
HAL Id: hal-02044575
https://hal.science/hal-02044575

Submitted on 21 Feb 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Laplace pressure evolution and four instabilities in
evaporating two-grain liquid bridges

Boleslaw Mielniczuk, Tomasz Hueckel, Moulay Saïd El Youssoufi

To cite this version:
Boleslaw Mielniczuk, Tomasz Hueckel, Moulay Saïd El Youssoufi. Laplace pressure evolution and
four instabilities in evaporating two-grain liquid bridges. Powder Technology, 2015, 283, pp.137-151.
�10.1016/j.powtec.2015.05.024�. �hal-02044575�

https://hal.science/hal-02044575
https://hal.archives-ouvertes.fr


 liquid bridges
Laplace pressure evolution and four instabilities in evaporating two-grain
Boleslaw Mielniczuk a,b,d,⁎, Tomasz Hueckel c, Moulay Saïd El Youssoufi d,b

a Institut de Radioprotection et de Sûreté Nucléaire, IRSN, B.P. 3, 13115 Saint-Paul-lez-Durance Cedex, France
b Laboratoire de Micromécanique et d'Intégrité des Structures MIST, IRSN-CNRS-Université de Montpellier, France
c Duke University, Durham, NC 27708, USA
d Laboratoire de Mécanique et Génie Civil UMR UM-CNRS 5508, Université de Montpellier, 34095 Montpellier Cedex 5, France

a b s t r a c t
Dynamic variables characterizing evolution during evaporation of capillary bridge between two spheres are analyzed. The variables include: average Laplace 
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pressure, pressure resulting force, surface tension force and total capillary force calculated based on the previously reported geometrical variables using Young-
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ledge that Laplace pressure is calculated from the measured bridge curva-tures along the process of evaporatio
. A comparison with the experimental data from analogous capillary bridge extension tests is also shown and 
Laplace law [1,2]. This is the first time to our know
and compared to experimental measurement data
 

gly 
discussed.
The behavior of evaporating liquid bridges
significantly augment during an advanced
rupture. At larger separations the pressure
because of the evolution of the surface are
between measured total resultant capillar
separations (below 50 μm). Up to four con
suction (pressure) instability; Rayleigh n
transition, associated with the formation o
bridges is seen at large separations to occu
unstable way when water evaporates from
 as strongly dependent on the grain separation. Initial negative Laplace pressure at small separations is seen to 
f evaporation, but to turn into positive pressure, after an instability toward the end of the process, and prior to 
ive all the time, changing a little, but rupturing early. Rupture in all cases occurs at positive pressure. However, 
tact, the resultant total capillary forces are always tensile, and decreasing toward zero in all cases. Comparison 
 and those calculated from the Young-Laplace law is very good, except for some discrepancies at very small 
 instabilities of capillary bridge are seen developing at some sphere separations. They are: re-pinning-induced
atenoid/unduloid unstable transition, associated with zero-pressure; Rayleigh unduloid/cylinder unstable 
d-wire; and lastly, a pinching instability of the liquid-wire, associated with the bridge rupture. Rupture of the 
early, at only 1/4–1/3 of the initial water volume evaporated. At smallest separations, rupture occurs in a seemin
dge thinnest section of the neck.
1. Introduction

Evaporating capillary bridges between two glass spheres at fixed
separations revealed in recent isothermal experiments characteristic
patterns of their evolution during liquid evaporation [1]. That includes
total mass-evaporation rate, average evaporation flux, evolution of
geometric characteristics, such as the radius of bridge gorge, central
external radius, angles and radii of contact, and evolution of capillary
force. These patterns bear similarities to, as well as differences from,
the analogous quantities measured during more familiar short-term
axial extension tests of such bridges, with negligible evaporation. An
important part of such evolution is rupture of liquid bridges at some
fr (B. Mielniczuk), 
@univ-montp2.fr (M.S. El 
separations and other forms of bridge instability [2]. An importance of
a better understanding of rupture conditions comes from the role of liq-
uid bridges in mechanical strengthening of granular media, and in the
change of liquid repartition pattern.

The objective of this paper is to process, analyze, and discuss the nu-
merical data from the aforementioned experiments on the evaporation-
induced evolution of the following bridge characteristics: gorge radius,
rg and of a mean value of two measured external radii, rext (Fig. 1) for
a series of separations between grains D, to calculate the Laplace
pressure, Δp and Laplace pressure resulting force, FΔp as well as the
surface tension component of the evolving capillary force FST with the
use of “gorge method” [3]. The use of the gorge and a single external
radius is equivalent to treating the bridge as a structured water body
of a uniform external radius of curvature, and implying a uniform liquid
pressure throughout.

The evolution of contact angle (hysteresis), pinning, de-pinning and
re-pinning of the contact line are reported byMielniczuk et al. [1], but are
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Fig. 1. Liquid bridge between two spheres.
not considered in Laplace-Young lawand in the expression for the Laplace
pressure. However, as seen, they heavily affect the evolution of Laplace
pressure. The calculated total capillary force FCAP being a resultant of the
pressure force FΔp, and the surface tension components FST, is compared
to the values obtained experimentally. A similar comparison is also
made with, and discussed in the context of the analogous conditions
during capillarybridge extension (separation increase) tests. Rigid spheres
of equal radius and constant separation systems are considered only.

2. Experimental input

The main dynamic data from our recent experiments (see [1] for
details) are synthetized in Fig. 2a and b, visualizing the total measured
capillary force, FCAP-m against the current volume of the liquid bridge
and separation between the spheres. A description of the experimental
conditions is provided by [1].

The curves at constant separations D from 0.01 to 2.0 mm were
obtained in evaporation driven tests, all starting from the same initial
liquid volume of 4.0 μl. The curves at constant volume Vwere obtained
from extension tests, all started at a zero separation.
Fig. 2. Two views of total capillary force evolution measured during evaporation tests at consta
from zero separation (crosses). Notable is the discrepancy between the force values from the
marked at smaller liquid volumes and smaller separations.
All the data of total capillary force denoted in what follows as
“measured”, both during evaporation and extension, in reality were
calculated from the truly measured total intergranular force by
subtracting from the latter the hydrostatic pressure resultant force
(weight effect), acting on the surface area of cross-section at gorge
level, as proposed by Princen [4] and Adams et al. [5]. This was
performed to be able to directly compare the force FCAP-m to the one
calculated from the curvature radii, FCAP. The gravity (hydrostatic)
force contribution has nevertheless been very small, never higher than
5% of the total measured intergranular force.

In general, the capillary force, FCAP-m (Fig. 2) decreases, both during
evaporation and during extension. There is a difference in this trend
for the two processes: the capillary force is a convex function (of liquid
volume loss) for evaporation (slow evolution at the beginning, fast at
the end), while for extension the capillary force is largely a concave
function of varying separation at constant volume (fast evolution at
the beginning and slow at the end).

Both graphs indicate that the surface FCAP-m (V, D) hypothetically
spanning the constant separation (evaporation) curves does not exist in
a relatively vast range of liquid volumes (less than 2 μl, at D =1.3 mm,
and less than 1 μl, at D = 0.7 mm) as marked on the “floor” of the
graph, while it does certainly exist in that range for the extension pro-
cesses. The principal cause of that is rupture of the bridges occurring
within the domain and hence cutting off portions of the range. Apart
from the rupture range, there are differences between the capillary
force value for evaporation and extension that may reach up to 80
% of the maximum value (e.g. for separation of 0.1 mm). The overall
conclusion from these observations is that the capillary force, FCAP-m
is not a state function of volume and separation [1], but does depend
on the history of evaporation or extension and on the solid-liquid
contact evolution, in particular the history of contact diameter CD
and contact angle CA.

2.1. Radii of curvature of liquid bridge and their evolution

To quantify the evolution of the profile of the liquid body, the two
principal geometric characteristics of the liquid bridges were deter-
mined by image-processing: the radii of their gorge rg and of the exter-
nal meridian curvature rext (and hence, the mean surface curvature).
These two variables enter the Laplace-Young law for capillary pressure,
which is a macroscopic equilibrium theory based on the assumption of
constant pressure throughout the bridge.
nt separations (bullets) and during extension tests at a specific constant volume, starting
two types of a constant separation or volume cross-sections for the two tests especially



The results are summarized in Fig. 3a and b, showing the gorge
radius rg and external radius rext evolution versus the current volume
V of the liquid bridge, (bullets) and the current separation D between
the spheres (crosses). The data of the radius evolutions were obtained
with a still camera, Canon EOS500 with a macro lens. Images were
saved each minute for the evaporation tests and each 5 s for the exten-
sion tests, with a resolution of 12 megapixels.

2.2. Gorge radius

During evaporation the initial rg varies between 1.71 mm at
separationD=0.01mmand 0.62mmatD=2mm,withmuch thinner
bridges for higher separations (obviously, as the initial volume is the
same by choice). During evaporation, the initially linear function rg(V)
decreases and it looses the linearity after more than 2/3 through the
process. For larger separations, the bridge evolution terminates early
with a bridge rupture (at ¼ to ¾ of water evaporated), with the critical
(final) rg between 0.375 and 0.01 mm (Fig. 4a). For the smaller separa-
tions (D b 0.7 mm) a rapid, visibly unstable decrease of rg occurs near
the end of the process.

Set up for extension tests the initial rg vary between 1 mm at V =
0.2 μl and 2.27 mm at V = 10 μl (Fig. 4b). A linear decrease of rg(D)
during the extension has a consistently lower rate of decrease at the
terminal separations. The final gorge radius is from 0.243 mm at 0.2 μl
to 0.579 mm at V =10 μl (Fig. 4b).

It is important to note a difference in the rate of decrease of gorge
radius, which largely controls both: FΔp and FST, as seen in what follows.
While for extension the rate of rg decrease is nearly a linear function of
separation, for evaporation a clear acceleration toward the end of the
process is visible, especially for smaller values of D.

2.3. External curvature radius

The external radius rext decreases monotonically during evaporation
in a similarway for all the separations (Fig. 3b, bullets). The initial values
are fairly similar for all the separations, whereas the terminal values
range from nearly zero at small separations, to relatively high (about
50% of the original values) at the highest separations (Fig. 4a).

Evolution of rext during extension is relatively modest. Its initial and
final values are almost the same for all volumes (Fig. 4b). For each liquid
volume the curve rext(D) has two extrema: with an increasing separa-
tion it initially decreases, reaches a minimum, then it increases to a
maximum and decreases again till rupture (Fig. 3b, crosses). This is
consistent for all water volumes tested, except for the smallest (at
V = 0.2 μl), for which the first minimum coincides with the beginning
of the process. As for the dependence on the liquid volume rext(V), the
Fig. 3. Liquid gorge radii evolution in evaporation tests at constant separations, or in exten
initial and final radii both increase, with the exception of the final rext
that has a noticeable maximum at 4 μl (Fig. 4b).

3. Evolution of calculated Laplace pressure (suction), resultant
pressure force, surface tension force and total capillary force

The force of capillary interaction between the grains has been
originally attributed entirely to the gas and liquid pressure difference
resultant [6]. Fisher [7] has convincingly argued and proved that the
perimeter surface tension resultant plays an equally important role in
the total force of inter-grain interaction. Therefore, the total capillary
force, FCAP (positive when attractive) is now believed to be a sum of
the force of liquid pressure difference resultant FΔp and the resultant
surface tension force FST (vertical component of the surface tension
acting at the perimeter of the gorge), The gravity force is considered
here as negligible [8,9], hence

FCAP ¼ FΔp þ FST ð1Þ

The pressure resultant force between two wet grains is [6,10]

FΔp ¼ −πrg2Δp ð2Þ

whereΔp is the difference of external (ambient gas) and internal (inside
bridge) liquid pressure (Laplace pressure), resulting from Young-
Laplace law as proportional to the mean surface curvature at the
symmetry plane meeting the point

Δp ¼ γ κg þ κext
� � ð3Þ

where the curvatures κg = rg
-1 and κext = rext

-1 are considered positive
for convex curves andnegative for the concave ones;γ is surface tension
of the liquid determined experimentally.

The surface tension force acting on the bridge perimeter at its neck is
[7,9,11]

FST ¼ 2πrgγ ð4Þ

The liquid is amixture being used at the University ofMontpellier for
experiments on capillary forces, see e.g. [12]. The mixture composes of
the milli-Q ultrapure water and some ingredients acquired by water
when it is circulated through the hydraulic system of the apparatus
(not relevant in our experiments). The surface tension coefficient γ of
the liquid used in further analyses is determined experimentally with
use of Wilhelmy plate method [13], with assumption of zero contact
angle. The experiment was repeated several times and the mean value
was determined as γs = 0.0496 N/m. Similar values were reported by
Gras (mean value of γs = 0.0510 N/m, [12]). These values are notably
sion tests at constant volumes of the liquid bridge: a) gorge radius; b) external radius.



Fig. 4. Initial and terminal radii: (a) for different evaporation tests at 4 μl (initial) with different separations, (b) for different extension tests with different liquid volumes.
lower than the nominal value of 0.0728 N/m for the surface tension of
distilled water. Surface tension is notoriously sensitive to the presence
of contaminants (see, e.g. [14,15]). All the force related results are
anyway normalized with respect to surface tension.

By Young-Laplace law, the dynamics of the liquid bridge body is
entirely controlled by its geometry, in particular, its two principal
curvatures κg and κext. Based on the previous results [1], we assess the
role of the two principal components (suction and surface tension) in
the evolution of the capillary force during the process of evaporation.

3.1. Laplace pressure

The variation ofΔp calculated following the Eq. (3) is shown in Fig. 5.
A possible influence of a liquid film extending beyond the area of the
actual bridge is neglected, as no such film has been detected.

The results reveal a relatively similar trend in the evolution of Δp
during both evaporation and extension, but with a few important
exceptions.

In general, liquid in a capillary bridge initially develops a negative
Δp, from about -5 Pa at V =10 μl up to -106 Pa at V = 0.2 μl. Only at
Fig. 5. Evolution of Laplace pressure difference (capillary pressure or suction, if negative) wit
(b) extension tests at different constant liquid volumes. The values are calculated from the me
the highest separations D at evaporation tests (1.3 and 2.0 mm) the
initial Δp is positive, and stays that way during the entire process of
evaporation up to rupture (about 53 Pa for D = 2 mm).

For evaporation, for all separations between 0.1mmand 0.7mm the
pattern of evolution of Δp is similar. The initial liquid bridge is under
suction, which gradually increases during evaporation, to a maximum
that is up to three times the initial value (e.g. Δp = 102 Pa for D =
0.4 mm) at a 1/3rd to 1/4th of the water volume left). Shortly after the
maximum a sharp decrease of suction to zero is visible and positive
pressure develops with values reaching about 25 Pa for D = 0.4 mm
and up to 196 Pa for D = 0.1 mm, before the rupture of the bridge (at
the 1 min time resolution). For the smallest separations (D b 0.1) a
maximum suction may achieve values as high as 10 kPa just before
the rupture, with about 10% of the initial water left (see inset in Fig. 5a)

However, when the images are processed of the last fewmilliseconds,
prior to rupture, as recorded with the ultra-fast camera (see [2]), the
pattern of Laplace pressure evolution acquires additional a notable
ending, see Fig. 6. The positive Δp that develops in the terminal
phase of evaporation reaches two-order of magnitude higher values, up
to 2 kPa, than those calculated from the slow camera photos. That
hin the liquid bridge during (a) evaporation tests at different constant separations; and
asured radius values following Laplace equation.



Fig. 6. The evolution of Laplace pressure included Δp calculated from radii of curvature from images taken by fast camera over last miliseconds of the bridge evolution, until the bridges
ruptured. Note incomparably high values of the positive fluid pressure increase. These values are two-three order of magnitude higher compared to the pressure during the static
evolution.
corresponds to the phase when the bridge evolves into a water-wire,
with a very high and increasing gorge curvature and almost zero external
curvature over almost entire length of the wire. In that situation, Δp
increases dramatically, until interrupted by an instability of the water-
wire rupture (see [2]).

For extension, the initial phase ofΔp(D) evolution (Fig. 5b) is charac-
terized by a brief stage of a modest suction increase to a maximum: the
smaller the liquid volume, the higher and earlier themaximum suction.
At themaximum the curve is much sharper than in the case of evapora-
tion test. After the maximum, there is a prolonged phase of a nearly
linear suction decrease continuing into a significant phase of positive
pressure in the liquid body, with the final Δp visibly higher than those
at the end of evaporation. Interestingly, for the highest liquid volume,
the initial and terminal Δp is about zero. The terminal pulse of positive
pressure as seenwith fast camera is also visible in extension tests, asso-
ciated with the water-wire effect, however reaching somewhat smaller
final values (see Fig. 6b).

There are a few particular conclusions from the above assessment of
the Laplace pressure. In both cases, the pressure evolution scenario is
similar: an initial increase of suction, followed by its extensive decline
and then a gradual process of pressurization of the liquid bridge, with
the rupture in the presence of a positiveΔp, which is quite counterintu-
itive. For extension, the behavior of water body resembles behavior of
extended elastic solid bar, which is under negativemean stress. Howev-
er, as opposed to the extension of elastic solids, the capillary force
decreases after a maximum, like in solids with plastic softening or
being damaged [16,17].

The expectation for a negative Δp in the case of evaporation comes
from a vast macroscopic scale experimental evidence of an increasing
suction during drying of granular media reaching elevated values re-
portedly as high as 2.0 MPa [18] or more than 100 MPa [19–21] at the
degree of saturation below 5%. This is still true in our experiments at
the micro-scale in the initial phase of evaporation, but not anymore in
the more advanced one, and near rupture. It is to be remembered that
what constitutes an early stage of loss ofwater from the capillary bridge,
on themacro-scale corresponds to a very low saturation degree, (about
9% for a cubic packing systems, see [22]). However, it needs to be
stressed that most of the macroscopic desaturation tests are suction
controlled. In our tests, suction arises in response to the evaporation
flux, and is calculated from the geometric data, assuming the validity
of Young-Laplace law. In all our attempts to directly measure Δp at the
micro-scale, the measurement resulted to be a highly invasive process.

3.2. Intergranular resultant forces of pressure and surface tension

From the point of view of a number of technologies, a variable of
importance is a capillary force, rather than Laplace pressure Δp. The
total capillary force FCAP (usually computed at the bridge gorge) is
calculated as a sum of the two components (Eq. (1)) corresponding to
Δp acting over the bridge cross section surface area (FΔp, Eq. (2)) and
surface tension acting over the length of the perimeter (FST, Eq. (4)),
following the original experimental proof by Fisher [7].

The variation of Δp is therefore altered by a quadratic function of an
intensely evolving rg, as shown in Fig. 3. On the other hand, the surface
tension force FST is a linear functionof the samevariable rg. The computed
resultant forces FΔp and FST for evaporation and extension are presented
in Figs. 7 and 8.

Laplace pressure resulting force FΔp for evaporation is generally pos-
itive (attractive) except for the largest separations (D=1.3 and 2 mm)
and just before the rupture, when it results in a slightly repulsive force.
The values of the initial negative Δp (Fig. 5a) became magnified by the
cross section surface area of the gorge at the beginning of the process,
but the positive pressure contribution toward the end of the process is
substantially diminished, as the gorge area becomes very small. As a
result, the positive pressures developing in the liquid toward the end
of evaporation turn out to minimally contribute to FΔp. Nevertheless,
during evaporation FΔp‘s value is doubled at themaximum, to eventually
rapidly decline until reaching practically zero in all cases. For the largest
separations FΔp originates and remains slightly repulsive until it vanishes
with the vanishing volume of water (Figs. 7a, 9a).

The surface tension force FST during evaporation mirrors the
evolution of the gorge radius (Fig. 3a) as expected from Eq. (4). For all
examined separations, it is hence positive and it decays as a convex
(for evaporation) or concave (for extension) parabola. Initial value of
FST is the highest for the lowest D, and it decreases with the increasing
D, whereas the final values have an opposite trend: zero for the smallest
D and the highest for large D (Fig. 7b). Numerically, both forces FΔp and
FST are of a similar order.



Fig. 7. Two components of capillary force during evaporation test: a) suction force, b) surface tension force.
For extension tests the initial negative FΔp decrease with separation
(except for V = 10 μl), and the terminal values are drastically reduced,
to constant values slightly below zero (Fig. 8a), hence slightly repulsive
eventually.

Surface tension force FST is proportional to the gorge radius and it
decreases almost linearlywith the increasingD, with only small acceler-
ation near the end, and it is always attractive (Fig. 8b).

The initial and final values of both component forces for extension at
different liquid volumes V are shown in Fig. 9b.
3.3. Total capillary force

The evolution of the calculated total capillary force FCAP during
evaporation is shown and compared to the directly measured force
FCAP-m in Fig. 10a. FCAP and FCAP-m during evaporation are attractive all
along. In their initial phase both exhibit a slight growth inherited from
FΔp and hence Δp, with a modest maximum articulated for the smaller
separations. The central phase is dominated by FΔp, mainly for small
separations, while in the terminal phase the trend of FST prevails (for
the considered volume of liquid).
Fig. 8. Evolution of forces in a capillary liquid bridge against separation during e
The comparison FCAP with the FCAP-m is more than good. This is an
indirect confirmation that adopted experimental techniques are suffi-
ciently accurate for the present purpose. When there is a divergence,
FCAP-m is usually lower. A noticeable anomaly of the calculated forces is
an inversion of themagnitudes of forces at extremely small separations
of 0.05 and 0.01mm, and their relatively significant departure from the
corresponding FCAP-m. As obvious, these tests were repeated several
times and the results appear to persist, suggesting that either our
measurements at such small separations are biased, or there are short-
distance phenomena that interfere that we do not consider. However,
based on the Molecular Dynamics simulations of the capillary bridges,
both the separations and the contact areas tested here are still within
the range of validity of Kelvin theory [23].

4. Discussion

4.1. Laplace pressure evolution

Prior to further considerations the following disclaimer is due.
According to its definition Laplace pressure, Δp, is proportional to the
mean curvature of the liquid/gas interface, which is deemed as constant,
xtension: a) resultant force of suction; b) resultant force of surface tension.



Fig. 9. Initial and final values of surface tension forces and suction forces for different separations at evaporation (a), and different liquid volumes at extensions tests (b).
hence enclosedwithin a Delaunay surface [24]. Hence,Δp is understood
as constant within the bridge body, thus implying no flow within the
bridge. There are several observations suggesting several departures
from these postulates. These include the observations of an actual
flowof liquidwithin the bridge, intrinsic in the bridge extension process
to accommodate the overall change of bridge shape, or in the case of
evaporation to accommodate differentiated evaporation flux at various
locations associated e.g. with the moving triple line [25–27]. Hence, Δp
in these considerations does not mean the actual fluid pressure (even
assuming an atmospheric gas pressure), but a value calculated from
the measured curvatures at selected cross-sections of the bridge body,
under reasonable assumptions of usual symmetries.

Having said that, an indirect corroboration ofΔp calculations is provid-
ed by the comparison of FCAP calculated at the bridge gorge bridge cross-
section perimeterwith the corresponding FCAP-mmeasured from the same
experiments [1]. The comparison shows very limited differences.

Setting the results of evaporation tests at constant D and of the
extension tests at constant V within the same framework as shown in
Fig. 10. Capillary total resultant force between two spheres: (a) versus relative water volume l
bridge volume during extension.
Figs. 2, 3 and 6 indicates that neither rg, rext, Δp nor FCAP constitute
unique functions ofD and V, within the entire domain of these variables.
Thatmeans that neither of these variables can be seen as a state function
of V and D over their entire domain. The biggest departure from such a
concept is seen in the range of small volumes and small separations. An
expectation of a unique state function has been suggested in early
studies [28]. However, more recent studies especially on contact
phenomena in sessile drops [27] as well as the results presented here,
suggest consistent departures from such an idealized concept.

In the previouswork [1,2]we have found a relationship between the
evolution of the measured capillary force FCAP-m and the evolution of
two variables that are not part of Young-Laplace law, i.e. contact angle
(CA) and contact diameter (CD). In particular, we concluded that there
is a strong correlation between the capillary force and the events of
pinning and de-pinning (as defined by de Gennes et al. [29]) of CD
and CA. In what follows we take a similar approach to Laplace pressure.

To start with, let us note that for evaporation a significant initial
negative Δp (suction) and also an initial attractive FCAP acting at the
oss for different separations during evaporation; (b) versus separation for different water



grain contact, develop for the majority of the inter-particle distances
tested, except for the most remote grains (separations 1.3 and 2 mm).
In the latter caseΔp is always positive (but small), and thus FΔp is repul-
sive. However, because of the presence of a larger surface tension force
FST, the resultant force FCAP is still attractive, even in those cases.

In all the cases of different separations, the evolution of Δp(V)
exhibits one or more episodes of instability. We shall examine the
evolution of the capillary pressure and the mentioned instabilities
separately for what was previously identified as three geometrical
categories of bridges of very short and very wide bridges (VSVW),
short and wide bridges (SW) and tall and slim bridges (TS, see Table 1).

For short andwide bridges (SW)Δp is initially negative (suction) and
quite modest, about 10-12 Pa, but it can grow 4 to 8 times that during
evaporation. The maximum suction is reached at 60% or 83% of the rel-
ative volume loss, for D = 0.7 mm and D = 0.4 mm respectively. After
reaching the maximum, suction falls relatively fast, reaches zero and
subsequently evolves into a positive pressure at which the bridge
eventually ruptures.

For tall and slim bridges (TS) the initialΔp is right away positive even
if quite moderate, about 20-30 Pa, but it can grow, mainly at the last
minute (literally) prior to rupture to 28 and 52 Pa for separations of
1.3 mm and 2 mm, respectively.

For very short and very wide bridges (VSVW) Δp is initially negative
(suction) and similar to that for SW bridges (about 10-12 Pa). However
the suction growth, especially after half of the water evaporated
becomes incomparably more dramatic, reaching the value up to
10 kPa at D = 0.01 mm. This value is two orders of magnitude higher
than the highest value for SW bridges. Whether or not this value falls
in an unstable fashion back to zero, or to positive values, remains
unknown, as no sufficient resolution images could be obtained, not
even with a fast-camera, at such small distances. For all the cases,
when images were available, the bridge rupture occurs at a positive
pressure.

During the bridge extension tests Laplace pressure evolution Δp(D)
presents similar main characteristics, that is, from an initial suction it
converts into terminal positive pressure. However, details of the
evolution are significantly different from those during evaporation.
The average terminal positive Δp at rupture through extension is
about twice as high as that at the rupture due to evaporation. The values
of D at the moment of conversion from suction to positive Δp changes
range widely from D = 0.6 mm to D = 2.1 mm. So, we cannot say
that there is a characteristic extension of the bridge at rupture. Howev-
er, the smaller is the volume of the bridge, the smaller is the distance at
which it ruptures, and consistently higher is the value of the pressure at
rupture. Interestingly, during evaporation, the larger the separation (or
the distance), the higher the positive pressure at rupture. Even more
intriguing is the fact that the last-second pressure pulse (calculated
from the fast camera images) is significant, but there, the larger the
separation the smaller the pulse. Notably, at the smallest separation
for which the fast camera provided usable images (D = 0.4 mm), Δp
reached 2 kPa at the end of evaporation. An analogous pressure impulse
at the end of extension had also an inverse tendency to the prior
continuous evolution, and the bigger the liquid volume, the bigger the
pressure pulse.

The presence of a positive pressure in the terminal phase of both
evaporation and/or extension implies that in that phase there is repul-
sion exerted by water against the grains, rather than attraction. On the
other hand, the value of that repulsion force is small compared to the
Table 1
Geometrical types of bridges, initial configuration.

Type of bridge Acronym Separation D, at Vinitial = 4 μl

Very short and very wide VSVW D b 0.1 mm
Short and wide SW D = 0.1, 0.4, 0.7 mm
Tall and slim TS D N 0.7 mm
initial value, mainly because in both cases the surface area, across
which the pressure acts, becomes nearly zero.

Nevertheless, the resultant total capillary force, initially being
attractive, remains such until rupture, because of the surface tension
force component FST which is always attractive and larger than the
pressure component FΔp, as seen in Fig. 9a and b.

In no case, a significant increase of attractive force was measured
near bridge complete dewatering, which would suggest an increased
apparent cohesion.

4.2. Instabilities

Asmentioned before, Laplace pressure evolution during evaporation
of two-grain capillary bridges exhibits several features that may be per-
ceived as instabilities. Similar instabilities were seen in multi-grain
evaporating bridges [30]. They appear to play a fundamental role in
fracture of drying granular media [31].

For SW bridges there are four such consecutive instances.
The first instability, in SW bridges coincides with the point of maxi-

mum suction reached quite early in the process, which initiates either a
relatively gentle (forD= 0.7mm) or faster (forD=0.4mm) demise of
suction and generation of positive pressure. Following that, the liquid
bridge undergoes two Rayleigh-type instabilities, to be further subject
to a pinching instability leading eventually to rupture, way before
water evaporates completely. An obvious question is about what causes
each of the instabilities, and what would be criteria that would allow
predicting the occurrence of each of the events.

Laplace pressure Δp by its definition is proportional to the mean of
two curvatures of the bridge external surface, κg and κext. It is also the
evolution of the mean of these two curvatures, what determines the
fate, and hence presumed instabilities of Δp. In particular, if there is
suction developing within the capillary bridge, it is due to the negative
κext. Fig. 11 shows the evolution of κg and κext as a function of the relative
volume loss (for evaporation) or of the separation (for extension).

It is noticed first, that during evaporation the two curvatures are
consistently of the same order of magnitude for most separations, but
of the opposite sign. Only for the smallest separations, the negative
κext becomes an order of magnitude higher than κg, and only at the
final moments, hence leading to a spike of suction at that distances
followed by a terminal conversion of Δp into positive values. The
conversion could not be captured at such small separations, because of
the resolution of the images.

It appears that during the initial stage of evaporation, but also
through the mid-stage of the process when the gorge radius is still
large, it is the negative κext that dominates and increases, thus producing
an increasing Δp (suction). Clearly, by definition of Δp, its instability
onset, defined as dΔp/dV = 0, implies an equality of the rates of the
change of both curvatures. Indeed, for the mid-separations (D =
0.4 mm and D = 0.7 mm) the observed, relatively marked maximum
and instability of suction appears to be associated with a sudden surge
in κg (or sudden rg decrease) while the increase in κext growth is more
gentle. However, the underlying question remains: what controls the
change in the rate of the bridge curvature in the process of liquid
evaporation.

In our recent study of evolution of the capillary force due to evapora-
tion [1] it was found that onset of the decrease in the capillary forcewas
closely correlated with two crucial characteristics of the bridge evolu-
tion: depinning of the gas-liquid-solid contact (“triple”) line, hence
the onset of the decrease in the contact diameter CD, and subsequent
its re-pinning, or the arrest of the decrease of the contact angle CA
[28]. Pinning and depinning of contact line is a central issue in studies
of evaporation of sessile drops [27,32,33]) and the evolution of their
shape. To analyze possible analogous correlations, Δp and the two
contributing curvatures κg and κext against the corresponding
current volume of water V, CA and CD are presented in Figs. 12a) and
13a) for the two mid-range separations D = 0.4 mm and D =0.7 mm,



Fig. 11. The evolution of the curvatures (inverse of radii) of the liquid body: (a and b) gorge curvature and external curvature during evaporation; (c and d) gorge curvature and external
curvature during extension.
together with their rates versus liquid volume δΔp/δV, δκg/δV, δκext/δV
(Figs. 12b, 13b).

It must be clarified at this point that from sessile drop studies it
results that the actual (measurable) CA, is not a constant and is not
the equilibrium CA, as in Young-Laplace theory [34], but is a variable
quantity, in our cases changingbetween 28° and 9°. Inwhat is presented
in the following (see also [1]), it is measured as so called “apparent CA”
determined at some distance from the “triple” line [33].

Interestingly, κg (and rg) changes relatively smoothly, in contrast to
κext (and rext), which exhibits a large number of stick-slip events. The
later seem to be inherited from the observed evolution of both CA and
CD. Such behavior of the triple contact has been observed since long,
especially in the evolution CA but also in CD of evaporating sessile
drops [35,36].

ForD=0.4mm, five phases of the process can be identified in terms
of correlation of Δp, κg and κext to the evolution of CA and CD.

Phase 1: in the volume range of 4 to 2.3 μl, CD is pinnedwhile and CA
decreases from 33° to 16°, coincidently also rg does not change in
that phase. This implies only a very modest increase in negative
Δp to reach 24 Pa, resulting from a (modest) change in external
radius, rext.
Phase 2: CD becomes de-pinned, but CA becomes pinned, while both
curvatures accelerate with a concomitant increase in suction. As κext
climbs at the same rate, κg starts accelerating right after the first CD
depinning, and takes over around CD=1.5mm (Fig. 12b). The point
of thematching rates of curvaturesmarks the suctionmaximum and
onset of the first (pressure) instability, i.e. onset of decreasing suction.
This coincides with the triple line arrest (both CA and CD pinned).
Consequently, the continuing decrease of water volume imposes
on thewater body a newpattern via a change in rg rate (much faster)
and rext rate (slower), see Fig. 12b, and hence a drop in negative Δp,
leading to Phase 3. In contrast to the rext (and κext), which exhibits a
large number of stick-slip events in correspondence to stick-slip
behavior of CA, rg (and κg) changes relatively smoothly. In other
words, κext is much more sensitive to the changes of CA at the triple
line, than is rg, which is directly driven by the decrease of liquidmass
and changes in CD.
Phase 3: In this phase, characterized by negative Δp and δΔp/δV b 0,
one see rg to decrease very fast. Once the absolute values of the two
radii (and curvatures) become equal, best seen in Fig. 12a (middle
image), according to Plateau’s nomenclature, the free liquid surface
evolves fromnodoid (Δp b 0) into catenoid (Δp=0),withΔp devel-
oping further into positive values (and the surface transitioning
from catenoid into unduloid, see Fig. 14a and [37]. This (Δp reaching
zero) constitutes a second pressure instability. Physically that implies
that the grains after Phase 3 are under a repelling pressure each
other, rather than attracting. A posteriori review of the individual
shots near Δp =0 (taken every 1 minute, regular camera) revealed
no actual instability, while the recorded shape does not coincide
with the mathematical form of catenoid surface, as seen in Fig. 14a
(at the measured κg). However, it may be that a fast-camera record-
ing (20,000 shots/sec) would be necessary to capture this particular
transition, as it is the case in Phases 4 and 5 (see below).



Fig. 12. Laplace pressure and curvatures κg and κext evolution against the corresponding current volume of water V, contact angle (CA) and contact diameter (CD) (a) and rates of the
curvatures and Laplace pressure (b) for the separation D = 0.4 mm.
Phase 4: In this phase a positive pressure builds upwithin the bridge,
while the bridge still maintains the form of unduloid (Fig. 14a,b,
left), with a rate faster than the previous process, but yet within
seconds, a third instability takes place at positive pressure and
consists in the transition from an unduloid into a cylindrical water-
wire. The transition (Fig. 14b-d, see [2]) occurs about 0.5 sec. prior
to the eventual rupture, at rg becoming smaller than about 0.1 mm
as capturedwith the use of fast-camera, allowing to calculate Laplace
pressure for the first time. The pressure appears to be in a well
contained range between 50 – 300 Pa for all tested separations
(Fig. 15). The formation of the water-wire occurs within 0.0003 sec.
Interestingly, over the period of the wire formation, its radius is
almost constant, while its height increases displacing away the
masses of liquid below and above it, taking the shape of two cones.
(Fig. 14a,b,c and e).
Transition from unduloid into water-wire is well known since the
original work of Plateau [38], on liquid stream instabilities, see
Fig. 14d, and has been discussed by Padday et al. [39] and Peregrine
et al. [40], for bridges being extended, or pendant drops, for but
never before in the context of evaporation of a bridge between two
spheres. Weeks et al. [41] reported Laplace pressure calculated
from images of AFM tip-plate bridges through Environmental
Scanning Electron Microscope for various relative humidity levels.
Phase 5 consists in the evolution of the cylindrical liquid-wire, with
is length growing, while the volumes below it and above it convert
into conical bodies in contactwith the grains. The process terminates
with a fourth instability consisting of pinching that takes place most
commonly simultaneously at the wire extremities (see Fig. 14e and
[2] for details). Pinch-off is a well- known phenomenon in self-
similar fluid instabilities (see e.g. [42]). It is worth noting that κg is
positive, nearly constant and very high along the height of the entire
cylinder, whereas κext (initially negative) becomes zero. Above the
wire, the external curvature of the nearly conical surface κcon is
also zero (see Fig. 14e). At the point of contact between the cylinder
and the cone, there is a local singularity of a high curvature external
curvature (κC) in transition from zero of the column to zero of the
cone. The resulting heterogeneity of the local fluid pressure may
suggest liquid flow, in addition to the liquid instabilities.

It needs to be stressed that similarmechanisms and indeed phases to
those presented above are observed for the liquid bridges in a similar
range of separation of, i.e. 0.7 mm. It appears that indeed in both (0.4
and 0.7 mm) cases κext are consistently and increasingly higher than
κg, consequently resulting in the initially increasing suction. This is
enhanced by the fact that initially κg is changing very little.

Simultaneously, over that range of CA drop from 33° to 13-15°, CD is
pinned (constant). At the same time, over the initial volume loss from 4
to 3 μl, there is very little (b1/10th for D= 0.4 mm and b1/5th for D=
0.7 mm) of rg change, and over half of the volume loss, there is a still
small change in κg, and as long as CD is pinned, the CA decrease, is the
main geometrical change of relevance of the water body. However,



Fig. 13. Laplace pressure and curvatures κg and κext evolution against the corresponding current volume of water V, contact angle (CA) and contact diameter (CD) (a) and rates of the cur-
vatures and Laplace pressure (b) for the separation D = 0.7 mm.

Fig. 14. (a) Bridge external profile transition during evaporation; images for separation of 0.7mmcompared to: 1 – nodoid, 2 – catenoid, 3 – unduloid , 4 – cylinder (profilesmarked follow
algebraic expressions as in [37]), Transition from unduloid into cylinder during liquid bridge evaporation in vertical (b) and horizontal (c) for tall and slim bridge of separation of 2 mm;
d) transition from unduloid – cylinder as described by Plateau [38] for originally cylindrical fluid jet; e) the actual evolution of the shape into cylinder supported by two conical volumes:
top-an early stage; bottom-terminal phase of pinching of the cylindrical water-wire, for separation of 2 mm.



Fig. 15. Evolution of Δp before the rupture: against time (a) and against gorge radius (b).
over the same range, κext does increase. All these changes are very clear
in the lateral profile evolution shown for 0.7 mm in Fig. 16a.

Consequently, the difference between the curvatures increases, and
so does suction. The rates of δΔp/δV are practically constant till 62.5%
(for D = 0.4 mm) and 35% (for D = 0.7 mm) of water loss. After that
threshold, both rates abruptly increase, with κg growing eventually
faster (see Figs. 12b, 13b). The onset of the rate growth of the gorge
curvature starts the slowing of the suction growth, which therefore
can be viewed as a precursor for instability, that occurs when the two
curvature rates become equal, marking the suction maximum. Note
that Figs. 12b and 13b clearly show that for D = 0.4 mm and for D =
0.7 mm the gorge curvature (and radius) accelerate, while the contact
diameter is slowing down to eventually become pinned. Further, κg
value becomes larger than κext, and at that point suction decreases to
zero, and positive pressure starts to build up. The zero pressure point
is slightly preceded by re-pinning of the contact line.

It can be speculated at this point that for the reasons to yet be
clarified during evaporation δCD/δV slows down significantly around
CD=2.2 to 1.5mm (68–46% of the original diameter) in the considered
cases, to be eventually re-pinned down at, respectively, CD = 1.5 and
0.8 mm (46% to 24%). The continuously progressing water volume loss
at roughly constant rate, in response to the pinning of CD, induces an
acceleration of rg decrease and hence of κg increase. At some point, κg
becomes the larger of the two curvatures, hence leading to the
Fig. 16. Evaporation of liquid bridge from initial volume V =
conversion from suction to pressurization of the bridge. In such a case,
it all appears to be the play of geometry, with the contact line pinned,
and rg intensely decreasing, as seen in Fig. 5, Mielniczuk et al. [1],
while the pressure evolution is a resulting development.

For TS bridges, as indicated earlier, Δp is always positive, and for
large part of the process does not change much, as also rext does not
change. The positive Δp implies that κg is higher than κext, see
Fig. 17a,b and [1]. The contact diameter does not change much either
(pinned), so the two geometrical characteristics that do change to
accommodate the volume decrease are CA (especially for 1.3 mm) and
rg. As with SW bridges, at some point the contact line gets re-pinned
and as a result κg starts to grow much more aggressively. This marks
the point of pressure instability. Clearly, there is no Rayleigh-Plateau
instability (zero pressure transition), as pressure is positive from the
very beginning. However, the instability connected to the formation of
the water-wire and that to the terminal pinching are well articulated,
as visualized in Fig. 16b.

VSVWbridges exhibit during evaporation several features differenti-
ating them from SW bridges. First, curvatures, especially κext, may be up
to ten times higher than in SW bridges. Consequently, suction also is
much higher, reaching nearly 10 kPa for D = 0.01 mm. So, this is the
only case in the entire spectrum of separations in whichΔp reaches sig-
nificant negative values (suction). However, that happens at the ad-
vanced stage of the process when the area over which such suction
4 μl, and separation D = 0.7 mm (a) and D = 2 mm (b).



Fig. 17. Laplace pressure and curvatures κg and κext against the corresponding current volume of water V, contact angle (CA) and contact diameter (CD) for the separations 1.3mm (a) and
2.0 mm (b).
acts is of the order of 10-5 mm2 rendering the adhesion force miniscule.
In two of the cases, of slightly larger separations (0.1, and 0.05 mm)
it was possible to capture the final suction peak, and its post-peak
(instable) fall either to nearly zero values, or even beyond into positive
values. Interestingly, in all three cases investigated, CA exhibits quite er-
ratic behavior of stick and slip, butwith a general tendency of increasing
in value, from 15–40 °, as opposed to larger separation bridges, for
which CA consistently decreases during evaporation. The onset of insta-
bility, as for the other separations, coincides (when observed)with a re-
pinning of CD and freezing of CA.

An essential observation in the context of the instabilities is that for
VSVW bridges, no water-wire transition could be seen with the use of
our measuring technique. Instead, a well articulated unduloid shape
persists until its central part evaporates and the bridge breaks into
two volumes of water. Thus, the two other instabilities, water-wire for-
mation and its final pinching do not take place for this bridge category.

4.3. Extension

It should be emphasized that in the companion extension tests for
bridges at a constant liquid volume, several fundamental similarities,
but also differences inΔp evolution and instabilities have been observed
and compared to evaporation tests. Themain difference is noticed in the
evolution of κext, which is distinctly non-monotonic, of a higher average
value, and of a more limited variability (see Fig. 12d). As a consequence
of that and the monotonic increase of κg, the resulting initial suction is
much more dispersed for various liquid volumes, but its dominant
trend is a decrease, with amuch earlier transition into positive pressure
values. The terminal Δp at rupture are consistently higher than for
evaporation. The initial pressure instability is present much earlier in
the process than during evaporation. The other types of instabilities, as
elaborated more in detail by Mielniczuk et al. [2] (i.e. formation of the
water-wire), do occur for larger volumes of water (N4 μl) with the
following terminal wire pinching (symmetric, or non-symmetric), but
are missing for smaller volume bridges. The phenomenon of the CD
re-pinning appears to be similarly linked to the first (pressure) instabil-
ities, as in the evaporation tests.

4.4. Context of earlier studies

The intergranular force instability, water-wire formation and its
instability have been observed and studied for capillary bridges subject
to extension [39,40,43]. However, the definition of the critical equilibri-
um [39] for a pendant bridge implies that during extension the first and
second derivatives of total energy of the system with respect to the
variable extension of the bridge, both reach zero. In the evaporation
case, the bridge extension is imposed as constant, and the driving
force is the variable (evaporating) volume, so the definition needs to
be reformulated. Padday et al. [39] also observed the liquid wire forma-
tion, and its terminal pinching in a no-gravity experiment with a float-
ing–endplate pendant bridge. Like in our experiments, a symmetric
pinching of the liquid wire takes place at the extremities, where the
wire transitions into conical liquid bodies occurs. Neither Padday et al.
[39] nor Peregrine et al. [40] considered the Laplace pressure evolution.

In addition, most of the shape transformations observed during our
evaporation experiments were also seen in experiments during steady



liquid jet gravity flow as early as 1864 by Plateau [38], that is for a
completely different flow velocity regime and boundary conditions.

The common thread for this collection of different conditions seems
to be an ability to sustain spatially constant Laplace pressure, while the
effects like contact (or triple) line pinning, depinning or re-pinning,
seem to prompt instable transitions between such alternative states.

The main question yet to be answered is about what causes the ob-
served complex evolution of contact line diameter, including its initial
pinning, depinning, slowing down, and eventual re-pinning. Similar
questions pertain to the variability of contact angle. It may very well
be that the causes are purely local (bead surface roughness, liquid
contamination, aswidely considered in sessile drop evaporation studies
(sinceWenzel [44], Cassie and Baxter [45] and Bormashenko et al. [46]),
but may likely be global equilibrium instability, bridge external surface
or energy minimization constrained additionally by the anchoring
effects of the triple line or by triple line tension evolution, in analogy
to Cassie-Baxter state instability in sessile drops (Bormashenko and
Whyman [47]) (the latter has been suggested by an anonymous
Reviewer of the paper). Surface roughness and/contamination may
safely be considered as random, while the events of pinning, de-
pinning and re-pinning appear to be repeatable.

Notably, while for evaporation the above-described first (suction)
instability, linked to the CD re-pinning occurs shortly before the other
twomentioned instabilities, of wire formation, andwire pinching insta-
bility take place. But for extension, it is different. In terms of change in
separation, suction instability occurs way before the wire formation,
and wire rupture.

Finally, it should be noticed that the appearance of the suction
instability, does not imply that other forms, i.e. liquid-wire formation
and its final pinching would follow. Indeed for both evaporation and
extension processes, the liquid-wire instability is absent for very small
separations and small liquid volumes.

5. Conclusions

The following highlights summarize the findings of the discussed
experiments focused on Laplace pressure evolution during free
(constant ambient temperature, relative humidity and air pressure)
evaporation of liquid bridges between two glass spheres investigated
at different constant grain separations and the same initial liquid
volumes:

1. This is the first time to our knowledge that Laplace pressure is
calculated from the measured bridge curvatures along the process
of evaporation.

2. Laplace pressure (or suction) Δp evolves quite significantly and
may reach during evaporation the maximum values several times
to up to 100 times higher, than the initial value.

3. The Laplace pressure evolution strongly depends on the grain
separation and falls into three distinct categories depending on
bridge height: tall, short and very short.

4. Except for large separations (tall bridges), for which Δp is all the
time positive, usually the initial Δp is negative (suction) reaching
a maximum after more than half of water is evaporated, to subse-
quently rapidly fall to zero and into positive values, to eventually
rupture.

5. Rupture in all cases occurs at a positive Laplace pressure.
6. A bridge at rupture may still contain a large fraction of the initial

water volume (especially for tall bridges, i.e. at high separations).
7. In no case did suction, nor attractive intergranular force reach high

values reported previously to develop during desaturation in
“granular continua”.

8. Up to four consecutive forms of instability may develop during
evaporation, in the following order: suction instability, suction to
pressure transition (or Raileigh nodoid/catenoid instability),
unduloid to cylinder (water-wire) transition and pinching of the
wire (terminal). The latter two instabilities were not recorded for
VSVWbridges. The latter bridges rupture in themiddle by evapora-
tion of their central section.

9. Contact angle (apparent) CA varies highly during evaporation,
decreasing for tall and short bridges, increasing for very short
(VSVW) bridges, mostly exhibiting stick-slip pattern.

10. Contact diameter CD exhibits episod of pinning, depinning and
re-pinning (sometimes stick and slip patterns).

11. A consistent correlation between terminal re-pinning event and
onset of suction instability has been established, also visible in the
analogous extension tests

12. The pinning effects highly resemble those developing during the
extension tests and during evaporation or motion of sessile drops.

13. The sequence of evaporating bridge shape transition is observed: a
nodoid (Δp b 0) into a catenoid* (Δp=0) into an unduloid (Δp N 0)
into a cylinder (water wire) into a pinched cylinder into rupture;
(*) – actually not observable with the technique used- probably of
a too-low time resolution.

14. Such sequence bears similarity to analogous developments during
steady fluid jet flows (Plateau sequence), pendant drop and
two-grain and grain-plate bridge extension.

The above results have certain puzzling consequences to our under-
standing of the mechanics of unsaturated granular media. It is widely
believed [18–21] that a very high suction develops in granular media
in the terminal stages of their desaturation. Our results indicate that at
the microscale, suction within capillary bridges between two grains
during drying drops to zero and becomes positive in terminal stage
before rupturing. The highest value of suctionmeasured in these exper-
iments reached about 10 kPa. Whatever happens to suction in capillary
bridges, their effect on the actual capillary force is imperceptible
because in the final stages of evaporation the cross section area on
which this capillary pressure acts, tends to become extremely small,
producing at the end an insignificant effect for the inter-granular
force. While the behavior of isolated two-sphere liquid bridges may
not necessarily be generalized to the behavior of a granular medium,
it nevertheless excludes certain behavior locally. Two-grain liquid brid-
ges represent a last stadium of the evolution of evaporatingmulti-grain
bridges.
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