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Abstract Mitigation of unwanted vibration is an important issue in aeronautics
and space area. Since the emergence of innovative absorber Nonlinear Energy
Sink (NES), more attentions were paid to this promising technique. This absorber
is characterized by a secondary mass highly coupled via a nonlinear stiffness to
the main structure that needs to be protected. The mastery of the nonlinearity is a
key element for obtaining optimum performance for NES. However, it is difficult
to implement cubic stiffness without linear part. In this paper, a novel design NES
of cubic stiffnes without linear part is presented. For this, the two conical springs
are specially sized to provide the polynomial components only with linear and cu-
bic term. To counterbalance the linear term, a concept of negative stiffness mech-
anism is implemented by two cylindrical compression spring. A small sized NES
system is developed. To validate the concept, the load-displacement relation test is
performed, and simulation under period excitation and transient loading is studied.
Future developments will aim experimental validation and application of the pro-

totype.

Keywords: Nonlinear Energy Sink; cubic stiffness; conical spring; negative stiff-
ness mechanism; strongly modulated response

1 Introduction

Vibration mitigation devices are required more rigorous with the modern me-
chanical products designed faster, lighter and more sophisticated. Particularly in
the aeronautics and space, it requires the absorber be light, and have a broad spec-
trum of frequency. For the traditional linear absorber is hard to achieve these re-
quests, thus introducing the nonlinear energy sink (NES) seems to be a good way
of dealing these issues. This type of absorber is characterized by a secondary mass
highly coupled via a nonlinear stiffness to the main structure that needs to be pro-
tected [1]. It is firstly investigated by Gendelman and Vakakis, and it has demon-
strated that this system with strongly nonlinear element is able to absorb and dis-



sipate the energy efficiently from the main structure [2]. With the performance, a
wide variety of applications of NES can be used in space and aero-structure, vi-
brating machinery, building and vehicle suspensions.

The concept of a NES relies on a vanishing linear stiffness, giving rise to an
essentially nonlinear restoring force. Having no natural frequency, the NES can
thus adapt itself to the frequency of the primary system. A targeted energy transfer
(TET) can then occur in an irreversible fashion [3]. Depending on the type of non-
linearity, NES can be categorized as cubic NES, vibro-impact NES, piecewise
NES, and rotational NES. As far as the cubic NES, it has been shown that this
configuration is most effective at moderate—energy regimes. However, this NES
hasn’t been applied broadly in engineering practice. One key issue is that, it is dif-
ficult to implement cubic stiffness without linear part. In our recent approaches,
the essential cubic stiffness was mostly realized by employing the construction of
two transverse linear springs with no pretension [4]. However, this type may not
be suitable for practical application, due to its large size; in addition, a relatively
weak nonlinear stiffness exists at the beginning extension, leads to the cubic term
approximated to a linear term.

Another idea which has emerged recently is to use nonlinear spring in trans-
lation direction. For example, it has been show in [5] by adopting elastomeric
spring with pyramidal shape to provide a nearly cubic restoring force, yet this
type’s may be limited with the request of large displacement of NES. Therefore,
implementing a cubic stiffness element practically is still an important issue to
broaden the application of NES.

In this article, a novel NES design leading to the award of a strongly cubic
stiffness is presented. The structure is as follows: section 2 is devoted to the theo-
retical design, including the conception of conical springs and negative stiffness
mechanism; in section 3, the assembly of a small sized NES system is developed.
In the next section, simulation validation of this NES system under period excita-
tion and transient loading is studied. Finally, concluding remarks and future de-
velopments are addressed.

2 The theoretical design

2.1 Conical spring

Considering the strong nonlinearity and avoid buckling at large deflections,
two telescoping conical springs with a constant pitch are adopted. The dynamical
behavior of conical spring with a constant pitch can be classified as linear and
nonlinear part. In the linear phase, the largest coil is free to deflect as the other
coils, so the load-deflection relation is linear and the stiffness can be expressed as:
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In the nonlinear regime, the first elementary part of the largest coil has reached
its maximum physical deflection. It starts to be a non-active element of the spring.
During the second regime of compression, the active coils continuously decrease
leads to a gradual increase of the spring stiffness. The load-deflection relation is

shown as follows:
2PD/n D N ny
AP)=——1 2 [+ (=2-1)—)* -1+ (L, -L)1-— 2
(P) Gd“(DZ—Dl)[( (Dl )na) ]+ (L, - L)( na) )
Where the detailed description of Eq. (1) and Eqg. (2) can refer to [6].
To benefit the nonlinear performance of conical spring, the symmetrical
connecting type of spring is proposed as shown in Fig.1.

Fig.1 Symmetrical connecting type Fig.2 Pre-compressing at transition point

However, this configuration has the disadvantage that stiffness curve is
piecewise. The dynamical behavior of spring is still classified as the linear and
nonlinear part. To skip the linear phase, a method of pre-compressing at transition
point is adopted, as shown in Fig.2. By changing the initial original point, the be-
haviors of two conical springs in Fig.3 can respectively belong to linear and non-
linear regimes simultaneously.

Combining the two spring’s curves, the composed stiffness curve in Fig.4 is
obtained and it is obviously observed that the new curve is smooth and no longer
piecewise.
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Fig.3 Conical spring characteristic Fig.4 Pre-compressed characteristics

To analyse the internal polynomial components, the method of polynomial
fitting is adopted and the new load-deflection relation is expressed as follows:
P=ax+a,x* +ax’ (3)
In this polynomial, the linear term a X is hardly to be eliminated owing to the
superposition of linear and nonlinear part, while the square term a,x is possible to
make its value small.



Fig.5 is the characteristic of the composed components. As the coefficient of
square term is large, the curve of cubic and linear term can’t fit the original curve
well. In addition, it’s hard to decrease linear term meanwhile keep the cubic term
at the fixed range. So next step, the work of optimization will be introduced.

2.2 Optimization design

To describe the stiffness curve, the objective function of conical spring is set
as piecewise as follows:

c {kox (x<s,)
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Where k, is the rate of the linear phase, p,and s, correspond respectively to the

force and the displacement of the transition point.
The optimization model consists of the following part: (a) Objective: setting

absolute values of square coefficient|a2| as minimum; (b) Variable: mean diame-

(4)

ter of smallest coil D,and mean diameter of largest coil D, (These two values are
the main factors to determine the nonlinearity), the coil diameterd , number of ac-
tive coils n,, free length L;; (c) Constraints: the cubic coefficient a, , the deflection

of transition points, , the linear stiffnessk; ; (d) Optimization method: Multi-island

Genetic Algorithm (MIGA). This algorithm has the advantage of solving the huge
domain space problems.

After optimization, a new polynomial component is obtained and presented
in Fig.6. It can be observed that the curve of cubic a nd linear term is close to the
original one, by means that the contribution of square term is small that can be al-
most neglected.
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2.3 Negative stiffness

In order to counteract the linear term of conical and have a pure cubic force-
displacement, adding a new term which has the negative stiffness in translation di-
rection seems be a way forward. For this, a negative stiffness mechanism is im-
plemented from two cylindrical compression springs, and the structure is shown in
Fig.7.



Fig.7 Negative stiffness mechanism

Where ['is the free length of linear spring, P is the pre-compressing force, | is

the pre-compressing length, u is the displacement of NES.
After pre-compressing spring in the length of |, the force-displacement re-

lationship based on Taylor expansion is given as:
f=2TPu—kIIJgP-u3 (5)
Superposing the force with the one of conical spring in the translational di-

rection, the composed force can be expressed as:

| I +1
Pm:(a1—2k|—")-x+(a3+k "|3 )-x° (6)

According to the equation, if we seta, = 2kl /1, the linear component could

be canceled out by the negative stiffness mechanism. The equation will be left
with the pure cubic term, and its coefficient will increase a little larger.

3 Assembly of NES system

Based on the proposed methods, a small sized NES system providing strongly
nonlinear stiffness is designed, and the assembly drawing is presented in Fig.8, the
component parts are spherical plain bearing, linear guide, conical spring, linear
spring and NES mass, of which x and y correspond respectively to the displace-
ment of primary system and NES mass. It is important to highlight that the spring
distance to NES mass is adjustable so to reach the suitable force shape.

Fig.8 Assembly of NES system



3.1 Spring test

To obtain the performance of conical spring, identification study is per-
formed. The conical spring manufactured is presented in Fig.9, and the test
equipment is shown in Fig.10. Here we test five piece conical springs, and the re-
sults are obtained in Fig.11. As expected, the linear part of experimental curves
fits the theoretical curve perfectly, and the nonlinear part is close to theoretical
one.

Fig.9 Telescoping conical spring Fig.10 Compression spring test

To make sure the conical spring work in compression state, the maximum
displacement of NES is limited at the deflection of transition point. The corre-
sponded characteristic curve is presented in Fig.12. It can be shown that the com-
posed force of conical spring and negative stiffness mechanism corresponds well
to the theoretical one, by means this novel conception can be extended to design
the strongly cubic NES without linear part.
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Fig.11 Stiffness curve of manufactured spring Fig.12 Stiffness curve of NES system

3.2 NES mass calculation

The mass of NES m, consists of main mass, spherical plain bearing, linear

spring support base, and conical spring support base. As the mass of the NES is
very small, the inertia of the springs is no longer negligible and has to be consid-
ered. In a rough approximation, considering the spring as a beam and neglecting
axial inertia, the kinetic energy of the NES mass and linear spring is written as fol-
lows:



lo X . 1 X
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Where p, =m,,., /I, is the mass density of the spring. Thus the effective mass of
single linear spring can be expressed asm,,..,, =M, /3, the detailed process can re-
fer to [4] and [7].

For the single conical spring, the effective mass is written as follows.

1 10 1 4 6 1 8 2
B(l_ﬂ )—gﬁ -8 )+Eﬂ -5

R
mconica = 2mc ’ ﬂ == (8)
' - @~ R
Based on this, the total mass of NES can be depicted as:
mZ = mNES + 2mIin(-zar + 2mconical (9)

4 Simulation validations

4.1 Dynamical model

Based on the previous test, the parameters of NES system is obtained in
Tab.1. To validate this concept, an analytical study of a harmonically excited line-
ar oscillator (LO) strongly coupled to a NES is presented.

Tab.1 Parameters of NES

mx 9kg k 2.33x10°N /m®
m; 0.09kg C: 4Ns/m
ki 3x10*N/m C, 0.4Ns/m

The governing equations of motion of this system are given by:

d?x  dx dx dy X
—— 40—+ KX+ C, (= =)+ K, (X~ ¥)® = kX, +C —=

ml dtz 1 dt 1 Z(dt dt) 2( y) k1 e 1 dt (10)
d?y dy dx 3

m,—=+¢,(—=-—)+k,(y—x)° =0

o 2(dt dt) (Y—X)

Where the imposed harmonic displacement x, = G cosQt .

4.2 Periodic loading

Based on the Eq. (10), setting the excitation amplitude as 0.1mm, the numer-
ical responses of NES and LO is obtained in Fig.13. A quasi-periodic regime with
a slow evolution of the amplitudes of both oscillators is observed. For LO, the
amplitude increases and decreases repeatedly in a regular fashion. For the
amplitude of NES, it can be classified into two levels: a small one corresponding
to the growth of LO amplitude, a large one when LO amplitude decreases. This
alternating regime of strongly modulated response (SMR) proves the jump



phenomenon of SIM [8]. The instaneous percentage energy carried by NES and
LO is presented in Fig.14. It can be oberved there exists a phase resonance

capture, the energy is entirely transferred to the NES which localizes quickly
almost 100 percent of the energy of the system.
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Fig. 13 SMR with G=0.1mm Fig.14 Instaneous energy carried by NES and LO

4.3 Transient loading

By introducing the excitation G =0 and the initial condition x =5mm to Eq.
(10), the numerical response is obtained in Fig. 15. It can be observed, without
NES, the vibration extinction of LO will follow a natural exponential decrease;
while with NES, it will follow a quasi-linear decrease, much faster than the expo-
nential one, during which the NES will vibrate with a large amplitude until the en-
ergy in LO has been almost completely cancelled. In Fig. 16, the evolution of the
energy and the percentage of the energy present in NES and LO is showed. We
can find that the energy is transferred irreversible from LO to NES, of which al-
most 68 percent of the energy is dissipated by NES.
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Fig. 15 Transient response Fig.16 Evolution of the energy in NES and LO

5 Conclusion

In this paper, a novel design NES of cubic stiffnes without linear part is
presented. For this, two conical springs are specially sized to provide the polyno-



mial components only with linear and cubic term. To counterbalance the linear
term, the concept of negative stiffness mechanism is proposed by two cylindrical
compression spring. A small sized NES system providing strongly nonlinear stiff-
ness is developed, of which the distance of spring is adjustable so to reach the
suitable force shape. To validate the concept, the load-displacement relation test is
performed, and the simulation of a harmonically excited linear oscillator coupled
to this type of NES is studied. The results show that this structure can output the
pure cubic stiffness as expected; at the specified period excitation amplitude, this
system could passively transfer the unwanted disturbance energy with the re-
sponse of strongly modulated response (SMR); at transient loading, this type can
dissipate targeted energy irreversibly with the speed of vibration extinction of LO
following a quasi-linear decrease. Future developments will aim experimental
validation, and the application of passive vibration control in spatially flexible
structures.
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