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Abstract

In automotive industry, client needs evolve quickly in a competitiveness context,

particularly, regarding the fan involved in the engine cooling module. This study has

been done in cooperation with the automotive supplier Valeo. Here, we propose to

use the Kriging interpolation and the Expected Improvement algorithm to provide

new fan designs with high performances in terms of e�ciency. As far as we know,

such a use of Kriging and Expected Improvement methodologies are innovative and

provide really promising results.
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1 Introduction and Motivations
{sec:intro}

This work is the result of a fruitful cooperation between academic researchers of the Institut
de Mathématiques de Toulouse and Valeo, an industrial partner. It has been realized during
the project PEPITO supported by the French National Research Agency (ANR). Aims are
to experiment an extreme approach based on intensive and multiphysical simulations, the
use of parametrized geometries, the determination of designs of experiments with large
number of factors and the search for optima in large and high dimensional domains.
The industrial context is the following. In automotive industry, client needs evolve quickly
in a competitiveness context. In particular, the fan involved in the engine cooling module
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plays a key role in the engine architecture and remains an important focus of the engineering
teams. This enforces the practitioners proposing in short time new fan designs answering
the client requirements in terms of e�ciency, torque, acoustics, packaging... Unfortunately,
such a goal is time-consuming and costly to achieve. In that view, statistical approaches
are mandatory to propose surrogate models, to speed-up simulations, to search optima in
reasonable short time. More precisely, we use the Kriging interpolation and the Expected
Improvement algorithm to determine new fan designs with high performances. As far as
we know, such an use of Kriging and Expected Improvement methodologies are innovative
and provide really promising results. See Section 4.

1.1 The industrial context
{ssec:intro}

Valeo is an international automotive supplier having its headquarter in France, and a large
portfolio of customers around the world. It provides a wide range of products to auto
manufacturers and after-markets. It is a member of the CAC 40 share index. In 2014, it
has been honored and declared "Industriel français de l'année". In 2017, Valeo was present
in 33 countries, employing 91 800 people at 155 production sites, 20 research centers, 38
development centers and 15 distribution platforms. The Valeo group is organized into 4
business groups: Thermal Systems, Visibility Systems, Powertrain Systems and Comfort
and Driving Assistance Systems. The study presented in this paper concerns a Valeo
Thermal Systems product, i.e. the engine cooling module equipped with a fan system. See
Figure 1.

Figure 1: A complex thermal management system {fig:system}

A representation of a typical fan system architecture is presented in Figure 2. It shows a
complex system which design requires a good expertise in both �elds of turbomachine and
automotive integration. Recent developments have been greatly accelerated with the use
of numerical simulation, which has allowed engineers to reduce the number of prototypes
and the test campaigns. The main di�culty lies in the increased complexity which is due
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to the antagonist criteria of higher performance requirements and reduced space in engine
compartment. In addition, the time allocated by the manufacturers to answer to any new
speci�cation with a new development is drastically reduced. In this context, the lead time
of the simulation and the amount of data produced are not necessarily compatible with
the multiple iterations required.

Figure 2: Fan system architecture {fig:architecture}

Fortunately, recent advances in simulation (both hardware and software) make its use
more a�ordable and allow the practitioner to run automated calculations daily instead of
using much human time of an expert engineer. Such an opportunity opens the door to
optimization processes that use simulation intensively. Interesting results have already been
found as demonstrated in Figure 3, with a fan design that is innovative and non-intuitive
for the expert knowledge.

Figure 3: Innovative design: not intuitive, not given by current theory {fig:design}

The aim of this paper is to propose an improved optimization method able to handle
enough parameters for the design of the most e�cient, quiet and compact fans in a short
time frame.
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1.1.1 Input parameters

The fan is composed of several blades which are equivalent to rotating wings. The blade
section at a constant radius is an aerodynamic pro�le with characteristics of lift and drag,
which create respectively the pressure rise and the torque of the fan.
More precisely, the fan description can be done through the following parameters:

− hub parameters (diameter, height, connecting radius between front face and diame-
ter);

− ring parameters (diameters, thickness, height, connecting radius between front face
and diameter, axial position);

− blade parameters (stacking, sweep, number);

− skeleton parameters (chord length, camber, pro�le inlet and outlet angle, position of
maximum camber along the chord, stagger angle);

− pro�le parameters (thickness evolution and relative thickness).

Some of the fan parameters are represented in Figure 4 and some others speci�c to the
blade can be found in Figure 5.
Such a geometrical description can lead to numerous parameters, not only for the fan, but
also for the support with its stator vanes and even for the heat exchangers if we consider
the full cooling module. Using a satisfactory number of factors would lead to select 60 of
them for the cooling module. Anyway, in the current study and in order to make things
feasible, only a subset of the previous parameters are considered, while the others are �xed
to their nominal values. Twelve geometrical factors (sweep (2), max camber height (2),
stagger angle (4), chord length (4)) are selected, and two others are added to size a plate
behind the fan in order to represent the aerodynamic blockage due to the thermal engine of
the car (it is placed behind the fan and acts as an obstacle for the �ow in the underhood).
The �ow rate is the physical factor giving the 15th parameter.

1.1.2 Output parameters

To any blade pro�le described by d parameters (in this paper, we assume that d = 14) and
for a given �ow Q, we associate p blade performances given by global variables such as the
delta pressure ∆P (downstream pressure minus upstream pressure), the torque C (integral
of moments due to pressure and viscous forces) and the e�ciency R, and local variables
on both rotor and stator, acoustics, mass, size, . . . . Valeo has access to more than p = 270
output parameters, featuring some scalars of the �ow or speci�c turbomachine criteria
obtained by result post-processing. Given the input parameters, the physical phenomena
yielding the output parameter are complex. We consider that the output code is given by
a black-box f such that

f : Rd × [0,∞) → Rp
(x1, . . . , xd, Q) 7→ f(x1, . . . , xd, Q).
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Figure 4: Fan description {fig:fan}

Figure 5: Pro�le parameters {fig:fan_2}

When we consider d = 14 input parameters, the selected output responses are the pressure
rise (∆P in Pa), the torque (C in N.m) and the global e�ciency (%). One may notice that
the fan e�ciency R is directly related to the two other global variables ∆P and C by the
following relation

R =
Q×∆P

C × Ω
,

Q being the �ow rate (m3/s) and Ω the rotational speed (rad−1). In practice, the practi-
tioner expects a static e�ciency of about 55%.
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1.2 The industrial problem
{ssec:pb}

In general, original equipment makers (OEM) ask for a fan having a performance curve
able to provide some given performances for at least the nominal point, and in some case
for an o�-design point. The �rst one is given by the idle condition of the car, when there is
no natural venting due to vehicle speed. In this condition, the fan has to force the air at the
nominal �ow rate Qn, with enough pressure rise ∆Pn to counterbalance the losses through
the exchangers and inside the engine compartment. Of course, the electrical consumption
of the motor driving the fan is limited. Therefore the torque must be minimized while the
e�ciency is maximized (expecting 55%). The o�-design point is speci�ed by the thermal
power that has to be dissipated when the car is moving, but without enough speed to
cool down the radiator. In this case, the pressure rise expected from the fan is lower since
the dynamic pressure increases in front of the car, and the �ow rate has to be higher
than at idle since the engine is providing more power. Figure 6 shows the performance
characteristics of the fan in a (Q,∆P ) graph together with a (Q,R) graph, with the nominal
point. With an increased �ow rate (vehicle moving), the pressure rise ∆P decreases until
intersecting the x axis at the zero pressure point. Increasing further the �ow rate would
lead the fan to work as a turbine, getting energy from the �uid instead of giving it. In
this case, the e�ciency R could be negative (negative pressure rise ∆P and positive torque
C), or even greater than 100% (negative high pressure rise ∆P , negative torque C). It is
merely a consequence of the e�ciency formula for the fan, which is obviously not relevant
for a turbine mode.

Figure 6: Pressure and e�ciency curves with operating points {fig:perf}

Due to the ever changing geometry and architecture of cars, OEMs are constantly request-
ing new fans that perfectly �t to their needs. The speci�cations are given most of the time
by the performances at a design point (pressure and maximum e�ciency are targeted),
an o�-design condition (lower pressure but higher �ow rate), and an acoustic level for the
nominal point (fan noise is mostly perceptible at vehicle idle). Electrical consumption and
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packaging are of course part of the equation, and the resulting design must be seen as a
compromise between di�erent objectives.
Henceforth, the practitioner aims at proposing innovative fan designs that will improve
the fan e�ciency, and a proper strategy for the optimization process is required. Indeed,
the search for an optimum is made very di�cult by the large number of parameters, which
moreover have interactions between them. Exploration in a �eld of dimension 15 greatly
exceeds the capabilities of an engineer, as expert as he could be in turbomachine �eld. Such
an exploration is also intractable statistically speaking. Last but not least, each evaluation
of the output is generally a time-consuming with traditional iterative processes and costly
task.
Direct optimization, which is based on a gradient descent algorithm, is a fairly common
solution. However, it has the drawbacks of producing only local optima, and therefore
of having to be repeated for each new optimization with lengthy calculation iterations. It
should also be mentioned that the case of multi-objective optimization requires the creation
of a cost function which sets the trade-o� between the di�erent objectives, and does not
produce a Pareto front that could be analyzed by engineers.

1.3 The industrial data
{ssec:data}

An automated simulation process has been implemented to drive design of experiment
(DoE) plans, using several softwares that are commonly used in the industry. At �rst, the
design of the fan system has been completely parameterized in a computer-aided design
(CAD) tool named Catia 1, according to rules that allow all combinations of geometric pa-
rameters in their possible ranges of variation, while ensuring their independence. CAD �les
are exported in a standard format and re-read by a �uid simulation software (StarCCM+),
which provides by scripts automated meshes, model solving and automatic post-processing
of results. A third tool used for optimization (Isight) ensures the sequence of tasks by
imposing the set of parameters and launching CAD and simulation tools. The di�erent
sets of data are given by Latin hypercube sampling (LHS) plans (see, e.g. [10] for an
introduction to LHS) produced by Isight 2 or by reduced factorial plans.

• 300 runs from the �rst Optimized LHS (OLHS) plan. It must be noted that the
physical factor for the �ow rate Q has been set to QDoE according to the plan, and
that the simulations were done additionally twice for di�erent �ow rates Qlow and
Qhigh.

• 600 runs from the second OLHS plan. Again, simulations were done for QDoE and
Qhigh.

• 195 runs from the reduced factorial plans.

1https://www.3ds.com/products-services/catia/
2https://www.3ds.com/products-services/simulia/products/isight-simulia-execution-engine/latest-

release/
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A great care was given to the simulation convergence, all runs being maintained until mon-
itored performances were stabilized and residuals went below strict criteria. In addition,
some runs were repeated on di�erent machines or with di�erent rules of parallelization to
check that no discrepancy appears in the process.
Once the quality of the simulations is proved and the results are obtained for the various
plans, some initial meta-models have been produced by neural networks (Isight, Radial
basis function models) and their accuracies checked by comparing the prediction (neural
network) and the real experiment (simulation). Some good results were observed, and
in general the trends are correctly predicted when moving one parameter. However the
accuracy of the model is questionable since the number of runs is still very low compared to
the size of the domain. Large errors are frequently observed which justi�es some additional
e�ort towards the implementation of a good optimization process.

In this paper, we want to make use of the so-called Expected Improvement (EI) optimiza-
tion algorithm to build e�cient new fan designs for Valeo. In the next sections, we present
the Kriging interpolation also used in the sequel together with the EI methodology. In
Section 4, we give the obtained results.

2 Kriging
{sec:kriging}

Originally introduced in geostatistics by [12], Kriging is a stochastic method of interpola-
tion. The aim is to predict the value of a natural phenomenon at any arbitrary location of
interest from the measured observations at the sample points. The main idea of Kriging is
that near sample points should get more weight in the prediction.
From a mathematical point of view, we consider a function f : x ∈ D ⊂ Rd 7→ f(x) ∈ R.
The DoE is given by a N sample (xi)i=1,...,N while the observations points are (yi)i=1,...,N =
(f(xi))i=1,...,N . The key ingredient of Kriging is that f is assumed to be a realization
of a process Y with mean µ and covariance kernel k. Thus, the interpolated values are
modeled by the process Y governed by prior covariances. Further, Kriging uses a weighted
average of the observations as estimate. The theoretical basis for the method was then
developed by Georges Matheron in 1960 [13, 14]. Under suitable assumptions on the priors,
Kriging is "optimal" in the sense that it gives the best linear unbiased prediction of the
intermediate values. The method is widely used in the domain of spatial analysis and
computer experiments. Two famous and well-documented references on the topic are [22]
and [18].

Kriging constraints The Kriging interpolation has to satisfy 4 constraints.

1. The prediction is a linear combination of the observed values (yi)i=1,...,N at the sample
points (xi)i=1,...,N with weights λi.

2. The linear combination needs to be allowed in a sense to be speci�ed below. In simple
Kriging for example, all the combinations are valid. In some other cases, the weights
need to satisfy

∑n
i=1 λi = 0.
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3. The prediction is unbiased.

4. The estimation error has a minimal variance.

These constraints result in a Cramer system in the weights λi, i = 1, . . . , N , that has a
unique solution.

2.1 Simple Kriging
{ssec:simpleK}

In this section, we assume that the process Y is stationary at order 2 with a known mean
µ and a known variance-covariance matrix K at the sample points:

K =

K1,1 · · · K1,N
...

. . .
...

KN,1 · · · KN,N

 = (Cov(Y (xi), Y (xj)))16i,j6N = (k(xi, xj))16i,j6N

Naturally, Y (xi) stands for yi = f(xi). Let x0 be the point to be predicted. In a �rst

step, we assume that the mean µ is zero. Looking for a linear prediction Ŷ (x0) = λY such

that Var(Ŷ (x0) − Y (x0)) is minimal, we obtain the following equation Kλ = K0 where
λ = (λ1, . . . , λN)> and K0 is given by

K0 =

K0,1
...

K0,N

 = (Cov(Y (x0), Y (xi)))16i6N = (k(x0, xi))16i6N

Finally, the solution writes λ = K−1K0 and

Ŷ (x0) = K>0 K
−1Y.

In the general case when µ 6= 0, we �rst compute the weights λi, i = 1, . . . , N of the
Kriging applied to Y − µ at x0 and the prediction �nally results in

Ŷ (x0) = µ+K>0 K
−1(Y − µ1N) = µ+

N∑
i=1

λi(Y (xi)− µ) (1) {eq:mean_kriging}

where 1N = (1, . . . , 1)> ∈ RN .
One of the main interest of Kriging is that the Kriging variance is explicitly known:

σ2
K(x0) = E

[(
Y (x0)− Ŷ (x0)

)2]
= K0,0 −K>0 K−1K0 = K0,0 −

N∑
i=1

λiK0,i (2) {eq:variance_kriging}

allowing the practitioner to build con�dence intervals. Naturally, K0,0 stands for σ
2(x0) =

k(x0, x0). Furthermore, when the underlying process Y is Gaussian, the Kriging prediction
is simply given by the conditional expectation

Ŷ (x0) = E[Y (x0)|Y (x1), . . . , Y (xN)]
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Figure 7: Example of one-dimensional data interpolation by Kriging, with con�dence in-
tervals. The green curve shows the function f . Triangles in blue indicate the location of
the data. The Kriging interpolation, shown in black, runs along the means of the normally
distributed con�dence intervals shown in dashed lines. {fig:Kriging}

and the prediction and the prediction error are Gaussian:

Ŷ (x0) ∼ N (Y (x0), σ
2
K(x0))

Ŷ (x0)− Y (x0) ∼ N (0, σ2
K(x0)).

See, e.g. [22] and [18] for more details. Figure 7 represents the Kriging interpolation
on a toy example. In this example, the unknown real code is represented by the green
curve. The practitioner provides an initial design consisting in 7 points represented by
blue triangles. We proceed to the Kriging interpolation leading to the black curve. The
dashed curves represent the con�dence intervals of the Kriging interpolation.

2.2 Ordinary Kriging
{ssec:ordinaryK}

In this section, the mean µ is unknown. The Kriging system still writes Kλ = K0 but

K =


K1,1 · · · K1,N 1
...

. . .
...

...
KN,1 · · · KN,N 1

1 · · · 1 0

 , λ =


λ1
...
λN
η

 and K0 =


K1,0
...

KN,0

1

 .

The additional parameter η is a Lagrange multiplier used in the minimization of the Kriging
variance σ2

K(x0) to honor the unbiasedness condition. The prediction is then given by

Ŷ (x0) = µ̂+K>0 K
−1(Y − µ̂1N), µ̂ =

(
1
>
NK

−1
1N

)−1
1
>
NK

−1Y

10



where µ̂ is derived by maximum likelihood and the Kriging variance is

σ2
K(x0) = K0,0 −K>0 K−1K0 +

(1− 1
>
NK

−1K0)
2

1
>
NK

−11N
.

See, e.g. [22] and [18] for more details.

2.3 Extensions
{ssec:extensionsK}

There exist other variants of the Kriging methodology. For example, universal Kriging
assumes a linearly parametrized trend E[Y (x)] =

∑p
k=0 βkfk(x).

Co-Kriging is the multivariate extension of the Kriging when one considers a multivariate
phenomenon instead of a scalar one. The Kriging methodology easily extends to the
multivariate case. See, e.g. [24] and [4] for more details.

2.4 Some Kriging properties
{ssec:propK}

1. The interpolation is exact: if the point to be predicted is a sample point then Ŷ (xi) =
Y (xi).

2. The Kriging is a linear operation. Thus the Kriging interpolation of a linear combi-
nation is the linear combination of the Kriging interpolations.

3. The Kriging interpolation of a derivative is the derivative of the Kriging interpolation.

4. Transitivity. If one data obtained by Kriging is added, the Kriging prediction is
unchanged at the other points to be predicted. Nevertheless, the Kriging variances
become lower.

5. Orthogonality. The Kriging estimation error of the simple Kriging (resp. ordinary)
is orthogonal to any linear combination of the data (resp. to any linear combination
of the data with weights that sum to 1).

3 Expected Improvement
{sec:EI}

In this section, we present brie�y the Expected Improvement optimization algorithm. The
reader may follow the references therein for more details.

3.1 Presentation of the algorithm
{ssec:pres}

3.1.1 General principle

Here we still consider a real-valued function f de�ned on D ⊂ Rd that we want to optimize.
More precisely, we aim at proposing a point x0 so that f(x0) is as close as possible to
maxx∈D f(x). Similarly to Kriging, we consider that f is a realization of a Gaussian
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process (GP) Y : D → R with known mean and covariance function. We derive x0 as the
best point from the DoE sample x1, . . . , xN and the observations f(x1), . . . , f(xN) of f at
these points. The points x1, . . . , xN are chosen following a three steps procedure.

Step 1 - Initial design. For i such that (i < N) (e.g. i = N/2), we choose the points
x1, . . . , xi using a space �lling criterion. For example, one may use a latin hypercube
sampling (LHS) [10] or an orthogonal array (OA) [16]. Then we evaluate f(x1), . . . , f(xi).

Step 2 - Sequential incrementation. For n = i, . . . , N − 1, we derive xn+1 from
x1, . . . , xn and the evaluations f(x1), . . . , f(xn) of f at these points. More precisely, xn+1

is determined using the distribution of Y conditioned on {Y (x1) = f(x1), . . . , Y (xn) =
f(xn)}. In the sequel, we denote by En and Varn the conditional expectation and the
conditional variance given {Y (x1) = f(x1), . . . , Y (xn) = f(xn)}.
In the following Sections 3.1.2 and 3.1.3, we present two methodologies for choosing xn+1.

Then one can proceed to the �nal step.

Step 3 - Proposition of a new design point. The solution is the point x0 such that

x0 = argmax
x∈{x1,...,xN}

f(x).

3.1.2 Expected Improvement
{sss:EI}

One of the most well known optimization criterion that can be used in the sequential in-
crementation of the previous algorithm is the Expected Improvement, �rst introduced by
Mockus [15]. This algorithm was then combined with the Gaussian processes model in
the e�cient global optimization (EGO), see e.g. [11], and sequential Kriging optimiza-
tion (SKO), see e.g. [9]. These two methods are the key ingredient for most Bayesian
optimization algorithms.
The principle of EI is simple and natural: it measures the improvement brought by a
point x in the maximization of the function f and then chooses new points that maximizes
the improvement. More precisely, the next point xEIn+1 in the sequential incrementation
described in the previous section is chosen such that

xEIn+1 ∈ argmax
x∈D

En
[
(Y (x)−max{f(x1), . . . , f(xn)})+

]
where (·)+ stands for the positive part, namely max{·, 0}. Let us denote by EIn(x) the
quantity to optimize in x given by En

[
(Y (x)−max{f(x1), . . . , f(xn)})+

]
.

The criterion EIn has nice properties: �rst, it is strictly positive as soon as the Kriging
variance is, second, it cancels if the Kriging variance is zero and the Kriging mean is
smaller than the actual maximum given by Mn := max{f(x1), . . . , f(xn)} and �nally, it is
increasing with the Kriging mean. Moreover, one may calculate exactly EIn(x) in O(n2).
Indeed, EIn(x) is given by

EIn(x) =
(
Ŷ (x)−Mn

)
Φ

(
Ŷ (x)−Mn

σK(x)

)
+ σK(x)φ

(
Ŷ (x)−Mn

σK(x)

)
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where φ and Φ are respectively the probability density function and the cumulative dis-
tribution function of the standard Gaussian law and Ŷ (x) and σ2

K(x) are respectively the
Kriging mean and the Kriging variance after n measurements. See (1) and (2) in Section
2 for their expressions.
The limitation arises in the computation of the Kriging variance at x (see, e.g., [23]) that
leads us to proceed to a numerical optimization of EIn(x). We remark that there exist
convergence guarantees fot the EI algorithm [23, 2].
Figure 8 represents the EI algorithm on a toy example. In this example, the unknown real
code is represented by the green curve. The practitioner provides an initial design consisting
in 7 points represented by blue triangles. First, we proceed to the Kriging interpolation
leading to the black curve. The dashed curves represent the con�dence intervals of the
Kriging interpolation. Second, we proceed to the computation of the EI criterion. Finally,
the new point to predict is chosen in the most promising region: with highest value of EI.

3.1.3 Knowledge gradient
{sss:KG}

A close variant of the EI algorithm is the knowledge gradient (KG) algorithm introduced
by Frazier et al. [6]. In [21], the authors extend the KG procedure to GP models.
The KG function is de�ned as

KGn(x) = En
[
max
x′∈D

fn+1(x′)

]
−max

x′∈D
fn(x′),

where maxx′∈D f
k(x′) is the optimal value of the posterior mean and fk(x′) is the estimated

mean of the objective function evaluated at x′ after the �rst k measurements. Recall that
En stands for the conditional expectation given {Y (x1) = f(x1), . . . , Y (xn) = f(xn)}
Note that maxx′∈D f

n(x′) is the value obtained if we stop immediately, and so maxx′∈D f
n+1(x′)−

maxx′∈D f
n(x′) represents the incremental random value of the measurement made at time

n. The latter di�erence can be viewed as a gradient and the KG policy maximizes the
expectation of this gradient.
Analogously, the new point xKGn+1 is chosen according to

xKGn+1 ∈ argmax
x∈D

KGn(x).

The exact computation of the KG function is more costly than EI, due to the maximization
within the expected value. See [8] for an exact and computationally tractable expression
of xKGn+1.

3.2 Parallelizations: EI multi-points
{ssec:multipoints}

In this section, the goal is to propose several new points at each iteration of the algorithm.
In that view, the second step of sequential incrementation is updated in the following way:

New step 2 - Sequential incrementation by batch: Let b ∈ N∗ be the size of the batch,
namely the number of new points to be proposed at each iteration. For n = k, . . . , N−1, we
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Figure 8: Illustration of the EI algorithm applied to Kriging {fig:Kriging_EI}
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derive xn+1,1, . . . , xn+1,b from x1, . . . , xk, xk+1,1, . . . , xk+1,b, . . . , xn,b and the evaluations of f
at these points using the distribution of Y conditioned on {Y (x1) = f(x1), . . . , Y (xk) =
f(xk), Y (xk+1,1) = f(xk+1,1), . . . , Y (xk+1,b) = f(xk+1,b), . . . , Y (xn,b) = f(xn,b)}. In the
sequel, we still denote by En and Varn the conditional expectation and the conditional
variance given {Y (x1) = f(x1), . . . , Y (xk) = f(xk), Y (xk+1,1) = f(xk+1,1), . . . , Y (xk+1,b) =
f(xk+1,b), . . . , Y (xn,b) = f(xn,b)}. We also introduce

Mn := max{f(x1), . . . , f(xk), f(xk+1,1), . . . , f(xk+1,b), . . . , f(xn,b)}.

Now the EI rewrites as:(
xEI,bn+1,1, . . . , x

EI,b
n+1,b

)
∈ argmax

(x′1,...,x
′
b)∈Db

En
[
(max{Y (x′1), . . . , Y (x′b)} −Mn})+

]
.

The quantity to optimize in the right-hand side of the previous equation is naturally de-
noted by EIn(x′1, . . . , x

′
b) . Unlike in the case of a single new point at each iteration,

the evaluation of EIn(x′1, . . . , x
′
b) is now complex. In [3], the authors proposed di�erent

strategies to compute it.
First, one may use a Monte Carlo scheme noticing that EIn(x′1, . . . , x

′
b) is the expectation

of the function of a Gaussian vector with a known distribution.
Second, the heuristic Constant Liar (CL) method is also used [7, 3]. To begin, the regular
Expected Improvement EI is maximized. Then, for the next points, the Expected Im-
provement is maximized again, but with an arti�cially updated Kriging model. Since the
response values corresponding to the last best point obtained are not available, the idea
of CL is to replace them by an arbitrary constant value (the "lie") set by the user. More
precisely, for i = 1, . . . , b, we assume that Y (xn+1,1) = y1, . . . , Y (xn+1,i−1) = yi−1, we set

xEI,bn+1,i ∈ argmax
x∈D

En
[(
Y (x)−max{f(x1), . . . , f(xn,b), y1, . . . , yi−1}

)+]
and we introduce a value yi. The values y1, . . . , yb−1 can be chosen as the minimum of all
the observed values of f for example. The trick relies in the fact that only single point EI
need to be evaluated.
Third, one may compute exactly EIn(x′1, . . . , x

′
b) via b2 evaluations of multidimensional

Gaussian cumulative distribution functions.

3.3 Extension to multi-objectives
{ssec:multiobj}

In this section, we consider a multivariate function f = (f1, . . . , fp) from D ⊂ Rd to
Rp. The several objectives f1, . . . , fp are considered as realizations of p GP Y1, . . . , Yp.
When considering a point x, one has to evaluate f1(x), . . . , fp(x). Consequently, EIn now
represents the expectation conditioned on all the observed values (fi(xj))i=1,...,p,j=1,...,n.
Let us introduce the order relation x ≺ y when fi(x) 6 fi(y) for all i = 1, . . . , p and there
exists i0 ∈ {1, . . . , p} such that fi0(x) < fi0(y). When x ≺ y, we say that x is dominated
by y. Let Xn be the set of points of {x1, . . . , xn} that are not dominated by any point of
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{x1, . . . , xn}. One may prove that the probability Pn(u ⊀ Xn) that u is not dominated by
any point of Xn is the probability that f(u) belongs to one of the non-dominated domains
that partition the objective space.
Then we de�ne

evn =

∫
D

Pn(u ⊀ Xn)du.

Hence evn characterizes the distance to the situation where we have determined the Pareto
front in D for all the functions f1(x), . . . , fp(x) to optimize. Indeed, if evn = 0, Xn is
almost surely equal to this Pareto front. The criterion evn is then an uncertainty criterion
and a low value of evn traduces a good multi-objective optimization. In [17], the author
de�nes the optimal point xEI,Mn+1 by

xEI,Mn+1 ∈ argmax
x∈D

En
[∫

D

Pn,Y1(x),...,Yp(x)(u ⊀ Xn)du

]
The expectation can be computed explicitly but the integration does not and has to be
approximated numerically.

In the next section, we proceed to both Kriging and EI on the data provided by Valeo to
propose new promising fan geometries.

4 Prediction of new geometries
{sec:results}

4.1 Software and data available
{ssec:soft_data}

The numerical experiments were implemented using the R packages DiceKriging and
DiceOptim to perform respectively Kriging and Expected Improvement (see [20]).

As explained in Section 1.3, Valeo engineers provide us DoEs and several corresponding
responses. More precisely, they supply a DoE of 300 geometries in R14 using the OLHS
procedure. For any geometry, they compute the pressure rise DP , the torque C and the
e�ciency R at three di�erent values of the �ow Q: Qlow = 1000, Qhigh = 4000 and another
Q denoted by QDoE whose value runs between 1000 and 4000. In addition, they provide
600 geometries in R14 also constructed via OLHS and the values of (DP,C,R) for any
geometry at two di�erent �ows Q: QDoE and Qhigh = 4000.

4.2 Preliminary study and selection of the Kriging model

A preliminary study has been led to compare di�erent strategies to model the data. First,
we considered a linear regression model on the e�ciency R given by:

R(g;Q) = β0 +
14∑
j=1

βjgj + β15Q+ ε
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where the βj's are unknown coe�cients, g = (gj)j=1,...,14 is the input multivariate variable,
namely the geometry, Q is the �ow considered and ε is a white noise. The second model
considered was given by:

R(g;Q) = α0 +
14∑
j=1

fj(gj) + f15(Q) + ε

where α0 is an unknown constant, (fj)j=1,...,15 are deterministic approximation functions
(e.g. natural cubic splines) and ε is a white noise. Several simulations showed that Kriging
outperfoms the latter two models in terms of precision.

4.3 Methodology
{ssec:methodo}

4.3.1 Kriging and Expected Improvement on the e�ciency R at Qhigh = 4000

We gather the data available corresponding to a �ow Qhigh equal to 4000m
3/h. Namely, we

consider the 900 values of the e�ciency R at 4000 m3/h. First, we perform simple Kriging
on these e�ciencies using the R function �km�. In other words, as explained in Section 2,
we consider that the e�ciency R at Qhigh = 4000 is the realization of a Gaussian process
with unknown mean µ and covariance function k:

R(g; 4000) = µ(4000) + ε(g; 4000)

where the geometry g lives in R14. In the sequel, we assume that ε is a centered ho-
moscedastic Gaussian process with variance σ2. Moreover, we use a separable covariance
function k:

k(g, g′) = Cov(ε(g; 4000), ε(g′; 4000)) = σ2

14∏
j=1

ρθj(|gj − g′j|)

where the ρθj 's are unidimensional Matérn kernels with parameter 5/2:

ρθj(d) =

(
1 +

√
5d

θj
+

5d2

3θ2j

)
exp

(
−
√

5d

θj

)
.

The Matérn kernel has been preferred to the Gaussian kernel or the exponential kernel
since it corresponds to a trade-o� between the latter two. Notice that the value of the
correlation length θj which is unknown has great in�uence on the results: then it is of
crucial importance. Hence, all the unknown parameters θj, for j = 1, . . . , 14 have been
estimated automatically by the algorithm (data-driven algorithm), like the two others
unknown parameters, namely µ and σ2.

Second, we run the EI algorithm using the R function �max_qEI� providing a batch of
n = 10 new geometries. The optimization is realized with a multistarted brute force
qEI maximization with Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm that is an
iterative method for solving unconstrained nonlinear optimization problems. The BFGS
method belongs to quasi-Newton methods that seek a stationary point. See [5] for more
details on the BFGS algorithm.
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4.3.2 Kriging and Expected Improvement on the estimated e�ciency at Q =
2500

Alternatively, we only consider the 300 geometries for which the e�ciencies R at Q0 = 0
(R0 = 0), Qlow = 1000, Qhigh = 4000 and QDoE have been provided by the Valeo engineers.
Here the value of QDoE runs between Qlow and Qhigh. Guided by the expert knowledge,
we realize a quadratic regression on these e�ciencies leading to one quadratic curve per
geometry.
More precisely, for any �xed geometry, we assume that Q 7→ R(g;Q) is a quadratic function
of Q and we proceed to an interpolation of the e�ciency using the e�ciency values R at
Q0 = 0, Qlow = 1000, QDoE and Qhigh = 4000 of the 300 con�gurations of geometrical
input parameters. Hence, at a �xed geometry g, the function R(g; ·) is approximated by

the quadratic function R̂(g; ·) given by

R̂(g;Q) = a(g) ·Q2 + b(g) ·Q+ c(g).

• Maximum e�ciency

Observations

•R(0) = 0

•R(QDoE)

•R(1000)
•R(4000)

Then, we compute the estimated e�ciency R at Q = 2500 of the 300 geometries of the
DoE: R̂(g; 2500) = a(g) · (2500)2 + b(g) · 2500 + c(g). Finally, we perform simple Kriging

on these estimated e�ciencies R̂(g; 2500) at Q = 2500 and we run the EI algorithm. We
follow the procedure and choices of the previous paragraph.

4.4 Results
{ssec:results}

4.4.1 Performance of Kriging

To measure the performance of the model, we realize a cross-validation step. In Table
1, we display some classical performance criteria on the Kriging realized on the values of
R(·; 4000) and the predictions R̂(·; 2500) of R(·; 2500). Namely, we give

− the Leave-One-Out (LOO) errors [4, 19, 1]. LOO consists in computing the prediction
at a design point when the corresponding observation is removed from the learning
set (and this, for all design points) and calculating the error;
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− the multiple R-squared R2 error de�ned by

R2 = 1−
∑N

i=1(yi − ŷi)2∑N
i=1(yi − ȳi)2

,

where ŷi is the prediction of the i-th data yi and ȳi stands for the empirical mean of
the data. The closest the value of one is, the best the prediction is;

− the root of the Mean Square Error (RMSE) error between the exact value and the
predicted one given by

RMSE =

√√√√ 1

N

N∑
i=1

(yi − ŷi)2;

− the Relative Maximum Absolute (RMA) error de�ned by

RMA = max
i=1,...,N

|yi − ŷi|
σ(Y )

,

where σ(Y ) stands for the standard deviation of the vector of the output values.

The standard deviation of the predictions is also displayed in Table 1.
In Figure 9, we represent the histograms of the mean and standard deviations LOO per-
formed on R(·; 4000) and R̂(·; 2500) altogether with the con�dence intervals at 95%.

Kriging on R4000

R2 0.763
RMSE 0.045
RMA 2.281
sd 0.0919

Table 1:
table:Kriging_perf
Kriging performances on R4000

4.4.2 Performance of Expected Improvement and results

Now, the EI algorithm gives us a batch of n = 10 new geometries (gnew1 , . . . , gnew10 ), where
gnewi ∈ R14, for all i = 1, . . . , 10. Valeo engineers compute �rst the corresponding e�-
ciencies. In order to have an idea of the likely improvements brought by EI, we generate
1000 realizations of the e�ciencies R at the 10 new geometries and Q = 4000 conditionally
to the data (the 300 e�ciencies of the DoE) using the Kriging model. Then, for each
of the 1000 realizations, we compute the associated value of EI that we represent in the
histograms of Figure 10. Additionally, we represent by the red line the a-posteriori value
of the EI obtained on the new geometries:

max
i=1,...,10

R(gnewi ; 4000)− max
j=1,...,length(DoE)

R(gj; 4000)
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Figure 9: Kriging performances. Histograms of the mean (left) and standard deviations

(right) Leave-One-Out errors performed on R(·; 4000) (up) and R̂(·; 2500) (bottom). The
vertical red line denotes the mean value. The vertical green lines corresponds to the
con�dence intervals at 95%. {fig:loo}
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Figure 10: EI performances. Finite sample distributions of EI (histograms) computed

on R(·; 4000) (left) and R̂(·; 2500) (right). The vertical red line denotes the a posteriori
value of the EI. The vertical green lines corresponds to the con�dence intervals at 95%. {fig:histograms}

We called it the true value of the EI. Analogously, we consider also 1000 realizations of
(R̂(gnew1 ; 2500), . . . , R̂(gnew10 ; 2500)) conditionally to the 300 estimated e�ciencies at Q =
2500.
In the right hand side of the Figure 11, we represent the values of the e�ciency R at
Q = 4000 for the 10 new geometries given by the EI algorithm together with the value of
the current maximum. This picture illustrates the fact that all the points correspond to
exploitation (improvement of the promising regions) except the number 7 that corresponds
to exploration. This fact can also be seen looking at the correlation matrices between the
10 new geometries. The matrix presented in Table 2 corresponds to the one obtained with
R4000. The geometry number 7 is clearly uncorrelated from the others and corresponds to
exploration. Moreover, notice that the con�dence intervals given by Kriging are optimistic.
Similarly in the left hand side of the Figure 11, we represent the values of the e�ciency R
at Q = 2500 for the 10 new geometries.
Although the performances of the new geometries are �nally at the bottom of the con�dent
interval, it must be emphasized that they can be considered as very good design with high
e�ciencies (for this kind of ventilation system). This con�rms that the tool is actually
able to �nd the most interesting areas, with various solutions. As presented in Figure 12,
the targeted operating point for the optimization process determines some generic �gene�
in the solutions. The searching method which is the NSGA II genetic algorithm, has
obviously found for each of the optimization, either at high or a medium �ow rate, two
di�erent sets of characteristics: at 4000m3/h, the optimizer has selected straight blades
with two discontinuities, respectively one close to the hub, and one close to the tip (top
panel in Figure 12). At 2500m3/h, the design is being modi�ed with a smoother shape
from bottom to top and a backward blade sweep (meaning that the blade is curved in a
direction opposite to the rotating one) (bottom panel in Figure 12).
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Figure 11: The results obtained on R(·; 4000) (respectively R̂(·; 2500)) are represented in
the left (resp. right). The red triangles give the values of the e�ciency R at Q = 4000
for the 10 new geometries given by the EI. The blue rectangles represents the current
maximum. The green segments stand for the con�dence intervals predicted by Kriging. {fig:new_geom_perf}

Table 2: Conditional correlation matrix between the 10 new geometries considering
R(·; 4000). {tab:matrix_corr}

Skilled engineers for this type of turbomachine have con�rmed the relevancy of these obser-
vations, in particular the fact that backward sweep blades are good for e�ciency and that
straight ones are adapted to high �ow rate. However, a so wide variety of design could not
be obtained with classical iterative design methods, and the bene�t of the meta-modeling
is clearly its e�ciency in proposing numerous designs in a short time frame.

5 Conclusion
{sec:concl}

A strategy for fan optimization, based on the use of an intense campaign of simulation has
been proposed and tested. The method relies on a parametric model of the fan, which de-
�nes sets of parameters that are experimented in the design of experiment process (DoE).
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Figure 12: Illustration of the similarities with common �genes�. Examples of optimized
designs for high �ow rate (Q = 4000m3/h - top panel) and medium �ow rate (Q =
2500m3/h - bottom panel). {fig:fan_optim}
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In order to address the di�culties related to the size of the domain in the dimension 15 and
to the relative seldom runs, a meta-model based on a Kriging method has been built and
further used to enrich the sampling. The combination of two tips has allowed improving
the model: at �rst, a trend based on the turbomachine theory has been implemented for
the e�ciency in the Kriging model. Then several batches of additional runs have been pro-
posed thanks to a criterion that seeks for the possible maximum improvement within the
variance intervals. It has been observed that despite being too much optimistic, the results
proposed by the genetic algorithm that interrogates the response surface are relevant and
�nally all have shown good e�ciencies (except one over twenty). This good achievement
indicates at �rst that the Kriging method is able to provide the good trends and can be
used for optimization, in particular if the method can be improved on one hand by the
use of turbomachine rules (here for instance using the e�ciency as a trend), and on the
other hand by a sequential strategy that exploits the EI criterion. The proposed designs
for a given targeted operating point have some similarities in their shapes, showing that
the optimization process selects some characteristics which are deterministic. If it is on
line with previous observations from the state of the art, it is remarkable how the method
has provided so e�ciently a wide variety of these best performer designs. All in all, the
combination of design rules, numerical simulation and mathematics in meta-modeling is
perceived as a very e�cient method for optimization even in average dimensions. Perspec-
tives are even more promising for the scienti�c community since the CPU cost is becoming
every year more a�ordable and the pressure for optimized turbomachines in term of e�-
ciency is high (due to economical and ecological concerns).

Acknowledgments. The authors thank François Bachoc and Céline Helbert for their
helpful discussions and suggestions. This work has been supported by the French National
Research Agency (ANR) through PEPITO project (no ANR-14-CE23-0011).

References

[1] F. Bachoc. Cross validation and maximum likelihood estimations of hyper-parameters
of Gaussian processes with model misspeci�cation. Comput. Statist. Data Anal.,
66:55�69, 2013.

[2] J. Bect, F. Bachoc, and D. Ginsbourger. A supermartingale approach to Gaussian
process based sequential design of experiments. working paper or preprint, Sept. 2018.

[3] C. Chevalier and D. Ginsbourger. Fast computation of the multi-points expected
improvement with applications in batch selection. In G. Nicosia and P. Pardalos,
editors, Learning and Intelligent Optimization, pages 59�69, Berlin, Heidelberg, 2013.
Springer Berlin Heidelberg.

[4] N. A. C. Cressie. Statistics for spatial data. Wiley Series in Probability and Mathe-
matical Statistics: Applied Probability and Statistics. John Wiley & Sons, Inc., New
York, 1993. Revised reprint of the 1991 edition, A Wiley-Interscience Publication.

24



[5] R. Fletcher. Practical methods of optimization. Number vol. 1 in Wiley-Interscience
publication. Wiley, 1987.

[6] P. I. Frazier, W. B. Powell, and S. Dayanik. A knowledge-gradient policy for sequential
information collection. SIAM J. Control Optim., 47(5):2410�2439, 2008.

[7] D. Ginsbourger, R. Le Riche, and L. Carraro. A Multi-points Criterion for Deter-
ministic Parallel Global Optimization based on Gaussian Processes. Technical report,
Mar. 2008.

[8] S. S. Gupta and K. J. Miescke. Bayesian look ahead one-stage sampling allocations
for selection of the best population. J. Statist. Plann. Inference, 54(2):229�244, 1996.

[9] D. Huang, T. T. Allen, W. I. Notz, and R. A. Miller. Sequential kriging optimiza-
tion using multiple-�delity evaluations. Structural and Multidisciplinary Optimization,
32(5):369�382, Nov 2006.

[10] R. Jin, W. Chen, and A. Sudjianto. An e�cient algorithm for constructing optimal
design of computer experiments. J. Statist. Plann. Inference, 134(1):268�287, 2005.

[11] D. R. Jones, M. Schonlau, and W. J. Welch. E�cient global optimization of expensive
black-box functions. Journal of Global Optimization, 13(4):455�492, Dec 1998.

[12] D. G. Krige. A statistical approach to some basic mine valuation problems on the
witwatersrand. Journal of the Chemical, Metallurgical and Mining Society of South

Africa, 52:119�139, 1951.

[13] G. Matheron. Traité de géostatistique appliquée, Tome I, volume 14 of Editions Tech-
nip, Paris. Mémoires du Bureau de Recherches Géologiques et Minières, 1962.

[14] G. Matheron. Principles of geostatistics. Economic Geology, 58:1246�1266, 1963.

[15] J. Mo£kus. On bayesian methods for seeking the extremum. In G. I. Marchuk, edi-
tor, Optimization Techniques IFIP Technical Conference Novosibirsk, July 1�7, 1974,
pages 400�404, Berlin, Heidelberg, 1975. Springer Berlin Heidelberg.

[16] A. B. Owen. Orthogonal arrays for computer experiments, integration and visualiza-
tion. Statistica Sinica, 2(2):439�452, 1992.

[17] V. Picheny. Multiobjective optimization using Gaussian process emulators via stepwise
uncertainty reduction. Stat. Comput., 25(6):1265�1280, 2015.

[18] C. Rasmussen and C. Williams. Gaussian Processes for Machine Learning. The MIT
Press, Cambridge, 2006.

[19] B. D. Ripley. Spatial statistics. John Wiley & Sons, Inc., New York, 1981. Wiley
Series in Probability and Mathematical Statistics.

25



[20] O. Roustant, D. Ginsbourger, and Y. Deville. Dicekriging, diceoptim: Two r pack-
ages for the analysis of computer experiments by kriging-based metamodeling and
optimization. Journal of Statistical Software, Articles, 51(1):1�55, 2012.

[21] W. Scott, P. Frazier, and W. Powell. The correlated knowledge gradient for simulation
optimization of continuous parameters using Gaussian process regression. SIAM J.

Optim., 21(3):996�1026, 2011.

[22] M. Stein. Interpolation of Spatial Data: Some Theory for Kriging. Springer, New
York, 1999.

[23] E. Vazquez and J. Bect. Convergence properties of the expected improvement al-
gorithm with �xed mean and covariance functions. J. Statist. Plann. Inference,
140(11):3088�3095, 2010.

[24] J. Ver Hoef and N. Cressie. Multivariate spatial prediction. Mathematical Geology,
25(2):219�240, 1993.

26


	Introduction and Motivations
	The industrial context
	Input parameters
	Output parameters

	The industrial problem
	The industrial data

	Kriging
	Simple Kriging
	Ordinary Kriging
	Extensions
	Some Kriging properties

	Expected Improvement
	Presentation of the algorithm
	General principle
	Expected Improvement
	Knowledge gradient

	Parallelizations: EI multi-points
	Extension to multi-objectives

	Prediction of new geometries
	Software and data available
	Preliminary study and selection of the Kriging model
	Methodology
	Kriging and Expected Improvement on the efficiency R at Qhigh=4000
	Kriging and Expected Improvement on the estimated efficiency at Q=2500

	Results
	Performance of Kriging
	Performance of Expected Improvement and results


	Conclusion

