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Isostatic Deformations and Polar Wander Induced 

by Redistribution of Mass Within the Earth 
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ROBERTO SABADINI 1 AND GIORGIO SPADA 2 

Diparlimento di Fisica, Sellore Geofisica, Universlid di Bologna, Bologna, Italy 

The effects at the surface of the Earth of time-dependent mantle mass anomalies are ana- 
lyzed within the framework of a viscoelastic mantle with Maxwell rheology. The implications 
for the Earth's rotation are developed using the linearized Liouville equations valid for small 
polar displacements. Our approach is appropriate for a simplified modeling of subduction. The 
displacement of the Earth's axis of rotation, called true polar wander, is very sensitive to the vis- 
cosity profile of the mantle and to the nature of the 670-kin seismic discontinuity. Phase change 
models generally yield a huge amount of polar wander, except for large viscosity increases. For 
chemically stratified models, true polar wander is drastically reduced as a consequence of dy- 
namic compensation of the mass anomalies at the upper-lower mantle interface. When the 
source is embedded in the upper mantle in the proximity of the chemical density jump, the polar 
wander stops after a finite time controlled by the slowest isostatic mode. 

INTRODUCTION 

Up to now, the dynamics of the Earth's mantle submitted 
to loads has only been investigated for two simplified cases. 
On the one hand, the effects of time-independent internal 
loads on the resulting flow velocity, the induced dynamic 
topography, and the associated geoid have been studied [Ri- 
card et al., 1984; Richards and Ha9er, 1984]. These models 
have been usefid in understanding the mechanisms of com- 
pensation at long wavelengths. A satisfactory prediction of 
surface observations such as the geoid [Ha9er et al., 1985], 
the divergence of plate velocities [Forte and Peltlet, 1987], 
or the plates rotation vectors [Ricard and Vi9ny, 1989] has 
been derived assuming that. seis•nic tomography reveals the 
main density variations in the mantle. However, only steady 
state solutions have been computed. The transient time dur- 
ing which the dynamic topography is building up has not 
been taken into account except, in very simple viscous mod- 
els [Richards and Ha9er, 198,1]. Furthermore, the effects on 
the rotation of the Earth of time-varying mass distributions 
within the mantle have never been considered. 

On the other hand, the analysis of the Pleistocene 
deglaciation has focused on the effects of mass anomalies 
located at the surface of the planet. [Cathies, 1975; Wu and 
Peltier, 1982]. The effect, of cryospheric forcings on the rota- 
tional behavior of the Earth has also been treated by means 
of the linear version of Liouville equations with perturba- 
tions due to surface loads [Nakiboglu and Lainbeck, 1980; 
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Sabadini and Peltier, 1981' Sabadini et al., 1984; Wu ond 
Peltier, 1984]. These studies generated a new class of Earth 
models differing from the homogeneous viscoelastic sphere 
considered by Munk and MacDonold [1960], with more real- 
istic mantle stratification. Some possible complexities, such 
as transient effects, were also added to the Maxwell theology 
[Sabadini et al., 1985]. In these models, the mass anomalies 
forcing the displacement. of the rotation axis and the vari- 
ations in the length of the day are located at the surface 
of the planet. Some work has also been done with forcing 
terms located at the core-mantle interface [Hinderer et al., 
1990; Lefftz and Le9ros, 1992]. 

We are thus in a situation of having a good insight into 
the dynamics associated with forcing terms acting at the 
top or at the base of the •nantle. However, we know very 
little about the time variability of the isostatic and rota- 
tional responses of the planet to perturbing densities em- 
bedded in the mantle. As a consequence of this, several 
papers have been published in which the effects of internal 
mass anomalies have only been considered for a rigid Earth 
[Jurdy, 1983' Tanimoto, 1989], without allowing for the dy- 
namics of a fluidlike mantle. The importance of dynamic 
compensation on the moment of inertia associated with the 
internal mass anomalies inferred from seismic tomography 
has recently been addressed by Ricard and Sabadini [1990] 
for the case of a viscous mantle. 

The pole excursions, called true polar wander (TPW), 
have been detected by palcomagnetic studies for the last 
200 Ma tHorgraves and Duncan, 1973; Besse and Courtillot, 
1991]. This TPW is deduced by comparison of two kinds 
of trajectories: the apparent. polar wander paths (APWP) 
and the hotspot tracks. The APWP of a craton character- 
izes the motion of a stable lithosphere with respect to the 
main magnetic field which is assumed to remain parallel to 
the Earth's rotation axis. The trajectory of the same cra- 
ton with respect. to the hotspots defines the relative motion 
between lithosphere and mantle [Morgan, 1971]. 

As has been suggested by different. authors, the changes 
in surface plate tectonics and the creation of new subduc- 
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tion trenches modify the Earth's inertial axis and are prob- 
ably the main driving phenomena of long-term polar wan- 
dering [Goldreich and Toorare, 1969; Courtillot and Besse, 
1987; Duncan and Richards, 199l]. It is thus of prime im- 
portance to understand the quantitative relationships be- 
tween the time variations of internal mass distributions and 

the induced changes in the Earth's rotation. Careful recon- 
structions of the geographic distribution of the subduction 
pattern and paleomagnetic data should be used in dynamic 
models of the Earth in order to constrain the mechanical 

properties of the mantle. 
In this paper we show the effects of viscoelastic mantle 

stratification and of moving mass anomalies appropriate for 
the modeling of lateral density variations caused by subduc- 
tion on the Earth's rotation. We focus in particular on the 
effects linked with a viscosity increase in the lower mantle 
and a chemical stratification at the 670-km discontinuity. 
The results of our model are restricted to small polar dis- 
placements, as we solve a linearized version of the Lionville 
equation. 

VISCOELASTIC COMPENSATION 

OF INTERNAl, SOURCES 

Making use of the correspondence principle, viscoelastic 
problems can be treated as elastic problems in the Laplace 
domain. A given mass anomaly embedded in the mantle 
induces an elastic response and a delayed viscoelastic flow 
that perturb the various interfaces of the Earth. The in- 
duced perturbation of the gravity potential expressed by a 
spherical harmonic of degree l, 6V1 is usually written in the 
following form: 

•V/($) = [1 q- J[•./($)]•V/ø($), (1) 

where kl is the internal loading potential Love number 
[gaula, 1963; ttinderer et al., 1991]. The term tSV•ø(s) repre- 
sents the direct effect. of internal masses on the potential. Its 
time variations are taken into account through the Laplace 
variable s. This term would be the only contribution to the 
potential in a rigid Earth. However, in a viscoelastic Earth, 
the deflection of the interfaces induces an additional effect 

which tends to cancel the direct effect of internal masses. 

This compensation is taken into account by the term kl •V• ø. 
The Love number kl depends on the mechanical stratifi- 

cation of the model Earth and is a function of the Laplace 

variable s. In a very general way it can be written as the 
sum of an elastic contribution kt plus a sequence of terms 
associated with the viscoelastic relaxation modes 

(2) 
i----1 

For an impulse excitation of the Earth, equation (2) in- 
dicates that the Love number is an elastic impulse plus the 

ß 

sum of M contributions of amplitudes k• decaying expo- 
nentially with characteristic times --1/$i. For a more com- 
plex excitation, a convolution must be performed between 
the temporal evolution of the load and the M modes. The 
number M depends on the density and viscosity stratifi- 
cation of the Earth. The characteristic relaxation times 

--1/$i are deduced from the resolution of a secular equa- 
tion that only depends on the mechanical properties of the 
Earth. These times are the usual relaxation times entering. 
postglacial rebound problems. The coefficients k• and k• 
are derived from the solution of an appropriate boundary 
value problem. They depend both on the Earth's mechani- 
cM structure and on the location of the load in the mantle. 

This paper thus generalizes the usual case of postglacial re- 
. 

bound processes where the k• and k• are only computed for 
surface loads. 

In what follows, we make use of different Earth models 
consisting of an inner inviscid core, an upper and lower man- 
tle with Maxwell rheology separated by a phase change, or 
a chemical boundary at (;70 km. An elastic lithosphere is 
present in some of our models. The number of modes varies 
from M = 2 to M = 6 depending on the nature of tile 
670-km depth interface and on the presence of a lithosphere 
[Yuen et al., 1982]. In Table 1 the parameters of eight dif- 
ferent rheological models, from a to h, are listed. In the 
remainder of this paper, the letters a to h labeling the dif- 
ferent figure panels will refer to the rheological model having 
the same letter in Table 1. Tile different relaxation modes 

consist of two transient modes (T1 and T2), a lithospheric 
mode (L0), and two modes where the Earth surface and 
the core-mantle boundary are moving in the same direction 
(mantle mode M0) or in the opposite direction (core mode 
CO), respectively. A slow mode (M1) is associated with the 
deformation of the flow barrier at the upper-lower mantle in- 
terface in models e, f, g, and h. This mode disappears when 

TABLE 1. Physical Properties of the Eight Earth Models 

PL, 3 P1'--3 P2,_3 PC, 3 lt'L' It1, Model kg m- kg m kg m kg m- Paxl0 TM Paxl0 TM Paxl0 TM Pa sX1021 Pa sX1021 

... 4314 4314 10926 ... 1.45 1.45 1 1 
4314 4314 4314 10926 1.45 1.45 1.45 1 1 
... 4314 4314 10926 ... 1.45 1.45 1 30 

4314 4314 4314 10926 1.45 1.45 1.45 1 30 
... 4120 4508 10926 ... 1.38 1.51 1 1 

4120 4120 4508 10926 1.38 1.38 1.51 1 1 

... 4120 4508 10926 1.38 1.51 1 30 
4120 4120 4508 10926 11• 1.38 1.51 I 30 

Syinbols p, I t, and t/indicate density, elastic rigidity, and viscosity, respectively. Labels L, 1, and 2 refer to lithosphere, upper 
mantle, and lower mantle, respectively. 
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TABLE 2. Relaxation Times of the Viscoelastic Modes 

Model 
T1, T2, L0, M0, CO, M1, 

years years years years years years 

......... 4.92 X 102 2.53 X 103 ... 
4.74 X 102 1.88 X 103 6.16 X 103 ... 

2.36' X 102 3.25' X 102 1.28 X 104 4.80 X 104 ... . . 

2.34 X 102 3.07 X 102 6.96' X 103 1.28 X 104 7.59 X 104 ß . 

2.21 X 102 2.26 X 102 02 4.81 X 102 2.54 X 103 2.4• X 105 . . 

2.22 X 102 2.27 X 102 4.64' X I 1.91 X 103 6.18 X 103 1.58 X 106 
2.46 X 102 3.31 X 102 ... 1.24 X 104 4.83 X 104 1.13 X 106 
2.43 X 102 3.13 X 102 7.23 X 103 1.24 X 104 7.86 X 104 4.25 X 106 
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Fig. 1. Time evolution of the loading Love number k 2 for different mantle stratifications. The mass anomalies are 
located at six depths sampling the whole mantle. These depths are given in units of 1000 km in the top left panel 
for model a. In the top row the mantle is uniform. The lower mantle is 30 times more viscous than the upper 
mantle in the bottom row. In the left column a free slip boundary condition is imposed at the Earth's surface 
whereas in the right column a purely elastic lithosphere of 100 km thick surrounds the mantle. An adiabatic phase 
change is assumed at the lower-upper mantle interface. A Love number greater than -- 1 indicates than the gravity 
potential has the sign of the exciting deep mass anomaly. On the contrary, a Love number less than --1, which 
is generally the case, means that the gravity contributions associated with the induced dynamic topographies 
overcome the direct effect of the deep mass. 
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a phase change boundary condition is imposed at 670-km 
depth. In some of our computations the lithosphere is not 
included (models a, c, e, and g) and the number of modes is 
reduced by the absence of the L0 mode. The two transient 

ß 

modes are associated with a small k•. Their influence on the 
behavior of the Earth is negligible. 

The computation of the characteristic times -1/si is now 
a classical problem [Sabadini et al. 1982; Wu and Peltier, 
1982]. For each of our eight Earth models, the relaxation 
times expressed in years are listed in Table 2. To solve the 
appropriate boundary value problem and derive the k• and 

ß 

k• factors, we used the explicit expression of the inverse 
of the fundamental matrix which propagates the solution 
in each layer [Spada et al., 1990]. We mainly emphasize 
the effect of upper mantle sources as we want to focus on 
the relationship between the polar motion and an evolving 
subduction zone. 

The time evolutions of the loading Love number kl for 
degree 2 and for different depths of the source are portrayed 
in Figures 1 and 2. These time evolutions have been com- 
puted assuming that a positive density anomaly starts to 
act at time t = 0 and remains constant thereafter. Different 

possible mantle viscoelastic profiles have been used. A Love 
number greater than -1 indicates that the gravity pertur- 
bation has the sign of the mass anomaly. On the contrary, a 
Love number less than -1 means that. the effects of the sur- 

face deformation domina.te. Perfect compensation for the 
gravity potentiM would require that the asymptotic vahle 
of k 1 attains the value -1, in order to cancel the term -F1 
entering equation (1). 

In Figure 1, a phase change condition is applied at the 
upper-lower mantle boundary. The upper mantle viscosity 
is •'l - 1021 Pa s. The mantle is uniform in the top row 
(a and b) whereas the lower mantle viscosity •2 has been 
increased to •,e = 30 •'1 in the bottom row (c and d). No 
lithosphere has been added in the computations of the left 
column (a and c), whereas an elastic lithosphere of thickness 
L - 100 km is present in the right column (b and d). The 
absence of an elastic lithosphere corresponds to a free-slip 
boundary condition on the top of the planet.. In addition to 
the two modes (M0 and CO), the third mode (L0) is acting in 
the right column. The mass anomMies are embedded at six 
different depths (0, 100, 400, 670, 1800, 2900 kin) spanning 
the whole mantle. 

0.5 

o.o I 
d=O 

0.1 

0.4 

1.8 

f) 112--111 

L=100km 

0.5 

0.01 (g) 

L-O 

(h) 

L-100km 
-2.5 

-3 -2 -I 0 I 2 3 4 5 -3 -2 -I 0 I 2 3 4 5 

Fig. 2. Same as in Figure 1 but for Earth models with a nonadiabatic stratification at the 670-km depth interface. 
Owing to the action of the slow M1 mode, the Love numbers reach their asymptotic values after a much longer 
time than for the phase transition models. After a few million years the Love numbers are greater or less than 
minus I depending on the mantle viscosity stratification. 
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For all depths, an asymptotic value for the Love num- 
ber is reached after a few 1000 years, i.e., afi. era time cor- 
responding to the usual characteristic time of postglacial 
uplift [Haskell, 1935]. For a uniform mantle without litho- 
sphere (model a of Figure 1), the asymptotic values are al- 
ways less than -1. Therefore, the sign of the geoid induced 
by a given mass is opposite to the sign of the mass itself. 
The existence of a lithosphere on top of a uniform mantle 
(b), makes the Love numbers for internal loads even more 
negative. These two remarks have already been stated in 
the framework of steady state models [Ricard et al., 1984; 
Richards and Hatlet, 1984]. The physical explanation is sim- 
ple: the topography induced by the viscoelastic flow, being 
closer to the observer than the deep-seated mass, imposes 
its sign to the gravity field. The existence of the lithosphere 
concentrates the stresses above the mass anomaly and leads 
to larger deflections. In the upper right panel (model b) it 
can be seen that a mass anomaly seated on the lithosphere is 
partially sustained by elastic stresses and is associated with 
a Love number slightly larger than -1 even in the asymp- 
totic regime. 

In models c and d of Figure 1, because of the larger av- 
erage viscosity of the model Earth, the asymptotic regime 
is reached after a somewhat larger time than in the first 
row. As was already observed in steady state computations, 
the Love number evolves to values that are less or greater 
than -1, depending on the position of the mass with re- 
spect to the depth of the viscosity increase and depending 
on the presence or not of a lithosphere. Here again the 
explanation comes from the magnitude of the induced sur- 
face deformation. The stiffer lower mantle is able to sustain 

more stresses; as a consequence, the surface topography is 
of smaller amplitude and the Love number is closer to -1. 

The effects linked to a chemical transition at 670 km on 

the time evolution of the loading Love number are depicted 
in Figure 2. As in Figure 1, the top row (e and f) is for 
an isoviscous mantle, and the bottom row (g and h) is for a 
stiffer lower mantle (•'2 = 30•'1 ). The upper mantle viscosity 
remains fixed at vl = 1021 Pa s. The mass anomalies are 
located at the same depths as in Figure 1. In the left panels 
(models e and g) there is no lithosphere, while a 100-kin- 
thick elastic lithosphere is introduced in the model used for 
the right panels (models f and h). There is a new feature 
that is brought out by the chemical stratification: the com- 
pensation of the density anomaly when the source is moved 
close to the transition depth. On time scales of the order of 
one million years the extra viscoelastic relaxation mode M1, 
connected to the density jump at 670 km, begins to play a 
role, allowing for the isostatic compensation of the density 
anomaly. The steady state limit is reached after a time in- 
creasing with the magnitude of the lower mantle viscosity 
and decreasing in the presence of an elastic lithosphere. A 
mass anomaly located close to a chemical interface, being 
locally compensated by the deflection of this interface, leads 
to a Love number equal •o -1 in the asymptotic regime. 

The results depicted in Figures 1 and 2 are obtained for 
a reference viscosity in the upper mantle of •,• = 10 :• Pa s. 
The temporal scale of the compensation process is sim- 
ply proportional to this reference viscosity. This statement 
would be strictly valid for a purely viscous mantle but re- 
mains correct at first order for our viscoelastic model. 

Another way to look at the time-dependent evolution of 

the isostatic compensation is to consider the changes in the 
geoid as a function of time. In Figure 3, masses of degree 
2 located at different depths are starting to act at time • = 
0. The Green's function relating these masses to the geoid 
are plotted for several times after the loading. The eight 
panels (models a to h) correspond to the eight panels of 
Love numbers depicted in Figures 1 (models a to d) and 
2 (models e to h). At t = 0, just after the elastic shot., 
the deep mass remains strongly undercompensated, and the 
gravity potential is mainly related to the mass itself. In that 
case, the gravity potential roughly decreases as the power 
4 of the radius at which the mass is located [e.9., Larnbeck, 
1988]. After a few thousand years the asymptotic regime 
(t = cx•) is attained, and for mass anomalies located close 
to the surface, the geoid height is simply proportional to 
the compensation depth [Ockenden and Turcotte, 1977]. In 
the asymptotic regime, our solutions depicted by thick lines 
reach the values obtained with steady state computations 
[Ricard et al., 1984; Richards and Hatlet, 1984]. We observe 
that the viscosity profile within the Earth and the existence 
or absence of a lithosphere determine the sign of the geoid. 

The previous computations showy the limits of the steady 
state models. The Earth's surface only relaxes after times 
that can be of the order of 10 million years if the mantle is 
strongly stratified. Assuming velocities in the mantle of the 
order of 10 cm/yr, a transport of about 1000 km can occur 
before the Earth's surface reaches its final deflection. This 

transport length remains much smaller than the wavelength 
of the anomalies of degree 2 that we have considered but 
cannot be totally neglected. 

For simple models of postglacial rebound in Cartesian 
coordinates the characteristic relaxation time of a homo- 

geneous half-space is inversely proportional to the wave- 
length of the surface perturbation [Haskell, 1935]. This sug- 
gests that for shorter-wavelength anomalies the characteris- 
tic time of surface deflection can be comparable to the char- 
acteristic time of mantle convection. Therefore, we compute 
the evolution of the Earth's relaxation for a load expressed 
by a spherical harmonic of degree I- 16. Figure 4 depicts 
for this degree the geoid Green's function for different times 
and different mantle viscosity profiles in the same manner 
as in Figure 3. The slowing down of characteristic times 
with wavenumber that is expected from Cartesian geome- 
try and uniform mantle is not observed in our spherically 
stratified model. In the right panels the asymptotic regime 
is reached after comparable times for degree 2 and 16: this 
agrees with the behavior of the different relaxation modes 
with degree. Of course, for higher degrees, the behavior of 
our model approches the results obtained with a Cartesian 
geometry. Among the different isostatic modes, only the 
M0 mode has a characteristic time increasing with I for low 
degrees [Spada et al., 1992; IV•t, 1990]. This explains why 
only in the left. top panel, where the L0 and M1 modes are 
absent, the solutions for I = 16 evolve more slowly toward 
the asymptotic regime than for the case I = 2. 

Our results suggest that the modeling of geoid anomalies 
based on the viscous limit of the response functions, as it has 
been done until now, is only correct within the assumption 
that the density pattern does not change on time scales of 
million of years; this may not be correct for fast thermal 
instabilities with short wavelength [Yuen and Fleitout, 1985; 
Fleitout and Moriceau, 1991]. 



-0.3 

t=Ok•tr 

3 

t=O 

-0.3 

t=O 

(o) 
•=30• 
œ=0 

t=O 

(a) œ=100km 

0.0' 

-0.3 

O.l 

t=Okyr 

• s co 

œ=0 

t=O 

•=30• 
(g) z;=o 

t=O 

L=100k•r• 

t=O 

•.=30• 

0.0 O.l 0.2 0.3 0.4 0.0 0.1 0.2 0.3 0.4 

Fig. 3. Geoid perturbations induced by a mass anomaly of degree 2 located in the mantle. The depth of the 
mass anomaly d, normalized by the Earth's radius a, ranges from the surface to the core-mantle boundary. The 
perturbations have been computed at different times t expressed in kyloyears after the beginning of loading. The 
thick line of each panel provides the steady state solutions (t = oo). The top four panels (models a to d) have the 
same mantle stratifications as in Figure 1 where a phase change is assumed at the lower-upper mantle interface. 
The left column corresponds ½o models without lithosphere and the right column corresponds to models with 
lithosphere. The mantle is of constant viscosity in models a and b, and the lower mantle viscosity is increased by 
a factor of 30 in models c and d. The same mantle stratifications but assuming a chemical boundary at 670-km 
depth (see Figure 2) are considered in the four bottom panels (models e to h). 
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ROTATIONAL DYNAMICS FOR INTERNAL SOURCES 

The excursions of the Earth's axis of rotation wiih re- 
spect to the geography (TPW) can be described by the lin- 
earized Lionville equation that takes the following form in 
the Laplace domain [Sabadini and Peltier, 1981] 

i 
+ = + (s) 

where m = ml -[- ira2 is a cmnplex variable built from the 
two director cosines ml and 'm2 of the axis of rotation in the 
geographical coordinate frame, and ar is the Chandler wob- 
ble frequency, Equation (3) neglects the possible differential 
rotation of the fluid core with respect to the mantle [Hin- 
deter et al., 1982]. This effect is of very small importance 
for our study. 

The term in •b(s) includes the changes in the off-diagonal 
terms of the inertial tensor Ixz and Iyz. It takes into account 
both the effect of internal masses and the effect of the in- 

duced interface deflections that simultaneously perturb the 
inertial tensor of the nonrotating Earth. It can easily be 
shown that the inertial tensor is related to the nonhydro- 
static geoid anomalies of degree 2 only. In particular, 
and Iyz are proportional to the potential anomalies of de- 
gree 2 and order 1. Therefore, only these components of 
the perturbing masses enter in this forcing term. The •b(s) 
excitation is the additional contribution coming from the 
changes in the centrifugal potential occurring during polar 
wander. Its physical origin is very simple: because of its ro- 
tation the Earth has an equatorial bulge, and any change of 
its rotation axis gives rise to a new stabilizing contribution 
to the nondiagonal inertial terms. The •b(s) term character- 
izes thus the ability of the planet to readjust. its equatorial 
bulge by viscous yielding. Its contribution is proportional 
to the temporal changes in re(s) and therefore proportional 
to sm(s) in the Laplace domain. For a stratified viscoelas- 
tic Earth with Maxwell theology, its exact form is again a 
sum of isostatic modes but derived from a tidal boundary 
problem of degree 2 instead of a loading problem [Takeuchi 
et al., 1962; Sabadini et al., 1982]. The tidal problem of de- 
gree 2 and the rotational problem are similar, as they both 
involve formally the same volume potential. 

We can gain some insight into the physics of the rota- 
tional readjustment of the planet from the analysis of vis- 
coelastic relaxation modes excited by a tidal loading. We 
saw that the characteristic times entering in loading prob- 
lems with internal masses or surface loads are the same, only 

ß 

the amplitudes k• and k• are different. Here again the same 
characteristic times ti - -1/st appear but are associated 
with tidally excited residues. Let us consider a model Earth 
which presents a chemical boundary at 670-km depth and 
carries six modes. In Figure 5 the stream functions associ- 
ated with the deformation of the various modes (model h) 
are depicted in a polar cross section of the northern hemi- 
sphere of the Earth. The azimuth of the cross section is per- 
pendicular to the zero meridian of the degree 2 and order 
spherical harmonic component. The level lines of a stream 
function are, by definition, parallel to the velocity vectors. 
The excitation being of degree 2 and order 1, the velocity 
is purely radial at 45 ø, and the level lines in the southern 
hemisphere can be deduced by symmetry. The sign of the 
radial velocity changes from the left side to the right side 
of each panel, so that the spherical Earth tends to fiatten 

Fig. 5. Viscoelastic relaxation modes (model h) excited by a 
tidal load of degree 2 and order I. The stream function of the 
deformation is depicted in a polar cross section of the northern 
hemisphere of the Earth. The names of the modes and their 
characteristic times are written in each panel. Except for the 
M1 mode, all the other modes tend to deform the Earth surface 
and to change the spherical shape of the model Earth into an 
ellipsoidal shape inclined at ,15 ø. 

around an axis at 45 ø . The results are representative of the 
eigen-deformation of the planet induced by variations in the 
centrifugal potential during polar wander. In the real wan- 
dering Earth, the circulation depicted in this figure must 
be added to the flow driven by the mass anomalies and to 
the slow drift of the geographical coordinates in the inertial 
frame. 

The relaxation modes are ordered by increasing charac- 
teristic times. The bottom panels correspond to very fast 
decaying modes (T1 and T2). The lithospheric mode (L0) 
can be easily recognized in the left panel of the middle row. 
The core (CO) and mantle (M0) modes correspond to sym- 
metrical and antisymmetrical deformations, respectively, at 
the surface and at the core mantle boundary. These last 
three modes have characteristic times comparable to the age 
of the last deglaciation. The slowest mantle mode (M1), due 
to the chemical stratification, is portrayed in the right panel 
of the top row. Its characteristic time is more akin to the 
characteristic times of mantle convection. This mode is the 

only one having closed level lines, i.e., a zero vertical veloc- 
ity on both sides of the mantle. The contribution of this 
mode has proven to be crucial in our calculations, and from 
the deformation pattern we can see the large shear induced 
in the upper mantle during the readjustment of the rota- 
tional bulge, with flow essentially concentrated in the outer 
portion of the planet. 

Three temporal scales are interacting in equation (3): the 
intrinsic time variation of internal masses, the time varia- 
tion of the isostatic process excited by loading, and finally 
the time variation of the isostatic process excited by rota- 
tional changes. The dynamics of rotation is thus milch more 
complex than the simple loading problem. However, the so- 
lution of the loading problem of degree 2 is the necessary 
first step toward the resolution of the Lionville equations. 

Equation 3 can be rewritten by moving the •b(s) excita- 
tion in the left-hand member and grouping all the terms 
containing m(s) on the form of a rational fraction of two 
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polynomials in s [Sabadini et al., 1984]. After expressing 
this function of s in monomial factors, equation (3) reads: 

ill 

m(s) = (A.__•_l + y•. Ai+I ) I•z(S) + ilyz(S) (4) s s--ai C-A ' 
i=1 

where C-A, the difference between the polar and equatorial 
inertia of the Earth, characterizes the equatorial bulge. 

The term Ixz(s) + ilyz(S) denotes the perturbation in the 
off-diagonal components of the inertia tensor due to the 
internal density anomalies and induced flow in a nonrotating 
mantle. In the real rotating Earth, these terms are balanced 
by the readjustement of the equatorial bulge in such a way 
that the angular distance between the axis of rotation and 
the main inertial axis is just the amplitude of the Chandler 
wobble (presently about 10 m). In other words, the inertial 
perturbations entering equation (4) are only related to the 
•b(s) terms, whereas the effective inertial perturbations of 
the rotating Earth are related to '½(s)+ •b(s). 

Following equation (2), the contribution of the off- 
diagonal inertia tensor can easily be quantified if we intro- 
duce the Love number k2(s) of degree 2: 

Ixz(S) q-ilyz(S) 
C-A = [1 + ke(s)]f(s). (5) 

In equation (5), the function f(s) denotes the time depen- 
dence of the degree 2 and order 1 components of potential 
induced by the exciting density anomaly. Of course, a punc- 
tual mass anomaly located at the equator or at the poles has 
no such components and cannot drive any polar wander. 

The inverse Laplace transform of the part of equation (4) 
that includes the Ai and ai terms leads to a temporal func- 
tion consisting in a linear term and a sum of exponentially 
decaying terms with characteristic times -1/al. The com- 
plex residue A1 accounts for the steady state polar wander, 
and it generalizes, for a stratified, viscoelastic Earth, the 
secular term used by Munk and MacDonald [1960] to esti- 
mate the amount of polar drift driven by the distribution 
of the continents. The set of complex residues Ai+I and 
inverse complex relaxation times ai describes the transient 
contributions. To each of the isostatic characteristic times, 

--1/si corresponds a rotational time -1/ai. Numerically, 
all these times appear to be real except one that carries the 
Chandler wobble in its imaginary part and is associated with 
the M0 mode [Sabadini et ol., 1984]. In what follows, the 
Laplace transform of (4) ;.viii be performed after having fil- 
tered out this imaginary component. Its physical meaning 
and characteristic period are indeed not related to true po- 
lar wander. The different rotational modes have generally 
been called M1, L0, M0, C0, T1, or T2 according to the iso- 
static mode having a comparable time constant. However, 
contrary to the isostatic modes, they do not correspond to 
a given flow pattern and their names are rather arbitrary. 

In Figure 6 the characteristic rotational and isostatic 
times are plotted as a function of the ratio between the 
lower and upper mantle viscosities for Earth models with 
an adiabatic phase change at 670-km depth (top) or with a 
chemical boundary (bottom). The lithosphere is absent in 
the left column. The transient T modes are not plotted. The 
M1 mode is absent in the top row, and the L0 mode only 
acts in the right column. The rotational modes are gener- 
ally faster than their isostatic corresponding modes except 

for the mantle mode MO. This means that the rotational 

behavior is rapidly controlled by the secular term A•. 
The secular term A• controls the constant velocity of po- 

lar wander reached after a time larger than the isostatic and 
rotational times. This term depends on the stratification of 
the Earth. A viscosity increase at 670 km-depth slows down 
the polar wander, particularly when a chemical boundary is 
also present [Sabadini and •5•en, 1989; Ricard and Sabadini, 
1990]. For a viscosity increase larger than 1 order of magni- 
tude, the effects of chemical and phase change stratifications 
are basically indistinguishable. 

POLAR WANDER INDUCED BY SUBDUCTION 

We can now solve equation (4) for a given temporal and 
spatiM dependence of a mass anomaly. We first choose a 
mass anomaly that mimics a slab located at 45 ø from the 
north pole. This slab is supposed to be punctual and located 
at a given depth in the mantle. Its mass corresponds to a 
slab pull of 5. x 1013 N/m [Turcotte ond Shubert, 1982] over 
a trench length of 4000 kin. The slab acts suddenly at time 
t = 0. Its location at latitude 45 ø, provides the maximum 
effect on polar displacement. A slab acting at a different 
latitude 0 would induce an initial polar drift velocity reduced 
by the factor 0.5 sin 20. 

The mass of our slab is around 2.0 x 1019 kg, a value which 
is close to the ice sheet masses that covered the Laurentides 

(1.8 x 1019 kg), Fennoscandia (6.0x 10 ls kg), and Antarctica 
(1.6 x 1019 kg) before the Pleistocenic deglaciation. Accord- 
ing to different authors [Sabadini and Peltier, 1981; Wu 
and Peltier, 1984], the disintegration of these ice sheets is 
driving the actual observed polar wander of about 1.ø/m.y. 
[Dickman, 1981]. Of course, only the load contribution on 
the degree 2 and order 1 Legendre polynomial enters in the 
amplitude of the driving function f(s) of equation (5). This 
polynomial being a function of the sine of two times the co- 
latitude, the Antarctic ice sheet centered at the south pole 
did not drive any polar ;vander. The quasi-polar location 
of the Laurentide and Fennoscandia ice sheets, at 25 ø of the 
north pole, affected the rotation of the Earth by only 76% 
of the effect of our mode] slab located at 45 ø 

In solving equation (4) we make the approximation that 
the source mass always stays at constant latitude. In a more 
realistic Earth mode], the source should be moved according 
to the polar wander itself. However, as long as the ampli- 
tude of the polar displacement is ]ess than about 10 ø, the 
amplitude of the mass component of degree 2 and order 1 
is not too strongly affected by the change in latitude. For 
simplicity, in these first step computations, we make the hy- 
pothesis of a fixed source, but the reader should be aware 
that our approximation breaks down as soon as the com- 
puted polar wander is larger than 10 ø or 15 ø . It is also 
obvious that the polar wander excited by our mass located 
at 45 ø at t - 0 cannot be extrapolated to pole displacements 
larger than 45 ø . As was explained before, we also filter out 
the Chandler wobble by equating to zero the imaginary part 
of the rotational time associated with the mantle M0 mode. 

The real trajectories of the pole are in fact spiraling at the 
Chandler period (14 months) with a decay time of a few tens 
of Chandler periods [Wilson ond Vicente, 1981] around the 
trajectories we computed. 

In Figure 7, we depict the displacements of the axis of 
rotation induced by our mass anomaly with respect to the 
geographic reference frame. This anomaly is located at dif- 
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Fig. 6. Characteristic isostatic (dashed lines) and rotational (solid lines) times as a fi, nction of the ratio between 
lower and upper mantle viscosities. The upper-lower mantle interface is either an adiabatic phase change (top) or 
a chemical boundary (bottom). The effect of the lithospheric mode is only present in the two right panels. The 
slower mode is always an isostatic mode. 

ferent depths, and eight Earth models are considered. The 
displacements in degrees are computed as a function of time 
expressed in millions of years after the loading occurring at 
time t = 0. By convention, the pole displacement is positive 
when the axis of rotation is wandering toward the source, 
negative when it is wandering away from the source. In 
other words, described in a reference frame where the ro- 
tation axis is fixed, the positive mass anomaly introduced 
at 45 ø drifts toward the pole when m is positive and drifts 
toward the equator when •n is negative. 

Three features are immediately noticeable. First, very 
large polar shifts or drifts can be achieved. Second, differ- 
ent viscosity stratifications or boundary conditions at 670 
km lead to opposite directions of polar wander. Third, a 
mass located close to a phase change interface acts very dif- 
ferently in comparison with a mass located close to a chem- 
ical interface. For the phase change case in the four top 
panels, a polar drift at constant velocity is excited. The 
two top panels (models a and b) corresponding to uniform 
mantle viscosity of 102• Pa s show unrealistically large dis- 
placements, much larger than allowed by linearization. For 
displacements larger than 10 ø, the dashed lines remind the 
reader that in this case the solutions are no more consistent 

with the linearized approximation used here. A viscosity 
increase by a factor of 30 (models c and d) slows down the 
polar motion by more than 1 order of magnitude. In the 
four bottom panels, the major effect of chemicM stratifica- 
tion is a further huge reduction in the polar excursions. In 
this case, the polar wander velocity for sources close to the 
670-km boundary tends to zero after a few million years, 
and a polar shift of finite amplitude is reached. 

These results emphasize the deficiency of rigid Earth mod- 
els in the interpretation of true polar wander data induced 
by internal sources as subductions, hotspots, or mantle insu- 
lation due to continental aggregation [Anderson, 1982; Ju- 
rd•t, 1983]. They suggest that polar wander data can be 
used to put bounds on the amount of chemical and viscosity 
stratification in the mantle. 

The qualitative difference between polar wander induced 
by surface and by internal loadings is easy to understand. 
After relaxation, the excitation due to surface loading tends 
to zero except for a very low nonisostatic contribution frozen 
by the elastic lithosphere. Therefore the polar wander ve- 
locity vanishes after a few tens of thousands of years. After 
a similar relaxation tithe, a surface deflection roughly com- 
pensates an internal mass. However, the deep mass and 
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Fig. 7. Displacement of the axis of rotation induced by a mass anomaly located in the mantle at different depths 
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the surface deflection being at different distances from the 
Earth's center, they lead to a finite contribution to the non- 
diagonal element of the inertial tensor. In that case, the 
polar wander reaches a constant value different h'om zero 
except for mass anomalies located close to a chemical in- 
terface. If we neglect the redistribution of masses due to 
convection, the polar wander excitation driven by internal 
masses can only disappear after the reorientation of the ro- 
tational axes in a new position where the two off-diagonal 
terms Ia•z and I•tz are zero. 

The Earth is always wandering toward a configuration 
where the main inertial momentum that would have existed 

in a nonrotating Earth coincides with the rotation axis. Let 
us take the example of a positive mass anomaly introduced 
in the mantle. Just after the initial elastic shot, the internal 
density anomaly remains strongly undercompensated, and 
the Earth tends to bring this anomaly to the equator. This 
occurs on such a short time span that it is difficult to see 
with a linear time scale. However, it explains why in the 
model b panel of Figure 7, the displacement curves seem 
to start from negative values. Then, the surface is relaxing 
viscously, and its effect on the inertial tensor can overcome 
the effect of the deep-seated mass. In that case, the non- 
diagonal inertial terms change signs, and the rotation axis 
drifts toward the internal anomaly. The long-term behav- 
ior of polar wander, toward or away from the internal mass, 

is controlled by the steady state Green's functions relating 
the internal mass to the geoid. The existence in the mantle 
of a chemical stratification imposes a zero long-term geoid 
and zero off-diagonal inertial products for masses close to 
such an interface. This leads to a finite polar shift reached 
after a time controlled by the slow M1 mode that enters in 
both the isostatic and the rotational part of the Liouville 
equation (3). 

In the previous computations the slabs were supposed to 
act instantaneously. In the following simulations, we get rid 
of this unrealistic hypothesis. A slab of lateral extension 
4000 km, located at 45 ø, is vertically sinking in the mantle 
with a constant velocity v - 2, 5, or 10 cm/yr. At each 
time corresponding to a given downward movement, a new 
mass anomaly is introduced ahead of the slab and starts to 
act. The total mass introduced in the mantle is 2. x 1019 kg 
when the stem of the slab reaches 670-km depth. We only 
run our computations for models without lithosphere. 

Figure 8 depicts our results for a phase change stratifi- 
cation (top) and a chemical one (bottom). Because of our 
more realistic mass redistribution history, the polar wander 
velocity is zero when the subduction process begins. The 
slab having a velocity of 10 cm/yr reaches the upper-lower 
mantle interface in 6.7 m.y.. In this case we assume that the 
subduction process stops but the mass anomaly still contin- 
ues to influence the isostatic and rotational processes. A 
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Fig. 8. Displacement of the axis of rotation induced by a sial) diving in the mantle with velocity 2, 5, or 10 cm/yr. 
At time t = 0 the subduction initiates at. 45 ø from the north pole. The upper-lower mantle interface is a phase 
change on top, a chemical boundary on bottom. The mantle viscosity is uniform in the left. column and increases 
by a factor of 30 in the right column. No lithosphere is included. 
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kink in the curves related to this end of subduction is no- 

ticeable in the bottom left, panel. Before the slab reaches the 
depth of the upper-lower mantle interface, its mass anomaly 
is lower than the mass anomaly used in Figure 7. The polar 
displacement vMues are much more realistic than what was 
found in our drastic previous computations. However, the 
qualitative characteristic features of Figure 7 are the same. 
First, a viscosity increase and furthermore a chemical strat- 
ification drastically decrease the amount of polar wander. 
Second, the slab moved to,yard the equator in the isoviscous 
case and toward the pole when the viscosity is increasing at 
depth. 

CONCLUDING REMARKS 

We have proven that changes in the upper mantle density 
distributions are sizeable contributors to polar wander. On 
the basis of our results, we can conclude that any attempt 
to estimate the moment of inertia or polar wander due to 
internal density distribution within the framework of a rigid 
Earth model is incorrect. A realistic mantle acts to com- 

pensate the anomalous densities. The induced topographies 
of the displaced boundaries, like the Earth's surface, the 
670-km discontinuity, and the core-lower mantle interface 
often overcome the direct. effects of the source. This dy- 
namic process is very sensitive to the boundary conditions 
prevailing on the top of the planet, free slip or no slip, and 
to the presence of viscosity and/or chemical stratification 
in the mantle. A physically stratified mantle allows much 
more rapid polar wander than a chemical layered one. A 
same source induces opposite polar wander directions, for 
different mechanical stratifications. The depth of the inter- 
nal source, both for phase change and chemically stratified 
models, is a crucial parameter that controls the amount of 
polar wander. For a chemical upper-lower mantle interface 
and a source embedded in proximity of this transition, a 
long-term polar wander is forbidden, owing to complete iso- 
static compensation. The same is true at the core-mantle 
interface. 

A comparison can be drawn between the results that may 
be obtained from the present-day geoid and from the TPW. 
The two subjects are closely related. However, the polar 
wander modelization seems to be more sensitive to the in- 

ternal mass anomalies because the mantle dynamics enters 
two times in the equations: through the isostatic modes and 
through the rotational modes. 

The next step of our work will be to try to model the 
TPW detected from palcomagnetism using our model. We 
already suspect that the present-day TPW is mainly related 
to postglacial rebound rather than to mantle mass redistri- 
bution. We also know that the present-day internal mass 
anomalies revealed by seismic tomography may drive a very 
slow polar wander [Ricard and Sabadini, 1990]. The nn- 
derstanding of TPW will come from the history of mantle 
circulation. This history will remain out of reach, but the 
time evolution of the subduction zones in the past 200 m.y. 
may be hypothesized as forcing the basic features of mantle 
circulation [Bunge and Richards, 1990; Richards and Enge- 
bretson, 1992]. If this hypothesis holds, we can hope to put 
constraints on the mantle structure by modeling the TPW. 

The interpretation of the real TPW is beyond the scope 
of this paper. However, some preliminary conclusion can 
be drawn. An observed TPW of about 10 ø seems to have 

occurred in the past 40 m.y. in the direction of Greenland 

[Besse and Courtillot, 1991]. Between 110 and 40 m.y. a 
polar wander of 20 ø took place in the opposite direction. 
The implied low polar velocity of around 0.3ø/m.y. suggests 
that a uniform mantle with viscosity of 1021 Pa s cannot 
explain the data and that a large mantle stratification is 
needed in order to stabilize the Earth's rotational axes. The 

fact that in the last tens of millions of years the main s•lb- 
duction zones were situated in the western Pacific area at a 

longitude roughly opposite Greenland toward which is wan- 
dering the Earth also strengthens the necessity of a mantle 
viscosity increase: only in that case, dense mass anomalies 
can be brought to the pole. 
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