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Abstract Convection models of planetary mantles do not usually include a specific treatment of near-
surface dynamics. In all situations where surface dynamics is faster than internal dynamics, the lateral trans-
port of material at the surface forbids the construction of a topography that could balance the internal con-
vective stresses. This is the case if intense erosion erases the topography highs and fills in the depressions
or if magma is transported through the lithosphere and spreads at the surface at large distances. In these
cases, the usual boundary condition of numerical simulations, that the vertical velocity cancels at the sur-
face should be replaced by a condition where the vertical flux on top of the convective mantle equilibrates
that allowed by the surface dynamics. We show that this new boundary condition leads to the direct trans-
port of heat to the surface and changes the internal convection that evolves toward a heat-pipe pattern.
We discuss the transition between this extreme situation where heat is transported to the surface to the
usual situation where heat diffuses through the lithosphere. This mechanism is much more efficient to cool
a planet and might be the major cooling mechanism of young planets. Even the modest effect of material
transport by erosion on Earth is not without effect on mantle convection and should affect the heat flow
budget of our planet.

1. Introduction

Shortly after they form, telluric planets are very hot as they have to evacuate the tremendous heat provided
by the decay of short period radioactive elements [Carlson and Langmuir, 2000], by the surface impacts
[Tonks and Melosh, 1993], and by the release of potential energy due to core-mantle segregation [Ricard
et al., 2009; �Sr�amek et al., 2010]. Young planets are also potentially heated by tidal dissipation [Robuchon
et al., 2010] as it is the case for Io, one of the Jovian satellites [Peale et al., 1979]. In these very situations,
O’Reilly and Davies [1981] proposed that heat might be advected through the surface by isolated vents [see
also Turcotte, 1989]. The transport of heat by volcanism in the early Earth has also recently been discussed
by Moore and Webb [2013]. This situation was mimicked by Monnereau and Dubuffet [2002] with numerical
simulations of convection with perfectly ‘‘open’’ surface boundary conditions (e.g., a zero vertical derivative
of the vertical velocity).

Heat extraction entirely by transport across the surface, for example during explosive volcanism, is an
extreme situation. A huge heat flow is also extracted during magmatic flood events: heat is radiated and dif-
fused out though a frozen boundary layer orders of magnitude thinner than the lithosphere so that heat
appears directly delivered at the surface. Various mechanisms of planetary resurfacing can also lead to an
enhanced cooling of a planet. Chemical and mechanical erosion, by removing material above thermal dom-
ing and deposing sediments in the topographic lows above thermal downwellings also favor the cooling of
the planetary interiors.

The advective transport of heat through the surface occurs every time the vertical surface velocity vh differs
from the vertical material velocity vz by a quantity ve, which represents the erosion/deposition velocity, the
eruption velocity (the eruption mass flow divided by the mantle density), or accounts for the lateral speed-
ing of magma (Figure 1). The solution of the heat equation with a moving boundary condition is straightfor-
ward and indicates that the temperature is perturbed over a depth j=ve (j is thermal diffusivity). This
length has to be compared with the thickness d of the thermal lithosphere that controls the diffusion of
heat. When these two lengths become comparable, erosion transports as much heat as would have been
diffused out through a lithosphere with no erosion. For Earth, (d � 120 km, j � 1026 m2 s21) this occurs as
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soon as ve � 0:4 mm yr21. This
is not a very large value and for
any stronger erosion or deposi-
tion rates, the heat flux is going
to be affected by surface
processes.

At small scale, the fact that ero-
sion and deformation are
coupled has been emphasized
for a long time, for example in
the case of diapir formation

[e.g., Biot and Od�e, 1965]. However, the processes that couple the internal and surface dynamics with the
surface heat flow have never been discussed in a general framework. The majority of mantle convection
studies imposed a zero vertical velocity at the surface considered with a fixed altitude and do not account
for a specific surface dynamics. In this paper, we review and discuss the boundary conditions applied at the
surface of convection codes and we proposed a new set of conditions.

2. Surface Boundary Conditions on Top of a Convective Fluid

In a laboratory experiment performed by confining a fluid between two plates, the no-slip condition (the
fluid velocity cancels at the contact with the plates) is certainly appropriate. When the fluid is not confined
between fixed horizontal boundaries, various levels of approximation are routinely implemented.

Due to convective stresses, the free surface of a liquid is slightly deformed, to a ‘‘depth’’ z52hðx; y; tÞ,
much smaller than the fluid thickness, and the normal n to the surface is not strictly vertical [see also Ricard,
2007]. The topography hðx; y; tÞ is often called in the geophysical literature ‘‘dynamic’’ topography (i.e., not
related to the Moho undulations). The free surface condition imposes that the normal components of the
total stress tensor vanish,

rðx; y; hðx; y; tÞ; tÞ:n50: (1)

This vectorial condition provides three dynamical conditions, but introduces the unknown quantity h.
The hydrostatic balance provides first-order estimates of deviatoric stress s5OðqgaDTdÞ and topography
h5OðaDTdÞ (a is the coefficient of thermal expansion, q the density, DT the temperature jump across
the top thermal boundary of average thickness d). The condition (1) is therefore often replaced by

rðx; y; 0; tÞ:n1qg:nhðx; y; tÞ50 (2)

within an error of order ðaDTÞ2, as estimated by linearizing (1) with respect to h. Furthermore, the angle of the
normal to the vertical is of order aDTd=L where L is the horizontal wavelength of convection, and it can be safely
neglected (at least at long wavelength when L� d), so that the free surface conditions can be written as

rzzðx; y; 0; tÞ52qghðx; y; tÞ;

szxðx; y; 0; tÞ5szyðx; y; 0; tÞ50:
(3)

This provides a zero shear condition at z 5 0 for the tangential stresses szx and szy; the small topography h is
controlled by the surface vertical velocity and its weight imposes in turn the normal stress rzz.

This set of equations is not yet sufficient since h is unknown. A last condition is provided by the kinematic
definition of the topography. If we call uh the horizontal component of the velocity of the surface and vh its
vertical velocity, the evolution of the topography is given by

@h
@t

1uh:$h5vh: (4)

Two more approximations are often introduced; first the horizontal gradient of dynamic topography is sup-
posed small enough than it can be neglected, second the vertical surface velocity vh is identified with the
vertical velocity vzðx; y; 0; tÞ so that the evolution of the topography h becomes

Erosion

Sedimentation

Eruption

Magmatic

Figure 1. There are various situations where the shallow surface dynamics implies the exis-
tence of a vertical velocity at depth and therefore the transport of heat through the refer-
ence level of the surface.
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@hðx; y; tÞ
@t

5vzðx; y; 0; tÞ: (5)

Even in the forms (3)–(5), this leads to numerical problems. The viscous time of relaxation of a free surface,
which also controls the postglacial rebound, is only of a few thousand years at long wavelengths. To avoid
numerical instabilities, codes implementing the conditions (3)–(5), require either a specific approach [see
Kaus et al., 2010] or a time stepping of only a few hundred years which makes a convection simulation over
a geological time of billion years extremely expensive. In most numerical codes used to simulate mantle
convection, free-slip boundary conditions are used

vzðx; y; 0; tÞ50;

sxzðx; y; 0; tÞ5syzðx; y; 0; tÞ50:
(6)

The resulting normal stress is then used to estimate the topography generated by the convective flow [Rich-
ards and Hager, 1984]. Internal compositional interfaces can be treated in a similar manner if they are only
weakly deformable (i.e., when their intrinsic density jumps are much larger than the thermal density varia-
tions). This is the case for the core-mantle boundary.

Various authors have tried to overcome the series of approximations that lead to the free-slip conditions.
Kaus et al. [2010] or Duretz et al. [2011] solved for the time dependence of the topography (5) using a finite
element formalism for the Navier-Stokes equation and taking into account the advection of the interfaces
by a first order correction in time of the loading terms. Schmeling et al. [2008] proposed another approxima-
tion consisting in adding a thin layer with zero density and weak viscosity in between what should be the
real free surface and a fixed layer where a no-slip boundary is imposed, the so-called ‘‘sticky-air’’ approach
[see also Crameri et al., 2012a, 2012b].

There are various geological situations where free-slip, (6), and free surface conditions, (1) and (4), lead to
different results. One case was studied by Zhong et al. [1996]. For short wavelength structures and for rapid
events (e.g., for a localized thermal anomaly impinging the Earth’s surface), the viscous stresses transmitted
by the fluid interior can be shielded by the elastic strength of the lithosphere, the time for topographic
equilibration becomes comparable to the time scale of internal convective processes, and the slope of the
topography itself may become large. In this case the precise computation of a history-dependent topogra-
phy is necessary. This is also true in the modeling of slab dynamics where a free surface boundary condition
(1) leads to a satisfactory simulation of one-sided subduction, and of slab bending and unbending [Schmel-
ing et al., 2008; Crameri et al., 2012a, 2012b]. In the case of classical free-slip conditions (6), a dripping insta-
bility is instead obtained.

3. Boundary Conditions for a Fast Surface Dynamics

3.1. New Mechanical Boundary Conditions
Even assuming that the surface topography remains small compared to the convection wavelengths, and
readjusts so rapidly compared to the convection time scale that @h=@t50, the identification of the material
velocity with the surface velocity is a major assumption that has not been really discussed in the framework
of mantle convection. In lithospheric studies of subduction dynamics, however, through numerical [Gerya
and St€ockhert, 2006; Kaus et al., 2008] or analog models [Chemenda et al., 1995] it is known that erosion can
change drastically the internal dynamics. The same is true in collision zones where erosion is a driving
mechanism of mountain building by decreasing the resisting stress that controls the large scale convergent
velocities [Avouac and Burov, 1996; Iaffaldano et al., 2011].

The velocity vzðx; y; 0; tÞ at the reference level z 5 0 (which is the quantity really used in all Eulerian fluid
mechanic simulations, i.e., using variables defined on fixed positions) differs from the vertical velocity of the
topography vhðx; y; h; tÞ because of the erosion velocity veðx; y; h; tÞ

vzðx; y; 0; tÞ5vhðx; y; h; tÞ2veðx; y; h; tÞ (7)

In the case of erosion, the erosion velocity is related to a horizontal transport away from the topographic
highs in the direction of the topography lows and is often represented by a diffusion term [Culling, 1963;
Kirkby, 1971; Kaus et al., 2008] so that
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ve5$ � J with J52De$h: (8)

The exact value of the erodability, De, depends a lot on the morphological settings, on the topographic
slope, and increases with the precipitation rate and the down-system distance [Armitage et al., 2011]. The
diffusion coefficients of erosion deduced empirically from geological observations range over several deca-
des with values De51026 m2s21 to De51023 m2s21 over mountainous areas [Flemings and Jordan, 1989;
Fernandes and Dietricht, 1997; Avouac and Burov, 1996]. These values yield denudation rates of 0.7 lm
yr2120.7 mm yr21 for a 300 km wide topography with 2000 m of relief. In an active orogen and with a cli-
mate prone to extreme rainfall events (e.g., in Taiwan) 10 times larger denudation rates are observed [Dad-
son et al., 2003].

In the case of a spreading magma, the lateral flow can also be computed with a simple model of gravity cur-
rent [Huppert, 1982] and the lateral flow is of order

J52Dm$h52
qgh3

3gm
$h (9)

where gm is the magma viscosity. The equivalent nonlinear diffusivity Dm varies a lot according to the
magma viscosity (1, 106, and 109 m2s21 for a dry siliceous melt, a wet siliceous melt, and an oceanic spread-
ing ridge basalt with gm51010, 104, 10 Pa s, respectively and h 5 100 m).

To illustrate the effects of erosion on the convective planform, we assume that the topography is at steady state,
vhðx; y; h; tÞ50. In this case, the vertical velocity at the Eulerian top surface, vzðx; y; 0; tÞ, just balances the quan-
tity of material that is removed by erosion and by lateral spreading, veðx; y; 0; tÞ. Defining D5De1Dm as the
total coefficient of topographic ‘‘diffusion,’’ the mechanical boundary conditions at the surface are simply

rzzðx; y; 0; tÞ52qghðx; y; tÞ; (10)

vzðx; y; 0; tÞ5$ � ðD$hÞ; (11)

sxzðx; y; 0; tÞ5syzðx; y; 0; tÞ50: (12)

3.2. Two-Dimensional Mechanical Boundary Conditions
Although the implementation of (10)–(12) is not difficult in 3-D, we will restrict our analysis to the 2-D
incompressible Newtonian case (with viscosity g). We neglect the effects of elasticity which are not
expected to be important at large scale, although the interaction between bending stresses and topogra-
phy may not be negligible locally [Zhong et al., 1996; Kaus and Becker, 2007]. In this case, using the stream
function w, the velocity becomes

v5 2
@w
@z
;
@w
@x

� �
; (13)

and the fact that the shear stress vanishes (12) is expressed as usual by

@2w
@z2

5
@2w
@x2

: (14)

The boundary condition (11) is simply

w5D
@h
@x
: (15)

The x derivative of (10) becomes after some algebra,

3g
@3w
@2x@z

1g
@3w
@3z

14
@2w
@x@z

@g
@x

52qg
@h
@x
: (16)

The topography h can be eliminated from these two previous equations to obtain

3
@3w
@2x@z

1
@3w
@3z

14
@2w
@x@z

@ln g
@x

1Rw50; (17)

where we define the topographic resistance, R, as
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R � qgH3

gD
(18)

and where the lengths x and z are made non dimensional by normalizing them by the depth of the convec-
tion layer H. Notice that in (17) and (18), the viscosity is expressed at the surface, and although it may be
variable laterally, its variations are likely opposite to those of the topography diffusion D (which varies like 1
=g in (9)), and we assume that gD, and therefore R, can be considered as constants. The dimensionless num-
ber R is formally a Rayleigh number, ratio of the advective time of convection to the diffusion time of the
topography. The Rayleigh number is classically

Ra � aqgDTH3

jg
5RaDT

D
j

(19)

where DT is the temperature forcing and j the thermal diffusivity). The equations (14) and (17) applied at
the surface of the convective domain (z 5 0) constitute our new set of mechanical boundary conditions.

In the limiting case where the topography has an infinite resistance (see (10)), R! 11;wðx; 0Þ50 which
implies according to (13) that vz 5 0. The usual free-slip boundary conditions are recovered and the top
boundary condition is ‘‘closed.’’ On the contrary when R! 0, the topography cannot be maintained, the
normal stress rzz is zero, the top boundary condition is ‘‘open.’’ This last boundary condition has been used
by Monnereau and Dubuffet [2002] to simulate convection in the mantle of Jupiter’s moon Io (they also
used a zero horizontal velocity, @w=@z50, rather than a zero shear stress (14), which leads to the simplifica-
tion of (17) on the form @3w=@z350). The boundary condition (17) allows the continuous transition from
the condition vz 5 0 to the condition rzz50 that we will call ‘‘closed’’ and ‘‘open’’ conditions.

Notice that in an experimental setup using fluids with strongly temperature dependent viscosity, interpret-
ing g (in the Rayleigh definition, (19)) as the viscosity of the bulk and gm (in the topographic resistance, see
(9)) as the viscosity of the hot near surface upwellings, leads to R53ðgm=gÞðH=hÞ3 � 3ðgm=gÞ=ðaDTÞ3. As
aDT � 1, R is generally very large and the free-slip ‘‘closed’’ condition is satisfied in most common experi-
ments. It is only when the viscosity ratio gm=g between the hot upwellings and the average bulk becomes
comparable with, or smaller than ðaDTÞ3 that low resistance numbers can be obtained. This is the case for a
planet where magma is much less viscous than the mantle (typically for a silicate planet gm51021010 Pa s
and g � 1021 Pa s while ðaDTÞ3 � 1026) or where erosion is very intense.

3.3. Thermal Boundary Conditions
In a convection code we also need to prescribe the boundary conditions for the temperature. We consider z
upward so that erosion (removal of material) corresponds to a positive vz. We have seen that near the sur-
face, erosion imposes a thermal boundary layer of thickness j=vz . When vz is small enough, this boundary is
larger than the gridsize Dz of our code, it remains numerically well resolved and we implement an imposed
surface temperature T0. The same condition is also applied in the case of material deposition vz < 0,

T5T0 when vzðx; 0Þ 	 j
Dz
; (20)

On the contrary, when the vertical velocity at the surface is large, we consider that the temperature is
exactly the temperature upstream and use

@T
@z

50 when vzðx; 0Þ 
 j
Dz
: (21)

All the downward flow through the surface corresponds to material that has lost all his excess heat, but the
material that reaches the surface carries its temperature at depth.

The surface heat flux is classically characterized by a Nusselt number which is the ratio of the heat flow
effectively transported to the diffusive flow in the absence of convection. In our situation, the heat can be
carried out by diffusion across a thermal boundary layer (the usual term 2k@T=@z where k is the thermal
conductivity) but also by direct transport through the surface (the term qCpvzðT2T0Þ where Cp is heat
capacity). As we intend to discuss our models both in the case of erosion and of magma transport, we do
not consider the latent heat effects. The effective heat capacity should be increased by a latent heat in the
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case of magma. Scaled in term of Rayleigh and resistance numbers the difference between sensible and
total heat is not of prime order.

It may seem surprising that the boundary conditions (20) and (21) are functions of the gridsize Dz but this is
physically reasonable. Consider a planet where heat is released in some places through a thick lithosphere and
in other places, by emplacement of lava traps. The former heat release is ‘‘conducted,’’ the later ‘‘advected.’’
However if we were able to describe in the same numerical code the tens of kilometer thick lithosphere and the
centimeter scale of the cooling top layer of the lava, all the heat will just appear conducted. The difference of
scale between a lithosphere thickness and a lava frozen lid or an eroded layer is so large that distinguishing dif-
fusion from transport suffers in fact no ambiguity. We checked in our numerical experiments that the convection
patterns are totally independent of the gridsize Dz. The ratio of diffused to advected heat flow at the surface is
very slightly decreasing with the gridsize which has no impact on our results.

4. Numerical Simulations

We implement a finite volume numerical model to solve the convection equations in the Boussinesq
approximation and Cartesian geometry. We use a stream function formulation for the equations of motion
with a direct implicit inversion method [Schubert et al., 2001]. The heat equation is solved by an Alternating
Direction Implicit (ADI) scheme [Peaceman and Rachford, 1955]. The stream function and the temperature
field are described by a second-order approximation in space. The simulation are performed in a box with
aspect ratio of three with a minimum of 2003600 grid points. We use a centered scheme for the advection
of temperature which is only stable for grid Peclet number lower than 2 (practically lower than �20) [Dubuf-
fet et al., 2000]. As we increase the Rayleigh number, we increase the number of grid points to maintain this
stability condition. For Ra �107 we use 50031500 grid points. Velocity boundary conditions are free-slip at
the bottom and along the sides. On top, a first row of ghost points is used to enforce conditions (14), (20)
and (21), while an additional row farther out is necessary to enforce (10). The Rayleigh number is defined in
the basal heating case using the temperature difference between the bottom uniform temperature and the
top reference temperature of the downwellings. Notice that because the upwellings can directly deliver the
hot internal temperature to the surface, the local surface temperature can be much larger than the refer-
ence top temperature, and sometimes close to the bottom temperature.

4.1. Basal Heating With Uniform Viscosity
In a first set of numerical experiments we use a uniform viscosity in the internal fluid, (and therefore @g=@x
50 in the boundary condition (10)) and no internal heating. The parameter R controls the level of surface
opening and we first discuss calculations with a Rayleigh number equal to 106. Figure 2 depicts snapshots
of the temperature field at statistical steady state for various resistance numbers R. The same color table is
used for the different plots. Down to R � 105, the style of convection is very similar to the usual free-slip
convection. The gradual opening of the surface by decreasing the resistance R (from top to bottom of Fig-
ure 2), leads to a strong cooling of the fluid, to the progressive reduction of the thickness of the top bound-
ary layer and to the formation of intense hot plumes. The dominant wavelength of the flow also increases
with the gradual opening of the upper boundary. When R 5 0 (bottom), the basal heat is directly delivered
to the surface by narrow hot plumes and no cold thermal boundary layer is present beneath the surface.
Similar patterns were obtained by [Monnereau and Dubuffet, 2002] although the fact that we impose a zero
shear stress instead of a zero horizontal velocity makes the convection pattern more time dependent.

Figure 3 shows the average temperature computed for various Rayleigh numbers (from 103 to 107) and resist-
ance numbers R. For large resistance numbers (i.e., the black, R533105, and red, R5 105 curves), the average
temperature is close to 1/2, the classical Rayleigh-B�enard value. Decreasing R or increasing Ra eases the trans-
port of heat to the surface and decreases the average temperature. When the resistance number reaches 0,
except for a few hotspots with temperature close to the basal temperature, the rest of the fluid is passive and
its temperature is close to the surface temperature (cyan). Those who have tried to warm up a pea soup
should have noticed this peculiar mode of convection, totally inefficient to warm the bulk of the soup.

In Figure 4, we depict the total Nusselt number, sum of advective and diffusive terms. The total Nusselt
number is comprised between the Nusselt number of the ‘‘closed’’ case (R533105, black) and that of the
‘‘open’’ case (R 5 0, cyan). These two limiting cases obey a scaling law of the form Nu5aRab with the same
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exponent b � 1=3 but with a different factor
a, the ‘‘open’’ case leading to a �60% higher
heat flow. For a given Rayleigh number Ra,
the advected heat flow decreases with R
while the conducted heat flow increases with
R. The transition between the two limiting
cases occurs roughly when Ra � 100R.

4.2. Scaling Laws for Basal Heating
In the case of purely basal heating with
‘‘closed’’ boundary conditions, the variation
of the surface heat flux with the Rayleigh
number can be obtained from analytical
boundary layer theory of finite amplitude.
For example, Turcotte and Schubert [1982]
propose that the Nusselt number Nuc (c
stands for ‘‘closed’’ surface conditions or infi-
nite R) is

Nuc50:22Ra1=3: (22)

This relation is rather well satisfied by numer-
ical models and experiments with slight var-
iations in the prefactor and exponent that we
do not need to discuss in this paper. Our sim-
ulations with a large R agree with this expres-
sion. The average temperature of the fluid is
simply

�T c5
1
2
: (23)

The same type of scaling analysis can be
done for the case of ‘‘open’’ surface condi-
tions. A bottom boundary layer of thickness d

is present across which the temperature decreases by DT5Tmax2T0 (see Figure 2d). Through this layer, heat
is injected by diffusion then transported to the surface by a thermal plume of width d and velocity v. The
surface heat flow qCp < vDT > is therefore of order qCpvDTd=H and the Nusselt number is thus

Nuo5
qCp < vDT >

kDT=H
/ v

d
j
: (24)

As the system has a negligible kinetic energy (infinite Prandtl number approximation), the mechanical
power of the buoyancy forces must be equal to that of the resisting viscous forces. This is expressed by

ðaqDTÞgHdv / ðg v
H
ÞHv: (25)

The thickness d is itself a function of the time during which the bottom boundary thickens by diffusion

d /
ffiffiffiffiffiffi
jH
v

r
(26)

From (24), (25) and (26), we get for the ‘‘open’’ case

Nuo5aRa1=3; (27)

where, using the data of Figure 4, we obtain numerically a 5 0.36. The exponent is the same for the ‘‘open’’
and ‘‘closed’’ cases but there is an enhancement by 60% of the heat flow delivered with ‘‘open’’ conditions
compared to the ‘‘closed’’ case (22).

(a)

(b)

(c)

(d)

0 10.5

Figure 2. Temperature pattern in a convecting box of aspect ratio 3,
heated from below, when the top boundary condition is progressively
opened (R5105, 104, 103, 0, from Figures 2a–2d, Ra5106). The same color
table is used for the different plots. Notice the strong cooling of the
medium when the surface is progressively opened with the bulk of the
fluid at T � 1=2 (black, for R5105) to T � 0 (cyan, for R 5 0).
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The average dimensionless
temperature is zero every-
where except in a thin layer of
width d across which the tem-
perature increases from 0 to
DT . The average normalized
temperature should therefore
be of order

�T o /
d
H
/ 1

Nuo
: (28)

The numerical fit (cyan in
Figure 3) gives

�T o52:7Ra21=3; (29)

in close agreement with the
analytical estimates (with (27)
and a 5 0.36).

Figure 4 shows that the transi-
tion between the ‘‘closed’’ and the ‘‘open’’ situations occurs between 10R � Ra � 100R. The fact that the
transition occurs at constant Ra / R is easy to understand. According to equation (26), the typical velocity is
vc / jH=d2. The typical velocity of erosion above a hot plume is

ve / D
@2h
@x2
/ Dh

d2 /
DaDTH

d2 : (30)

The transition between the ‘‘closed’’ and the ‘‘open’’ situations occurs therefore when ve and vc become
commensurable which occurs when jH=d2 / DaDTH=d2 or Ra / R. According to Figure 4, the lithosphere
opens when the erosion velocity is larger than 10 times the typical convective velocity.

4.3. Internal Heating With Uniform Viscosity
Planetary mantles are largely heated from within, either by radioactivity or tidal deformation, like for exam-
ple in the case of Io. Moreover, secular cooling is mathematically equivalent to a volumetric heat source
[Krishnamurti, 1968]. In the case of convection driven by internal heating only, the Rayleigh number is
defined by

Rai �
aq2gPH5

gjk
; (31)

where P is the rate of heat pro-
duction per unit mass. Figure 5
depicts the temperature fields
for various resistance numbers
(R5106, 103, 102, 10 in Figures
5a–5d, respectively), similarly
to Figure 2 for the basally
heated case. All cases have the
same value for the Rayleigh
number, Rai5106. A different
color table is used for the dif-
ferent plots, with the tempera-
ture varying between 0 (cyan)
and Tmax (yellow), the value of
Tmax being indicated in each
plot. The gradual opening of
the surface by decreasing the
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Figure 3. Average temperature as a function of the Rayleigh number for different resistance
numbers R (aspect ratio 3, basal heating only). When R is large (e.g., the black lines for
R533105), the average temperature is close to 0.5. The opening of the surface, leads to the
strong decrease of the average temperature.
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Figure 4. Nusselt number as a function of Rayleigh number for different resistance numbers
R (aspect ratio 3, basal heating only). For R533105, the surface boundary condition is indis-
cernible from a free-slip condition in the range of Rayleigh numbers under investigation.
For R 5 0 the top surface is totally ‘‘open.’’ A low R number eases the transport of heat to the
surface by advection and increases the heat flow with respect to the ‘‘closed’’ case by �60%.
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resistance R leads again to a
strong cooling of the fluid: the
maximum temperature
decreases by close to an order
of magnitude. When R
decreases, the localized
downwellings become larger
and larger, until the bulk of the
fluid is cold and passively sink-
ing (Figure 5d). On the con-
trary, the bulk of the fluid is
hot and passively rising in the
usual closed convection with
internal heating (Figure 5a),
while hot plumes form in the
open situation (Figure 5d). This
peculiar mode of convection
where hot plumes are formed
in the absence of basal heating
was first observed in Monner-
eau and Dubuffet [2002] for the
case R 5 0.

The average temperature is
depicted in Figure 6 as a func-
tion of Ra and R. The Rayleigh
number dependance of the
average temperature changes
with the resistance number.
At large R, the temperature-
Rayleigh number relation is
a power law with exponent
21/4. The opening of the sur-

face leads to a stronger power law dependance of order 21/2 (cyan) in agreement with [Monnereau and
Dubuffet, 2002]. The transition between the two regimes occurs also when the Rayleigh number is 100–
1000 times the resistance number.

4.4. Scaling Laws for Internal
Heating
In a ‘‘closed’’ box, the average
temperature �T normalized by q
PH2=2k scales as Ra21=4

i

[Turcotte and Schubert, 1982;
Parmentier et al., 1994]:

hc �
2k�T
qPH2

52:98 Ra21=4
i : (32)

The internal temperature can
also be simply estimated when
the top surface is open. In this
case there is no thermal
boundary layer, the only
lengthscale is H and the heat
flow advected across the top
surface balances the internal
heat production

0 Tmax

(a) 0.086

(b) 0.045

(c) 0.028

(d) 0.013

Figure 5. Snapshots of the temperature field in a convecting box of aspect ratio 3, heated
from within, when the top boundary condition is progressively opened (R5106, 103, 102, 10
from Figures 5a–5d, Rai5106). The color scale is between 0 and Tmax reported in each plot.
The medium is strongly cooling when the surface is progressively opened. Notice that for a
very low topographic resistance (Figure 5d), hot plumes are formed although the fluid is
only internally heated.
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qCpvDTH / qPH2: (33)

Similarly to (25), the balance of the rates of work and dissipation is

aqDTÞgH2v / ðg v
H
ÞHv (34)

Because of the absence of lengthscale, the average temperature is simply �T c / DT . From these expressions
of average temperature, heat budget and energy balance (33) and (34), we get for the ‘‘open’’ case

ho5aRa21=2
i : (35)

and we find numerically a 5 5.7. The normalized internal temperature decreases much more strongly with
Rai than with the usual ‘‘closed’’ boundary condition. Like in the bottom heated case, the transition between
‘‘closed’’ and ‘‘open’’ cases occurs when the convective and erosional velocities become comparable, which
happens at constant Ra / R.

5. Effects of Depth and Temperature-Dependent Viscosity Variations

In the case of the formation of narrow vents carrying heat to the surface, the viscosity should be strongly
laterally variable, notably because of temperature variations. We therefore explore a few cases assuming a
mantle viscosity of the form g5g0exp ðc1z2c2TÞ. In Figure 7, we consider the case of basal heating only.
The left column depicts the temperature field, the right one, the viscosity. The Rayleigh number based on
g0 is 106 and the resistance number R5103, like Figure 2c. We choose c1 and c2, so that the viscosity
increases by a factor 10 with depth and decreases by a factor 1, 102, 104 with temperature, from top to bot-
tom row. The resulting minimum and maximum viscosities are indicated in the right plots (e.g., in Figure 2d,
the viscosity varies between 0:1g0 and 7:4g0). In the first row, the viscosity variations due to temperature in
the reference conductive case, balance those due to pressure and this case is roughly comparable to Figure
2c. The downwellings become somewhat more localized as the dependence of viscosity with temperature
is increased (compare Figure 2a with Figure 2e). When the viscosity of the bottom layer becomes very low,
secondary convection starts inside this layer as can be seen in the emerging hot instability of (Figure 2e),
and solitary waves are traveling along the hot conduits. However, the convection pattern and the average

(a) (b) 1-10

(c) (d) 0.1-7.4

(e) (f) 0.001-6.9

0 1 -log(ηmax) -log(ηmin)

Figure 7. Snapshots of (left) temperature and (right) viscosity in a convecting box of aspect ratio 3 heated from below with temperature
and depth-dependent viscosity. The Rayleigh number based on the surface viscosity at T 5 0 is 106 in all simulations and the resistance is
R5103. The temperature varies from T 5 0 to T 5 1 on the left. The viscosity increases by a factor 10 with depth and decreases exponen-
tially with temperature. The resulting minimum and maximum viscosities are reported in each plot and the color scales are adapted to
depict the logarithm of viscosity.
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temperature are not drastically affected by the viscosity dependence on temperature. Therefore, we expect
that the change in the convection pattern observed in the case of a constant viscosity (Figure 2) should
occur with a temperature and depth-dependent viscosity, at least in the rather modest range of viscosity
variations considered here (� 4 orders of magnitude).

In the case of internal heating, a few cases with viscosity variations are shown in Figure 8. The same value
is used for the internal Rayleigh number, Rai553106 and the resistance is R 5 100. The viscosity has the
form g5g0exp ðc1z2c2TÞ with c250, 250 and 1000, respectively, from top to bottom. The increase of viscos-
ity with depth at constant temperature remains by a factor 10. In the case of internal heating the maximum
temperature and the final viscosity variations are outputs of the computation. The maximum temperature
and the minimum and maximum viscosities are indicated on each plot. Even with c251000 we only reach
viscosity variations by a factor � 200, (f), as increasing c2 increases the effective Rayleigh number and
decreases the temperature in agreement with Figure 6. Figure 6a, which shows a case where the viscosity
is only depth dependent (see Figure 6b), corresponds to a case where the convection is rather ‘‘open’’ and
where hot plumes are formed in the absence of bottom heating. The temperature dependence of the vis-
cosity seems to increase the presence of hot plumes (Figure 6c) associated with low viscosity channels (Fig-
ure 6d). In the bottom row the large viscosity variations are mostly controlled by temperature, the
convection pattern is very time dependent, but the presence of hot plumes is maintained.

Although this study of lateral viscosity variations with various resistance number is far from exhaustive, it
seems that the transition from usual convection to a heat-pipe system occurs systematically mostly in basal
heating convection but also with internal heating when the surface resistance is very low. With basal or
internal heating, the opening of the surface leads to much lower internal temperatures.

6. Discussion

6.1. Cooling Rate of Young Planets
The cooling rate of a young planet neglecting radioactivity can be quantitatively assessed when notic-
ing that minus the cooling rate 2qCp@�T=@t (secular cooling) plays the same role as the radioactive
source qP in the steady state heat equation [Krishnamurti, 1968]. The last major forming event of the
Earth was likely the giant impact that formed the Moon [Canup and Asphaug, 2001; Canup, 2012; Cuk

(a) 0.017 (b) 1-10

(c) 0.0095 (d) 0.1-2.9

(e) 0.0065 (f) 0.03-4.8

0 1 -log(ηmax) -log(ηmin)

Figure 8. Snapshots of (left) temperature and (right) viscosity in a convecting box heated from within (Rai553106 and R 5 100). The vis-
cosity increases with depth by a factor 10 and varies exponentially with temperature. In the left column, the color table is between 0 and
the maximum temperature Tmax reported in each plot. In the right column, the color table is adapted to represent the viscosity variations
between the minimum and maximum viscosities reported in each plot.
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and Stewart, 2012] which could have resulted in a large scale magma ocean. The cooling rate of this
magma ocean is likely to be fast, because of the very high surface heat flow dominated by radiation,
with values possibly around 100 W m22 [Zahnle et al., 1988], that is 103 times larger than the present-
day value. Even taking into account the larger concentration of radioactive elements in the early Earth,
radiogenic heating from long-lived isotopes was negligible. Moreover, the formation of large planets is
a protracted process and short-lived heat producing isotopes 26Al and 60Fe are likely extinct during the
last stage of magma ocean crystallization. Therefore, let consider here the situation where secular cool-
ing is the only energy source to drive convection. Sotin and Labrosse [1999] showed how a scaling for
the average temperature in internally heated convection can be used to obtain an equation for the evo-
lution of the average temperature in a planetary mantle. We follow the same approach here. The scal-
ing of the average temperature (32) or (35) written in a general form is

�T 5
qPH2

2k
h5a

qPH2

2k
aq2gPH5

gjk

� �2b

; (36)

with b51=2 for an ‘‘open’’ boundary condition and b51=4 for a ‘‘closed’’ boundary condition. Substituting P
by 2Cpd�T=dt leads to an evolution equation for the average temperature,

d�T
dt

52
2j

aH2

� �1=ð12bÞ aqgH5

gj2

� �b=ð12bÞ
�T 1=ð12bÞ

; (37)

which can be used to model the thermal evolution of young planets. Introducing the initial temperature T0

and Rayleigh number Ra05qgaT0H3=ðjgÞ, and using the values of scaling factor obtained in both ‘‘closed’’
(a 5 2.98) and ‘‘open’’ (a 5 5.7) cases one gets

d�T
dt

����
c

520:59
j
H

qga
gj

� �1=3
�T 4=3

520:59
j

H2
Ra1=3

0

�T 4=3

�T 1=3
0

(38)

d�T
dt

����
o

520:12
qgaH

g

� �
�T 2

520:12
j

H2
Ra0

�T 2

T0
(39)

for the ‘‘closed’’ and ‘‘open’’ boundary conditions, respectively. Note that in the ‘‘open’’ case, where heat is
not transported by diffusion, the cooling rate becomes effectively independent of the thermal diffusivity
(the first equality in (39) does not contain j).

Equations (38) and (39) can be used to infer a typical cooling time scale, which are totally different with ‘‘closed’’
and ‘‘open’’ boundary conditions. In the ‘‘closed’’ case, a typical time of order sc ’ 1:7ðH2=jÞRa21=3

0 is expected,
whereas in the ‘‘open’’ case we get so ’ 8:3ðH2=jÞRa21

0 . In a young planet, the Rayleigh number is so large that
the cooling rate is orders of magnitude faster in the ‘‘open’’ case than in the ‘‘closed’’ case.

6.2. Temperature and Convection Pattern of Very Active Planets
As already stressed by O’Reilly and Davies [1981] and Monnereau and Dubuffet [2002], planets in which
heat might be advected through the surface by isolated vents offer the possibility to maintain at the
same time a lithosphere, cold and thick on average, together with a very large heat flow delivered at
the surface. This could be the case on Io, a Jovian moon where a huge heat flow (100 TW) is delivered
by volcanoes lying on top of a thick elastic lithosphere [Carr et al., 1998], although the convection pat-
terns of Figures 2 and 5 are not specifically intended to simulate the specificities of this moon [see e.g.,
Shahnas et al., 2013].

A heat-pipe mechanism can be a very efficient way to cool a young planet. It may have been the framework
of convection on Earth before the onset of plate tectonics [Moore and Webb, 2013]. The extraction of heat
by magmatic pipes deeply affects the convection pattern of the mantle (see Figure 2) as was already dis-
cussed by Monnereau and Dubuffet [2002] in the case of zero topographic resistance.

For a mantle heated from below, heat is transported from the bottom to the surface through heat pipes.
This could occur after the core formation if the core was formed at high temperature [Monteux et al., 2009].
Even in the case of a mantle heated from within and simply cooled from the surface, heat pipes form (see
Figure 5) when the topographic resistance is very low.
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6.3. Present Day Convection of Earth’s Mantle
In active regions with intense erosion with typical erosional diffusivity De51023 m2 s21 [Flemings and Jor-
dan, 1989], the resistance number of the Earth is only around R5106, close to the value or Ra=10 or Ra=100
that we considered as the threshold for surface opening. This means that the heat flow (Nu – Ra relation) or
the internal temperature should already be affected by the surface erosion of our planet. The extracted
heat flow should be larger than what is predicted by ‘‘closed’’ convection models and the internal tempera-
ture should be lower. This confirms the effect of surface erosion on mantle dynamics already pointed out
on a more regional scale [e.g., Avouac and Burov, 1996].

6.4. Inner Core Convection
The situation at the interface of the fluid core and solid inner core is somewhat akin to that at the surface. The
topography that might be associated with the inner core dynamics is affected by the fluid core dynamics and
the general cooling of the core. Fusion and solidification on the inner core surface change the topography
associated with the inner core dynamics. Although the boundary conditions that we have derived are not
adapted to this case, it has been suggested that the material velocity at the inner core surface may not be
zero. This ‘‘open’’ condition may even allow the translation of the inner core, with solidification on one hemi-
sphere and melting on the opposite hemisphere [Monnereau et al., 2010; Alboussière et al., 2010].

7. Conclusion

The dynamics of the surface of a planet may be much faster than its internal dynamics. A fast lateral trans-
port at the surface due to erosion or to magma spreading extracts heat much more efficiently than the usu-
ally considered thermal diffusion across the lithosphere. A heat-pipe pattern may result, with hot plumes
flowing through a cold lithosphere directly to the surface. In this situation, the lithosphere thickens and
slowly sinks back to the mantle under the weight of the deposited material. This heat-pipe mechanism
occurs in the case of a planet mantle heated from below but also in the case of a mantle heated from within
if the topographic resistance is very low. ln the case of a mantle simply cooling from its surface, the cooling
rate is drastically increased.

In the present Earth, the heat carried out by magmatism is negligible. Even the huge Deccan trapps with a vol-
ume of 3 3 1015 m3 deposited in 1 Myr �65 Myr ago, only contributed by around 0.5 TW to Earth’s energy
budget [Courtillot et al., 1986]. One needs therefore something like 80 times the volcanism of the Deccan
Trapps to carry out as much heat as what the Earth is presently loosing by lithospheric conduction [Jaupart
et al., 2007]. If this form of convection happened in the young Earth [Moore and Webb, 2013], our planet
underwent a drastic dynamical change when its started to cool only by diffusion through a thick lithosphere.

The present erosion rate is likely larger than U5203109 kg yr21 which is the sediment load carried by a
compilation of the largest rivers [Ludwig and Probst, 1998]. Notice that is � 5 times larger than the annual
magma mass that was brought to the surface during the Deccan traps event. At steady state, this erosion
velocity ve brings all the isotherms closer to the surface and therefore carries a heat flow of order UCPT
where T is a typical asthenospheric temperature. Erosion should thus account for a heat flux of around 2 TW
(4% of the heat budget). By far most of the sediments originate from the young orogenic belts in conver-
gence area, mainly due to a combination of steep morphologies and high runoff intensities. This localized
mass removal should also affect mantle convection on the large scale. This impact was even larger in the
past when the Rayleigh number of the Earth was larger. At any rate, the relation between surface dynamics
and internal processes might be more complex that what is usually thought.
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