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Leaky Lamb waves have the potential to be used to perform non-destructive testing on a set of

several parallel and immersed plates. Short-time Fourier transform and two-dimensional Fourier

transform have both been successfully used to measure the propagation properties: phase and group

velocity, and leaky attenuation. Experimental measurements were validated by comparison between

theory, experimentation and finite-element simulations (using COMSOL MULTIPHYSICS
VR

software) in

the case of one immersed plate in water. These signal processing techniques proved to be efficient

in the case of multi-modal propagation. They were applied to two immersed plates to identify the

leaky Lamb mode generated in the second plate. Dispersion curves of the system composed by two

immersed and parallel plates are computed. When plates have the same thickness, leaky Lamb

modes propagate from the first to the second plate without any mode change, with the apparent

attenuation being weaker in the second plate. Considering that the second plate is continuously sup-

plied in energy by the first one, an energy-based model is proposed herein to estimate the apparent

attenuation in the second plate. Despite our extremely simplifying assumption, this model proved

to be in good agreement with both finite-element modelling and experimentation.
VC 2019 Acoustical Society of America. https://doi.org/10.1121/1.5091689

[NJK] Pages: 1018–1030

I. INTRODUCTION

The sodium-cooled fast reactor concept (SFR) has been

chosen for the fourth generation of nuclear power plants in

France. With liquid sodium as the coolant, improvement of

in-service inspection and repair (ISI&R) has been identified

as a major issue for the Advanced Sodium Technological

Reactor for Industrial Demonstration (ASTRID) project

(Baqu�e et al., 2015). Well adapted to this harsh environment,

ultrasonic solutions are being studied for the inspection of

the main vessel and different parts of ASTRID. The immer-

sion of specific ultrasonic transducers in liquid sodium is

currently being investigated (Baqu�e et al., 2012). However,

it appears that inspection operations performed with a trans-

ducer located outside the main vessel (in the inter-vessel gap

filled with gas) have shown promising potential (Baqu�e
et al., 2011; Corneloup et al., 2011). The objective is not

only to perform non-destructive testing (NDT) of the main

vessel itself, but also of structures inside this vessel which

are immersed in liquid sodium. The diameter of the main

vessel and its internal baffles is quite large (about 16 m),

which justifies locally approximating their shape by two par-

allel plates (Fig. 1). The challenge is then to propagate ultra-

sonic waves from one plate to another through the liquid so

as to inspect them. Leaky Lamb waves appeared as a good

candidate for such inspection purposes.

NDT will be performed by analyzing the characteristics

of ultrasonic echoes reflecting back from structures

immersed in liquid sodium (time of flight and amplitude).

Substantial changing in these structures (such as flaws or

cracks) should produce the echoes (Alleyne and Cawley,

1992b; Castaings et al., 2002). To perform such NDT,

knowledge of the guided wave velocity and attenuation is

essential as these parameters determine the acoustic re-

emission between immersed plates. In the case of a steel

plate immersed in water, it has been shown that variations

induced by the surrounding fluid on velocities are negligible

(Chimenti and Rokhlin, 1990). However, attenuation

increases because of the reemission of bulk waves in the

fluid (Dayal and Kinra, 1989; Merkulov, 1964; Nayfeh,

1995; Nayfeh and Nagy, 1997; Viktorov, 2013): in this case,
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Lamb waves are referred to as leaky Lamb waves. We set

out to measure this leaky attenuation because it is related to

the creation and the supply of leaky Lamb waves in a second

parallel plate. We will clearly distinguish two different kind

of attenuation in this paper: the leaky attenuation and the

attenuation due to the material. The leaky attenuation is due

to the leakage of energy into a surrounding fluid and has

been previously presented, and the attenuation due to the

material is caused by scattering or by absorption in a visco-

elastic material (Castaings et al., 2004; Chan and Cawley,

1998; Coquin, 1964; Minonzio et al., 2011).

Velocities of Lamb waves are well understood in the

literature (Pavlakovic et al., 1997; Rose, 1999). Lamb

modes propagate in a dispersive manner, which means that

both phase and group velocities have to be considered

(Kobayashi, 1994; Luis Dean-Ben et al., 2010) and their

respective values depend on frequency. Being frequency-

dependent may result in the large spreading of wave pack-

ets. For NDT and local defect location, this spreading can

be reduced by choosing a specific Lamb mode and a fre-

quency where the rate of spreading is low (Wilcox et al.,
2001b). Another technique would be to compensate the

spreading afterwards by a post-processing technique: by a
priori knowledge of group velocity, each frequency com-

ponent can be numerically retro-propagated and the origi-

nal shape of the signal reconstituted at the time it was

actually received (Wilcox, 2003). However, dispersive

propagation complicates velocity and attenuation measure-

ments (Kobayashi, 1994), leading to frequency methods

that have been successfully used for the cases of a plate in

air and in water. To measure phase velocity, the two-

dimensional Fourier transform (2D-FFT) has been widely

used (Alleyne and Cawley, 1991; Harb and Yuan, 2015;

Paget and Rehman, 2017): this method makes it possible to

distinguish different Lamb modes in the {frequency, wave

number} domain that overlap in time representation. The

use of 2D-FFT to measure the attenuation (imaginary part

of wave number) requires that the data be split into two

equal parts and 2D-FFT to be performed on each part.

Spectral amplitudes of both 2D-FFT are used to calculate

the attenuation coefficient by taking the logarithm of their

ratio, which requires the decrease to be exponential. This

process is extensively explained and has been experimen-

tally validated in Castaings et al. (2004) for the case of

visco-elastic material. It seems that measurement of leaky

attenuation has not yet been achieved using this technique

for a plate in water. This paper shows that 2D-FFT is

indeed very efficient for measuring attenuation in one

immersed plate, but purposeless for a second parallel plate.

Time-frequency techniques [short-time Fourier transform

(STFT) and wavelet techniques] have been used to visual-

ize the propagation of Lamb wave for a plate in air

(Niethammer et al., 2000; Xu and Hu, 2017) and less fre-

quently in water (Takiy et al., 2017). However, even if

these time-frequency techniques can separate each fre-

quency component of the acoustic signal, they are ineffi-

cient in the case of Lamb modes propagating together at

the same frequency and temporally overlapping. Temporal

contributions of each frequency component need to be

clearly distinct for each mode: this is easily done when

Lamb modes can propagate far enough to separate their

echoes, but this condition is hard to fulfil for leaky Lamb

waves that are strongly attenuated. One reference has been

found where the attenuation is measured with a time fre-

quency technique in one immersed plate (Takiy et al.,
2017), but so far there is no evidence of such measurement

on a second immersed plate. Moreover, the use of STFT

have not yet been validated for leaky attenuation measure-

ment. This paper shows that the 2D-FFT and STFT techni-

ques are complementary and in good agreement for one

immersed plate, but also that measurement of attenuation

with the 2D-FFT process is not applicable.

The angle incidence technique is widely used to generate

leaky Lamb waves in an immersed plate: the targeted leaky

Lamb mode is selected by the incidence of an acoustic beam

generated by an immersed transducer or through an immersed

wedge (Alleyne and Cawley, 1992a; Bertoni and Tamir, 1973;

Kauffmann et al., 2018b; Nayfeh, 1995; Takiy et al., 2017;

Viktorov, 2013; Wilcox et al., 2001b; Xu and Hu, 2017). It has

been shown by Wilcox et al. (2001a) that some leaky Lamb

modes are more excitable than others with this technique. This

technique also leads to the excitation of several leaky Lamb

modes together because of the beam-spreading angle, opening

the door to multi-modal propagation (Alleyne and Cawley,

1992a). It is proving to be more of a challenge to measure

velocities and attenuation in the case of multi-modal propaga-

tion: 2D-FFT seems to handle it well (Alleyne and Cawley,

1991), but the compatibility of the time frequency techniques

has yet to be evaluated. We assess here the relevance of STFT

in the case of multi-modal propagation of leaky Lamb modes.

Assessing a configuration of several parallel plates is

quite innovative. Coulouvrat et al. (1998) worked on a tri-

layer solid/fluid/solid with no NDT application on any

plate. A machined notch has been observed in a second

and third parallel plate using the A0 mode for plates that

were 2 and 3 mm thick at 1 MHz (Baqu�e et al., 2011;

Corneloup et al., 2011). It has also been shown that leaky

Lamb waves seem to propagate from the first plate to the

second for a system of two semi-immersed plates (Lindner

FIG. 1. (Color online) Cross section of the ASTRID reactor block indicating

the area to be inspected (box with arrow) and a schematic view of this area

indicating the expected ultrasonic path.
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et al., 2006; Schmitt et al., 2013). Steady state properties

(reflection and transmission coefficient) of the multi-layer

system water/plate/water/plate/water has already been

investigated (Corneloup et al., 2011). However, the gener-

ation and propagation of leaky Lamb modes in a second

plate has never been yet studied and characterized: this is

achieved in this work.

This paper has two parts: The first part focuses on

multi-modal propagation in one immersed plate: measure-

ments of phase velocity, group velocity and leaky attenua-

tion using two different techniques (2D-FFT and STFT) are

discussed. The results of numerical simulations and experi-

mentation are presented, and the use and implementation of

the post-processing techniques for leaky Lamb wave mea-

surements are validated in order to validate the theoretical

leaky attenuation for one plate. In the second part, we apply

the post-processing techniques validated before to the case

of two parallel and immersed plates. A simple model based

on the exchange of energy between plates (EBM) is pre-

sented and its limits are underlined. This model gives us

insight into the apparent leaky attenuation in the second

parallel plate that is different to that in the first plate.

Finite-element simulations and measurements of leaky

Lamb waves in the second plate confirmed this apparent

attenuation and validated our theoretical model despite our

extremely simplifying assumption.

II. MULTI-MODAL PROPAGATION IN ONE IMMERSED
PLATE

The purpose of this section is to validate techniques to

measure phase and group velocity and leaky attenuation in

multi-modal propagation.

Since experiments in liquid sodium are complex and liq-

uid sodium is quite similar to water from the acoustic point

of view, experiments and simulations were performed in

water at ambient temperature. For the sake of clarity, the

same configuration is detailed in this paper and hereafter

referred to as the “studied configuration”: one (or two) stain-

less steel plate(s) 7.8 mm thick with an acoustic beam inci-

dent at hi ¼ 17:3� generated by a 500 kHz central frequency

transducer (i.e., a product frequency thickness of 3.9 MHz

mm) with an active diameter of 38.1 mm.

A. Theory

Theoretical phase velocity and leaky attenuation are

computed based on the equations first published in Merkulov

(1964). These equations are recalled herein: (1) is for sym-

metric modes and (2) for antisymmetric modes. The contri-

bution of water is included in the imaginary part: if this

imaginary part is removed, the widely used equations for a

plate in a vacuum can be retrieved,
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with i representing the imaginary unit, h and q the thickness

and the density of the elastic plate respectively, q0 represent-

ing the density of the surrounding fluid, b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

T

p
,

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2

L

p
, kT and kL representing the wave number of

transverse and longitudinal waves in the plate, and k the

unknown wave number of the Lamb mode that propagates in

the plate.

The solution for a plate in a vacuum was first computed

and then used as an initializer to solve the immersed case

with a Levenberg-Marquardt algorithm implemented in the

MATLAB
VR

software. The real part of k was used to calculate

the phase velocity plotted in Fig. 5(a), while the imaginary

part was the leaky attenuation plotted in Fig. 6 and Fig. 7.

This attenuation has been used in Sec. III B to calculate the

apparent attenuation in a second parallel plate. Finally, the

group velocity was calculated from the phase velocity (Rose,

1999) and is plotted in Fig. 5(b). As the leaky attenuation

values are conditioned by the plate thickness, we plotted the

attenuation multiplied by the plate thickness to overcome

this issue and to standardize attenuation in the same way as

in Merkulov (1964) and Wilcox et al. (2001a).

The following assumptions were applied: the plate was

considered to be elastic, isotropic and homogeneous (allowing

2D projection) in stainless steel (a density of 7950 kg=m3, and

longitudinal and shear velocities of 5750 m=s and 3150 m=s,

respectively), with no attenuation due to absorption and scatter-

ing. Water was modelled with a density of 1000 kg=m3 and a

speed of sound equal to 1490 m=s. The viscosity of water was

neglected. For comparison, dispersion curves with the viscosity

of water taken into account can be seen in Takiy et al. (2017).

B. Finite-element simulations

The aim of this section is to validate the use of post-

processing techniques (2D-FFT and STFT) using finite-element

models (FEM) with the COMSOL MULTIPHYSICS
VR

software.

The FEM model was first validated with 2D simulations

in frequency domain: the phase velocity and leaky attenua-

tion reflected the theory perfectly. It can therefore be said

that this finite-element model is relevant for studying leaky

Lamb waves.

Next, the same model was used for simulations in the time

domain in order to validate the post-processing techniques. The

mesh was designed with rectangular elements with a maximum

size of kmin=6 in the plate and in water (with kmin representing

the smallest wavelength comprise in the broadband pulse of the

Lamb waves or bulk waves that propagate in the plate and in

the water, respectively). Leaky Lamb waves were excited on

the left side of the plate by imposing their theoretical displace-

ment profiles along the thickness (Viktorov, 2013) in the X and

1020 J. Acoust. Soc. Am. 145 (2), February 2019 Kauffmann et al.



Y directions [a similar excitation technique was used in

Castaings et al. (2004)]. In order to study and measure veloci-

ties of dispersive propagation, we used a signal with a broad-

band pulse: three sinusoid cycles windowed with a temporal

Gaussian. Reflection at the end of the plate was considered null

with the use of a perfectly matched layer (PML). PMLs are

also used to bounds the water section and avoid any reflection

that would create another leaky Lamb mode. Simulations were

performed in A0 and S0 mode at 2 MHz mm, with A1 around

3 MHz mm and S1 around 4 MHz mm.

The leaky A1 mode around 3 MHz mm is plotted in Fig. 2.

It can be seen the initial three-cycle signal has spread in space

due to dispersive propagation.

Temporal signals were extracted every millimeter along

the 200 mm-length plate. These signals were then processed

with 2D-FFT (to measure phase velocity and leaky attenua-

tion) and with STFT (to measure group velocity and leaky

attenuation). The final results are superimposed against the the-

oretical and experimental results in Fig. 4, and show very good

agreement with theory. This validates the two post-processing

techniques which can be applied to experimental data.

C. Experimentation in water

This section describes the experiments and discusses

two spectrograms from STFT post-processing to illustrate

multi-modal and dispersive propagation.

As shown in Fig. 3, we considered a single plate

immersed in water. A transducer sent a pulse at a given cen-

tral frequency and a chosen incident angle hi (measured per-

pendicular to the plate). A needle hydrophone scanned and

recorded the transmitted field on a line parallel to the plate.

This experiment was performed for the three central frequen-

cies of three different transducers (corresponding to 0.86,

1.95, and 3.9 MHz mm for the 7.8 mm-thick plate) and their

corresponding angle to each excitable leaky Lamb mode.

For the studied configuration (3.9 MHz mm), five Lamb

modes propagated in the plate: A0, S0, A1, S1, and S2.

Mode A1 was targeted with an incidence angle of 17.3�.

Temporal signals show propagation of at least two leaky

Lamb modes that were attenuated too quickly for their ech-

oes to be separated, which meant it was not possible to

clearly identify them. For this reason, we used a time fre-

quency technique to separate the contribution of each mode

in the frequency range. Two examples of spectrograms given

by a short-time Fourier transform algorithm are shown in

Fig. 4. The results (shown as red dots in the figures) used to

finalize the data processing were selected at the maximum

amplitude for each frequency. Their arrival time gives the

group velocity after linear regression, while their spectral

amplitude gives the attenuation coefficient after exponential

fitting. The final results are shown in Fig. 5 and Fig. 7.

Figure 4 shows that two packets distinctly propagate at

300 kHz (i.e., 2.34 MHz mm) and 500 kHz (i.e., 3.9 MHz

mm). Their arrival times are similar on the first spectrogram.

They are strongly attenuated during their propagation due to

the leakage of energy into the fluid: it proved difficult to

FIG. 2. (Color online) FEM simulation in the temporal domain of the leaky A1 mode around 3 MHz mm. The pressure in water and the vertical displacements

in the plate are both plotted.

FIG. 3. (Color online) Test bench: a transducer sends bulk waves at a chosen

incident angle hi onto a plate immersed in water (7.8 mm thick and 700 mm

long). A needle hydrophone scans the transmitted acoustic field on a line

parallel to the plate (thin arrow). The bolds arrows symbolize the waves in

water (incident and reemitted waves).
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observe them after 80 mm of propagation. However, for a

propagation of 80 mm, these two wave packets arrived at dif-

ferent times and each of their frequency components trav-

elled at different velocities. These packets were identified as

the S0 and A1 Lamb modes respectively once their group

velocities were calculated. Figure 5(b) shows that the group

velocity of S0 decreases and reaches a minimum at 2.3 MHz

mm. This is also observed in the second spectrogram: lower

frequencies of the S0 packet arrive earlier (i.e., faster) than

the higher frequencies. The same observation is also valid

for A1 around 3.9 MHz.mm.

There is no experimental observation of the S1 leaky

Lamb mode because its reemission was almost null at

500 kHz (see Figs. 6 and 7).

D. Results and discussion

This section presents the final results of phase and group

velocity and leaky attenuation that were measured in FEM

and through experimentation. The efficiency of each post-

processing technique is discussed in detail.

Figure 5(a) compares the theoretical results with the

experimental results (calculated by 2D-FFT) of the phase

velocity: good agreement is observed. The biggest gap

between theory and experimentation is 7% for A1 close to

its cutoff frequency. 2D-FFT processing makes it possible to

separate the Lamb modes in terms of the frequency and

wave number, even when their echoes are not temporally

distinct. As a result, all the experiments performed can be

considered relevant and exploitable.

The comparison for group velocities is presented in Fig.

5(b). Good agreement with theory is observed, the worst gap

between experimentation and theory is 13% (obtained for S0

at 2.3 MHz mm). Fewer modes were measured with the

same data compared with 2D-FFT processing. This is due to

the temporal overlapping of modes. Even if the STFT pro-

cess separates each frequency component, Lamb modes

propagating together at the same frequency render the data

FIG. 4. (Color online) Spectrogram at the beginning of propagation (a) and after propagation of 80 mm (b) for the studied configuration. The temporal signal

studied is plotted on the left side of each figure. Red dots indicate the data used to calculate the group velocity and attenuation.

FIG. 5. (Color online) Measurement of (a) the phase velocity with 2D-FFT and (b) the group velocity using STFT. Comparison between theory (lines), FEM

simulations (þ), and experimental results (�).
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unusable. The contribution of each Lamb mode has to be dis-

tinguished in order to calculate the velocity and attenuation.

This is not always the case with this technique. In the case of

two modes propagating together, the STFT measures an

intermediate and meaningless value for the group velocity

and attenuation.

However, when echoes are centered on different fre-

quencies, this technique can be used to obtain a direct mea-

surement of the group velocity while taking into account

dispersive propagation as shown in Fig. 5(b). Good agree-

ment with theory is thus achieved in this manner.

Based on the same experimental and computed data, the

leaky attenuation was then measured, as shown in Fig. 6 for

2D-FFT processing and in Fig. 7 for STFT processing.

Each mode is identified with respect to their related

phase or group velocity that was measured at the same time.

There is a lack of experimental data for the S1 mode because

its leaky attenuation is close to zero, which means that even

if this mode is generated it will not reemit into the

surrounding water. This behaviour was predicted theoreti-

cally in Pilarski et al. (1993). There is also a difference

between the experimental results and theory. Experimental

attenuation is generally higher than the theoretical value,

especially from 3 MHz mm onwards: before 3 MHz mm, the

maximum gap is 20%, and after it is between 33% and 45%

for both processes. This gap is not seen with the attenuation

results calculated on the basis FEM data. A possible assump-

tion is that the material (e.g., absorption and scattering) has a

non-negligible influence on attenuation when starting this

frequency. However, this kind of attenuation would describe

energy lost in heat, therefore it cannot be used to create and

supply a new Lamb wave in a second parallel plate. This is

why we focused on leaky attenuation in order to apply it to

the two-plate case in Sec. III A.

Thus far, a study of leaky Lamb wave propagation has

been given with respect to one immersed plate and disper-

sive propagation has been measured on the basis of experi-

mental data (immersion in water). Phase and group

velocities have been measured and compared to theory,

which showed good agreement.

Attenuation in the case of an immersed plate has been

theoretically calculated and experimentally measured with

two different signal processing techniques. The implementa-

tion of these techniques has already been validated with

FEM simulation. We found reasonably good agreement with

theory. This attenuation characterizes the leakage of energy

into the fluid and is central to our intention to propagate

Lamb waves into other plates positioned further away from

the first plate. Section III studies the propagation of leaky

Lamb waves in a second plate.

III. EXCITATION OF LEAKY LAMB WAVES IN A
SECOND PARALLEL PLATE

While Sec. II investigated the propagation of leaky

Lamb modes in one plate, the generation of leaky Lamb

modes in a second parallel and immersed plate is discussed

in this section.

A. Study of the immersed whole structure

This section considers the two-plate system as a wave-

guide and computes its dispersion curves.

An immersed structure solid/fluid/solid (see Fig. 8) is now

classically studied, with the interaction of a monochromatic

oblique incident wave (angular frequency and incident angle,

respectively, denoted x and hi) propagating in a semi-infinite

fluid in the plane ðOxyÞ with the structure. The fluid media

have all the same characteristics (celerity c0 ¼ 1490 m=s, den-

sity q0 ¼ 1000 kg=m3, thickness dp ¼ 152:5 mm) and the two

isotropic solid plates are identical (celerity cL ¼ 5750 m=s of

the longitudinal waves, celerity cT ¼ 3150 m=s of the transver-

sal waves, density q ¼ 7950 kg=m3, thickness h ¼ 7:8 mm).

Contrary to the case particularly studied by Coulouvrat

et al. (1998) the ratio of the thicknesses h=dp is much less

than 1. The incident plane wave generates four waves in

each solid layer and two waves in the fluid layer, which leads

to 12 unknowns (included the reflected wave and the trans-

mitted wave in the last fluid). The writing of the boundary

FIG. 6. (Color online) Measurement of leaky attenuation with 2D-FFT:

comparison between the theory (lines), experimental results (�), and FEM

simulations (þ). Attenuation is given in Np/cm multiplied by the thickness

of the plate in mm.

FIG. 7. (Color online) Measurement of leaky attenuation with STFT: compar-

ison between theory (lines), experimental data (�), and FEM simulations (þ).
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conditions at each interface (equality of the normal displace-

ment and of the stress vector) leads to 12 equations. In order

to avoid any numerical problems due notably to the large

thickness of the fluid layer, the reference of each plane wave

is taken at the interface from where it propagates or decrease

(Potel and de Belleval, 1993). A scanning of the reflection

coefficient in the fluid permits to obtain the dispersion curves

for the generalized Lamb modes for the whole structure

(Potel et al., 1996) [Fig. 9(a)].

Several modes can be observed, which are highlighted

by the superimposition of the Lamb modes for one of the

solid plates (antisymmetric modes in blue and symmetric

modes in red) and of the modes in a dp-thick fluid guide with

rigid walls [Fig. 9(b)]. The different modes m in the fluid

guide are given by

k2
xm
¼ x

c0

� �2

� mp
dp

� �2

; 8m 2N; (3)

where kxm
is the projection on the x-axis of the wave number

vector of the m-th mode. Due to the large value of the thick-

ness of the fluid layer, all the dispersion curves converge

very rapidly towards the same curve given by m ¼ 0 (green

line on Fig. 9). All the other black dispersion curves corre-

spond to the interaction between all the reflections with the

structure (coupling).

This proves that leaky Lamb modes that propagate in

one plate will also propagate in two immersed plates and can

potentially be used for NDT of both plates. We will now

study the local attenuation of leaky Lamb wave in the second

plate in order to get information on the feasibility of NDT in

the second plate.

B. The EBM

This section describes a simple EBM in order to com-

pute the Lamb mode amplitude created in a second parallel

and immersed plate. Implications on the measurement meth-

odology will be highlighted.

The system under investigation is composed of two par-

allel and immersed plates of the same thickness: a schematic

view is given in Fig. 10(a). We assumed a steady state and a

leaky Lamb mode propagating in the first plate, with attenua-

tion due to the reemission of energy into the liquid: other

attenuation mechanisms (such as absorption and scattering)

were neglected. This leaky Lamb wave can be described by

the amplitude of displacements along the X axis U1ðxÞ
¼ U0e�ax, with a representing the leaky attenuation coeffi-

cient given by the theory for one immersed plate. This atten-

uation a depends on the mode selected, the frequency and

the thickness of the plate (Figs. 6 or 7). The mechanical

energy E1 carried by this wave is proportional to the square

of its amplitude, which means,

E1ðxÞ ¼ E0e�2ax; (4)

with E0 representing the initial energy at x ¼ 0.

We assumed that the plate radiated the same amount of

energy on each side. This assumption is justified by simulations

made in Hayashi and Inoue (2014): when a plate is loaded by

water on only one side, its leaky attenuation is divided by 2.

There is initially no propagating leaky Lamb mode in

the second plate. However, the energy leaking from the

leaky Lamb mode in the first plate creates a leaky Lamb

mode in the second plate as shown by Corneloup et al.

FIG. 8. Geometry of the problem: Interaction of an incident wave propagat-

ing in a fluid, with an immersed structure solid/fluid/solid.

FIG. 9. (Color online) Dispersion curves of the immersed structure, in the plane ðfh; kxÞ (a). Superimposition (b) of the dispersion curves of one solid layer

(red symmetric modes Sm and blue antisymmetric modes Am), of the green dispersion curves of a fluid guide with perfectly rigid walls, and of the black dis-

persion curves of the whole immersed structure [see (a)], in the same plane.
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(2011) and Schmitt et al. (2013). As the thicknesses of the

plates are equal, the leaky Lamb modes are the same in the

first and in the second plate. We assumed that all of the

energy from the first plate supplied the leaky Lamb mode in

the second plate, i.e., the full transmission of incident energy

into the Lamb mode with no reflection and no direct trans-

mission through the second plate. This is a key assumption

because reflection and direct transmission through the sec-

ond plate do occur. It nevertheless quantifies the incidence

of the energy supply from the first plate to the second plate.

The effects of other phenomena are highlighted by FEM in

Sec. III C.

As illustrated in Fig. 10(a), an energy balance was estab-

lished for a small portion of the first plate, between x and

xþ dx. It gives

E1ðxÞ ¼ E1ðxþ dxÞ þ EL1ðxÞ; (5)

with EL1ðxÞ representing the energy that leaks into the fluid

from the studied portion of plate. By combining Eq. (4) with

Eq. (5), we were able to evaluate this quantity,

EL1ðxÞ ¼ E1ðxÞ 1� e�2adx½ �: (6)

An energy balance was performed at the same abscissa

in the second plate. It gives

E2 xð Þ þ 1

2
EL1 xð Þ ¼ E2 xþ dxð Þ þ EL2 xð Þ; (7)

with E2 representing the mechanical energy carried by the

leaky Lamb mode created in the second plate, and EL2 the

amount of energy lost by leakage into the fluid. The contri-

bution of the first plate is additive with the Lamb mode in

the second plate because they are in phase. Leaky Lamb

modes are identical in the two plates which makes it possible

to evaluate EL2 by Eq. (6) with

EL2ðxÞ ¼ E2ðxÞ 1� e�2adx½ �: (8)

Further operations give us an explicit expression to cal-

culate the energy in the second plate,

E2 xþ dxð Þ ¼ E2 xð Þe�2adx þ 1

2
EL1 xð Þ: (9)

We computed the mechanical energy in the second plate

and calculated the normalized amplitude by taking its square

root. The results are plotted in amplitude in Fig. 10(b) for

the case a ¼ 20 Np=m (which corresponds to the maximum

leaky attenuation of the S0 mode for a plate with a thickness

of 7.8 mm).

First of all, we were able to accurately calculate the

amplitude on the first plate: it decreases exponentially with

the correct attenuation a. The amplitude on the second plate

grows to reach a maximum before decreasing thereafter.

However, because of the continuous supply from the first

plate, the decrease is slower than in the first plate and no lon-

ger involves an exponential decrease.

This may be problematic because techniques to experi-

mentally measure leaky attenuation are only valid if the

decrease is exponential. In order to compare this theory with

the results from experiments, we approximated the decrease

in the second plate with an exponential fitting: it gives the

apparent attenuation af . This apparent attenuation is found

systematically lower and proportional to attenuation in the

case of one plate a. However, the apparent attenuation

depends on where the fit starts. Figure 10(b) shows an exam-

ple with an exponential fitting using data located after a 10%

decrease in the amplitude (i.e., Af=Amax ¼ 0:9); it gives an

apparent attenuation of 14.7 Np/m with an R2 of 0.997. This

apparent attenuation would be equal to 16.5 Np/m if we had

started the fitting after a 50% decrease. Figure 11 shows the

variation in the measurement as a function of the fitting start.

It can be seen that the apparent attenuation fluctuates greatly:

it tends to 0:68a for a measurement starting at the amplitude

maximum and to 0:94a if the measurement is started at the

end of propagation. This could be a systematic error for mea-

suring experimental attenuation on a system of two plates.

To overcome this bias, measurements were systemati-

cally performed after a 10% decrease in amplitude on the

second plate: this rule appears to be an acceptable compro-

mise between the range of validity of this apparent attenua-

tion and the quality of the fitting. The measured attenuation

FIG. 10. (Color online) Energy balance in the two plates, with the gain written in green and the loss in red (a). Computed theoretical amplitude in the two

plates with exponential fitting approximating the second plate profile decrease (b): the fit starts at 90% of the second plate’s maximum amplitude.
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in the second plate is therefore expected to be 0:737a for

each leaky Lamb mode studied. This is the theoretical value

plotted in Fig. 18 and compared with the experimental mea-

surement and simulations.

C. Finite-element simulations

This section presents the FEM model used in the fre-

quency domain to investigate the propagation of leaky Lamb

modes from the first plate into the second plate. Areas that

are insonified in the two plates system are located. The the-

ory developed in Sec. III B for the second plate is compared

with the simulation results in order to evaluate limits of this

theory.

1. Presentation of two-plates simulations

The previous part has shown that the transducer can be

used to generate multiple leaky Lamb modes (Fig. 4). This

has been taken into account by the use of two post-

processing techniques (2D-FFT and STFT). However, for

simulations in the frequency domain, multi-modal propa-

gation renders simulation useless. To avoid this, the inci-

dent beam produced by the simulated transducer was

optimized. In order to increase the directivity of its main

beam, its diameter was widened (200 mm instead of 38.1 to

50 mm for experiments). The prescribed pressure was win-

dowed by a Gaussian function in order to render the side

lobes negligible. The distance between plates was widened

in order to clearly separate the successive reemission of

each plate.

The results are shown in Fig. 12 for the studied configu-

ration. The incident acoustic beam has excellent directivity

and no observable side lobes as planned. Consequently, it

excites a unique leaky Lamb mode (A1) in the first plate.

This mode is transmitted to the second plate. A zoom is

shown in Fig. 12(b) to show the vertical displacement of A1

modes generated in the second plate. The phase velocity has

FIG. 11. (Color online) Theoretical apparent leaky attenuation (af ) normal-

ized by the leaky attenuation in the case of one plate (a) as a function of the

amplitude in the second plate where the fit starts (Af ), normalized by the

maximum amplitude in the second plate (Amax). R2 of exponential fitting is

plotted in the color scale.

FIG. 12. (Color online) FEM in the frequency domain of two immersed and parallel plates excited with an optimized acoustic beam for the studied configura-

tion (a), zoom on the red rectangle showing vertical displacement of the A1 leaky Lamb mode (b).
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been measured and confirmed the identification of the A1

mode in the first and the second plate.

We will now investigate the location and the shape of

theses different amplitudes profiles.

2. Localization of insonified areas

As seen in Fig. 12, the propagation of leaky Lamb wave

in two parallel plates induce unequal amplitudes into the

plates. The incident beam gives the initial amplitude in the

first plate and the amplitude decreases quickly because of

energy leakage into the fluid. There is then a maximum of

amplitude, which is the best place to perform NDT. The

reemission of the first plate create a new acoustic beam inci-

dent on the second plate, which lead to a new maximum of

amplitude into the second plate. The offset between the loca-

tions of these two maxima can be decompose in two part:

the geometrical offset and the remaining part which will be

called the leaky offset. The geometrical offset is due to the

reemission angle hi and is equal to dp tanðhiÞ, with dp the dis-

tance between plates. The leaky offset DX is caused by the

alimentation and the continuous reemission of energy in the

second plate: there is no analytical formulae to calculate it; it

has to be computed by FEM or EBM. We will also measure

the plate length where the amplitude is higher than �6 dB

around the maximum of the first plate (L1�6 dB) and around

the maximum of the second plate (L2�6 dB). Figure 13 sche-

matizes these notations.

We will study these three parameters (DX, L1�6 dB, and

L2�6 dB) using FEM and EBM. FEM simulations were com-

puted for A0, S0, A1, and S1 leaky Lamb modes in a large

frequency range (from 1 to 9 MHz mm). We extracted the

amplitude from both plates, and measured the leaky offset

DX and the insonification lengths L1�6 dB and L2�6 dB for

each case.

Figure 14 shows the leaky offset DX for the first four

leaky Lamb modes with the optimized transducer used for

FEM. In Fig. 14(a), we can see that the EBM models well

variations of the leaky offset for each modes. However,

EBM predictions of DX are systematically smaller by 45%

(65%) than FEM, which is the more reliable method.

Both methods are showing that leaky offset is strongly

dependent on the leaky attenuation coefficient. Figure 14(b)

shows the same data plotted in function of the attenuation

coefficient: higher leaky offset are achieved for smaller

leaky attenuation. The same behavior is also observed for

L1�6 dB and L2�6 dB that are directly plotted in function of

leaky attenuation in Fig. 15. The length of insonification is

always larger in the second plate than in the first plate. All of

this means that the amplitude profile is “flattening” or

“smoothening” when it comes to the next plates, especially

for a low leaky attenuation coefficient.

This “flattening” will be illustrated in the Fig. 16 where

amplitudes from both plates are plotted. We will now inves-

tigate the rate of decreasing in the second plate and limita-

tions of the EBM.

3. Study of the decrease in the second plate

The amplitude in the first and second plate were

extracted and compared in Fig. 16 with the theoretical results

from EBM. The amplitude from the first plate was scaled to

be compared with the EBM, and the amplitude from the sec-

ond plate was scaled by the same factor. The abscissas of

both curves were shifted according to the maximum of the

first plate. For the second plate, we choose to plot the

abscissa without the geometrical offset [dp tanðhiÞ] for a

FIG. 13. (Color online) Schematization of the two plates system with

denomination of insonified areas.

FIG. 14. (Color online) Leaky offset in second plate plotted in function of frequency-thickness (a) and leaky attenuation coefficient (b): FEM (�) and EBM

(dashed lines).
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better visualization of energy exchanges. No further opera-

tion was performed to observe the limitations of the theory.

As for Figs. 14 and 15, we adapted the EBM so the

leaky Lamb wave in the first plate would be generated by an

incident amplitude with the same Gaussian profile as that for

FEM. We applied the same assumption as that used for the

second plate, i.e., there is no direct reflection or through-

plate transmission. The effect of Gaussian excitation on

apparent attenuation was evaluated and found negligible:

6.023 Np/m without Gaussian excitation (see Fig. 10) and

6.017 Np/m with Gaussian excitation (see Fig. 16).

The theoretical and simulated amplitudes for the first

plate are in excellent agreement. For the second plate, the

theory is less accurate but still predicts the tendency of the

amplitude. The maximum amplitude in the second plate is

predicted with a 5% error, which is remarkable regardless of

the strong assumption on direct transmission and reflection.

Apparent attenuations measured after a 10% decrease in the

second plate are quite similar: 6.0 Np/m for the EBM, 5.0 for

FEM (compared with the one plate attenuation of 8.2 Np/m).

Energy exchanges between plates appear to have a pre-

dominant effect on the creation of a leaky Lamb wave in the

second plate. Other physical phenomena (such as direct

reflection or through-plate transmission) have a weaker

impact on the amplitude of the Leaky Lamb mode created in

the second plate.

The phase has been extracted in the second plate as a

function of the distance, and the phase velocity was com-

puted by a linear regression. We obtained an excellent fit-

ting, with an R2 regression superior to 0.999. The leaky

attenuation was calculated by an exponential fitting of the

amplitude as a function of the distance, with data selected

after a 10% decrease in the amplitude. The phase velocity

and leaky attenuation are plotted in Figs. 17 and 18,

respectively.

D. Experimentation

Experiments were conducted with the same protocol as

that described in Sec. II C, except that the hydrophone

scanned the reemitted field after the second plate. This

FIG. 15. Length of insonification at �6 dB in the first plate and the second

plate for FEM (�) and EBM (dashed lines) plotted in function of the leaky

attenuation.

FIG. 16. (Color online) Comparison of the amplitude between theory

(EBM) and FEM in two parallel plates.

FIG. 17. (Color online) Measurement of the phase velocity in the second plate: (a) experimental 2D-FFT of the reemitted field after the second plate in the

studied configuration (theoretical wave numbers are plotted in dotted-dash lines) and (b) comparison between the theoretical phase velocity (lines), FEM simu-

lations (þ) and experimental data measured with 2D-FFT (�).
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second plate had the same thickness as the first plate

(7.8 mm) and was positioned parallel to it. They were sepa-

rated by 152.5 mm of water.

The phase velocity was calculated with 2D-FFT proc-

essing, while attenuation was calculated with STFT (we fit-

ted the data after a 10% decrease in the amplitude). The

attenuation in the second plate was not measured by 2D-FFT

because the calculation would be based on only two points

and the assumption that the decrease is exponential

(Castaings et al., 2004). Since the expected profile is no lon-

ger an exponential decrease in the second plate, 2D-FFT is

no longer relevant to measure attenuation. The STFT is more

reliable in this case because it uses an exponential fitting

based on an all set of points.

The results are plotted against the theoretical and simu-

lation results and discussed in Fig. 18.

E. Results and discussion

The experimental 2D-FFT for the studied configuration

is plotted Fig. 17(a): the A1 leaky Lamb mode propagates in

the second plate. The phase velocity was calculated using

wavenumbers and frequencies of maximum amplitude,

which are plotted in Fig. 17(b). We observed excellent

agreement between COMSOL Multiphysics
VR

simulation,

experimentation, and theory: when a leaky Lamb mode is

reemitted from the first plate, it is generated into the second

plate.

Leaky Lamb modes propagate in the second plate

with the same velocity (phase and group) as that in the

first plate. However, the second plate is continuously sus-

tained by the acoustic reemission of the first plate as seen

in the EBM (Fig. 10) and in simulation (Fig. 12). The

amplitude decreases, but at a slower rate than in the first

plate: the apparent leaky attenuation is always inferior to

the leaky attenuation for one plate. The EBM, simulation

and experimental results are in good agreement as shown

in Fig. 18.

IV. CONCLUSION

Leaky Lamb waves were studied in the first part.

Techniques to measure their properties (phase and group

velocity, leaky attenuation) were validated by comparison

between the theoretical, experimental, and simulation data.

Short-time Fourier transform and 2D-FFT were applied to

the two-plate case in Sec. III.

For two plates of the same thickness, dispersion curves

have been computed showing the propagation of leaky Lamb

modes in both plates. More locally, a focus has been made

on the transmission of leaky Lamb modes from the first plate

to the second plate in order to investigate on the NDT of the

second plate. Due to the reemitted field from the first plate,

leaky attenuation in the second plate is much weaker than

for the one-plate case, and it has been successfully measured

by the STFT technique. We proposed a simple EBM to

quantify the energy supply from the first plate to the second

plate, and this model proved to be accurate enough to predict

the leaky Lamb wave amplitude and apparent attenuation in

the second plate.

Now that the propagation of leaky Lamb waves in a sec-

ond plate is established, the next step is to identify parame-

ters of interest for NDT in the second plate and to optimize

them. Echoes from both plates will be located with their

time of flight and their amplitude. Echoes from the second

plate will be delayed because of the fluid layer, which

imposes a propagation speed that is usually smaller than the

group velocity of Lamb waves. With the EBM we quantified

the amplitude in the second plate, which proved to be

smaller than that in the first plate: this will also help us locate

default in plates, even if calibration against a controlled

default in the first plate may be necessary. It is important to

stress the fact that this methodology is applicable to more

parallel plates, thus opening the door to the possibility of

inspecting three or four parallel plates. Experimental detec-

tions in a set of two and three parallel plates and comparison

with the EBM has been presented by Kauffmann et al.
(2018a). We have shown that NDT of the third plate is possi-

ble. Results will be available in the corresponding

proceedings.
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