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GLOBAL SEMICLASSICAL LIMIT FROM HARTREE TO
VLASOV EQUATION FOR CONCENTRATED INITIAL DATA

LAURENT LAFLECHE!2

ABSTRACT. We prove a quantitative and global in time semiclassical limit
from the Hartree to the Vlasov equation in the case of a singular interaction
potential in dimension d > 3, including the case of a Coulomb singularity in
dimension d = 3. This result holds for initial data concentrated enough in the
sense that some space moments are initially sufficiently small. As an inter-
mediate result, we also obtain quantitative bounds on the space and velocity
moments of even order and the asymptotic behavior of the spatial density due
to dispersion effects, uniform in the Planck constant h.
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The equation governing the dynamics of a large number of interacting particles

of density f = f(t,x,€) in the phase space is the Vlasov equation
(Vlasov) Wf+&-Vof+E-Vef =0,
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where £ = —VV is the force field corresponding to the mean field potential V =
V(z) given by

V:K*pfz/RdK(x—y)pf(y)dy,

where we denote by pr(z) := [p. f(x,v)dv the spatial density and by K(z) the
pair interaction potential between two particles at distance |z|.

The counterpart of the Vlasov equation in quantum mechanics is the Hartree
equation

(Hartree) ihowp = [H, pl,

where p is a self-adjoint Hilbert-Schmidt operator called the density operator and
the Hamiltonian is defined by

2
N

In this formula, the potential is defined by V' = K x p where the spatial density p is
defined as the diagonal of the kernel o(x,y) of the operator p, i.e. p(z) = o(z, x).

In this paper, we study in a quantitative way the limit when & — 0 of the Hartree
equation which is known to converge to the Vlasov equation. The question of the
derivation of this equation from the quantum mechanics is a very active topic of
research. Non-constructive results in weak topologies have indeed already been
proved, including the case of Coulomb interactions, starting from the work of Lions
and Paul [36] and Markowich and Mauser [39]. See also [32, 23, 31, 2, 1].

Some more precise quantitative results have also more recently been proved for
smooth forces which are always at least Lipschitz in [6, 3, 4, 12, 26]. In [27], Golse
and Paul introduce a pseudo-distance on the model of the Wasserstein-(Monge-
Kantorovitch) between classical phase space densities and quantum density oper-
ators to get a rate of convergence for the semiclassical limit for Lipschitz forces.
This strategy has been used in the recent paper [35] of the present author to extend
this result to more singular interactions, but only up to a fixed time in the case of
potentials with a strong singularity such as the Coulomb interaction.

We also mention the work of Porta et al [48] and Saffirio [50] about the question
of the mean-field limit for the Schrodinger equation to the Hartree equation for
Fermions since this limit is coupled with a semiclassical limit. Results are proved for
the Coulomb interaction under assumptions of propagation of regularity along the
Hartree dynamics which is still an open problem. Other results about the mean-field
limit can be found in [10, 20, 9] where non-quantitative results are established for the
Coulomb potential, and more precise limits can be found in [49, 47, 26, 40, 27, 29, 30]
for Bosons and in [22, 21, 13, 11, 7, 45, 48, 44] for Fermions.

Here, we extends the results of [35] by proving a global in time semiclassical
limit under a smallness condition of space moments. We first prove a global in time
bound on some modified space moments, from which we obtain the propagation
of space and velocity moments. The same kind of results were already known for
h = 1 (see Remark 1.4), and the main novelty is the fact that the bounds we
prove are uniform in 4. The bound on the velocity is then sufficient to use the
theory already used in the above mentioned paper to get a global L> bound on the
spatial density and the quantitative semiclassical limit in the quantum Wasserstein
pseudo-distance.
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The fact that the time decay due to the dispersion properties gives global esti-
mates for the Vlasov equation was already used in [8]. The modified space moments
of order 2 are linked to a Lyapunov functional reminiscent of the conservation of
energy, see [43, 19]. The propagation of modified space moments was investigated
further in [16, 41, 42].

1.1. Main results. We adopt the same notational conventions as in [35]. In par-
ticular, LP> denotes the weak Lebesgue spaces of functions on R? and we define
the quantum version of the phase space Lebesgue and weighted Lebesgue spaces as

7= {p e BL2), ol = b Te(|pl?)F < o0}
LY ={peLlPl,p=p >0}
LP(m) :={p € L, pm € LI},

where %(L?) denotes the set of bounded linear operators on L? and Tr denotes the
trace. We also define the quantum probability measures by

= {p € Ei,Tr(p) = 1}.

Moreover, in order to ensure well-posedness

We will denote by p := —iAV the quantum impulsion, which is an unbounded
operator on L?, and by M, the common total mass of the densities in both the
quantum and the classical setting

My :=Tr(p) = /R2d f(t,x,v)dxdv.

Our first result states that if the spatial density is concentrated enough, then
the Eulerian moments Tr(|x — tp|" p) are bounded globally in time.

Theorem 1. Let d > 3, n € 2N\ {0}, r € [1,00] and define b,, := ";L/—J:”ld Assume

(1) VK € L*> with b € (max (%, by,b,), %),

2
and let p be a solution of the Hartree equation with initial condition

pin c E’r ﬂﬁ}r(l + |x|n + |p‘n)
Then there exists an explicit constant C > 0 depending on My, Tr(|p|" p™). [[VE| 16,00 s
||pi“||m and not on h, such that if
(2) Te(jal" p™) < C,
then

Tr(|e — tpl” p) € L= (R,),

uniformly in h.

Remark 1.1. The theorem applies in particular in the case of interaction kernels
K with a singularity like the Coulomb interaction. For example for any e > 0

+1 1
K(r) = m]lmg + Wﬂ\xby
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An other interesting case of application is the case of the Yukawa potential that
is commonly used as an approximation in the case when there are particles with
positive and negative charge, and which is of the form
e~ lzl/Ap
r)=——"+—+,
|z

where Ap > 0 is the Debye length, which represents the characteristic size of the
interaction.

Remark 1.2. An other good example of potentials verifying the assumptions of the
theorem are potentials of the form

+1
(3) K(Qﬁ) = T ja

||
with a = ¢ —1 € (1,8) when d = 3. In dimension d =4, d =5 and d > 6, one
can even better take respectwely a€(1,2),ac(1,) anda € (1,2). Of course,

regular potentials also enter the scope of this first theorem as long as they decay
sufficiently at infinity, so that we can take for example

K(x)—i
- 1 + |x|a7

for any a > 1.

Remark 1.3. Since p € £+, it is an Hilbert-Schmidt operator that can be written
as a integral operator of kernel o(x,y) and it can also be diagonalized by the spectral
theorem. Hence, we can write for any ¢ € L?

(1 pe(@) = [ o) ou)dy = 3" M1l

jeJ

where (¥;)jes € (L*)? with J C N is an orthogonal basis. The space density can
then be written

plx) = o, ) = Y Ajlb(x)|”,

jeJ

and the space moments

Te(el ) = [ pla) " da

For even integers n € 2N, the velocity moments can be written

(5) Te(lpl” p fh"ZA/ vy,

jeJ

Remark 1.4. Notice that the existence theory for both Hartree and Vlasov equa-
tions is already quite well understood, see for example [24, 25, 33, 14, 34, 15] for the
Hartree equation and [37, 51, 46] for the Viasov equation. For more singular poten-
tials than the Coulomb potential, remark that by the real interpolation definition of
Lorentz spaces, our hypothesis (1) on VK implies

VK € LP? + LY for any (p,q) such that 0 <p < b < g < 00,
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where one can take p = % since b > by. Moreover, by Sobolev embeddings, since
d
b> g,
K e L™+ L™ withro > 4,

and also with ro > % when d > 3, since b > by. Therefore, our assumptions

implies hypotheses (90) and (91) in [36] and so the existence of solutions for both
equations. Remark that, as in our previous paper [35], we are not trying to prove
here the propagation of reqularity for . In particular the global in time propagation
for b = 1 of the multi-Sobolev norms defined by Formula (5) is proved in [15,
Appendix] in the case of the Coulomb potential, where they are denoted by [|¥| ..
for U = (¢j)j€J. The same analysis can be performed for our class of potentials.
Thus, since we assume initially bounded velocity moments of order n > 2, this
implies that our solutions will always satisfy ¥ € L2 ((0,T), H™ (X)) but with a
bound a priori not uniform in h. Hence, the difficulty lies in the fact to obtain h
independent bounds, which prevent for example to estimate separately each part of
the commutator appearing in Hartree equation.

We can state the analogue of this theorem for solutions of the Vlasov equation

Proposition 1.1. Let d > 3, n € 2N, r € [1,00] and assume VK verifies Con-
dition (1). Let f be a solution of the Viasov equation with nonnegative initial
condition

fre L NLH A+ [l + [¢]").

Then there exists an explicit constant C > 0 such that if

//nw (@, 8) 2" ded < C,

then
L s6a o=l dnds € ()

Remark 1.5. For the Viasov equation, contrarily to the Hartree equation, we gen-
erally not have strong solutions in our setting (the velocity moments are not deriva-
tives in the classical case). However, we still have global existence of renormalized
solutions (see [17, 18] ).

We can use the first theorem to obtain good estimates on the space and velocity
moments and on the spatial density that do not depend on A.

Theorem 2. Letd > 3, r € [d',00], n € (2N)\{0,2} and assume
(6) VK € L*> with b € (max(by, 2), %),
and let p be a solution of the Hartree equation with initial condition
pin c £r‘ ﬂﬁi(l + |.’17|4 + |p‘n)/
for a given even integer n > 4. Then there exists a constant C depending on My,
Tr(|p\4 pi“), VK| 6., and ||p™|| ., such that if

L'r‘

Tr(|z|* ™) < C,
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then there exists c, = cqpnr > 0 and C > 0 depending on the initial conditions such
that

(7) Te(jp|" p) < C ()"
8) Te(jz|" p) < O ()" +
9) Ipll o < C (&)~

where p' =1’ + % and (t) = /1 +t2. Moreover, if Tr(|:L'|" pi“) is sufficiently small,
then we can get more precise estimates

Tr(|p[" p) < C
Te(jz|" p) < C (1)"
1pll o < C (&)~ P

where pl, =1’ + <.
We can once more state the analogue result for the Vlasov equation.

Proposition 1.2. Let d > 3, r € [d',o0], n € (2N)\{0,2} and assume K veri-
fies (6). Let f be a solution of the Viasov equation with nonnegative initial condi-
tion

e LieN Lala,g(l + |z + 1€,
for a given even integer n > 4. Then there exists C > 0 such that if

//de iz, €) |2t dede < C,

then there exists c, = cqn,r > 0 and C > 0 depending on the initial conditions such
that

// f(t,x,g) |£L"n dx dé_ < C <t>n(cn+1)
R2d

—d/p’
loslp. <C =7,

where p’ =1’ + %. As in the previous theorem, one can take ¢, =0 and p’ =1’ + %
if the initial space moments of order n are small.

Before stating the result about the semiclassical limit, we recall the definition of
the semiclassical Wasserstein-(Monge-Kantorovitch) distance introduced by Golse
and Paul in [27]. We say that v € L'(R?4, ) is a semiclassical coupling between
a classical kinetic density f € L' N P(R?9) and a density operator p € & and we
write v € Cr(f, p) when

Amv@mz=n

Then we define the semiclassical Wasserstein-(Monge-Kantorovich) pseudo-distance
in the following way

2

(10) W%Umwz(iﬁ)éwﬂmwwwmﬁ,

YECK(f,p
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where ¢ (2)p(y) = (|Jz —yl> + 1€ — pl*) ¢(¥), z = (x,€) and p = —ihV,. This
is not a distance but it is comparable to the classical Wasserstein distance Ws
between the Wigner transform of the quantum density operator and the normal
kinetic density, in the sense of the following theorem.

Theorem 3 (Golse & Paul [27]). Let p € & and f € P(R??) be such that
[, 5.8 (jaf + 1) dod < .
R2d

Then one has Wa n(f, p)2 > dh and for the Husimi transform fy, of p, it holds
(11) Wa(f, fr)? < Wan(f, p)* + dh.

See [28] for more results about this pseudo-distance and the definition of the
Husimi transform.

Our last theorem uses these results to obtain the semiclassical limit. We also
recall the following theorem which will gives us our assumptions on the classical
solution of the Vlasov equation.

Theorem 4 (Lions & Perthame [37], Loeper [38]). Assume f™ € L% (R®) verify

(12) // €™ dzde < C for a given ng > 6,
RS
and for all R > 0,

(13) zfggﬂm@+¢§wym—yh§&aﬁ—udSRﬂelﬁuR%Lbe.

Then there exists a unique solution to the Vlasov equation with initial condition
ft=0 = f™. Moreover, in this case, the spatial density verifies py € LS (R, L™).

Theorem 5. Let d > 3 and assume
VK ¢ Bll_’00 NL° with b € (max by, %), g) .
Let p be a solution of the Hartree equation with initial condition p™
preLnLl(1+ [p|™)
Vie[1,d], pip™ e L,
where p; := —ihd;, [1,d] = [1,d] NN, and (ng,n) € (2N)? is such that

€ & wverifying

ng > d
"> d—i—b(no—l).
- b—1

Let f is a solution of the Vlasov equation with initial condition f™ verifying the
hypotheses of Theorem 4 and of mass My = 1. Then there exists a constant C > 0
depending on Tr(|p|* p™), VK] ;6,0 and Hpi“HLoo such that if

Tr(||* o) < C.
then there exists a constant C > 0 depending on the initial conditions such that

(14) o) < C (& (+37)
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where ¢ = ¢, is given by (7). Again, if additionally Tr(|z|" p'™) is also sufficiently
small, then one can take ¢ = 0. Moreover, the following semiclassical estimate
holds
Wan(£(0), p(t)) < Wan(F" p") " e
with
_ sign(ln Wo s (f™, p™))
2

)\(t) _ Oin <t>1+no(1+h%)

i )l ;o0 + )l 7 oo
0t

<t>no(1+c/b’) ’

for some constant C > 0 independent from the initial conditions.

Remark 1.6. Again, the additional assumption VK € Bioo is compatible with
a kernel with a Coulomb singularity in dimension d = 3 such as the one given in
Remark 1.1. However, higher local singularities such that the one from Equation (3)
are not admissible for this result. This seems natural since even the uniqueness of
solutions for the Vlasov equation is mot known for such singular potentials.

Remark 1.7. This theorem implies a result of convergence in the classical Wasser-
stein distance at a rate Cy h°t as soon as the quantity Wa n(fin, p') is initially
smaller than some power of h. In particular, this implies weak convergence of the
Wigner transform of the solution of the Hartree equation to the solution of the
Viasov equation. Remark that by (27, Theorem 2.4], Wa (™, p™) is always larger
than Vdh. The fact that Wan can be controlled by the classical Wasserstein dis-
tance up to an error term v/dh can be proved for example when the initial states are
superposition of coherent states and this leads to results that can be written uniquely
in term of the classical Wasserstein distance as in [35, Section 7).

2. FREE TRANSPORT

We want to use the time decay properties of the kinetic free transport equation
which writes for f = f(t, z,€)

Of+&-Vaf =0.

In quantum mechanics, free transport is given by the free Schréodinger equation

ihOyp = Hotp,
where h = % and Hy = —h% which can be written Hy = @ with the notation
p = —ihV. The solution corresponding to the initial condition '™ can be written
T where the semigroup T, is given by
. —im|z|?/(ht)

15 Top = e Mo/l =5 "y

( ) tq/} € 1;0 (’Lht)d/Q 1/1
The corresponding equation for density operators p € & is

(16) Zhatp = [H()ap]a

whose solution is S;p™ where the semigroup S; is defined by
(17) Stp = TtpT_t.
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As it can be easily noticed, it holds T = T;* = T_; and for any (p, p,) € 22,
S(pp,) = S(p)S(py). Moreover, a straightforward computation shows that
Ssp=p
1
(18) Six =x —tp.

By the spectral theory, it implies that S;(f(z)) = f(x — ¢p) for any nice function f.
By analogy, we can define the operator of translation of the impulsion p by

—x|x|3t

To(x) ==e= 7 1h(z) = Gyla)(x)
(19) Sip:=TipT_,

which verifies the equation

2
ih 0 (5up) = l o ,stp] 7

and the two following relations
gf,l‘ =T
(20) -
Sip=p —tx.
We recall the quantum kinetic interpolation inequality that was already used in
[35, Theorem 6]. For k € 2N we define

k . k k
pr =Y NP7 = dlag(p2p-p2) ;
jed
and for r > 1 and 0 < k < n, we define the exponent p,, by its Holder conjugate
! d
(21) p/n_’k = (%) pl, with p/, = (7” + n) )
Then the following inequality holds
Proposition 2.1. Let (k,n) € (2N)? be such that k <n and p € L (|p|")N L7, for
a given r € [1,00]. Then there exists C = Cyrpnr > 0 such that

1-6 0
(22) lpllprns < CTe(lp[" o) lloll -

!
where 0 = ——
n,k

From this result, we can get an inequality with an additional time decay if we
replace the velocity moments by the Eulerian moments Tr(|z — tp|” p).

Corollary 2.1. Letn € 2N, r € [1,00], p’ := 1/ +% and 6 = ;—:. Then

1ol < a7 Tz~ 101" 9)' " .
Proof of Corollary 2.1. We just remark that by Formula (20), we get
t" Tr(|lz — tp|" p) = Tr(lp — 2/t["p)
=Tr(S1/e(Ip")p) = Te(lp|" S-1/4(p)) -
Moreover, since T is a unitary transformation, the following identities hold
diag(Sep) = Gi(z) o(w,2) G_i(2) = p(x)
Hg—l/tPHU = [lpllz- -
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Then by the interpolation Inequality (22) we get
ol = [[diag(S-1/p)
< Tr(lpl" Soape(p) " (S aeml
<t Te(a — tpl" o) o)z

Finally, we remark that n(1 — 0) = %{%T’) = g to get the result. O

3. PROPAGATION OF MOMENTS

3.1. Classical case. In this section, we define the classical Eulerian, velocity and
space moments by

L= //R F(t2,€) [z — t€]" d dé
M= [[ st glerarag

N, = //Rd F(t, 2, €) |z|" da de.

Proposition 3.1 (Classical large time estimate). Let (r,b) € [1,00] x [by, ],
VK € L and f € L=(Ry, L;,gﬁL;E) be a nonnegative solution of Viasov equa-
tion. Then for any n € 2N, there exists a constant C' = Cqrn > 0 such that

H% L111+%(t)
L;E ta ’

< CVE| o Mg || £

dLy,
dt

wherea:%—lcmd@o:l— —’”—b/.

a
n

Proof. We write f = f(t,z,£), E = E(z) and we compute

dLn n n—2

G = et 6V~ B Vef) — 1" ) € dadg

= —t// fle—te]" 2 (@ — t€) - EdE da.
]RQd
By Holder’s inequality, we deduce for ¢ > 0 and any p € (1,00)
dL,
dt

11| Lo
Ly

StH/ flo—te" " de
]Rd
<t IV % psll

Ju sl =erae]
/Rdfdi

[ fmer )i ag

Rd

where we used Hardy-Littlewood-Sobolev’s inequality with Cx = ||[VK]|| . and
p € (1,00) such that

< CK tn

b

La

Ly

(23) ilo2
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Then we want to use the classical kinetic interpolation inequality which tells that
for p;, ;. = (%)I (r + %) and g = g(z,&) > 0, it holds

(24)
k lirl/p;,,k ’l"/pl
[oweiaia| <o ([[ omeleracar) ol
R4 LPn,k R2d z,€
Since
1 1 1 n—1 n+1 1 1
— - = 1- 1) = _ >
Prn—1 + pl, 1 +d/n < n + > nr'+d b, b’

we can choose p < p, ,—1 and g < p, o verifying (23). Take p := p, n—1. Then
1 < ¢ < p, and by interpolation
[ 1
Rd

‘/Rdfdﬁ

Using the above inequality and then the interpolation inequality (24) for k = 0 and

k=n—1 yields
[ rae
]Rd
L5

drL,
W RO % wge) T
< Od,'r‘,n OKt MO ||f||[?r f(tax7€ + %) |£‘ d§ .
T,§ R2d

With a = % — 1 and by a change of variable, we get

P PL/d
q/

1
< M,

La Lrn

oy /d

’
Py

1-=5
< Cd,r,n CK t" MO ¢

[ st )l ae

dt

L? Lpn

dL 1 ! a ! 1+%
n n ~ " n B z |
e 1A TR T S Iy
x,§ R2d
1 T‘/ a ’I“, 1+%
< CapnCre My " HAIE, ([[ sl - rerac)
“ R
which is the expected inequality. ([l
3.2. Boundedness of Eulerian moments. We define p := 5,1/,5(/)) and for
n € 2N
pu = diag(p"/*p - p"/?)

Iy = t"pp.

We also introduce the following notations for the Eulerian, velocity and space mo-
ments

L, :=Tr(|z — tp|" p)
M, = Tr(|p|" p)
Ny o= Te(jal" ),

as well as the corresponding moments M,, and N,, for p. In particular, since we
have

L, =Tr(|lz —tp|" p) = t" Tr(|p — z/t|"p)
=" Te(|p|" p) = t" Te(p"™*p - p™/?),
we obtain with these notations Ly, = [pu ln, My = [pa pn and Ny = [p, p(z) 2] da.
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3.2.1. Long time estimate. To obtain a differential inequality which will give us
the long time behavior of the solution, we first need the following time dependent
interpolation inequalities.

Proposition 3.2. Let 0 <k <n and p;, , := (%)Ip'n and p € [1,pnk]. Then for
0

any a < k, there exists a constant C = Cq . > 0 such that
1—0n k.o O o~ Ly z
(25) loklle < C Mo " My " el 2
_ ' 1—0h ko en, ,a_L; L;
(26) Ikl < CEP Lo~ oL | £
where
pln,a k -«
071,]@7(1 = p/ n—a

Proof. By the kinetic interpolation inequality (22),

1— -’ -’

p'/n.,k p/n,k
okl Lrni < Cayrn ke Mn ol 2" -

Therefore, since p < p,, &, by interpolation between L? spaces, we get

1-6 0
okl Lo < lloxll L™ lowll onx

.
7

o 05
< CM"Mn " |plZ-
where § = 60,, .1, = p;;’“ and we used the fact that ||pg||,. = Mj. It already proves
Inequality (25) for k = a. Since k € [a, n], we can also bound M}, in the following
way

k—a k—a

1—k=a k—a
Mk < Ma 7L7QM7?7Q

)

which yields Inequality (25). To get (26), we follow the proof of Corollary 2.1.
Since S preserves the Schatten norms, we can write

16llzr = Nl 2 -

Hence, by replacing p by p in the kinetic interpolation inequality (22) and multi-
plying by t*, we obtain

’ r!

~ 1——F— . 7
Nkl s = 5 17l s < O (Te(1pI" S 1)) oo (|51 e

Bl

/
! T

< Ct* (Te(lp — 2/t"p)) "k |lpll oo

/ /
T T
1 7

k—n+ nr! 7
<Ct kL, T lpl ot

Next we remark that

nr’ k nr’ d/n d

Prk nr ( ”) r'+d/n (n=k) <T/+d/”> Py
and we deduce Inequality (26) again by interpolation of LP between L' and LPn:*
and by interpolation of Lj between L, and L,,. O

k—n+
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Proposition 3.3 (Large time estimate). Let (r,b) € [1,00] X [b,,, 0], VK € L*
and p € L¥R,, LN Ei_) be a solution of the Hartree equation. Then for any
n € 2N, there exists a constant C = Cy ., > 0 such that

dL,
At

" L1+ (t)
tll

in

< C VK] pooo M5®

3

wherea:%—land@ozl— ¥

Proof. We first remark that by Formula (18) and spectral theory, we deduce
|z — tp|" = S¢(|z|"). Therefore by defining Hy := 2 I , by definition of S,
ih 0 (Se(|z|")) = [Ho, Se(l2[")] = [Ho, |z — tp["].
Hence, by differentiating L,, with respect to time, we obtain
ih Oy Ly = Tr([Ho, |z — tp|"] p + & — tp[" [Ho + V. p])

= Tr([Ho, |z — tp|"] p+ [|lz — tp|" . Ho + V] p)

=Tr([Jlz —tp", V] p).
Then we use the operator S; of translation in the z direction defined in (19). By for-

mulas (20) and spectral theory, we deduce that for any ¢ € R, S,V = V. Therefore,
we deduce

ihOy Ly =" Tr([(lp — 2/t]"), V] p)
=" T([ 1:(1p["), V] p)
=t"T r([ 1/t (Ip") Sl/t(v)} )
=t"T r(g /t( p|", )
= t" Tr([|p|" ])

As it has been proved in [35, Equation (38)], this expression can be bounded in the
following way

1 1 1 1
Te((lp" VP < Coc bt sup | ogall| e [Botmil 5 1217
la+b+cl=n/2—1

where (a, b, c) € (N4)? are multi-indices with |a| = a; + ... + a4 and

1 1 1

(27) =stgts

/

Cx =Cynl|VK| 6. -

[\

As in [35, Proof of Theorem 3, Step 2], we remark that for the exponents p,
defined in (21) and multi-indices such that |a + b+ ¢| = n/2 — 1, we have

1 1 1 _1(3_2|a|+2|b+20|>_2(n+1)_ 2

n nr' +d b,

/ / + - /
pn,2|a| pn,Q\b| pn,2|b\ Dn

Therefore, since b > by,, we can find (o, 3,7) € [1,0n,2/a] X [1,Pn,218)] X [1,Pn,2p8/]
verifying (27) and use the interpolation inequality (26) for & = 0. By the definition



14 LAURENT LAFLECHE!2

of [, and the fact that Ly = My, we deduce

OuLy < Cpet" 2PN L2 up gy |12 (o134 lerc 2
la+b+cl=n/2—1
1 1 1 1
<COxtLi  sup  |{ljall7a [l ll7s ([l
la+b+cl=n/2—1

< (CarnCr M p)21) 0 LS,

where

d /1 1 d
‘ 2&ﬂ+ﬁ+7J b

1 1 1 1 2lal +21b| +2]c
o L (3 p (Lo L 1) 2lalt20bl+2)

2 o / ,Y/ n

1 ! !
142 T
n

T

2

1 11 1\ 2a|+2b] +2]¢| 111
o==(1+p,(=+=+— S

2<+“(w+@+y)+ - latets

We conclude by recalling that || p|| .. = H pi“| - since the Hartree equation preserves
the Schatten norm. ([

3.2.2. Short time estimate. To prove the short time estimate, we will use the bound-
edness of M,, and N,, for short times to get the boundedness of L,,. To achieve this,
we first need some lemmas to bound traces expressions with products of x and p
by M,, and N,,.

Lemma 3.1 (Interpolation for weighted traces). Let 0 < k < n and A = |p| or
A = |z|. Then for any operator p > 0 we have the following inequalities

k k 1—
(28) Tr(A*p) < Tr(A"p)" Tr(p)' ™.
Proof. By our definition of the absolute value, for two positive operators we have
\AB|2 = BA2B. Therefore, the lemma follows from Hélder’s inequality for the
trace and Araki-Lieb-Thirring inequality [5] since

P8

2

2k
n T 1-&
, r(p)

12 ¢
) Jato [ a0

<ot

2n

2n
K 2n—k

and the right-hand side here is exactly the right-hand side of Inequality (28). O

In the more general case of mixed product of z and p, for any i € [1,d]™ we can
define the set

of operators z consisting of a product of k partial derivatives and n — k multiplica-
tions by a coordinate of z, and look at the following quantities

Zp() ={z, .. &, Vi€ [L,n], 2, =z, or z; = p;,,

Tr(zp) = Tr(z, ... 21,P) -
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We denote by Z}! := ¢y, q» 2k (1)- Then we have the following Lemma.

Lemma 3.2. Letn € 2N, k € [1,n — 1] and

Z = sup |Tr(zp)|.
ZEZ}

Then there exist an integer T € [0,n] and a constant C > 0 depending only on d,
n and k such that for any operator p > 0
E_ _k L - —i\(1_k
(20)  Zp<MiN. " +CY (hzps?)? TR (20,
i=0
Moreover, Zi' = Ny, and Z] = M,,. This implies the fact that that for any € > 0,
there exists C. > 0 such that

(30) Zp <eNp+C. (M, +h2M,).

Remark 3.1. In the case k = 1, since 26“2 = N,_» < N:TZMO%, this leads to
the following inequalities
11 Lo st i oaaai
ZP < MPN, " 4+CY B My© Myt N, "
i=0

1oq_1 2 q_2
(31) gC(M;Nn "+ h Mg N )

Remark 3.2. For n € 2N, by ezpanding Tr(|z — p|" ) with the formula

(32) Tr(jz — pl" p) = Tr(lz|" p) + Tr(Ip" p +Z > C,Tr(zp),

k=1z€Z}

using the above lemma and Young’s inequality, and replacing h by th, we obtain for
any e >0

33)  Tr(jz—tp|" p) < (14&) Tr(jz|" p) + C. Tr<<|tp\” n |ht|%) p) .

Proof. The idea of the proof is to reiterate commutation of operators z; and Holder’s
inequality for the trace. We start with the simplest case n = 2.

Step 1. Case n = 2. In this case it is sufficient to look at |Tr(xipjp)’ for any
(i,5) € [1,d]?. By Holder’s and Young’s inequalities, we get

34)  |Tr(aipp < NZMg.

1 1
= (o8] < o],

Step 2. Case n > 2. Let z € Z'. Since we have the following commutation
relations for j # k € [1,d]?

(35) [xjvpk} = [pjvpk] = [mj’xk] = [xjﬁxj} =0

(36) [xj,pj] = ih,

any commutation operation of the form (36) of two adjacent z; in Tr(zp) =

Tr(2, ... z,p) will add a term of the form Tr(Zp) with Z € Z~7. Therefore,
we will use the notation C,,_s in the following steps to denote a term of the form

Coa=h Y CiTr(zp),

5 n—2
ZEZ, "



16 LAURENT LAFLECHE!2
for some constants Cz > 0. Hence, we can write
Tr(z p) < Tr(p“z’p) + Cnz < TI"(P%P%UBP%) +Cn2

with (a, 8) € (N9)2 such that |a| = k and |3| = n—k, where we use the multi-index

notations |a| = ay + - - + ag, 2% = 2" .. xgd, and p"‘ ( ih)lelgar . o
o If [a| < 3, then we can write § = (v,6) with |[y| = § —|a] > 0 and |0] = 5, so

that by Hoélder’s inequality

1
N
o) e

< Tr(pax%p p)% Né

1 1 1
< Tx(p*a?p)* Ni +CF, Ni

where we used the inequality va+b < v/a + vb. If |a| = Z, then |y| = 0 and
Tr(p**z®p) < M,,. If |a| < 2, remark that Tr(p®*z*7p) = Tr(p*®z”® p) with
ay = 2a and () = 27, Wthh is of the same form as the term Tr(a:apﬁp) we
started from, but with |o1)| = 2|a| > |a|. We can continue repeating this process
creating in this way a sequence (j))ieq1,...,;3 as long as ’04(171)‘ < 5, and with the
property that ‘a(i)| = 2!|a/ is increasing and |ﬁ(i)’ =n— ‘a(i)| is decreasing. If the
last term of this sequence oy verifies }a(j)| = 5, then |ﬁ(j)’ = 5 and we get

1

Ti(zp) < Te(peoa®o p) ¥ Np ¥ zcn?

1 1— ‘7+1 1 1 1
YRS 1 of T of
< MPTN, T +an2Nn ”,

where C,,_s depends on i.

o If this is not the case, then we get ‘a(j)‘ € (%7 n), so we are in the case of terms
of the form Tr(paxﬂp) with [a] > 5. For such a term, we do the same reasoning
as in the case || < § but replacing the role of x and p. This gives us a sequence
(), Ba)ielsjo] With |B(i)’ < § strictly increasing, |oz(i)| > % strictly decreasing
and such that

]2]1

_1
Tr (pa(J)lﬁ(”p) < TI‘( O‘(72>x6<12)p) 212 7 M 292 7 + Z Mi 2l
i=1
One more time, the last term verifies either ’a Jz)‘ = 2 either ’a(J2)| < , in which

case we continue to create the sequence as we did for i<y,

e If the sequence |a(i) |ieN never converges to 7, there is a periodic orbit. More
precisely, since the sequence (| ’)ieN takes Values in the finite set [1,n—1]\ {5},
we deduce that it will come back twice at the same point, i.e. there exists (ip,i1) €
N? such that 0 < iy < i; < n, Q(iy) = (i, and

= iz
(37)  Tr(pwatiwp) < Tr(prevafonp) " Mi2NG2 + €2, MUNE,
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where iy = i; — ig and (6;,¢;) € (0,1)? are such that
0i+5i =1 —271 = Ti.
From Inequality (37), using Young’s inequality on the first term of the right-hand
side and removing 2712 Tr(pa“o):lcﬁﬁo)p) on both side yields
‘9?2 Zip ia »
7, Tr(p®60 2860 p) < 1y, M2 N2+ C2,MINg,

i=1

and this leads to

—i io i
Tr(z p) < Tr(po‘<‘0>xﬁ<i0>p)2 MO NGo ZC%_QMSiNSi
i=0

< MPNE + 3 C2,MONG,
i=0

where (@i,gi) = (eimgio) + 2~ 1o (Qi_io,si_io) if i > iy and © = 27;& + ®ig' In

. 12
particular, since ©;, = ©;, + 27'06;,, we deduce that

0=0;+ (0, —6,)=6 2

= i0+T2( i —6) = i1+m
and similarly £ =1 -0 > &;,.
e In all the cases, we end up with an inequality of the form

(eil - @io) > @ilv

T
(38) Tr(zp) < M Ny, + > Ca_,MJ'NT,
i=0
where (0i)iefo,z7 and (&)iefo,z] are two increasing sequences with values in [0, 1)
such that & +©; =7, © > Oz and £ > &7.
Step 3. Rescaling. Replacing i by A# for some A > 0 and dividing Formula (38)
by A* yields
z .
Tr(zp) < X" FMIN, @+ AOm7h el MPINT O,
i=0

11
Taking A\ = N M, ™, we arrive at the following formula

z
kg k S sk m(1-k
Tr(zp) < My Ny " + > C2_,My " N, (=%)
i=0
from which we deduce (29). Formula (30) then follows by an induction on n,
Lemma 3.1 and Young’s inequality. (]

To get a short time Eulerian moment estimate, we use [35, Theorem 3] which
tells us that for any n € 2N and b > max(by, b, ), there exists a time

(39) T = TYT K| o oo 05 oo Mo M

inod,rn

and a positive constant m depending on VK, ||pin| My, M, d, r and n such

that
(40) V(k,t) € [0,n] x [0,T], Mg(t) <m.

l:r’
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Proposition 3.4 (Short time estimate). Assume h € (0,1) and let n € 2N\{0},
r € [1,00],

VK € L*™ for b € (max(by, b,), 0],

and p € L>=([0,T), L7 N LL( + |z|" + [p[™)) be a solution of the Hartree equation.
Then for any t € [0,T) it holds

L, <2"Tr(|z|" p™) + Canrm (1 +h%)t2,
where T is given by (39).
Proof. We first remark that
[l [pI*) = 2in Y (ja|") - p — (—ih)*A(|z]")
=nih|z]"? (2 - p—ih(d+n—2)).

Therefore, recalling the notation N,, := Tr(]z|" p) and using the fact that |z|"
commutes with V(z), we can compute
p)

dN, 1 . Ipl?
:_Tr<l|x| 7H+V
ih
- %Tr<|z|n_2 2x-p—ihi(d+n— 2)),;)

dt 2
= nTr(|ac|"_2 x- pp) - w Tr(|ac|"_2 p) .

But since NNV,, remains a real number, its derivative is the same as the derivative of
its real part and we finally obtain

dn, _
(41) n :nTr<|x|" 2x-pp>.
dt
This quantity can be bounded using Inequality (31), leading to
dN, 2 g 2 1oq_1
(42) —gChMoiNi ’2L+OMTZI‘N$ .

dt
Since M, is uniformly bounded on [0, T'] by the bound (40), we deduce by Gronwall’s

Lemma that N,, is also bounded uniformly on [0,7]. Therefore, since § < n,

n—1 n—2
we can write Np,™ < CrNn™ on [0,7] with C = [[Ny|p (g 7) depending only
n—2

on the initial conditions. Thus, Inequality (42) implies 9;N,, < Cr N,™ with

Cr = hMO% + C Crm~. Therefore, using once more Gronwall’s Lemma
(43) Na(t) < (V)7 + 2Crt) P ot (N1 (Or ).
Finally, by Inequality (33) with 1 + ¢ = 2'/2, and the fact that t < T', we obtain
Lo <25 N, +Cp (t”Mn + |t MO)
< on (N;L“ it (C:,% +C, T3 m+C, k% M0>> ,

which yields the result. [
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3.2.3. Global estimate. To prove the first theorem, we will now combine the short
time estimate, which tells that L,, is not growing fast initially, with the long time
estimate which works only when L, is not to large after a short time. Since by
assumption L, is small initially, the combination of these estimates will give us a
global bound on L,,.

Proof of Theorem 1. Since b < %, we have a := % — 1> 1. Thus, by Gronwall’s
Lemma and Proposition 3.3, for any ¢ > 7 > 0 we obtain

—a/n —a/n 1 1 1
L(t)™%"™ > Ly (1)~%" + a <ta1 - Tal)
_ 1

where

1
(i) _
ClIVE]| o Mg 7] £

Combining the above inequality with Proposition 3.4, we know that there exists T
such that for any 7 € (0,7] and ¢ > 0, it holds

N —n/a
Ln(t)s<(2"N;“+cT73)‘” 1) :

~ Ara-l
as soon as the right-hand side is positive and with Cr = Cp nim i pr,- Now
we choose 7 and N'™ so that this positivity property holds. Since b > %, we
have 2 < o’ = -%5. Thus we can define 7y := min(T7 (ACT_T)ﬁ) and N :=
2" (A%TOW - CT’TO%). We remark that NV > 0 since
70 < (ACF )Ta = Cpryt 2 < A% = N >0.
Taking 7 = 79 and NI* < N, we obtain that
in T\—a 1
Cr.nim pin g, 2= (2N + Ot ) ™7 — AT
7o
a 1
> (N+Cprrp) ™ » — ——= =0.
( 770) A7t
We deduce that for any ¢ > 0
Ln(t) < CT71(LV:L",Min7M0’
which proves the result. O

3.3. Application to the semiclassical limit. We fix now p > 0 a solution of
the Hartree equation and we assume i < 1 (or equivalently, we do not write the
h dependence of constants that are bounded when & — 0). We will now use the
uniform in time estimate on L, and again the differential inequality for N, to
obtain bounds on N,, and M,,.

To implement this strategy, first remark that by defining p := S_; /¢p and M, =
Tr(|p|" p), then as in the proof of Corollary 2.1, it holds

(44) t" M, = t" Tr(|p|" S_11(p)) = Tx(jz — tp|" p) = Ln,



20 LAURENT LAFLECHE!2

while Tr(|z|" p) = N, and Tr(p) = My are unchanged by this transformation.
Similarly, we also have

"M, = Te(lo + tp|" ).
Expanding the right-hand side of this inequality as in Equation (32) and then using

Formula (44), we obtain

n—1
(45) "M, < Ny + Lo, +C > 8 2,
k=1

where Z}' = sup,. zp Tr(z p)|. From this inequality and the result of Theorem 1,
we obtain the following bounds.

Proposition 3.5. Under the hypotheses of Theorem 1, it holds

N, < NP4 C (1" + %)
Mn Sca

and for any k € [0,n], Zp < Ct~F )", where the constants C' > 0 involved

depends on |VK || o0, Mo, M2, | p™ d, n and r.

L'r )

Proof. Once again, we will proceed by induction on n.

Step 1. Case n = 2. In this case, conservation of energy together with the

boundedness of the potential energy by M as soon as K € L e implies

that My is uniformly bounded independently from % and ¢ (see e.g. [35, Remark 3.1]
or [36]). By Sobolev’s embedding, this is always true if VK € L. Then by
Formula (41) and Inequality (34), we deduce

dNs

T 2Tr(z-pp) < QMQ%N;

which by Gronwall’s inequality yields

. 2
No(t) < (Ng(())? +my t) ,
where mg = [[Mz|| o (g, y- Then, by Formula (44), we obtain
Te(z-pp) <2My N7 =2t L LIN <Ct71 (1),

from which we easily deduce that Z2 < C't~1 (t). Finally, Z2 = N, < C (t)* and
222 = Mg =1Ls t=2.

Step 2. Case n > 2. We go back to Equation (41) which together with Inequal-
ity (29) with k = 1 and the fact that by our induction hypothesis Z§ 2 = N,,_5 <
C ()" implies that

AN, 191 . n2\? ) =2 (1-27) (1-4)
< TZL n " n " n "
- _n<M N +Ci§:0 (h(t) ) M, "N,

1—e¢
n

(46) <nMiN-74+C ((t)"_2 4 gy, Nﬁ”’“”) ,
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with ¢ = 27". Remark that we can replace N,, by N := 1+ N,, in Inequality (46).
From Theorem 1, we know that L, is bounded by a constant, hence by Inequal-
ity (45), we can bound M,, by

n—1
N C .
47 M, <—+4+—+C) th—mzn.
(47) Smtmt ;;:1 &

To control Z}J, we use Inequality (29) with p. Together with the the induction
hypothesis on Z,?:f, the fact that M,, < C't~™ and the fact that N, = N,, < N,
we get

Zp <CERNITR oYy R N ()
(48) i=0
<cC (f’“Nl’% R TR e gy R N<1—5>(1—%)) :
where the second inequality follows from Young’s inequality for the product. Putting
these inequalities back into Formula (47) and using again Young’s inequality, we
obtain for any t > 7 > 0

N Ni-% 1

B A tn t

for some constant C.. depending on 7. Together with (46) and the fact that ¢ > 7
and NV > 1, this implies

AN N N'=mz Nl-% . Nl Na-(-3)
§§n7+CT 7 + t% +1t +t1_5("_1)+t%—5(n—2—%) .
or equivalently, for N = Nt~ ",
AN Ni-E gi-d ., Nt Na-(1-%) _
ES T<t1+717/+t1+711+t + Fite + t(1+5)(1+%) :.F(N,t>

with F e C'((0,00) x [r,00)). Taking y(t) as the solution of y'(t) = F(y(t),t)
with initial condition y(7) = N(7), we see that y'(¢t) > 0, hence y(t) > y(7) > 0.
Therefore, up to multiplying by a constant depending on 7, we can keep only the
biggest powers of y and ¢ in F(y,t) if we just want to bound gy’ by above. This
leads to
: y(®)'*
Yy (t) <C; tlﬁ
where we used the fact that e=1 = 2" > n2 > n since n > 4. This implies that for
any t > 7, y(t)° < y(7)¢ + C is bounded if y(7) is bounded. However, we already
know by Inequality (43) that N,,(t) < N2+ Crt% for any t € [0, T for some T > 0.
Therefore, taking for example 7 = T, we obtain that y(7) = (N, (T)+1) T™" is
bounded. Therefore, y is bounded for ¢ > T and also N,, since
N, (t) < N 4 Crt3 ift<T
N,(t) = N)t" —1 < y(t)t" < C " ift>T.
The bound on M,, is then an immediate consequence of Inequality (49) for large
times and the fact that M, is bounded on [0,7T], while the bound on Z} is a
consequence of Formula (48). O



22 LAURENT LAFLECHE!2

Actually, it is sufficient to use the condition of smallness of moments for n = 4 to
get a global propagation of higher moments as soon as by > b,, (which corresponds
tor > ﬁ). This leads to the following proposition.

Proposition 3.6. Under the condition of Theorem 2, M, € LS. (Ry) and more
precisely, there exists ¢, = can,r > 0 and C > 0 depending on the initial conditions

such that
M, <C ).

Proof of the proposition and of Theorem 2. Since b > by and b > %, we can
use Proposition 3.5 for n = 4, and deduce
M4 S Ca

for a given C' > 0. This already proves the result in the case n = 4, so that we
assume now that n > 6. Then, we use Formula (44) from [35], which reads

dMn in||©
(50) F < Cd,r,nCK Hp | £,2. M,?E2 MS)7
with
n—1 bn_g
=1 —1].
o=1+" ( : )
3 r’
@0:(1—6) (—)
2 pLos
3
O, = 3~ 01 — O,
where
nr' +d (n—=2)"+d
= —(n—-2)).
c (n—2)r'+3d ( b (n—2)

In particular, since r > d’, then b, is a non-increasing sequence and we deduce
that for any n > 6, b > by > b,,_o, which implies that © < 1. We then obtain
Inequality (7) by Gronwall’s Lemma and by induction over n € 2N. From this
bound, Formula (8) about NN, can be deduced by using again Inequality (42) and
Gronwall’s Lemma. Finally, since we know by Theorem 1 that L, is bounded, the
asymptotic behavior of p in Formula (9) is a consequence of Corollary 2.1. The
other inequalities follows from Proposition 3.5. O

Proof of Theorem 5. The hypotheses of Theorem 2 are fulfilled with r = oo,
thus we deduce the existence of nonnegative constants ¢ and vj; such that

M, < vy (t)°.

Therefore, we can use [35, Proposition 5.3], which tells us that for any (ng,n) €
(2N)? verifying d <ng < (1— §)n+1— %, it holds

Cdno (B oo < NP oo ()

t 1o
o) <2 ([ o (14 2074) )
0

< 2no (HpinHD’"(m) + Coprpin <t>no(1+ﬁ)) ’
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where m = 1 + Zl 1 and Cpin = (Cann [[VE| Lo (1 4+ My)) ) HpmHH_ C .

This proves (14). As in [27, Section 4], we then define the time dependent coupling
v =~(t, z) with z = (z,&) as the solution to the Cauchy problem

1
at’Y:(_vvz_EVE)7+ﬁ[H7’Y]a

with initial condition 4™ € Cp(f™, p™). As proved in [27, Lemma 4.2], the coupling
property is preserved by the dynamics, and so v € C(f(t), p(t)). We also define
with the notations of (10) the quantity

En =En(t) == /2d Tr(cr(2)v(z)) dz,
R
so that by the definition (10) of W3 5, we have

(52) Wan(f(t), p(t)? < En.

Moreover, remark that by [27, Theorem 2.4], the left-hand side here is bigger or
equal to dh, so that &, > dh. Then, as in [35, Proof of Proposition 6.3], we obtain

& H
J<&+M%(Q€md@ﬂ%&ﬁ&m&»>

with Cy = Cie max (o)l e o5 (@)1 <)E No(O)] 2 and €y = Cic [p(t)] - with
Cx =0Cy ||VK||Bl . Using the facts that &, > dh and Cy < Cq, and dividing the
inequality by &, thls leads to
dln(fh)
dt

Remark that the right-hand side is a Lipschitz function of In(£;). Denoting by
y(t,y0) the solution of d;y = 1++/6 C; + Cs |y| with initial condition yo, we deduce
by Inequality (52) and comparison of ordinary differential equations that

Wz,h(f<t),p(t))2 S 5h(t) S ey(tvln(gh(o))).
Since y(t,-) is a non-decreasing function, minimizing over £, (0) yields
(53) Wan(£(£), p(t))? < evE2mWan(£(1).p®)),

Recalling that 1+ 1/6C; and Cy are bounded by above by a function of the form
b(t) = C™m (t)"o(H'lTC’), we find by solving the equation 3’ = b(t) (1 + |y|) that

02 %
g+@q 5 %O <14+ V6C; + Co [In(&r)| .

y(t) < (y(0) +1) PV —1 if y(0) > 0
y(t) < y(0)e PW 41— e B if y(0) < 0 and y(t) <0
B
y(t) < T—y0) 1 if y(0) <0 and y(t) >0
where B(t fo s)ds and C'™ = 1+ Cy ||VKHBl sup, ”pf(t)gﬁ(‘)x(’lﬂfé,gluw de-

pend only on the initial conditions by Inequality (51) Remark that in the last
case, we have 0 < (y(0) —1)e 2® 4 1, thus we obtain that y(t) < eB® —1 <
(y(0) — 1) e=B® 4 B® Therefore, we can summarize the inequalities for any
values of y(0) by

y(t) < y(0)e sign(y(0))B(¢) 4 oB(1)
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We conclude by combining this inequality with Formula (53). O
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