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Abstract

The identifying code problem is a newly emerging search problem, challenging both
from a theoretical and a computational point of view, even for special graphs like
bipartite graphs and split graphs. Hence, a typical line of attack for this problem is
to determine minimum identifying codes of special graphs or to provide bounds for
their size.

In this work we study the associated polyhedra for some families of split graphs:
headless spiders and complete suns. We provide the according linear relaxations, dis-
cuss their combinatorial structure, and demonstrate how the associated polyhedra
can be entirely described or polyhedral arguments can be applied to find minimum
identifying codes for special split graphs. We discuss further lines of research in or-
der to apply similar techniques to obtain strong lower bounds stemming from linear
relaxations of the identifying code polyhedron, enhanced by suitable cutting planes
to be used in a B&C framework.
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1 Introduction

Many practical applications can be stated as set covering problems. For in-
stance, some newly emerging search problems like fault detection in networks,
fire detection in buildings, or performing group tests, can be modeled as special
variant of domination problems: so-called identifying codes in graphs [17].
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Consider a graph G = (V, E) and denote by N[i] = {i} U N(i) the closed
neighborhood of i. A subset C' C V' is dominating (resp. identifying) if N[i|nC
are non-empty (resp. distinct) sets for all i € V. An identifying code of G is
a node subset which is dominating and identifying, see Figure 1, and the
identifying code number v'P(G) of a graph G is the minimum cardinality of
an identifying code of G.

USRS

(b) © (d)

Fig. 1. A graph, where the subset of black nodes forms (a) a dominating (but not
identifying) set, (b) an identifying (but not dominating) set, and (c), (d) minimum
identifying codes.

Determining /P (G) is in general NP-complete [9]. It even remains hard for
several graph classes where many other in general hard problems are easy
to solve, including bipartite graphs [9], split graphs [11] and, thus, chordal
graphs. From a graph theoretical point of view, the problem has been actively
studied, see e.g. [6,7,12,15] for some recent papers in the area.

Polyhedral studies of the identifying code problem were initiated in [2,3]. For
that, a suitable reformulation of the problem in terms of an integer linear
program is in order. Determining a minimum identifying code in a graph
G = (V, E) can be formulated as set covering problem min 17z, M;p(G) > 1,
x € {0, 1}Vl by:

min 17z
r(Nj]) = Zienjjzi 21 Vj €V (domination)
r(N[j] & N[K]) = Xiengjang i = 1 Vi, k € V,j # k (identification)
r € {0,1}VI.
We call

N[G]

M;p(G) =
AlG]

the identifying code matrixz of G, encoding the closed neighborhoods of the
nodes of G (N[G]) and their symmetric differences (A[G]), and define the
identifying code polyhedron of G as

P[D(G) = COHV{Z' S Z|+V| . M[D(G) X Z 1}
It is clear by construction that v/?(G) equals the covering number

7(M;p(G)) :==min{1"z : x € P;p(G)}.



In addition, a graph G has an identifying code or is identifiable if and only if
M;p(G) has no zero-row. As N|G| has clearly no zero-row, G is identifiable if
and only if A[G] has no zero-row which is equivalent to the known condition
that G is identifiable if and only if it has no true twins, i.e., nodes 7, j with
NJi] = N[j], see [17].

As M;p(G) may contain rows which are equal to or dominated by other rows
in M;p(G), we define the corresponding clutter matrix, the identifying code
clutter C1p(G) of G, obtained by removing repeated or dominated rows from
M;p(G). We clearly have that

Pip(G) = conv{z € Zlfl :Crip(G) x > 1},
and obtain as a linear relaxation the fractional identifying code polyhedron

Qip(G) ={z € ]le‘ :Cip(G) = > 1}.

In [2,3] we characterized when P;p(G) is full-dimensional and which con-
straints of Q;p(G) define facets of Prp(G):

Lemma 1 ([2,3]) Let G be a graph without isolated nodes and let Vi (G) be
the set of nodes k € V(G) such that {k} = N[i] A N[j| for two different nodes
i and j in V(G). Then,

o Pip(G) is full-dimensional if and only if Vi(G) = 0.
e The constraint x; > 0 defines a facet of Pip(G) if and only if i ¢ Vi(G).
e All constraints from Crp(G) x > 1 define facets of Pip(G).

In this work we study the identifying code problem from a polyhedral point of
view and focus on some families of split graphs: headless spiders and complete
suns.

We provide the according linear relaxations, discuss their combinatorial struc-
ture, and demonstrate how the associated polyhedra can be entirely described
or polyhedral arguments can be applied to find minimum identifying codes
for special split graphs, see Section 2. Parts of the results appeared without
proofs in [4].

We discuss further lines of research in order to apply similar techniques to
obtain strong lower bounds stemming from linear relaxations of the identifying
code polyhedron, enhanced by suitable cutting planes to be used in a B&C
framework, see Section 3.



1.1 Preliminary definitions

Given a set F' of vectors in {0,1}", we call y € F' a dominating vector (of
F) if there exists x € F with < y. It can be also said that = is dominated
by y. From now on, every matrix has 0, l-entries, no zero columns and no
dominating rows.

As there is a one-to-one correspondence between a vector x € {0,1}" and the
subset S, C {1,...,n} having = as characteristic vector, we write x instead
of S;. Remind that a cover of a matrix M is a vector x € {0, 1}" such that
Mz > 1. According to the previous convention, a cover of M is a subset of
columns ({1,...,n}) that intersects all the rows of M.

In addition, the cardinality of a cover x is denoted by |z| and equals 1z. A
cover x is minimum if it has the minimum cardinality and in this case |z| is
called the covering number of the matrix M, denoted by 7(M).

Recall that the set covering polyhedron of M, denoted by Q*(M), is defined
as the convex hull of its covers. The polytope Q(M) = {z € [0,1]" : Mz > 1}
is known as the linear relazation of QQ*(A). When Q*(A) = Q(A) the matrix
A is ideal and the set covering problem can be solved in polynomial time (in
the size of M).

A cover of M is minimal if it does not dominate any other cover of M. The
blocker of M, denoted by b(M), is the matrix whose rows are the minimal
covers of M. It is known that b(b(M)) = M and also that a matrix M is
ideal if and only if its blocker is (see [18]). In addition, since b(b(M)) = M we
can refer to Q*(M) and Q(b(M)) as a blocking pair of polyhedra. Moreover,
a is an extreme point of Q(b(M)) if and only if a’z > 1 is a facet defining
inequality of Q*(M) (see [14]). In the sequel we will refer to this property as
blocking duality.

Given a matrix M and j € {1,...,n}, we introduce two matrix operations:
the contraction of j, denoted by M/j, means that column j is removed from
M as well as the resulting dominating rows and hence, corresponds to setting
x; = 0 in the constraints Mz > 1. The deletion of j, denoted by M \ j means
that column j is removed from M as well as all the rows with a 1 in column
J and this corresponds to setting x; = 1 in the constraints Mz > 1.

Given M and Vi, V, C {1,...,n} disjoint, we will say that M/V; \ V; is a
mainor of M and this minor does not depend on the order of operations or
elements in {1,...,n}. It is clear that M is always a minor of itself and we
will say that a minor M/Vj \ V4 is proper if Vi U Vs # (). It is not hard to see
that b(M/j) = b(M) \ j and b(M \ j) = b(M)/j for every j € {1,...,n}. In
addition, if a matrix is ideal then so are all its minors (see [10] for details).



A rank inequality is

€M’
associated with a minor M" = M \ U. If (1) is a facet of Q*(M’), then it is
also a facet of Q*(M) (see [19]).

In addition, if the rank constraint associated with some minor induces a facet
defining inequality of Q*(M) then this inequality is also induced by a minor
obtained by deletion (see [1] for further details).

2 Identifying code polyhedra of some split graphs

A graph G = (C' US| E) is a split graph if its node set can be partitioned
into a clique C and a stable set S. Hence, split graphs are closed under taking
complements by definition.

Moreover, split graphs form the complementary core of chordal graphs (graphs
without chordless cycles of length > 4) since G is a split graph if and only if G
and G are chordal [13]. This is also reflected in terms of forbidden subgraphs
since a graph is a split graph if and only if it is (Cy, Cy, Cs)-free [13] (note
that Cs is self-complementary and that C4 occurs as induced subgraph in any
chordless cycle Cy with k > 6 such that all chordless cycles C) with k > 4 are
excluded in G as well as in G). The relation between chordal and split graphs
can also be interpreted in terms of intersection graphs: while chordal graphs
are the intersection graphs of distinct subtrees of a tree, split graphs are the
intersection graphs of distinct substars of a star, see e.g. [8].

Our aim is to study identifying codes in split graphs from a polyhedral point
of view. First note that a split graph is identifiable if and only if no two nodes
in C' have the same neighbors in S. For instance, a complete split graph (i.e.,
a split graph where all edges between C and S are present) is not identifiable
as soon as C' contains 2 nodes (as any two nodes in C' are true twins). For
instance, crowns (the complete split graphs with |C'| = 2) are not identifiable.

Next, recall that finding a minimum identifying code in split graphs is NP-hard
[11]. So far, v'P(@) is only known for two families: on the one hand, stars (the
complete split graphs G = (C' U S, E) with |C| = 1) are the only identifiable
complete split graphs and have v/P(G) = |S|; on the other hand, split graphs
G = (CUS, E) where every node in S is connected to a distinct 2-node subset
of C have v (G) of order log(]S| + |C]), see [11]. The two families show the
wide range of the possible size of minimum identifying codes in split graphs:
while the lowest possible lower bound of logn is attained for the latter, stars
achieve almost the highest possible value n.



Moreover, a split graph is connected if and only if no node in S is isolated.
Every non-connected split graph G contains a connected split graph G’ and a
non-empty subset S’ C S of isolated nodes, and clearly v/P(G) = v'P(G")+|5'|
holds.

This motivates the study of identifying codes in non-complete, connected split
graphs GG. We concentrate on three families of split graphs with a regular
structure. This allows us to benefit from a certain combinatorial structure
of the identifying code clutter Crp(G) of G and to draw conclusions for the
polyhedra P;p(G) and the identifying code number v/P(G) in a similar way
as discussed for families of bipartite graphs in [2,3].

In particular, note that stars K, are bipartite graphs as well as split graphs.
Their identifying code clutter is related to g-roses RY, 0, 1-matrices with n
columns whose rows encode the incidence vectors of all the g-element subsets

of {1,...,n}. We have:

Theorem 1 ([2,3]) For a star Ky, = (V,E) with n > 3, we have

o Cip(Ki,) = RELH;

o Pip(Ky,) is entirely described by the inequalities z(V') > |V| — 1 for all
nonempty subsets V! C V;

o 'YID(Kl,n) =n.

In this paper, we study three families of split graphs with |S| = |C| > 2 having
a regular structure. A headless spider is a split graph G = (C' U S, E) with
S=A{s1,...,8.}, C ={c1,...,¢c,}, and n > 2. In a thin headless spider, s; is
adjacent to ¢; if and only if ¢ = j, and in a thick headless spider, s; is adjacent
to ¢; if and only if 7 # j. It is straightforward to check that the complement
of a thin spider is a thick spider, and vice-versa. Moreover, headless spiders
where s; is adjacent to exactly ¢; and ¢; 1 for all 1 <7 < n are complete suns.

It is easy to see that for n = 2, the path P, equals the thin and thick headless
spider, whereas the complete sun is not identifiable. For n = 3, the thin
headless spider equals the net, and thick headless spider and complete sun its
complement, the 3-sun. We consider headless spiders with n > 4; Figure 2
illustrates all studied three families for n = 4. The partition (C,S) is called
the spider partition and can be found in linear time [16].

@ (b) (©

Fig. 2. (a) thin headless spider, (b) complete sun, (c) thick headless spider.



2.1 Thick headless spiders

For simplicity, we will denote thick headless spiders by their partition and we
will consider that C'={1,...,n} and S = {n+1,...,2n}. Also, we denote by
E a matrix with all entries at value one and recall that R stands for a g-rose
of order n.

Lemma 2 For a thick headless spider G = (C'U S, E) with n > 4, we have

RV I
Crn(G) = .
0 R

Proof. Let G = (C'US, E) be a thick headless spider. The neighborhood matrix

of G can be written as
E RZ‘l
N[G] = .
RZ’I I

Now, in order to find A[G]:
(1) Ifi,j € C, N[i| AN[j] ={i+n,j+n}

(2) It 4,5 €5, NI A N[j] = {i} U (C = {i =nP] AU (C = {j —n})] =
{i,j,1 —n,j —n} and are dominated by a row of the case (1).

(Ba)IfieCandje S, j#i+n, Ni|AN[j]=[CU(S—{i+n})|A[{j}U
(C—={j—n})={)—n}U(S—{j,i +n}) is dominated by NI[i].

Bb)IficCandj=i+tne S, NiJAN[ =[CU(S - {i+n)] AU
(C—{j—n))=[CUS—{i+n)]A[i+n}U(C—{i}) ={i}US and are

dominated by a row of the case (1).

As the first n rows of the matrix N[G] above are also dominated, we have that
the clutter matrix C;p(G) can be written as

RV I
Cip(G) = .
0 R

As an immediate consequence, we obtain:

O



Corollary 1 Let G = (CUS, E) be a thick headless spider. Then:

o Pip(QG) is full-dimensional.
e The constraint z; > 0 defines a facet of Pip(G) for eachi € C'US.
o All constraints from Cip(G) x > 1 define facets of Pip(G).

Observe that 7(1,1) = n. Then if G = (C' U S, E) is a thick headless spider,
YIP(G) > n. In fact, we have:

Corollary 2 Let G = (C U S, E) be a thick headless spider. Then S is a
minimum identifying code and, thus, v'P(G) = n.

Proof. 1t is clear that every cover of Cp(G) must contain a subset of S having
n — 1 elements. Nevertheless no subset of S having n — 1 elements covers the
matrix Cyp(G), but S does. Then, /P (G) =n. O

In [5], the set covering polyhedron Q*(R%) = conv{x €77 : Rlx > 1} of com-
plete g-roses was studied.

Theorem 2 ([5]) Let n > q > 2. An inequality ax > 1 is a facet defining
inequality for Q*(R2) if and only if ax > 1 can be written as x(As) > |As|—q+1
for some As C{1,...,n} where s € {0,...,n—q— 1} and |As| =n — s.

As R? is a minor of Crp(G) obtained from the deletion of the nodes of C' in
the underlying graph G = (C' U S, F), we have:

Corollary 3 Let G = (C U S, E) be a thick headless spider. Then, for all
nonempty subsets A C S, the inequalities ©(A) > |A| —1 are facets of Pip(G).

In order to study the remaining facets of P;p(G) we need a description of the
blocker of Crp(G).

From now on we consider vectors in {0, 1}'** of the form e; @ f; where e; for
i =1,...,0is the unit vector in {0,1} and f; for j = 1,...,k is a vector in
{0,1}* such that (f;), =0if j =t and (f;), = 1 if j # t.

Theorem 3 Let Cip(G) be the clutter matrixz of a thick headless spider G =
(CUS, E). Every minimal cover x of Cip(G) is minimum. Moreover, either
r=0®1 where 0,1 € {0,1}" orx =e; ® f; where e;, f; € {0,1}" withi # j.

Proof. From Corollary 2, S is a minimum cover of C;p(G). Now, let x be
a minimal cover of C;p(G) such that z; = 0 for some j € {n +1,...,2n}.
It is known that every row of R covers (e; + e;) for every 4,7 = 1,...,n
[5], then any cover x with x,.; = 0 for some j € {n + 1,...,2n} must be
of the form x = y @ f; with some y € {0,1}". In order to cover the rows of
submatrix (R, I) it is enough to consider 2"/ =e; @ f; for 4,5 = 1,...,n



and i # j. Then |z| = |#%| = n for every 4,5 = 1,...,n and i # j and they
are all minimum covers. Now, let v be a cover of C;p(G), with v,,4; = 0. Then
v=y® f; and y € {0,1}". But y must be a cover of R !, i.e., y = e; + h for
some i # j and some h € {0,1}". Then y is not minimal. O

Now, we present some technical lemmas:

Lemma 3 Letl >k > 2 and M be a matriz with | + k columns and rows
0® 1 where 0 € {0,1}' and 1 € {0,1}",

e1 & fj, where e; € {0,1}, f; € {0, 1}F with j = 2,...,k,

e; © f1, where e; € {0,1}, f, € {0,1}* and i =2,... 1,

er D fr

Then M has rank | + k.

Proof. The proof follows from the fact that the [ + k£ rows of matrix M are
linearly independent. O

As a consequence we can prove the following:

Corollary 4 Consider Cip(G) of a thick headless spider G = (C' U S, E). If
T € R*™ is an extreme point of Q(b(Cr1p(G))) such that x; # 0 for alli € CUS
then & = %1 c R,

Proof. From Theorem 3 it follows that every row of b(Crp(G)) is either 0 @ 1
where 0,1 € {0,1}" or e; @ f; for i,j = 1,...,n and 7 # j. Then they all
have n ones per row. By Lemma 3 there are 2n linearly independent rows in
b(Crp(G)). It follows that if z = 21 € R” then it satisfies b(Crp(G))z = 1.
Hence 7 is a fractional extreme point of Q(b(Crp(G))). Now, if g is an extreme
point of Q(b(C;p(G))) with all nonzero components then it must satisfy 2n
linearly independent inequalities of Q(b(Cip(G))) at equality having n ones
per row. It follows that y = z. O

Using blocking duality it can be seen that Corollary 4 gives an alternative proof
of v/P(G) = n and states that the only facet of P;p(G) with full support is
the rank inequality associated with G.

In order to obtain the complete description of P;p(G), we need some fur-
ther results. The proofs of the next two lemmas follow from straightforward
computation of contraction of columns in matrices.

Lemma 4 Consider M = Cip(G) of a thick headless spider G = (C' U S, E)
and let 1 € C. Then M/i is a matriz with 2n — 1 columns and whose rows are
(1) e, & f; where f; € {0,1}" and e, € {0,1}"! forh=1,....,n—1, h # .
(2) 0@ f; where 0 € {0,1}" and f; € {0,1}" for j=1,...,n and j # i.



Lemma 5 Consider M = Cip(G) of a thick headless spider G = (C' U S, E)
and let i € S. Then M/i is a matriz with 2n — 1 columns, having n — 1 ones
per row and whose rows are

(1) e; ® f; where e; € {0,1}" and f; € {0,1}" forj=1,...,n—1,

(2) e, & f; where e, € {0,1}" and f; € {0,1}"" " forj=1,....n—1,j#h
when © > h and j — 1 # h when 1 < h,

(3) 01 where 0 € {0,1}" and 1 € {0,1}"L.

Lemma 6 Let M be a matriz with 2n — 1 columns and 2(n — 1) rows such
that the first n — 1 rows are of the form e; & f1 where ¢; € {0,1}"~1 for
i=1,...,n—1 and f; € {0,1}" and the remaining n — 1 rows are 0 & f;
where 0 € {0,1}""! and f; € {0,1}" for i = 2,...,n. Then every extreme
point x € Q(M) having x; # 0 for some l=1,...,n—1 is of the form z; =1
forallj=1,...,nandx; =04ifj=n+1,...,2n— 1.

Proof. Consider the system Mz > 1 with 2(n—1) rows. Adding a slack variable
s; to each row ¢ of the system, we get Mx — Is = 1 where [ is the identity
matrix of size 2(n — 1).

If z is an extreme point of (M) then there must be a basic feasible solution
associated with it, i.e., there must be a subdivision of (M, I') of the form (B, N)
where B is a regular submatrix of M of maximum rank. Also, if j is an index
corresponding to a column in N then x; = 0.

It is easy to check that the rows of M are linearly independent, so the rank
of B is 2(n — 1). The total number of variables in Mx — I's = 1 including the
original variables and the slack variables is 2n —1+2(n—1), but 2(n—1) must
be basic variables then there are at least 2n — 1 variables at value zero. Then,
there must be at least one index of a column in M, say j, such that z; = 0.
Observe that for every i = 1...,n — 1 the variable z; and the slack s; appear
in the system Mz — Is = 1 only in row ¢, i.e., the columns corresponding
to variables s; and x; are the same for all ¢ = 1,...,n — 1. Hence, for all
1=1,...,n—1if x; is a basic variable then s; is a nonbasic variable.

From assumption Z; > 0 we obtain s; = 0 and then it holds that

T+ Y, Tpy=1

If 371 1 Tnyi =0 then z; = 1 for all i = 1,...,n and the lemma follows.
Assume that 37, , 1Ty =1 > 0. Then Z; =1 -1t +s; =T +s; > 0 for
alli=1,...,n with ¢ # [. Then z; with i = 1,...,n — 1 are all basic variables
and consequently s; are nonbasic fort=1,...,n — 1.

10



Now, consider the last n — 1 equalities of Mx — Is = 1. They are:

T, + Z Tpai— Sp_1ap =1 forall k=1....n—1.

Then it holds that
Tpn=1—t+ZTpip+Sp_14% forall k=1... . n—1

So, Z,, > 0 and then z; is basic for i = 1,...,n. Remind that z; = 0 for some
je{l,....2n—1} thenn+1<j<2n—1.But, Z, =1 —t + Tpij + Sn_14,
and if s,_14; > 0 then one of Z,, 44 and s, _14, must be positive for every k =
1...,n—1. This implies that we have n — 1 more basic variables, contradicting
the fact that they are 2(n — 1).

Then the basic solution of Mx —1Is = 1 corresponds toz; = 1forj =1,...,n,
sj=0forj=1,....,2(n—1)and z; =0if j=n+1,...,2n—-1. O

Now, we can further show:

Theorem 4 Let b(Cp(G)) be the blocker of the identifying code clutter ma-
triz of a thick headless spider G = (C' U S, E). Let T € R*" be a fractional
extreme point of Q(b(Crp(G))) such that the set A = {i : &; = 0} is nonempty.
Then either

(1) AgSandfi:n}'A' when i ¢ A or

(2) C C A and|Al <2(n—1) andfi:mfor all i ¢ A.
Proof. Let T be a fractional extreme point of Q(b(Crp(G))) and let A = {i :
x; = 0} with A a nonempty set.

It is clear that 7 € Q(b(C1p(G)))N{z; = 0:i € A}. Then  can be partitioned
into (Za,Z ) where A is the complement of A in {1,...,2n}. In order to ease
notation let us call § = Z 4 € R" 14l Then it holds that 7 is an extreme point

of Q(b(Cyp(G))/A) with all components different from zero.

First consider A C S = {n+1,...,2n}. If n — |A| = 1, it is easy to check
that matrix b(C;p(G)/A) is the n x n identity matrix. Then y € {0,1}"*!
contradicting the fact that z is a fractional extreme point.

If n —|A| > 2 we can iteratively apply Lemma 5 and then we get a matrix
b(Cip(G)/A) whose rows all have n — |A| ones and using Lemma 3 it holds
that there are n + n — |A] linearly independent rows of b(C;p(G))/A with
n — |A| ones per row. Then if g is an extreme point of Q(b(Crp(G))/A) with

all nonzero components then i = n71| Al 1.

11



Now, let A be such that i € A and j ¢ A with {4,j} C {1,...,n}. W.Lo.g. we
may assume that ¢ = 1. Then, by Lemma 4 we can see that matrix b(C;p(G))/i
is of the form of matrix M in Lemma 6 with 2(n—2) rows and 2n — 1 columns.
Then using Lemma 6, the extreme point € {0, 1}?"~14l contradicting the fact
that = is a fractional extreme point. Hence if i € A for some i € {1,...,n}
then C' C A. In this case the rows of matrix b(Crp(G)/A) are of the form
fi €{0,1}2 140 for every i = 1,...,2n — |A|. Then the only possible solution
is y; = m foralli=1,...,2n—|A|. O

As a consequence of Theorem 4 and blocking duality, we conclude:

Corollary 5 Let G = (C' U S, E) be a thick headless spider and S C S
nonempty. Then, the inequalities (C) +x(S") > n—|S— 5| when 2 < |5'| <
n—1and x(S") > |S"| — 1 when 2 < |S'| < n are facets of Prp(G).

As a consequence of Corollary 5 and Theorem 4, we obtain the main result of
this section:

Corollary 6 Let G = (C'US, FE) be a thick headless spider. Then, the facets
of Prp(G) are

e the constraint x; > 0 for alli € CUS,

e the constraints Cip(G) © > 1,

e the constraints x(C) + x(S") > n —[S — 5’| and z(S") > |S'| = 1 for every
S'C S with 2 < |S.

2.2 Thin headless spiders

Lemma 7 For a thin headless spider G = (C' U S, E) with n > 4, we have

I I
Crp(G)=1] 0 R?
R 0

Proof. Let G = (C'U S, E) be a thin headless spider with C' = {1,...,n} and
S ={n+1,...,2n}. The neighborhood matrix of (C,S) can be written as

EI
I

N[G] =

Now, in order to find A[G]:
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(1) Ifi,j € C, N[i| AN[j] ={i+n,j+n}
(2)Ifi,5 € S, Ni]AN[j] = {i,i—n} A{j,j—n} and are dominated by N|i].

(Ba)IfieCandje S, j#i+n, Ni|AN[j]=[CU{i+n})]A{j,j—n}=
{j,i+n}U(C —{j—n}) is dominated by N|i].

B3b)IfieCandj=i+nesS, N[ijAN[ =[CU{i+n})]A[{iit+n}=
C — i},

As the first n rows of the matrix N above are also dominated, we have that
the clutter matrix C7p(G) can be written as claimed. O

Corollary 7 Let G = (C' U S, E) be a thin headless spider. Then we have:

e Pip(G) is full-dimensional.
e The constraint x; > 0 defines a facet of Prp(G) for alli e CUS.
o All constraints from Crp(G) x > 1 define facets of Pip(G).

In [19], it is proved that 7(R%?) = n — 1. Then if G = (C U S, E) is a thin
headless spider, y/P(G) > n — 1. In fact, we have:

Corollary 8 Let G = (C' U S, E) be a thin headless spider. Then, v'P(G) =
n—+ 1.

Proof. Let G = (C'U S, E) be a thin headless spider with C' = {1,...,n} and
S ={n+1,...,2n}. Tt is immediate to observe that v'P(G) > 7(R"') +
7(R2)=2+n—1=mn+1.In addition, if T'= {1,2,2+n,3+n,...,2n} then
o satisfies Cip(G)zr > 1 and |T| = n + 1, we conclude v/P(G) =n + 1. O

Moreover, we obtain:

Corollary 9 Let G = (CUS, E) be a thin headless spider. Then,

(1) the inequalities x(A) > |A| —1 for all nonempty subsets A C S are facets

Of P]D(G),
(2) the inequality x(C) > 2 is a facet of Prp(G).

Proof. As R? is a minor of C;p(G) obtained after deletion of the nodes in C,
as a consequence of Theorem 2 we have that the inequalities x(A) > |A| — 1
for all nonempty subsets A C S are facets of P;p(G). Also, R"~! is a minor of
C1p(G) obtained after deletion of the nodes in S, and again using Theorem 2
we obtain z(C') > 2 as a facet of Prp(G). O

In [4], it was conjectured that there are no further facets necessary to en-

tirely describe the identifying code polyhedron of thin headless spiders. In the
remaining part of this section, we present the proof of this conjecture.
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As an immediate observation, the rank inequality z(C'U S) > n + 1 is not a
facet of Prp(G) since it can be obtained as the sum of the facets (S) > n—1
and x(C) > 2.

Theorem 5 Let Crp(G) be the clutter matriz of a thin headless spider G =
(CUS,E). Bvery minimal cover x of Cip(G)) is minimum. Moreover, x =
(ei +€j) & f; where e;, f; € {0,1}" with i # j.

Proof. Let x be a minimal cover of C7p(G)). It is clear that x = v @ u where
v € {0,1}" covers the rows of matrix R?~! and u € {0,1}" covers the rows
of R2. Hence v = ¢; + ¢; with i,j € {1,...,n} and i # j and u = f; with
le{l,...,n}. Also, z must cover the first n rows of matrix C;p(G)), then if
r =v & u with v = e; + e; then either u = f; or u = f;. Then |z| =n + 1 for
every i,j = 1,...,n and 7 # j and they are all minimum covers. O

In order to identify the complete description of P;p(G) when G = (CUS, E) is
a thin headless spider, we use blocking duality again. Consider the polyhedron

QO(Crp(@))).

As a consequence of the previous theorem all the rows in matrix b(Cp(G))
have n + 1 ones, then the point = = 1 -5 € Q(b(Cip(G))). But Z cannot be
an extreme point of Q(b(Crp(Q))) since we have already mentioned that the
rank inequality z(C'US) > n+1 is not a facet of P;p(G). So, every fractional
extreme point of Q(b(Cp(G))) must have some of its components at value
zero. From Corollary 9 we know that the point = of the form z; = % for all
1€ C and x; = 0 for all ¢ € S is an extreme point as well as all the points of
the form z; = \Al%l for all i € A C S with A nonempty and z; = 0 for ¢ ¢ A.
The following results show that these are the only fractional extreme points

of Q(b(Crp(G)))-

Lemma 8 Let M be the n X 2n matriz whose rows are the characteristic
vectors of e;® f; fori € {1,...,n} and e;, f; € {0,1}" for everyi € {1,...,n}.
Let & € Q(M) such that z; # 0 for some |l € {1,...,n}. If T is an extreme
point of Q(M) then T € {0,1}*".

Proof. 1t is easy to check that the nontrivial inequalities describing Q(M) are

T + Z Tpip > 1foralle=1,... n.
k=1,...,n;k#i

After adding the slack variables to the inequalities above we obtain

x; + Z Tpip —Si=1foralle=1,... n.
k=1,...n;k#i

For every ¢ = 1, ..., n it holds that variable z; is basic if and only if variable s;
is nonbasic, since their respective columns are the same. By assumption there
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isl € {1,...,n}such that 7; > 0, then s; = 0and 7, = 1 =31 50y Trgre- If
z; > 0forall i € {1,...,n} then all basic variables are z; with i € {1,...,n}.
Then z,; =0fori e {1,...,n} and z; = 1 fori € {1,...,n} and the lemma
follows.

Observe that there is ¢ € {1,...,n} such that Z,,; = 0, otherwise vari-
ables x,y; with ¢ = 1,...,n are basic contradicting the fact that z; > 0
for some [ € {0,...,n}. So, let I = {i : 1 < i < nandz; = 0}. By as-
sumption I # {1,...,n} and consider I nonempty. Recall that z; > 0 and
x + Zk:L...,n;k;ﬁl .7_3”+k = 1. Let + € I then Zk:l,...,n;k;éi jn—l—k — §; = 1. Thus
Tpal — Ty — Tpyi = S; and then x,.; > x; > 0. Therefore, if Z is an extreme
point then z;, x;1, is a pair of basic variables for every i ¢ I. Since there are
n basic variables, then n — |I| < 7.

W.lLo.g assume that I = {1,...,l} with [ < %. If Z,4; > 0 for some 7 €
then variable s; is nonbasic, since adding the columns corresponding to the
variables x,, and x5, yields the sum of columns corresponding to the variables
s; and x,4;. Let us call J={i e I:z,.; =0}

Again, we can assume that J = {1,...,m} with m <[ < . Hence we have

Z Tpip—Si=1foralli=1,...,m
k=m+1,....,n

and
Z Tpap = 1foralli=m+1,..., L
k=mA+1,...,n;k#i
It holds that for every j € J, s; > 0 follows and is thus basic. But, we have
that for every ¢ = 1... n either z,,; > 0 and is thus basic or s; > 0 and is
thus basic. These variables together with every z; with ¢ ¢ I make more than
n positive variables. It follows that Z is not an extreme point. O

Lemma 9 Let & € Q(b(Cip(Q))) such that 7 # 0 and T; = 0 for l,j €
{1,...,n}. If T is an extreme point of Q(b(Crp(QG))) then z € {0,1}*".

Proof. W.l.o.g. assume j = 1 and consider an extreme point & of Q(b(C;p(G)))
with 7y = 0 and z; > 0. If Z,,; = 0 we can study the extreme points of
Q(Crp(@)) N{x € R : 2y = z,,11 = 0}. It is easy to see that the matrix
b(Crp(G))/1,n + 1 corresponds to a n — 1 x 2(n — 1) matrix whose rows are
the characteristic vectors of e; @ f; for ¢ € {1,...,n — 1} and ¢;, f; € {0,1}"
for every i € {1,...,n — 1}. Hence the result follows from Lemma 8.

Now, assume that z,,; > 0. Moreover, we assume that any time if z; = 0
then Z,4; > 0. Observe that the rows of matrix b(C;p(G))/1 correspond to
the characteristic vectors of e; @ f and e; @ f;4q for i € {1,...,n — 1} where
e; €{0,1}" 1 and f; € {0,1}". So the inequalities describing Q(b(Crp(G))/1)
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are
T + Z Tpip > 1foralli=2....n
k=2,...,n
and
T; + Z Tpip > 1foralle=2,... n.
k=1,...,n;k#1

Consider the system of equalities obtained after adding the slack variables to
the inequalities above as follows:

T + Z Tpar —8; =1foralli=2,...,n
k=2,...n

and
T + Z Tpak — Spaio1 = Lforalli=2.... n.
k=1,...n;k#1i
So we have 2n — 2 basic variables and 2n — 1 nonbasic variables. Suppose that
x; > 0 for every ¢ € 2,...,n, then z,,; > 0 for ¢ € 1,...,n. This implies
that variables z; for every i € {2,...,n} and 2, 4; for i € {1,...,n} are basic
variables, a contradiction.

There must be some [ € {2,...,n} such that x; = 0. Therefore, our set of basic
variables includes variables x; for every ¢ such that z; > 0 and every x,; for
wich z; = 0. These are n basic variables. W.l.o.g assume I = {1,...,m} such
that z; = 0 when ¢ € I and z; > 0 otherwise. Then let [ ¢ I. Then

T+ Y, Tpe—si=1,
k=2,...m

but also
T+ Z Tpyk — Si4n—1 = 1.
k=1,....m
Observe that one between s; and s;,,_ 1 must be nonbasic, since z; is a basic
variable. It follows that s;1,_1 > 0 and s; = 0. Also Z; + > 4o Tngr = 1.
So we have that for every j ¢ I, s;1,_1 is a basic variable. Now, let i € [ it

holds that
Z En+k —S5; = 1.
k=2,....m
But as we have already seen >2y_5 ,, Tpqr < 1 and hence s; > 0 for all j € I.
So we have 2n basic variables which is a contradiction. O

In summary, we obtain the main result of this section:

Corollary 10 Let G = (C'US, E) be a thin headless spider. Then, the facets
of Prp(G) are

the constraint x; > 0 for alli € C'US;

all constraints from Cip(G) = > 1;

the constraint x(C') > 2;

the constraints x(A) > |A| — 1 for all nonempty subsets A C S.
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2.8 Complete suns

As third family of headless spiders G = (C'U S, E) having a regular structure,
we consider complete suns, where S = {sq,...,s,}, C ={c1,...,¢,} and s; is
adjacent to exactly ¢; and ¢;44 for all 1 < i < n (indices are taken modulo n).

In contrary to thin and thick headless spiders whose identifying code clutters
are composed by few ¢-roses, the identifying code clutters of complete suns
have a more complex structure, involving different combinations of subma-
trices with a circular structure, where some submatrices occur for all n > 4,
others not (depending on the parity of n and the size of the graph).

A circulant matrix is a square matrix where each row vector is shifted one
element to the right relative to the preceding row vector. We denote by C¥ a
circulant matrix in {0, 1}"*" having as first row the vector starting with &k 1-
entries and having 0-entries otherwise. Moreover, we denote by C*** a matrix
in {0,1}™*" with n > 2k + 2 having as first row the vector starting with k
l-entries, then having at least two 0O-entries, again k 1-entries, and 0O-entries
otherwise (at least two again).

Lemma 10 For a complete sun G = (C'U S, E) with n > 4, the identifying
code clutter Crp(G) is composed by the following submatrices

(cx | 1 ) Vn >4

(0 | CHt Vn >5

(0 ]C%,C’%) forn =4
(0 | c) Vn > 9

(0 |C§,C% ) Vn > 8,n even
(o2 1) Vn >4
(G o) Vn >4

where the first part refers to C, the second part of the matrices to S.

Proof. Let G = (C'US, E) be a complete sun. The neighborhood matrix N[G]
of (C,S) is composed by

(E|C2)  for N[C)
(C%| 1) for N[S].

Thus, only N[S] is in C;p(G). To find A[G], we distinguish three cases.
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Case 1: the symmetric differences between two nodes in C' have the form

e Nici] A Nlcipa] = {si-1, sit1};
° N[CZ} AN N[Ci+j] = {Si—la Siy Sitj—1, 8i+j} for 1 < 7 < %

For all n > 4, the former symmetric differences remain in C7p(G) as submatrix
(0] CHL) Vn >5

(but yield for n = 4 not the whole circulant matrix). The latter symmetric
differences are dominated by the former if j = 2,3. Thus, for each 4 < j < 7,
the symmetric differences N¢;] A N|e;4;] remain in C;p(G) as submatrix

(0]C22) Vi >9

(but yield for j = % not the whole circulant matrix).

Case 2: the symmetric differences between nodes in C' and S have the form

o Nlc;] A N[s;| = (C —{ci—1,¢}) U{si—1};
o Nlci| AN[s;1] = (C —{ci—2,ci—1}) U {si};
o Nci| A N[s;l = (C —A{cj-1,¢}) U{si—1,s:} for j # 1,0 — 1.

Thus, N[¢;] A NJs;] is dominated by N|s;] if j # i,7—1, and remains in C7p(G)
for j =1, — 1, forming two submatrices of the form

(Cn2| 1) Vi > 4.

Case 3: the symmetric differences between two nodes in S have the form

o N[s;] A Nisiy1] = {ci, civa, } U {8i, 5541}
[ ] N[SZ} A N[Sj] = {Ci7 Ci+1, Cj, Cj+1} U {Si, Sj} fOI' j 7& 7.

Thus, N[s;] A N[s;| is dominated by N|s;] if j # ¢+ 1, and remains in C7p(G)
for j =i+ 1, forming a submatrix of the form

(CH ] C?) Vn > 4.
This together completely describes the identifying code clutter Cyp(G). O

Corollary 11 Let G = (C U S, E) be a complete sun with n > 4.

o Pip(QG) is full-dimensional.
e The constraint x, > 0 defines a facet of Pip(G) for eachv € C'US.
o All constraints from Crp(G) x > 1 define facets of Pip(G).
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Unfortunately, the whole system of facet-defining inequalities for the identi-
fying code polyhedra P;p(G) of complete suns is not easy to describe since
non-rank facets are required for all cases n > 4 (in fact, most facets of Prp(G)
are non-rank and involve large coefficients). However, from a careful analysis
of the constraints involved in the identifying code clutter C;p(G) of complete
suns, we derive at the following conjecture:

Conjecture 1 For a complete sun G = (C' U S, E) with n > 4, the stable set
S is a minimum identifying code.

Note that it is easy to see that S is always an identifying code for a complete
sun G = (C'U S, E), since all rows of C;p(G) have at least one 1l-entry in S.
Hence, v/P(G) < |S| = n follows. On the other hand, for some cases, it has
been already verified that .S is a minimum identifying code, by generating the
full rank constraint z(C') 4+ z(S) > [S| = n by means of the Chatal-Gomory
procedure. This implies v/P(G) > |S| = n, and together equality follows for
these cases. Our goal is to find a general construction of this type for all n > 4.

3 Concluding remarks

The identifying code problem is hard in general and challenging both from a
theoretical and a computational point of view, even for special graphs like split
graphs [11]. Hence, a typical line of attack for this problem is to determine
minimum identifying codes of special graphs, or to provide lower and upper
bounds.

In this paper, we studied three families of split graphs with |S| = |C] >
2 having a regular structure: thin headless spiders, thick headless spiders,
and complete suns. For all three families, we determined the identifying code
clutter and discussed according consequences.

In the case of thin and thick spiders G, C;p(G) is composed from certain
g-roses. Based on related results from [5,19], we could give the complete de-
scription of P;p(G) for thick and thin spiders. As a consequence for both
classes, we found the exact value for v/ (G): | S| for thick spiders and |S| + 1
for thin spiders. Moreover, the complete descriptions of P;p(G) also allow us
to compute minimum weight identifying codes of thin and thick spiders for all
possible node weights.

It turned out that the identifying code clutters of complete suns have a more
complex structure involving different circulant matrices and, accordingly, more
involved facets are required to describe P;p(G). For this class, we showed
YIP(G) < |S| and conjecture that v'P(G) = |S| holds, too. So, all three
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families seem to have small minimum identifying codes close to the lower

bound of order log(|S| + |C]).

This demonstrates how the polyhedral approach can be applied to find iden-
tifying codes of minimum size for special graphs G, just by determining and
analyzing the identifying code clutter C;p(G), even in cases where no complete
description of Prp(G) is known yet.

As future lines of research, we plan to apply similar and more advanced tech-
niques to obtain either the identifying code of minimum size or strong lower
bounds stemming from linear relaxations of the identifying code polyhedron,
enhanced by suitable cutting planes. For that, note that facets associated with
deletion minors of Crp(G) remain facets in Prp(G), so according facets iden-
tified for special graphs are relevant for every graph having such subgraphs.
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