y, O}, (3.13)
where .
£,x) = |x|—(g—EO)(t—T)—fso—C—CSO. (3.14)
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Notice that, when 7 > T and |x| < C,,, then h,,({(¢, x)) = 0. Hence (3.13])) makes sense for x = 0,
even if U; is not defined when x = 0. Let us then check that v is a subsolution for the problem
satisfied by vg, for t > T and x € RY.

First, at the time 7, it follows from (3.10) and the definition of v that

Ve(T,x) > 1 -6, > v(T,x) forall [x| <R - B.

On the other hand, if [x| > R— B, then |x| - &;, — C ~ C;, > C;, from (.11)), hence {(z, x) > C; >
0 < —C and h,,({(¢, x)) = 1. From the definition of C;  and the fact that vz > 0 in (0, +o0) X RV,
one has that

(T, x) <0 < vg(T,x) forall x| >R - B.

Thus,
vr(T, x) > v(T, x) forall x € RY.

Let us now check that
Lv =y — Ay~ f(x,v) <0, (3.15)

for all t > T and x € RY such that v > 0. Let (, x) be any point in [T, +o0) X R" such that

v(t,x) > 0. For (£, x) € [T, +00) X RY such that £(z, x) < =&, — C, one has that h, ({(t,x)) = 0

and - Bl
vit,x)=1-6-6,>1-0.

Furthermore, by continuity of £, this property holds in a neighborhood of such a point (¢, x) in

[T, 4+00) X RY. Thus, there holds

Ly =y, — Av - f(x,v)
=— f(x,1=6-6,) <0,

from (L3)) since 0 < 6., <6 = 07/2.
Consider now (t, x) € [T, +00) X RY such that v(z, x) > 0 and —&,, — C < {(t,x) < —C. One
has |x| > (¢ —&9/2)(t = T) + Cg, > C, > 3 > 0 and B
1-6< sz(é(t,x)) <land v(t,x)>21-0-6, >1-0. (3.16)
After some calculations and from (3.12)), there holds that
Ly =y, = Ay = f(x,)

N

&0 &0 ’ - 1 ’
:(C;c -C + 3)6‘5(];(]180 — (g - 3)[U5( — (1 — 6)]h.90 — an)?WhSO — 28§Uﬁh80

X, 17 N-1 ’
S, = [Us = (1= ), = [Us = (1 = )~ + fx. U,
X,

N
G Ush, + (1= 8)(1 = hyy) = 65,) = 2 Z] 0: U3 (5 )(L(t, ), x)le| he,

_ 2V, U, -
! |x]

|x]

N N
=230, Uit X), 0hey =2 Y Ui )G ), )~
i=1 i=1
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N N
= 3 UL EIEIEL 0, ey = Y Ui )L %), ey,
i=1 i=1

where v and all its derivatives are taken at (¢, x), h,, and all its derivatives are taken at {(z, x), U;
and all its derivatives are taken at ({(¢, x), x), and fori = 1,--- , N,

s X1X; 1 X% XNX;

" S P B4 A PV A
. [ ™ xX7 Xi x) Xy L XNXT
e B B B N P R P

Notice that |%,| < VN/|x| and |%,.| < VN/|x|foralli=1,---, N (remember that |x| > C, > 3).
Hence,

N-1
Ly s%afufhso = 0Us e, (2a§U;c +2V,U; - l—x|)h;0 —[Us — (1 - )IA.,
i X X

N
+ [, Unhey = f(x, Ushg, + (1 = 6)(1 = hg)) = 65) + 2 Z 10 UlI% ]

i=1

N N N N
N N A 12 N
+2 3 10, Uillley ] +2 Y INUGNR ) + D NULIRE + > I
i=1 i=1 i=1 i=1

&o N-1 X , ’
S?agUxhgo - agU;CW}ZSO — (2(9§U;C + ZVyUx . m)hso — [Ux — (1 - 6)]h80

+ f(x, Up)hg, — f(x, Ushg, + (1 = 6)(1 = hy)) — 0g,)

V_ 4
BIUL + 2096 Uil + Zna},Un ||||U I

+

sup
|)C| eeSN-1

since ¢z > ¢, 0;U; < 0,0 < h,) < 1,Uz > 1-6,0 <k, < 1and (3.16). Since {(t, x) > —&,,—C,
thatis, [x| > (¢ = 3)(t = T) + Cg, 2 C,, and from (3.7), one has that

&o N -1
—0:Uzh,y — 0:Uy——h,, < 6 Ush,, < 0. 3.17
2 3 0 3 |X| 0 4 13 0 ( )

Then, from (3.6), (3.8) and (3.9)), it follows that

2
(2an +2V,Us - . I) —[Us = (1 = O, < 3Y6s, (3.18)
and
N VN VYN, 1
o sup (3||U||+2||85U||+ Znay,un TV < 3700 (319)
eeSN-1

On the other hand, one can calculate that

JC, Uhgy — f(x, Ushg, + (1 = 6)(1 — hyy) — 6)
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== fO UL = hgy) + fulx, Ur(, ) ([Us = (1 = OI(L = hy) + 65) - (3.20)

where U,(t, x) = Uz —0[lU; — (1 -9)I(1 — h,,) — 06, for some O(t, x) € [0, 1]. Since U({(¢, x)) >
1 -6 for =&, — C < {(t,x) < —C and then U;(t,x) > 1 — 6 — &, > 1 — o, it follows from (L.3)
and (3.20)) that B

fx, Uphg, — f(x, Uzhgy + (1 = 0)(1 = hyy) — 0g,) < —Y0p,. (3.21)

Thus, it concludes from B.I7)-@.19) and (B.2I) that for any (¢, x) € [T, +c0) X RY such that
v(t,x) > 0and ¢, — C < é(t, x) < —C,

Ly =y, —Av— f(x,y) <0.

For any (¢, x) € [T, +o0) X RY such that v(z, x) > 0 and £ (t,x) > —C, one has that

x| > Cg, hso(é(t, x)) =1, and v(z, x) = Ug(é(t, X), X) = O

and the same properties hold in a neighborhood of (¢, x) in [T, +o0) x RY. After some calcula-
tions, there holds

Ly =y, — Ay — f(x,)

~1
—(ci —c+ %)aé.-Uﬁ - anf“NITI + fx, Us) = f(x, Us — 62,

N N
2 Zl OV )E 0, D7 =2 Zl 0, ULt 1), %)
N N
_ Z U{ (R)(R)(E (2, %), x) = Z U201 1), %)
=1 i=1
S%anff + f(x’ Ufc) - f(.x, Ufc — (580)

+

N 4 ’ 2 = ’ W 144
sup {[IU1+ 210:U2]1 + 21 10 ULl + —=IIUZ |

Xl eesnt |x|
from (3.17). If —-C < {(t,x) < C, then
—0:Ux({(1,%)) 2 k and f(x, Us) — f(x, Uz — 6) < Lbs,.

where L := max, ,ervxo.11 | fu(x, w)|. From (3.3) and (3.6)), one concludes that for any (z, x) €
[T, +o0) X RY such that v(z, x) > 0 and —C < {0 <C,

Slk+sik:0.

€0
Ly < 2%
VETTRT R

Finally, if £ (t,x) = C, then
0< U;C(g(t, X)) <6 and f(x,Uz) = f(x, Uz — 8g,) < —Y0g,-
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From (3.6) and 9,U; < 0, it concludes that for any (, x) € [T, +o0) X R such that v(z,x) > 0
and £(t, x)>C,

Ly < —yd,, + %y&% <0.
As a consequence, it follows from the maximum principle that for all t > T and x € R",
1> vp(t, x) 2 w(t, %) 2 Us({(#, %), )hg, (42, ) + (1 = 6)(1 = hey(£(2, X)) = 6. (3.22)
But

max {(t,x) < (g—eo)t—(g— %)(r—T) — —0o0 ast — +0o,

[x|<(c—e&0)t —

from (3.14) and the positivity of &, C, C,. Since h,(¢) = 0 for & < —¢&,, — C and (3.22)), there
is T, > T > 0 such that

1 >2v(t,x)21-0—-06, =21—0 forallt > T, and |x| < (c — g))t. (3.23)

Then, for any sequence (#,),eyn such that ¢, — +o00 asn — +oo, the sequence v, (¢, x) := v(t+t,, x)
converges, up to a subsequence, to a solution v, (t, x) of (I.I) locally uniformly in C'*(R x RY)
and v, > 1—0 by (3.23). Let 0;_,(t, x) be the solution of (II)) with initial condition 0;_,(0, x) =
1 — o for x € RY. Then, 0;_,(t, x) is a subsolution of the problem satisfied by v (z, x) and
01-+(t,x) > 1 ast — +oo since 1 — o > 6, for all x € TV. Thus, one has that v.(¢, x) = 1 and

vg(t, x) — 1locally uniformly as t — +oo. (3.24)

Step 3: proof when 0 < & < c. We only have to show that the conclusion holds for 0 < & <
&o. Let now & be arbitrary in (0, &y). We borrow the notions from Step 1 and set

R.=&é+C+C.+C.>0. (3.25)
From (3.24), there is T, > T such that
ve(T.,x) > 1 -0, forall |x] <R..

We also define v and { as in @B13) and (3.14) with T and &, replaced by T, and &. Following

the same calculations as in Step 3, one gets that (3.13) holds for all (¢, x) € [T, +o0) X RY such
that v(¢, x) > 0. We only have to compare v and v at time 7. If |x| < R, then vg(?, x) > 1 -6, >
(T, x). If |x| > R,, then

é(Ts,x):|x|_§s_c_csZRs_gs_C_Cs:C;

from (3.14) and (3.23), whence h.({(T,, x)) = 1, Us({(Te, %) < 6, and v(T¢, x) = 0 < vg(T%, X).
Thus, B B
vr(t, x) > W(T,, x) forall x € RY.

Therefore, it follows from the maximum principle that
Vr(t, x) 2 v(t, x) = U({(t, x), 0)h({(t, ) + (1 = 6)(1 —h({(t, x)) -6, forallt > T, and x € RY.

As in Step 2, this leads to (3.3) and (3.4). This completes the proof. i
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Now we prove Lemma[3.2]in a similar way.

Proof of Lemma Take any & > 0. We borrow some notions from the proof of Lemma
B that s, 6, C, k, 6, C. and C., are defined as in Step 1 of the proof of Lemma[3.]l On the
other hand, the auxiliary function &, needs some modification, that is, one chooses a C? function
he : R — [0, 1] such that for some &, > 0,

he(é)=0foré > &, +C, h(é)=1foré <C and —1<h(¢) <OforéeR.
Furthermore, we choose &, large enough such that 4(€) and /(&) are so small that
1
2(10:U(&, )] + IV, Uel& 3)) 11(&)] < 370 forall§ € R, y e RV andee S,  (3.26)

and ,
Olh (&) < gyds for all £ € R. (3.27)

Let 0,(t, x) be the solution of (I.I) with initial condition 0,(0, x) = a for x € R". Since a €
(0, inf ,crv 6,), there holds o,(t, x) — 0 as t — +o0, and there is 7, > 0 such that o, (7, x) < 9./2
for all x € RY. From the maximum principle, it follows that there exists B, > 0 such that, for
all R > B, and |x| < R — B, 0 > 0,(7¢, X) — wg(7e, X) > —0,/2, whence
O
WR(Tg, X) < 0u(Te, X) + 5 <d,forall R > B, and [x| <R — B,. (3.28)
We choose T, > 7, such that

t
%z C+é +B.+C forallt>T., (3.29)

and R, > 0 such that

R,
e > B.+C+é&+CL+C.. (3.30)

R, > max (B,, (¢ + &)T,) and Gt

In the sequel, let R be an arbitrary real number such that R > R,. For the family of pulsating
fronts U,(&,y) with c,, we treat the direction e as a variation X = —ﬁ for x € RV \ {0} and we
can get that (U:(&,y), cx) satisfies

c:0pUs + 0geUs + 2V,0,U; - %+ AUz + f(y, Uz) = 0, forall (¢,y) € RxR" and x € RV \ {0}.

(3.31)
Set R
E = I:Ts, _—] X RN.
c+ &
For all (z, x) € E, we set
a(t, x) 1= min {Ux({(t, x), X)h({(1, X)) + 6(1 — ho(£(2, X)) + 65, 1), (3.32)
where
Z(t, %) = —|x| - (a ; g) (t-7.)+R—B.-C. (3.33)

30



Notice that, when 7, < t < R/(c + €) and |x| < C,, then £(t,x) > C + & by (330) and
hs(Z(t, x)) = 0. Hence (3.32) makes sense for x = 0, even if Uy is not defined when x = 0. Let
us check that @ is a supersolution for the problem satisfied by wg, in the set E.

At the time 7., one can follow from (3.28)), (3.30) and the definition of & that

wg(T,, x) <0, < w(tg, x) forall |x| <R - B,.

Orl the other hand, if |x| > R — B,, then Z(TS, x)=—x{+R-B,-C. < -C. <0 < C, hence
h({(t¢, x)) = 1. From the definition of C’, and the fact that wg < 1 in (0, +00) X R, one has that

(1g, x) = 1 > wp(t,, x), for all |x| > R — B..

Thus,
o(1e, X) > wg(t,, x), for all x e RY.

Let us now check that
Lo =dd,— Ao - f(x,0) >0

for all (¢, x) € E such that @(¢, x) < 1. This will be sufficient to ensure that w is a supersolution.
Let (¢, x) be any point in E such that @(z, x) < 1. For (¢, x) € E such that Z(t, x) > C + &, one
has that hs(Z(t, x)) = 0 and

w(t,x)=0+09, <0O.

Thus, there holds
Lo =o,— Ab - f(x,0) = —f(x,6 +6,) >0,

from (L.3) since 0 < 6, < & < /2. _
Consider now (,x) € E such that w(t,x) < 1 and C < {(t,x) < C + &.. One has |x| >
—-Cc+ée/2)(t-1)+R-B,—C.-C—-¢&.>C, >3>0by @3.30) and

0 < Us({(t,x)) <6 and @(t,x) <6+, < 0.
After some calculations and from (3.31)), there holds that
Lo =, — A — f(x, D)
=(cs— T~ g)anihg — @+ g)(Uf — S, + angNT_llhg — 20Ul

N-1
+2V,Us - —|x| W — (Us — W + (Us - 5)—| | .+ f(x, Uph,
X X

N
— f0 Ushe + 81 = he) +6,) + 2 U, )E(t, x). )b,

1
K

N N
=23 0, UsE )@t x). ke +2 Y UsE) (0 2. ),
i=1 i=1

A
N _ N _

= D UEEC(E 0, 0he = D Ui(E )Tt ), 0,
i=1 i=1
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where w and all its derivatives are takgn at (¢, x), h,, and all its derivatives are taken at Z(t, X),
U; and all its derivatives are taken at ({(¢, x), x), and

N 7 S BN S %
TR TR TR R )
L (xo_am¥ o xn N
P X5 T TP T xP |x|°

Notice that |%,| < VN/|x| and |%,,,| < VN/|x|foralli=1,---,N (remember that |x| > C, > 3).
Hence,
_ e _ & , N-1 X\,
Lo > — 20;Ushy — (¢ + =)(Usz — O, + 0Usy———hg + | -20: Uz + 2V, Ux - — | I,
2 2 Y ’ x|
~ (U = O + f(x, Uphy — f(x, Ushy + 6(1 — hy) + 6,)

NW ’ ’ 2 s ’ 4
sup (SHUEH + 200Ul + Z] 16, Uzl + 11U ||],

|X| eeSN-1
since ¢; <¢,0< Uz <6, h, < 1,and —1 < k. < 0. From |x| > C, and (3.7), one has that
£ N -1
~ U, + 0, U
2" T

Then, from (3.6), (3.26) and (3.27), it follows that

he > —Zaguihg > 0. (3.34)

2
(—28§U;c +2V,Us - |—X|) = (Us = 9K 2 =3¥5, (3.35)
X
and v
N VN 2 1
- 3|UN + 20U + — o, U |l + |UY||| = —=vy6e. 3.36
N S 31U+ 210U N;n LU+ U202 =3 (3.36)

On the other hand, one can calculate that,

fCx, Uhy = f(x, Ushe + 6(1 = hy) + 6,)
== fO, U1 = hy) = fulx, Uz(t, %)) (6 = Ux)(1 = hg) + 6;) . (3.37)

where U, (7, x) = Uz — (U — 6)(1 — h,) + 65, for some 6(t, x) € [0, 1]. Since U;C(Z(t, x)) < ¢ for
C < {(t,x) < &, + C and then U, (¢, x) < 6 + 6, < o, it follows from (I.3)) and (3.37) that

S, Unhe — f(x, Ushe + 6(1 = hy) +6,) > y6,. (3.38)

Thus, it concludes from (3.34)-(3.36) and (3.38)) that for any (#, x) € E such that w(z, x) < 1 and
C<¥tx) <é+C,
Ly =y, —Av - f(x,y) 2 0.

For any (¢, x) € E such that @(t, x) < 1 and £(¢, x) < C, one has that

Ix| > C,, he(Z(t, x)) = 1, and @(t, x) = Ux(Z(t, x), X) + 5,
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and the same properties hold in a neighborhood of (¢, x) in E. After some calculations, there
holds

Lo =&, — Ad - f(x, ®)

N
=(cs — ¢ — 2)0:Us + 9eUs—— + f(x, Us) — f(x, Uz + 6,)
2 ]

Xi

N N
+2 ) O URNE (), 0= =2 > 0, UENE( ), %)
i=1 i=1

|x]
N _ N _
= D UL ER)ERNCW ), ) = D Ui(E )T, 1), %)
i=1 i=1
> - zagUx + £, Us) = f(x, Us + 6,)

N\/N ’ ’ 2 S ’ 4
sup |IUZ]]+ 200¢U201+ - > 10, U2l + U |

|x| eeSN-1 i=1

from (334). If -C < (1, x) < C, then
—0:Ux({(t,x)) > k and f(x, Uz) = f(x, Uz + 6,) = —L3,.
From (3.3) and (3.6), one concludes that for any (¢, x) € E such that w(z,x) < 1 and —C <

Z(t,x) < C,

e ek ¢k
Lo> k- ——-——=0.
R
Finally, if £(t, x) < —C, then
1 -6 < Ux(l(t,x)) < 1 and f(x,Us) — f(x, Uz + 8,) > 6.

From (3.6) and 0,;U + <0, it concludes that for (#, x) € E such that (t, x) < 1 and l(t,x) < -C

1

As a conclusion, it follows from the maximum principle that for all (¢, x) € [7,., R/(C + &)] X
RN,
0 < wr(t, %) < @(t, x) < U, %), DALt 00) + 6(1 = ho({(t, ) + 6.

Forall T, <t < R/(¢ + ¢) and |x| < R — (C + &)t, it follows from (3.29)) that
- _ & L& (. & ,
g“(t,x):—|x|—(c+5)(t—78)+R—Bg—C82§t+(c+§)Tg—B8—C82C+§8.

Thus, h.(Z(¢, x)) = 0 and
wr(t,x) < w(t,x) =0+ 9, < 0.

This completes the proof. O
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3.2 Proof of Theorem
This section is devoted to prove

. .. d(T, . dTy,
inf ¢, < liminf —————= @I < limsup ———— @ ‘) < sup c.
ecSN-1 li—sl—>+o0 |t — 8| |t=s]—>+00 |t — s| eeSN-1

Once we have the two-key lemmas, Lemma [3.1] and Lemma [3.2] one can follow the proof of
[14] Theorem 2.7] to get Theorem[L6l But we still sketch it for completeness. Since the second
inequality is obvious, we only prove the first one and the third one in the following.

Step 1: proof of the first inequality. Let € > 0 be arbitrary positive real number. Let us
assume by contradiction that

lim inf dI,T) <

|t—s]—+00 |t — S|

c—2e. (3.39)

where ¢ = inf,v-1 ¢, (notice that this yields especially 0 < &€ < ¢/2 < ¢). There are two
sequences (#;)ren and (s;)ren in R such that |#, — s;| — +00 as k — +o0 and

d(T,,Ty) < (c = 28)|ty — 5| forall k € N.

We assume that 7, < s; for all k € N without loss of generality. By definition of distance
dT,,T,), there are then two sequences (xi)ren and (zx)ren in RY such that

xe €1, z €T, and |x; — zxl < (¢ — 2&)(s, — t;) forall k € N.
From Definition[I.2] there is M > 0 such that

VieR, VxeQ, (dx,T)>M)= (u(t,x)>1-0),
VteR, VxeQ, (dxTI,)>M)= (ut, x) <o)

Let R > 0 such that Lemma [3.1] holds true with v defined for 8 = 1 — o and R. From (1.9),
there are rg.y and y; such that

v €Q; —yi| < rgew and d(y;,T,) > R+ M,

o 1k
and ry; and y, such that

Ve €Q0, |z =y | < ry and d(y,, T's,) > M.

Sk

These imply that B(y;, R) € Q;, d(B(y;,R),I';) 2 M and u(s,y,) < o. Thus, u(f, x) > 1 -
for all x € B(y,R). Therefore, u(t, x) > vg(0,x — y;) for all x € RY and it follows from the
maximum principle that

u(t, x) > vg(t —ty, x —y7) forall k e N, ¢ > f; and x € R".
Then, by Lemma[3.] one has that, for every k € N,
u(t,x)>1—o forallt >t + T, and [x — y; | < (c — &)t — t). (3.40)

Since s; — t; — +o0 as k — +oo, there is k large enough such that s, — #, > T, and &(s; —
) 2 rrem + ry. Since [y — x| < rpey and |xp — zil < (¢ — 2&)(sp — 1), it follows that
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vi = 2l < rrem + (¢ — 28)(sx — ). On the other hand, from |z — y;| < ry, we get that
V= vil < rrem + (€ = 28) (s — 1) + 1y < (¢ — )(s, — 1) Thus, from @.40), u(si, y;) > 1 -0
which contradicts that u(sy, y,) < o.
Step 2: proof of the third inequality. Let € > 0 be arbitrary positive real number. Let us
assume by contradiction that
. dI',T')
lim sup

[t—s|—+c0 I —S

> ¢ + 3e. (3.41)

where ¢ = sup,..v-1 ¢.. Then, there are two sequences (#;)ken and (sg)ren in R that [t — 53| — +o0
as k — +oo and
dT,,Ty) > (¢ +3¢e)|ty — s¢| forall k e N.

We assume that #;, < s; for all k € N without loss of generality. For each k € N, take a point z;
on I'y,. There are two sequences (y; )ren such that

Vi € Q5 |z =il < rws O, Ts) 2 M.

Sk

It implies that
u(se, y;) <o <1 —0 < u(sp,yp). (3.42)

On the other hand, since d(zx,17,) > (¢ + 3¢)(sx — ;) > 0, there holds
either B(z, (¢ + 38)(sy — 1)) C Q;; or B(z, (¢ + 3e)(sy — 1)) C Q, .
Assume by contradiction that, up to a subsequence,
B(zi, (€ + 38)(si — 1) € Q,

for all k € N. Since s — #y — +00 as k — +00, one has B(z, R) C Q] with d(B(z,R),T',) > M
for all k large enough. Thus, u(t;, x) > 1 — o for all x € B(zx, R). Then, u(t, x) > vg(0, x — z;)
for all x € RY and

u(t, x) > vg(t — ty, x — z;) for all k large enough, ¢ > #, and x € RY,

from the maximum principle. From Lemma[3.1] for & = ¢/2, there is T, > 0 such that, for all
k large enough,

C
u(t,x) >vg(t—ti,x—z) > 1—o forallt >, + Ty and |x — 7| < (c — &)t — 1) = E(I — k).

Since ¢ > 0 and s, — #y — +00, one has s — 1y > T and |y, — 2| < ry < ¢/2(s — 1) for all k
large enough. Therefore, u(sy,y,) > 1 — o for all k large enough which contradicts B.42).
Hence, for all k large enough,

B(z, (¢ + 38)(Sk — 1)) C Qt_k

Since s — f;y — +o0 as k — +oo, it follows that B(z, (€ + 2&)(sy — 1)) € € and d(B(z, (¢ +
2e)(sk — 1)), I';) = M. Hence, u(t;, x) < o for all x € B(z, (¢ + 2&)(sx — t)) and then u(t, x) <
Wera2e) s - (0, x—7¢) for all x € RY where wg is defined in (3.2) with @ = o~. From the maximum
principle, it follows that

u(t, X) < Wesaeysi—10)(t — e, X — z¢) for all k large enough, ¢ > #; and x € RV,
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Since (¢+2¢&)(s;—t;) — +o0 as k — +o0, if follows from Lemma[3.2]that, for all k large enough,
u(t, x) < Wes2e)(s—10 — e, X — 2) < 0,

forall T, <t—t, < (C+2e)(sy—t,)/(C+e&)and |x — 7| < (¢ +2¢e)(s, — 1) — (C+ &)t —t;), where

T, > 0is given in Lemma[3.2] Since for all k large enough, T, < s;—1; < (¢+2&)(sy —1)/(C+&)

and [y{ — zxl < ry < (€ + 28)(sx — 1) — (€ + &)(sx — 1), it follows that

M(Sk, y]-:) <o.

which contradicts (3.42)).
In conclusion, we have shown that (3.39) and (3.41)) are impossible for arbitrary € > 0. The
proof of Theorem [I.6] thereby complete. i
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