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UNCERTAINTY QUANTIFICATION OF THERMOACOUSTIC INSTABILITIES IN A SWIRLED STABILIZED COMBUSTOR

Combustion instabilities can develop in modern gasturbines as large amplitude pressure oscillations coupled with heat release fluctuations. In extreme cases, they lead to irreversible damage which can destroy the combustor. Prediction and control of all acoustic modes of the configuration at the design stage are therefore required to avoid these instabilities. This is a challenging task because of the large number of parameters involved. This situation becomes even more complex when considering uncertainties of the underlying models and input parameters. The forward uncertainty quantification problem is addressed in the case of a single swirled burner combustor. First, a Helmholtz solver is used to analyze the thermoacoustic modes of the combustion chamber. The Flame Transfer Function measured experimentally is used as a flame model for the Helmholtz solver. Then, the frequency of oscillation and the growth rate of the first thermoacoustic mode are computed in 24 different operating points. Comparisons between experimental

and numerical results show good agreements except for modes which are marginally stable/unstable. The main reason is that the uncertainties can arbitrary change the nature of these modes (stable vs unstable) ; in other words, the usual mode classification stable/unstable must be replaced by a more continuous description such as the risk factor, i.e. the probability for a mode to be unstable given the uncertainties on the input parameters. To do so, a Monte Carlo analysis is performed using 4000 Helmholtz simulations of a single experimental operating point but with random perturbations on the FTF parameters. This allows the computation of the risk factor associated to this acoustic mode. Finally, the analysis of the Monte Carlo database suggests that a reduced two-step UQ strategy may be efficient to deal with thermoacoustics in such a system. First, two bilinear surrogate models are tuned from a moderate number of Helmholtz solutions (a few tens). Then, these algebraic models are used to perform a Monte Carlo analysis at reduced cost and approximate the risk factor of the mode. The accuracy and efficiency of this reduced UQ strategy are assessed by comparing the reference risk factor given by the full Monte Carlo database and the approximate risk factor obtained by the surrogate models. It shows a good agreement which proves that reduced efficient methods can be used to predict unstable modes. 

NOMENCLATURE

INTRODUCTION

Combustion instabilities remain an active research domain for industries that involve combustion processes. They refer to the sustained acoustic fluctuations in combustors where unsteady combustion takes place. Usually this problem arises once the full combustor is tested, thus requiring expensive modifications on either the fuel injection system or the combustion chamber itself. Therefore, combustion instabilities have to be tackled at the design stage. However, this problem remains difficult because of the non-linearities associated with the turbulent flow or chemical reactions, the complex interactions between acoustics and unsteady heat-release, impedance boundary conditions as well as the numerous parameters involved. This issue becomes even more challenging when considering uncertainties on input parameters and underlying models. Especially, flame models obtained experimentally or numerically are known to be uncertain. Addressing the sensitivity of thermoacoustic results with respect to the input parameters is thus a necessary and important step towards reliable predictions of unstable modes in gas turbines. This is illustrated in Fig. 1 showing a typical result of a ther- moacoustic analysis, i.e. a set of modes, each with its own frequency and growth rate. When no uncertainty is present, each mode corresponds to a single point (black symbols) in the frequency plane. Here, modes 1, 4 and 5 are dangerous and should be also controlled since the growth rate ω i is positive. If uncertainties are present, each mode belongs to an admissible region of the frequency plane. Mode 2 (and maybe 6) are now dangerous and should be controlled. It suggests that taking into account uncertainties is required for reliable predictions of combustion instabilities. The objectives of this paper is therefore to (1) determine the uncertain region of the acoustic modes of a single swirled burner combustor using a brute force approach and (2) propose a methodology to deal with uncertainties at lower cost. This paper is organized as follows : the thermoacoustic framework used in this study is described in section 2 and section 3 presents the single swirled combustor configuration. The fourth section deals with the brute force Monte Carlo methodology applied to evaluate the uncertain region associated to the acoustic mode of interest. A statistical convergence study shows that 4000 Helmholtz simulations are required. It suggests that such a method can become CPU-demanding for more complex configurations using multiple uncertain parameters. In section 5, two surrogate models are tested to avoid expensive brute force methods. The purpose is to compute uncertain region of the acoustic mode with an affordable number of simulations. Finally, the prediction and the accuracy of the low-order models are validated against the initial full Monte Carlo analysis in the section5.

Thermoacoustic framework

Thermoacoustic instabilities can be studied using several approaches : theoretical models, low-order network methods, full scale Large Eddy Simulations, or experiments. Analytical approaches [?] allow the study of the underlying processes leading to combustion instabilities. However, numerous assumptions (null Mach Number, linear framework etc.) are required to simplify the problem and hence only academic or simplified configurations can be investigated. These assumptions can be relaxed using Large Eddy Simulation to predict turbulent flames interacting with the acoustic waves and reproduce self-excited combustion instabilities. However, even when LES simulations confirm that a combustor is unstable, they do not suggest how to control the instability. Moreover, LES techniques are CPU demanding : for example, performing parametric studies using hundreds of simulations is out of reach today. Faster tools such as acoustic solvers [?] are thus required to simplify the design process of the system. To do so, a linear wave equation for small pressure perturbations p 1 (x,t) can be derived from the reactive Navier-Stokes equations by neglecting turbulence and viscous effects and assuming a frozen baseline flow [?] :

∇. 1 ρ 0 ∇p 1 - 1 γ p 0 ∂ 2 p 1 ∂t 2 = - γ -1 γ p 0 ∂ q 1 ∂t (1) 
where q 1 is the heat release fluctuation. Assuming harmonic pressure (p 1 = p(x)e iωt ) and heat release fluctuations (q 1 = q(x)e iωt ), Eq. ( 1) becomes :

∇. 1 ρ 0 ∇ p + ω 2 γ p 0 p = iω γ -1 γ p 0 q(x) (2) 
where p and q are the complex amplitude of the pressure and heat release disturbance and ω = 2π f is the complex angular frequency of the thermoacoustic mode. The density ρ 0 and the specific heat ratio γ can depend on space x and are known quantities related to the baseline flow ; the thermodynamic pressure p 0 is constant under the zero Mach number assumption. In Eq. ( 2), the right hand side term is closed by a Flame Transfer Function using the n-τ model [?].

The expression of the global FTF reads :

F (ω) = n(ω)e iωτ(ω) ( 3 
)
where n is the amplitude of the flame response and τ corresponds to a time delay. These parameters n and τ are usually obtained from experiment or LES simulations. They are known to control combustion instabilities although being uncertain. One objective of this paper is to assess the sensitivity of the computed complex angular frequency to these uncertain parameters. To do so, a Helmholtz solver called AVSP [?] is used to solve the wave equation (Eq. ( 2)) in a 3D single swirled burner geometry. The outputs of the solver are the pressure field p and the complex angular frequency ω of the acoustic mode : its real part ω r corresponds to the frequency of oscillation and ω i is the growth rate of the acoustic disturbances. AVSP is used to study how the uncertainties on n and τ propagate into uncertainties on the growth rate ω i and to determine the risk factor of the acoustic mode i.e. the probability for a mode to be unstable (ω i > 0) :

risk factor(%) = 100 ∞ 0 PDF(ω i )dω i (4) 
Where PDF(ω i ) stands for the Probability density function of the growth rate of the acoustic disturbances. To fairly assess the risk factor, it is necessary to have a realistic statistical distribution of the input parameters n and τ, given here by the experiment presented in the following section.

The single swirled burner configuration

The experimental configuration targeted in this paper corresponds to a single injector combustor designed and studied by Palies et al. [?] (Fig. 2). It comprises a confined swirled flame, an upstream manifold, an injection unit equipped with a swirler and a cylindrical flame tube. The geometry of the combustor is displayed in Fig. 2. In order to ease the numerical study, the system was decomposed in three dimensional coupled tubes with variable lengths. The length l 2 which corresponds to the axisymmetric convergent tube is fixed. The length l 1 corresponds to the upstream manifold which is designed to have three different lengths and the combustion chamber l 3 may have four different lengths. This leads to twelve different set-ups, presented in mentally tested leading to flame A and B, the former with a smaller power than the latter. Finally, 24 operating points were studied for this configuration. The stability of the system has been experimentally evaluated by [?] and compared with numerical results obtained by AVSP assuming no acoustic losses. These losses can be obtained experimentally [?] and are given for the two flames : α A = 82(s -1 ) for flame A and α B = 125(s -1 ) for flame B with an uncertainty of ∆α = ±10(s -1 ). Numerically, stable regime is considered if the growth rate ω i is smaller than the damping rate α, and unstable if the growth rate is larger than the damping rate. When considering the error ∆α, this classification becomes : --Stable S :

ω i < α -∆α --Unstable U : ω i > α + ∆α --Marginal S/U : α -∆α < ω i < α + ∆α
The comparison between the experiment and the numerical results provided by [?] reveals a good agreement as illustrated in (Table . 2). However, three partial disagreements are observed and correspond to cases where the experiment gives a marginal stability (S -U) while the computation predicts an instability (U) or vice versa. In the remaining of the paper, one focuses on the operating point which corresponds to the configuration 07 for the Flame B where partial disagreement has been found between the experiment and numerical simulation. Moreover, it is hardly conceivable to perform a computation for all the configurations as one Helmholtz computation takes almost 10 minutes when using 24 processors.

Case

Uncertainty quantification study

Computing the risk factor (Eq. 4) associated to the first acoustic mode ( f 0 = ω 0 2π = 121Hz), i.e. the probability for this mode to be unstable constitutes one objective of this paper. Using uncertainty quantification is justified since repeating some tasks in this experiment may yield different results. They can be related to a statistical distribution of the FTF uncertain parameters n and τ. In the context of non-intrusive methods where the acoustic code acts as a "black box", the choice of sampling points is essential. The next section details the classical brute force Monte Carlo analysis to provide a reference database for the growth rate probability density function (PDF), a necessary quantity to compute the risk factor (Eq. ( 4)). Then, surrogate models are fitted using few Helmholtz simulations extracted from the Monte Carlo database by solving a least mean square problem. These surrogate models are then reused to perform a Monte Carlo analysis at reduced cost and estimate the risk factor. Finally, a discussion on the prediction of the risk factor is carried out by evaluating the accuracy of the low-order models against the initial full Monte Carlo method.

Classical Monte-Carlo analysis

First, a Monte Carlo sampling is used on the two dimensional parameters space n and τ (Eq. 3) to evaluate the probability of the first acoustic mode ( f 0 = ω 0 2π = 121Hz) to be unstable. The literature does not confer a clear accurate analysis on the uncertainty range of these parameters and this may have an impact on the stability of the system. We thus analysed some unpublished data from experimentalists at EM2C (Paris) and IMFT (Toulouse), two leading groups regarding the experimental measurement of flame response. Typically, data corresponding to the same configuration but gathered at different days were analysed to obtain an assessment of the variability of n and τ : from this variation, standard deviation of the FTF parameters σ n and σ τ are fixed to The uniform PDF reads :

f U X = 1 [x max -x min ] 1 ||x max -x min || for x min ≤ x ≤ x max (5)
Therefore, the mean µ U X and the variance v U X are :

µ U X = x min + x max 2 and v U X = 1 12 (R U µ U X ) 2 (6) 
where R U represents the normalized range x max -x min µ U X of the uniform distribution : here R U = 10%. The β -distribution is characterized by its density function :

f β Y = B(α, β ) -1 y α-1 (1 -y) β -1 for 0 ≤ y ≤ 1 ( 7 
)
where B(α, β )= Γ(α)Γ(β ) Γ(α+β ) denotes the beta function, Γ(.) is the gamma function, and α and β are two free parameters. Note that f 

α = µ β Y µ β Y (1 -µ β Y ) v β Y -1 (8) 
and

β = (1 -µ β Y ) µ β Y (1 -µ β Y ) v β Y -1 (9) 
To close the problem, the reduced variable Y in [0, 1] is related to the desired random variable X in [x min , x max ] :

X = µ β X (1 + R β [2Y -1]) (10) 
Taking the mean and variance of the previous equation leads to the following relations between characteristics of X and Y :

µ β Y = 1/2 and v β Y = ν β X 4R 2 β (µ β X ) 2 (11)
the same characteristics, i.e. µ β X = µ U X and ν β X = ν U X . Note however, that the range of the β -PDF appears in (µ β X )(Eq. ( 11)). If this range is chosen equal to the range of the previous uniform PDF (i.e. R β = R U = 10%) then the β -distribution degenerates to the previous uniform PDF. Consequently, the range R β is an additional free parameter. For this study, this range is fixed to R β = 30% leading to the characteristic values α = β = 2.87. In the following sections, the results from these two distributions are described and the statistical convergence of the risk factor is discussed.

The uniform distribution

The Monte Carlo sampling is displayed in Fig. 4 for the configuration 07 of the Flame B. Each point of Fig. 4 corres- ponds to a Helmholtz simulation in the complex domain. The horizontal solid lines denotes the acoustic losses α : 115 s -1 < α B < 135 s -1 . The stable or unstable regions are evaluated using the difference ω iα :

1. ω i -115 s -1 < 0 corresponds to a stable system (S).

2. ω i -135 s -1 > 0 corresponds to a unstable system (U). 3. 115 s -1 < ω i < 135 s -1 corresponds to a situation where the system is marginal (neither stable nor unstable) (S/U). The 4000 samples are then classified into three types : stable regime (S), unstable regime (U) and marginal regime (S/U). The histogram of the growth rate is shown in Fig. 5 and corresponds to an approximation of the growth rate Probability Density Function PDF(ω i ). Most of the thermoacoustic modes found by AVSP are in the stable regime. This leads to a risk factor close to 24 %. 

The β -distribution

Following a similar methodology, 4000 runs are performed using the AVSP code when n and τ follow a β -distribution. A stability analysis is performed to classify each Helmholtz solution as stable (S), unstable (U) and marginal (S/U) (Fig. 6). As expected, the scatter plot is more diffused than in the case of the Uniform PDF because extrema values are less expected than intermediate ones when using the β distribution. The histogram of the growth rate is plotted in Fig. 7 where the medium value of the acoustic loss is reported ( ᾱB = 125 s -1 , solid vertical line). From this histogram, a risk factor close to 22 % is obtained. The risk factor obtained from the Uniform and Beta distribution are close (24 % vs 22%) showing that UQ results are weakly affected by the distributions chosen for the input parameters n and τ for this case. This suggests that assessing the risk factor of a mode without a clear knowledge of the uncertainties on the input data is relevant.

Convergence study

For both the uniform and β -distribution, a brute force Monte Carlo analysis is performed using 4000 runs. Nevertheless, the question of the convergence of the resulting risk factor is still open. Consequently, a convergence study is realized by doing the same exercise but with other dataset size : from 100 to 4000. The results of this study are displayed in Fig. 8. In both figures, the dashed line represents the risk factor of the system determined by the full Monte Carlo database with 4000 runs and the solid line corresponds to the variation of the risk factor. This study reveals that 4000 samples are by far sufficient to reach a reliable convergence of the risk factor. This method is relatively simple to implement and affordable when few parameters (in our case n and τ) are involved but becomes expensive when the dimensionality increases (this is typically the case for annular combustors fed by several burners) or when the CPU cost for each computation is large. This suggests that reduced methodologies have to be introduced to obtain risk factors in more complex configurations : this is the second objective of this paper discussed in the following.

Multiple linear regression

Because Eq. ( 2) is an eigenvalue problem which is nonlinear in the pulsation ω i , the surface response ω i = ω i (n, τ) is implicit and non-linear. To speed up the UQ analysis, it is worth investigating if this surface response can be approximated by explicit surrogate models. Two such models are tested in this paper :

1. One based on the n-τ parameters :

Y model 1 = β 0 + β 1 n + β 2 τ (12)
2. One based on the Flame Transfer Function evaluated at ω = ω 0 where ω 0 corresponds to the mode without flame coupling. FTFs incorporate here physical non-linearities into the model :

Y model 2 = β 0 + β 1 ℜ(ne jω 0 τ ) + β 2 ℑ(ne jω 0 τ ) (13) 
These two algebraic models can be written in linear algebra notation as follows :

Y = Xβ + ε = Y model + ε (14)
where Xβ is the matrix-vector product, β = [β 0 , β 1 , β 2 ] T corresponds to the regression coefficients of the model. These coefficients represent the mean change in the response variable for one unit of change in the predictor variable. Y is a N × 1 dimensional vector containing the growth rate ω i determined from N Helmholtz computations, X is the matrix containing 1, n and τ for each samples and ε the N×1 vector of residuals :

Y =      Y 1 Y 2 . . . Y N      , X =      1 n 1 τ 1 1 n 2 τ 2 . . . . . . . . . 1 n N τ N      , β =   β 0 β 1 β 2   and ε =      ε 1 ε 2 . . . ε N     
Since models of Eq. ( 12) are linear, a least squares methodology is used to determine the coefficients β which minimize the error ε :

β = X t X -1 X t Y (15) 
where β corresponds to the estimated parameters from the least squares, (X t X) -1 is called the "information matrix" and X t corresponds to the transpose of the X matrix. The predicted values Ỹ for the mean of Y are then determined as follows :

Ỹ = X β = X X t X -1 X t Y (16) 
A Monte Carlo analysis is performed at reduced cost to provide an approximate risk factor for the mode of interest f 0 = ω 0 2π = 121Hz. A two-steps UQ strategy is investigated in the following :

1. Find the three regression coefficients associated to the models at reasonable cost using Eq (15) and only few Helmholtz computations .

2. Use the two surrogate models to perform a Monte Carlo analysis for assessing the risk factor.

The correlation coefficient is evaluated to measure the correlation between the two surrogate models (Eq (12) and Eq (13)) and the reference Monte Carlo database obtained in section 4 : The correlation is 95% for the linear model 1 (Eq (12)) and 98% correlation for the linear model 2 (Eq (13)). The corresponding growth rates are plotted against their exact counterpart in Fig. 9. The algebraic surrogate model using the FTF formulation (Eq (13)) is rather accurate in mimicking the actual surface response of the system. That is the reason why the latter is then used to plot the histogram of the growth rate based on the reference Monte Carlo database using 4000 runs for both the Uniform and the Beta distribution, see Fig. 10. The shape of both histograms is very similar to the histograms plotted previously in section 4 for the Uniform and β distributions. Also, the associated risk factor is approximated using the surrogate model 2 : (i) for the Uniform distribution the RF is close to 23% (ii)for the β -distribution the RF is close to 21% . The next step is to use Eq (13) with the aim to find a way to approximate the risk factor at low cost i. 

Corr 2 = ∑ i (Y model -Ȳ ) 2 ∑ i (Y -Ȳ ) 2 (17) 

CONCLUSIONS

In this paper, a UQ study applied to thermoacoustic instabilities in a single swirled combustor experiment has been carried out. An Helmholtz solver has been used to analyze the thermoacoustic modes of the combustion chamber. The FTF measured experimentally is used as a flame model for the Helmholtz solver. The frequency of oscillation as well as the growth rate of the first thermoacoustic mode are computed in 24 different operating points. The stability of the system has been evaluated by [?] and predictions show a good agreement with experimental behavior of the combustor. However, it also reveals that uncertainties on the Flame Transfer Function parameters may lead to modes which are marginally stable/unstable. Towards a more accurate mode classification instead of the usual stable/unstable one, a continuous description has been adopted based on the risk factor defined as the probability for a mode to be unstable given the uncertainties on the input parameters. The risk factor associated to the first acoustic mode of the combustor has been evaluated using a Monte Carlo analysis based on 4000 Helmholtz simula-tions of a single experimental operating point but with random perturbations on the FTF parameters. The analysis of the Monte Carlo database suggests that a two-step UQ strategy may be efficient to deal with thermoacoustics in such a system. First, two bilinear surrogate models were tuned from a moderate number of Helmholtz solutions (a few tens). Then, these algebraic models were used to perform a Monte Carlo analysis at reduced cost and approximate the risk factor of the mode. A comparison between the reference risk factor given by the full Monte Carlo database and the approximate risk factor obtained by the surrogate models shows a good agreement which proves that reduced efficient methods can be used to predict unstable modes.

q 1

 1 Heat release fluctuations p Harmonic complex pressure amplitude q Harmonic heat release fluctuations p 0 Mean pressure c 0 Mean field of sound speed n FTF amplitude n Mean FTF amplitude f U Probability density function of the continuous uniform distribution f β Probability density function of the β -distribution B The beta function Γ The gamma function R U Range of the uniform distribution R B Range of the β -distribution ℜ Real part ℑ Imaginary part Corr Correlation coefficient Subscripts X Random variable Y Random variable Ỹ The mean of Y t Transpose operator Greek letters ρ 0 Mean density ω Complex angular frequency ω 0 Complex angular frequency without flame coupling ω r Real part of ω : Pulsation of acoustic pressure wave ω i Imaginary part of ω : Growth rate of the acoustic pressure disturbances τ FTF time delay τ Mean FTF time delay γ Specific heat ratio α Shape parameter of the β -distribution β Shape parameter of the β -distribution α A Acoustic losses rate of the flame A α B Acoustic losses rate of the flame B ∆ α Uncertainty of the acoustic losses rate µ U Mean value of the uniform distribution ν U Variance of the uniform distribution µ β Mean value of the β -distribution ν β Variance of the β -distribution

FIGURE 1 .

 1 FIGURE 1. Location of the first six thermo-acoustic modes in a typical combustor.

FIGURE 2 .

 2 FIGURE 2. Numerical/experimental configuration. From ref. [?]

  σ n n = σ τ τ = 10%, where n = 1080J/m and τ = 4.73ms correspond to the nominal experimental values. From these very scarce data, we decided to keep 10 % uncertainty for both input. In absence of more information regarding the probability density functions, two different distributions have been considered : a Uniform distribution (Section 4.2) and a β -distribution (Section 4.3) with the same mean and variance. The ranges of the uniform distributions are directly deduced from the experimental values of the amplitude and time delay i.e 10% of the mean values (Fig. (3)).

FIGURE 3 .

 3 FIGURE 3. The uniform and the β -PDF of an arbitrary random variable X with similar mean (µ) and standard deviation (σ ), but with different range (R)

βY

  is only defined for a reduced random variable Y on [0, 1]. The parameters α and β which characterize the β -PDF are deduced from the desired mean µ β Y and variance ν β Y of this reduced variable Y :
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 4 FIGURE 4. Monte Carlo results for the configuration 07 for the Flame B. Uncertain region for the first acoustic mode.
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 5 FIGURE 5. Histogram of the growth rate of acoustic disturbance for 4000 samples using the Uniform distribution for the parameters n and τ.
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 6 FIGURE 6. Monte Carlo results for the configuration 07 for the Flame B. Uncertain region for the first acoustic mode.
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 7 FIGURE 7.Histogram followed by the growth rate of acoustic disturbance for 4000 samples using the Uniform distribution for the parameters n and τ.
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 8 FIGURE 8. Convergence study of the risk factor ( in %) ; Top : Uniform distribution, Bottom : β -distribution

FIGURE 9 .

 9 FIGURE 9. Multiple linear regression computation ; Top : Using the linear model 1 Eq (12), Bottom : Using linear model 2 Eq (13).

  e. relying on much less then 4000 Helmholtz computations. To assess the number of Helmholtz computations required to tune the surrogate model, several tuning of the β coefficients are performed based on 3, 5, 10, 40, 70 and 100 Helmholtz computations (instead of 4000
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 1112 FIGURE 11. Risk factor from Eq (13) ; Left : 3 points calculations are used, Middle : 5 points calculations are used, Right :10 points calculations are used

FIGURE 10 .

 10 FIGURE 10. Histogram followed by the growth rate using algebraic surrogate model 2( Eq (13)) : Top : With the full Monte Carlo database using the Uniform Distribution, Bottom : With the full Monte Carlo database using the β -distribution

Table . 1

 . . Additionally, two different air flow rates were experi-

	Cases studied		l3=100 l3=150 l3=200 l3=400
	Expe./Simu.	l1=96.0	C01	C02	C03	C04
	Expe./Simu.	l1=160.0	C05	C06	C07	C08
	Expe./Simu.	l1=224.0	C09	C10	C11	C12

TABLE 1 .

 1 Twelve

different configurations explored : l 1 indicates the upstream manifold length and l 3 corresponds to the combustion chamber length. Dimensions are given in millimeters. From ref.

[?] 

TABLE 2 .

 2 Linear

		Flame A				Flame B			
		C01	C02 C03 C04	C01	C02 C03 C04
	Experiment	S	S	S	U	S	S	S-U	U
	Simulation	S	S	S	U	S	S	S-U	U
		C05	C06 C07 C08	C05	C06 C07 C08
	Experiment	S	S	S-U	U	S	S	S	UU
	Simulation	S	S	S-U	U	S	S	S-U	U
		C09	C10 C11 C12	C09	C10 C11 C12
	Experiment	S	S	S-U	U	S	S	S-U	U
	Simulation	S	S	U	U	S	S	S	U

stability analysis of flame A and flame B. Comparison between experimental and numerical results. (S) Stable, (S/U) Marginally stable/unstable, (U) Unstable. The geometrical configurations C01 to C12 are defined in Table.
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