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Symbolic models for incrementally stable singularly perturbed hybrid affine systems *

In this paper, we consider the problem of symbolic models design for the class of incrementally stable singularly perturbed hybrid affine systems. Contrarily to the existing results in the literature where only switching are taken into account, here we consider a more general class of hybrid systems including switches, impulsions and dynamics evolving in different timescales. Firstly, a discussion about incremental stability of the considered class of systems is given. Secondly, a new method for designing symbolic models for incrementally stable singularly perturbed hybrid affine systems is proposed. Inspired from singularly perturbed techniques based on decoupling the slow dynamics from the fast ones, the obtained symbolic abstraction is designed by discretizing only a part of the state space representing the slow dynamics. An ε-approximate bisimulation relation between the original singularly perturbed hybrid affine system and the symbolic model obtained by discretizing the slow dynamics is provided. Indeed, since the discrete abstraction is designed for a system of lower dimension, the number of its transitions is drastically reduced. Finally, an example is proposed in order to illustrate the efficiency of the proposed results.

I. INTRODUCTION

Hybrid systems have been largely studied in the literature during the last decades [START_REF] Goebel | Hybrid Dynamical Systems: modeling, stability, and robustness[END_REF], [START_REF] Haddad | Impulsive and hybrid dynamical systems[END_REF], [START_REF] Lunze | Handbook of hybrid systems control: theory, tools, applications[END_REF]. Due to their heterogeneous nature, they are used for modelling physical systems that present discrete events during their continuous dynamics. Two types of events can be encountered in real processes: switches i.e., dynamics changes without state jumps and impulses i.e., jumps in the system's state.

Another phenomena that can occur in physical systems is the presence of processes evolving in different timescales [START_REF] Khalil | Nonlinear systems[END_REF], [START_REF] Kokotovic | Singular perturbation methods in control: analysis and design[END_REF], [START_REF] Malloci | Switched system modeling and robust steering control of the tail end phase in a hot strip mill[END_REF]. Recently, a large interest has been given to the class of singularly perturbed hybrid systems. Different examples can motivate this interest, namely the design of fast controllers for hybrid systems [START_REF] Sanfelice | On singular perturbations due to fast actuators in hybrid control systems[END_REF] and the existence of physical systems in engineering presenting discrete events and different timescales [START_REF] Malloci | Switched system modeling and robust steering control of the tail end phase in a hot strip mill[END_REF], [START_REF] Rejeb | Stability analysis of a general class of singularly perturbed linear hybrid systems[END_REF]. Moreover, in the presence of timescales separation, stability analysis and control design become more complex and singular perturbation theory must be utilized [START_REF] Khalil | Nonlinear systems[END_REF], [START_REF] Kokotovic | Singular perturbation methods in control: analysis and design[END_REF]. Numerous results have been already proposed namely on the stability analysis and stabilization of this class of systems -see for instance [START_REF] Malloci | Switched system modeling and robust steering control of the tail end phase in a hot strip mill[END_REF], [START_REF] Rejeb | Stability analysis of a general class of singularly perturbed linear hybrid systems[END_REF], [START_REF] Sanfelice | On singular perturbations due to fast actuators in hybrid control systems[END_REF]. However, technology advances demand that more complex control goals such as language and logic specifications, safety properties, obstacle avoidance be considered. This leads to several studies using symbolic models also called discrete abstractions, for controller design, see for instance [START_REF] Belta | Formal methods for discretetime dynamical systems[END_REF], [START_REF] Tabuada | Verification and control of hybrid systems: a symbolic approach[END_REF]. The main advantage when using symbolic models is that if the obtained symbolic model is finite then the problem of controller design can be efficiently solved using the mature methods for supervisory control design for discrete-event systems.

Symbolic models are very popular for hybrid systems design [START_REF] Belta | Formal methods for discretetime dynamical systems[END_REF], [START_REF] Raisch | Discrete approximation and supervisory control of continuous systems[END_REF], [START_REF] Tabuada | Verification and control of hybrid systems: a symbolic approach[END_REF]. In particular, based on the Lyapunov theory, several approaches for designing symbolic models for incrementally stable hybrid systems have been proposed. For instance, we can cite the work proposed in [START_REF] Girard | Approximately bisimilar symbolic models for incrementally stable switched systems[END_REF] where a symbolic model has been designed using both state and time discretization. However, to the best of our knowledge, the existing results about symbolic models design consider only the class of switched systems. Moreover, those results do not take into account the case where the system's dynamics evolve in different timescales.

Here, we are interested in the design of symbolic models for a more general class of hybrid systems presenting switches, impulses, and dynamics that evolve in different timescales. First, global incremental asymptotic stability of hybrid affine systems is defined. A discussion about how the conditions for global asymptotic stability of singularly perturbed hybrid linear systems provided in [START_REF] Rejeb | Stability analysis of a general class of singularly perturbed linear hybrid systems[END_REF] can be used in order to show incremental global uniform asymptotic stability of hybrid affine systems is provided. Then, a new method for designing symbolic models for incrementally stable singularly perturbed hybrid affine systems is proposed. Inspired from singularly perturbed techniques based on decoupling the slow dynamics from the fast ones, the obtained symbolic abstraction is designed by discretizing only a part of the state space representing the slow dynamics. We have equally shown that the original singularly perturbed hybrid affine system is related by an ε-approximate bisimulation relation to the symbolic model designed by discretizing the slow dynamics. Besides the fact that this design methodology takes into account the singular perturbation nature of the system, the main advantage of the proposed method is that the obtained symbolic model is of reduced size. Indeed, since the discrete abstraction is designed for a system of lower dimension, the number of its transitions is drastically reduced.

The paper is structured as follows: Section 2 provides a description of the considered singularly perturbed hybrid affine system. The notion of incremental stability of singularly perturbed hybrid affine systems is defined and definitions necessary for our study are given in Section 3. In Section 4, we propose a method for constructing symbolic models for incrementally stable singularly perturbed hybrid affine systems. In Section 5, a numerical example that illustrates the proposed results is provided. The paper ends with a brief conclusion.

Notations.: In this paper we use the notations R, R + 0 and R + to refer to the set of real, non-negative real, and positive real numbers, respectively. Z, N, and N + refer to the sets of integers, of non-negative integers and of positive integers, respectively. card(S ) refers to the cardinal of a set S . x denotes the Euclidean norm of a vector x ∈ R n and x (i) refers to its i-th row. I n denotes the identity matrix of dimension n. 0 refers to a matrix of appropriate dimension whose elements are null. The notation M T refers to the transpose of a matrix or vector M. M -1 indicates the inverse of a square matrix M. M ≻ 0 (respectively M ≺ 0 ) denotes a positive definite (respectively, negative definite) matrix. M 0 (respectively M 0 ) refers to a positive semidefinite (respectively, negative semidefinite) matrix. For a symmetric matrix M 0, M 1 2 is the unique symmetric matrix S 0 such that S 2 = M. For a positive definite matrix M, λ min (M) (respectively, λ max (M)) stands for the minimum (respectively, maximum) eigenvalue of M. The matrix M is said to be Hurwitz if all its eigenvalues have negative real parts. M is said to be Schur if its eigenvalues lie strictly inside the unit disk. The notation

x(t - k ) = lim d→0,d>0 x(t -d) is
equally used in the paper.

A continuous function γ is said to belong to class K if it is strictly increasing and γ(0) = 0. A continuous function β : R + 0 ×R + 0 → R + 0 is said to belong to class K L if : for any fixed r, the map β (., s) belongs to the class K , and for each fixed s the map β (r, .) is strictly decreasing and β (r, .) goes to zero as s tends to infinity. Given a function l : (0, θ ) → R, we say that l(θ ) = O(α(θ )) if and only if there exists θ 0 ∈ (0, θ ) and c > 0, such that for all θ ∈ (0, θ 0 ), |l(θ )| ≤ cα(θ ).

II. SYSTEM DESCRIPTION AND PROBLEM STATEMENT

A. Singularly perturbed hybrid affine systems

Here, we are particularly interested in the construction of symbolic models for the class of singularly perturbed hybrid affine systems. The dynamics of the hybrid affine system Σ are defined as follows:

             ẋ(t) θ ż(t) = A p(t k ) x(t) z(t) + α p(t k ) = f p(t k ) (x(t),z(t)),∀t ∈ [t k ,t k+1 ), k ∈ N x(t k ) z(t k ) = C p(t - k )-→p(t k ) x(t - k ) z(t - k ) + d p(t - k )-→p(t k ) = g p(t - k )-→p(t k ) (x(t - k ),z(t - k )),∀k ≥ 1, (1) 
where x(t) ∈ R n x , z(t) ∈ R n z are the slow and fast variables respectively. n x ∈ N and n z ∈ N are the dimensions of the slow and fast varying variables such that n x + n z = n where n ∈ N is the system's order. θ > 0 is the small parameter characterizing the time scale separation between the slow and the fast dynamics. p ∈ P denotes the switching signal with P is a subset of S (R + 0 , P) which refers to the set of piece-wise constant and right continuous functions p from R + 0 to the finite set of modes P = {1, 2, . . . , m}, with a finite number of discontinuities on every bounded interval of R + 0 . This guarantees the absence of Zeno behaviours. In the rest of our paper we will denote p -= p(t - k ) and p = p(t k ). For all p, p -∈ P, A p ∈ R n×n , α p ∈ R n×1 , C p --→p ∈ R n×n , and d p --→p ∈ R n×1 are matrices defining the continuous and impulsive dynamics.

B. Change of variables

Let for all p -, p ∈ P

A p = A p 11 A p 12 A p 21 A p 22 , α p = α p 1 α p 2 , C p --→p = C p --→p 11 C p --→p 12 C p --→p 21 C p --→p 22 , d p --→p = d p --→p 1 d p --→p 2 where A p 11 , C p --→p 11 ∈ R n x ×n x , A p 22 , C p --→p 22 ∈ R n z ×n z , α p 1 , d p --→p 1 ∈ R n x ×1 , α p 2 , d p --→p 2 ∈ R n z ×1 , and A p 12 , A p 21 , C p --→p 12 , C p --→p

21

are matrices of appropriate dimensions. When we set θ = 0 in (1) the dimension of the state equation reduces from n z + n x to n x because, for all p ∈ P the differential equations of the fast dynamics z degenerate to 0

= A p 22 z + A p 21 x + α p 2 . (2) 
Let us make the standard assumption in the singular perturbation theory framework [START_REF] Khalil | Nonlinear systems[END_REF], [START_REF] Kokotovic | Singular perturbation methods in control: analysis and design[END_REF], in the following Assumption 1: A p 22 are non-singular for all p ∈ P. Under this assumption for all p ∈ P, the solutions of (2) are given by

z = h p (x) = -(A p 22 ) -1 A p 21 x -(A p 22 ) -1 α p 2
which corresponds to the quasi-steady state of the fast dynamic of the respective mode p. It is more convenient and common in the literature of singular perturbed systems to perform the change of coordinates that renders the quasisteady state of the fast dynamic null. Here, in order to take into account the hybrid nature of system (1), for all p ∈ P we perform the following time-dependent change of coordinates

y(t) = z(t) -h p (x(t)) , ∀t ∈ [t k ,t k+1 ), k ∈ N (3) 
to shift the quasi-steady state of z to the origin. Using the change of coordinates (3), the continuous dynamics in (1) become

ẋ(t) θ ẏ(t) = A p 0 A p 1 θ A p 2 A p 4 + θ A p 3 x(t) y(t) + B p 1 θ B p 2 , ∀t ∈ [t k ,t k+1 ), k ∈ N (4)
where for all p ∈ P:

A p 0 = A p 11 -A p 12 (A p 22 ) -1 A p 21 , A p 1 = A p 12 A p 2 = (A p 22 ) -1 A p 21 A p 0 , A p 3 = (A p 22 ) -1 A p 21 A p 12 , A p 4 = A p 22 , B p 1 = α p 1 -A p 12 (A p 22 ) -1 α p 2 , B p 2 = (A p 22 ) -1 A p 21 B p 1 .
Likewise, the impulsive dynamics in (1) turn into

x(t k ) y(t k ) = R p --→p 11 R p --→p 12 R p --→p 21 R p --→p 22 x(t - k ) y(t - k ) + B p --→p 1 B p --→p 2 ,∀k ≥ 1, (5) 
where for all p -, p

∈ P R p --→p 11 = C p --→p 11 -C p --→p 12 (A p - 22 ) -1 A p - 21 ; R p --→p 12 = C p --→p 12 , R p --→p 21 = C p --→p 21 -C p --→p 22 (A p - 22 ) -1 A p - 21 + (A p 22 ) -1 A p 21 R p --→p 11 , R p --→p 22 = C p --→p 22 + (A p 22 ) -1 A p 21 C p --→p 12 , B p --→p 1 = d p --→p 1 -C p --→p 12 
(A p - 22 ) -1 α p - 2 , B p --→p 2 = d p --→p 2 + (A p 22 ) -1 A p 21 B p --→p 1 + (A p 22 ) -1 α p 2 -C p --→p 22 (A p - 22 ) -1 α p - 2 .
In the rest of our paper we will denote by x(t, (x, y), p) y(t, (x, y), p) the point reached at time t by the trajectory of system ( 4), ( 5) starting at x(0) = x, y(0) = y under the switching signal p.

φ p --→p x (τ, (x, y)) φ p --→p y (τ, (x, y))
will refer to the value of the solution of ( 4), ( 5) at time t - k+1 , with t k+1 = t k + τ starting from x(t - k ) = x and y(t - k ) = y under the switching signal p where p(t - k ) = p - and p(t k ) = p(t - k+1 ) = p. III. PRELIMINARIES

A. Incremental stability

It has been shown recently for different classes of systems such as switched nonlinear and networked systems that the construction of symbolic models can rely directly on the incremental stability notion [START_REF] Girard | Approximately bisimilar symbolic models for incrementally stable switched systems[END_REF], [START_REF] Pola | Compositional symbolic models for networks of incrementally stable control systems[END_REF]. This notion has been presented for nonlinear systems in [START_REF] Angeli | A Lyapunov approach to incremental stability properties[END_REF]. An extension of this result to the case of switched nonlinear systems has been provided in [START_REF] Girard | Approximately bisimilar symbolic models for incrementally stable switched systems[END_REF]. Hereafter, we adapt the definition of incremental stability to the class of singularly perturbed hybrid affine systems which is under study in this paper.

Definition 1: A singularly perturbed hybrid affine system Σ is said to be incrementally globally uniformly asymptotically stable (δ -GUAS) if there exists K L function β such that for all t ∈ R + 0 , for all x, x ′ ∈ R n x , y, y ′ ∈ R n z and for all switching signal p ∈ P, the following condition holds:

x(t, (x, y), p) -x(t, (x ′ , y ′ ), p) y(t, (x, y), p) -y(t, (x ′ , y ′ ), p) ≤ β x -x ′ y -y ′ ,t (6) 
Roughly speaking, incremental stability means that all the trajectories induced by the same switching signal converge to the same reference trajectory independently of their initial states.

Showing that system (4), ( 5) is incrementally globally uniformly asymptotically stable (δ -GUAS) leads to prove that the hybrid linear system

ėx (t) θ ėy (t) = A p 0 A p 1 θ A p 2 A p 4 + θ A p 3 e x (t) e y (t) , ∀t ∈ [t k ,t k+1 ), k ∈ N e x (t k ) e y (t k ) = R p --→p 11 R p --→p 12 R p --→p 21 R p --→p 22 e x (t - k ) e y (t - k )
, ∀k ≥ 1 (7) where e x (t) = x(t)x ′ (t) and e y (t) = y(t)y ′ (t), is globally asymptotically stable. Recently, sufficient conditions for global asymptotic stability of singularly perturbed hybrid linear systems of the form [START_REF] Kokotovic | Singular perturbation methods in control: analysis and design[END_REF] have been proposed in [START_REF] Rejeb | Stability analysis of a general class of singularly perturbed linear hybrid systems[END_REF]. In order to construct symbolic models for the singularly perturbed hybrid affine system (1) (or equivalently system (4), ( 5)), we consider the following assumption: Assumption 2: A p 0 and A p 4 are Hurwitz for all p ∈ P. This means that there exist symmetric positive definite matrices Q p s I n x and Q p f I n z and positive scalars λ p s and λ p f such that

(A p 0 ) T Q p s + Q p s A p 0 -2λ p s Q p s , (A p 4 ) T Q p f + Q p f A p 4 -2λ p f Q p f . (8) 
Under this assumption, it has been shown in [START_REF] Rejeb | Stability analysis of a general class of singularly perturbed linear hybrid systems[END_REF] that if θ ∈ (0, θ 1 ) where

θ 1 = λ f (b 1 +b 2 ) 2 4λs +b 3 with λ f = min p∈P λ p f , λ s = min p∈P λ p s , b p 1 = (Q p s ) 1 2 A p 1 (Q p f ) -1 2 , b p 2 = (Q p f ) 1 2 A p 2 (Q p s ) -1 2 , b p 3 = (Q p f ) 1 2 A p 3 (Q p f ) - 1 2 
, and b j = max p∈P b p j , j ∈ {1, 2, 3}, then

V p (e x , e y ) = e T x Q p s e x + e T y Q p f e y , ∀p ∈ P ( 9 
)
is a Lyapunov function in mode p. Thus, all the modes of ( 7) are Lyapunov stable. The asymptotic stability of system [START_REF] Kokotovic | Singular perturbation methods in control: analysis and design[END_REF] and therefore the incremental stability of system (4), ( 5) has been shown while using the following functions

W p s (e x (t)) = e x (t) T Q p s e x (t), ∀t ∈ [t k ,t k+1 ), k ∈ N, W p f (e y (t)) = e y (t) T Q p f e y (t), ∀t ∈ [t k ,t k+1 ), k ∈ N. (10) 
Considering θ 2 ∈ (0, θ 1 )∩(0,

λ f λ s ), c 1 = √ b 2 1 +b 2 3 λ f , c 2 = b 1 λ f -θ 2 λ s , and c 3 = b 1 c 1
λ s , the evolution of these functions between two events (switch or impulse) and when an event occurs are characterized in the following lemmas respectively.

Lemma 1 ( [START_REF] Rejeb | Stability analysis of a general class of singularly perturbed linear hybrid systems[END_REF]): Under Assumption 2, let θ ∈ (0, θ 2 ], and [START_REF] Rejeb | Stability analysis of a general class of singularly perturbed linear hybrid systems[END_REF]): For all k ≥ 0,

t k+1 -t k = τ > 0. Then for all k ∈ N W p s (e x (t - k+1 )) ≤ W p s (e x (t k ))(e -λ s τ + θ c 3 ) + W p f (e y (t k ))θ (c 2 + c 3 ) W p f (e y (t - k+1 )) ≤ W p s (e x (t k ))θ c 1 + W p f (e y (t k ))(e - λ f θ τ + θ c 1 ). Lemma 2 (
W p s (e x (t k )) ≤ ψ 11 W p - s (e x (t - k )) + ψ 12 W p - f (e x (t - k )) W p f (e y (t k )) ≤ ψ 21 W p - s (e x (t - k )) + ψ 22 W p - f (e y (t -1 k )), (11) 
where

ψ 11 = max p -,p∈P (Q p s ) 1 2 R p --→p 11 (Q p - s ) -1 2 , ψ 12 = max p -,p∈P (Q p s ) 1 2 R p --→p 12 (Q p - f ) -1 2 , ψ 21 = max p -,p∈P (Q p f ) 1 2 R p --→p 21 (Q p - s ) -1 2 , ψ 22 = max p -,p∈P (Q p f ) 1 2 R p --→p 22 (Q p - f ) -1 2 .
A sufficient condition for the global asymptotic stability of system (4), [START_REF] Haddad | Impulsive and hybrid dynamical systems[END_REF] has been given in [START_REF] Rejeb | Stability analysis of a general class of singularly perturbed linear hybrid systems[END_REF]. It consists in the existence of a minimal dwell time τ * for which the positive matrix M τ * Ψ is Schur with

M τ * = e -λ s τ * + θ c 3 θ (c 2 + c 3 ) θ c 1 e - λ f θ τ * + θ c 1 and Ψ = ψ 11 ψ 12 ψ 21 ψ 22 .
Here, we consider the case where ψ 11 satisfies the following assumption: Assumption 3: ψ 11 ≤ 1.

(12) Under this assumption sufficient conditions for deriving the values of τ * have been provided in [START_REF] Rejeb | Stability analysis of a general class of singularly perturbed linear hybrid systems[END_REF] and are recalled hereafter:

• if ψ 11 = 1 and ψ 12 = 0 then

τ * > - θ λ f ln(θ ) + θ λ f ln ψ12 + aθ ψ 22 a -ψ 11 (c 1 + c 3 ) -ψ 12 c 1 -aθ (ψ 21 (c 2 + c 3 ) + ψ 22 c 1 = O(θ ln(θ )) (13) 
with a > 0 chosen such that a > ψ 11 (c 2 + c 3 ) + ψ 12 c 1 ;

• if ψ 11 = 1 and ψ 12 = 0 then τ * > l 3 (θ ) = O(θ ) (14) 
where l 3 (θ ) = max(l 1 (θ ), l 2 (θ )) with

l 1 (θ ) = 1 λ s ln(1 + aθ ψ 21 ψ 11 ) -ln(1 -θ (ψ 11 c 3 + ψ 12 c 1 ) -aθ 2 (ψ 21 c 3 + ψ 22 c 1 )) , l 2 (θ ) = - θ λ f ln a -ψ 11 (c 2 + c 3 ) -ψ 12 c 1 -aθ (ψ 21 (c 2 + c 3 ) + ψ 22 c 1 ) aψ 22 ,
and a > 0 chosen such that a > ψ 11 (c 2 + c 3 ) + ψ 12 c 1 ;

• finally, if ψ 11 < 1, then τ * > l 4 (θ ), (15) 
where

l 4 (θ ) = θ λ f ln ψ 12 + aψ 22 a -θ (ψ 11 (c 2 + c 3 ) + ψ 12 c 1 ) -aθ (ψ 21 (c 2 + c 3 ) + ψ 22 c 1 )
, with a > 0 chosen such that ψ 11 + aψ 21 < 1. In order to provide our result about symbolic models construction for singularly perturbed hybrid affine systems, we will consider the following properties of functions W p s in the rest of our paper :

∀p ∈ P, λ s min e x ≤ W p s (e x ) ≤ λ s max e x , (16) 
and for all p ∈ P, for all x, x

′ , x ∈ R n x |W p s (x -x ′ ) -W p s (x -x)| ≤ λ s max x ′ -x (17) 
where λ s min = min p∈P λ min (Q p s ) and λ s max = max p∈P λ max (Q p s ). Likewise for W p f we have

∀p ∈ P, λ f min e y ≤ W p f (e y(t) ) ≤ λ f max e y , (18) 
and for all p ∈ P, for all y, y

′ , ȳ ∈ R n z |W p f (y -y ′ ) -W p f (y -ȳ)| ≤ λ f max y ′ -ȳ (19) 
where

λ f min = min p∈P λ min (Q p f ) and λ f max = max p∈P λ max (Q p f ).

B. Transition systems

We are interested in the computation of discrete abstractions for singularly perturbed hybrid affine systems. In what follows, we present the concept of transition systems that allows us to describe both hybrid systems and symbolic models in a common framework: Definition 2: A transition system is a tuple T = (Q,U, O, ∆, I) where:

• Q is a set of states ;

• U is a set of inputs ;

• O is a set of outputs ;

• ∆ ⊆ Q × U × Q × O is a transition relation; • I ⊆ Q is a set of initial states . T is said to be metric if the set of outputs O is equipped with a metric d such that d(o 1 , o 2 ) = o 1 -o 2 , symbolic if Q and U are finite or countable sets. (x ′ , o) ∈ ∆(x, u) will refer to the transition (x, u, x ′ , o) ∈ ∆.
This means that by applying the input u the trajectory of the transition system will evolve from the state x to the state x ′ while providing the output o. Given a state x ∈ Q, an input u ∈ U is said to belong to the set of enabled inputs, denoted by Enab(x), if ∆(x, u) = / 0. A state x ∈ Q is said to be blocking if Enab(x) = / 0, it is said non-blocking otherwise. T is said to be deterministic if for all x ∈ Q and for all u ∈ Enab(x), card(∆(x, u)) = 1.

Definition 3: Let T 1 = (Q 1 ,U, O, ∆ 1 , I 1 ), T 2 = (Q 2 ,U, O, ∆ 2 , I 2 )
be two metric transition systems with the same input set U and the same output set O equipped with the metric d. Let ε ≥ 0 be a given precision. A relation R ⊆ Q 1 × Q 2 is said to be an ε-approximate bisimulation relation between T 1 and T 2 if for all (x 1 , x 2 ) ∈ R, Enab(x 1 ) = Enab(x 2 ) and for all u ∈ Enab(x 1 ):

∀(x ′ 1 , o 1 ) ∈ ∆ 1 (x 1 , u), ∃(x ′ 2 , o 2 ) ∈ ∆ 2 (x 2 , u) such that d(o 1 , o 2 ) ≤ ε and (x ′ 1 , x ′ 2 ) ∈ R; ∀(x ′ 2 , o 2 ) ∈ ∆ 2 (x 2 , u), ∃(x ′ 1 , o 1 ) ∈ ∆ 1 (x 1 , u) such that d(o 1 , o 2 ) ≤ ε and (x ′ 1 , x ′ 2 ) ∈ R.

IV. APPROXIMATE BISIMILAR MODEL DESIGN

Given a singularly perturbed hybrid affine system Σ with P = S (R + 0 , P), and a time sampling parameter τ s ∈ R + we define the associated transition system T τ s (Σ) = (Q 1 ,U, O, ∆, I 1 ) where:

• Q 1 = R n x × R n z × P is the set of states; • U = P is the set of inputs; • O = R n x × R n z is the set of outputs; • ∆ ⊆ Q 1 × U × Q 1 × O is the transition relation defined as follows: ∀u ∈ U, ∀(x, y, p -) ∈ Q 1 , ((x ′ , y ′ , p), o 1 ) ∈ ∆(x, y, p -, u) if and only if u = p, (x ′ , y ′ ) = (φ p --→p
x (τ s , (x, y)), φ p --→p y (τ s , (x, y))), and o 1 = (x, y);

• I 1 = R n x × R n z × P is the set of initial states.
The reduced state space R n x is then approximated by the lattice:

[R n x ] η = q x ∈ R n x |q x(i) = k i 2η √ n x , k i ∈ Z, i = 1, . . . , n x ,
where η ∈ R + is the reduced state space sampling parameter. The quantizer

Q η : R n x → [R n x ] η is defined by Q η (x) = q x if and only if ∀i = 1, . . . , n x , q x(i) - η √ n x ≤ x (i) < q x(i) + η √ n x . ( 20 
)
It can be easily verified that for all x ∈ R n x , Q η (x)-x ≤ η. We define the symbolic model T s τ s ,η (Σ) = (Q η ,U, O η , ∆ η , I η ) as follows:

• the set of states is

Q η = ([R n x ] η ∩ C ) × P, where C is a compact set in R n x ; • the set of labels (inputs) is U = P; • the set of outputs is O η = R n x × R n z ; • the transition relation ∆ η ⊆ Q η × U × Q η × O η is given as follows: ∀u ∈ U, ∀(q x , p -) ∈ Q η , (q ′ x , p, o 2 ) ∈ ∆ η (q x , p -, u) if and only if u = p, q ′ x = Q η (φ p --→p x (τ s , (q x , y p - eq )))
and o 2 = q x y p - eq T ; where y p - eq is such that

x p - eq y p - eq = - A p - 0 A p - 1 θ A p - 2 A p - 4 + θ A p - 3 -1 B p - 1 θ B p - 2 ,
i.e., (x p - eq , y p - eq ) is the equilibrium point of the system in mode p -.

• the set of initial states is

I η = ([R n x ] η ∩ C ) × P.
Theorem 1: Consider system (4), ( 5) under Assumptions 2 and 3. Let τ s ≥ τ * > 0 such that the positive matrix M τ s Ψ is Schur. Consider η > 0 and let ε s > 0 and ε f > 0 such that

λ s min ε s λ f min ε f ≥ (I -M τ s Ψ) -1 λ f max η γ f (θ ) (21) 
where

γ f (θ ) = λ f max λ f min θ c 1 W s + (e - λ f τs θ + θ c 1 )W f with W s = max p -, p∈P, qx∈C λ s max x p eq -R p -→p 11 q x -R p -→p 12 y p - eq -B p -→p 1 , (22) 
and

W f = max p -, p∈P, qx∈C λ f max y p eq -R p -→p 21 q x -R p -→p 22 y p - eq -B p -→p 2 , (23) 
where (x p eq , y p eq ) is the equilibrium point in mode p, then

R = ((x,y, p -),(q x , p -)) ∈ Q 1 × Q η | W p - s (x -q x ) W p - f (y -y p - eq ) ≤ λ s min ε s λ f min ε f (24)
is an ε-approximate bisimulation relation between T τ s (Σ) and T s τ s ,η (Σ) with ε = ε 2 s + ε 2 f . Proof: See the Appendix. Remark 1: The result in Theorem 1 is constructive. We may remark that ε f depends on γ f (θ ) which can be computed numerically. ε f is a function of θ and η which are small parameters, therefore the obtained precision ε f for the fast dynamic is sufficiently small.

Remark 2: In the case of switched affine systems Ψ = I n x 0 ψ 21 I n z and when θ → 0 we have M τ s = e -λ s τ s 0 0 0 .

Thus, inequality (21) leads to

λ s min ε s λ f min ε f ≥ [1 -e -λ s τ s ] -1 λ s max η 0 . (25) 
From this inequality we can remark that the obtained precision for the slow dynamics is

λ s min ε s ≥ [1 - e -λ s τ s ] -1 λ s max η.
This expression recalls the one obtained in [START_REF] Girard | Approximately bisimilar symbolic models for incrementally stable switched systems[END_REF] for δ -GUAS switched systems when using the classical method for symbolic models design.

In this paper we provide new design method of symbolic models based on the singular perturbation theory for globally incrementally stable hybrid affine systems. The main advantage of this approach is that since the fast dynamic y vanishes very quickly to zero then instead of discretizing the system of dimension n the symbolic model is designed while discretizing only the slow dynamics which reduces drastically its number of transitions.

V. ILLUSTRATIVE EXAMPLE:ROOM TEMPERATURE

REGULATION

Consider the thermal dynamics of a room-heater system modelled as a singularly perturbed switched affine system with two modes as follows:

d dt T 1 θ T 2 = -κ 12 -κ 10 κ 12 κ 21 -κ 21 -κ 2 f u T 1 T 2 + κ 10 T 0 κ 2 f T f u (26)
where T 1 is the thermal dynamic of the room, T 2 is the thermal dynamic of the heater. T 1 and T 2 are the two continuous-time states variables. u is the discrete variable which takes values u = 1 and u = 0 that correspond to the positions "switch ON" and " switch OFF" of the heater, respectively. T 0 is the ambient temperature and T f is the maximal temperature of the heater. κ 12 , κ 10 , κ 21 , κ 2 f are the heat transfer coefficients. θ is the time-scale separation parameter between the fast dynamic T 2 and the slow dynamic T 1 .

Considering x = T 1 and z = T 2 , system (26) can be written in the form (1) as follows

ẋ θ ż = A p x z + α p , p ∈ {1, 2} (27) 
where

A 1 = -κ 12 -κ 10 κ 12 κ 21 -κ 21 -κ 2 f , A 2 = -κ 12 -κ 10 κ 12 κ 21 -κ 21 , α 1 = κ 10 T 0 κ 2 f T f , α 2 = κ 10 T 0 0 .
Here, we consider the following numerical values of the parameters : κ 12 = 4, κ 10 = 1, κ 21 = 1, κ 2 f = 0.5 and θ = 10 -3 . Matrices A 1 22 and A 2 22 are not singular. Then, Assumption 1 holds and the time-dependent change of coordinates given in (3) is derived as follows y(t) = z(t) -0.6667x(t) -16.6667, p = 1; y(t) = z(t)x(t), p = 2.

(28) Assumption 2 holds. LMIs [START_REF] Lunze | Handbook of hybrid systems control: theory, tools, applications[END_REF] are feasible for λ f = λ s = 1 and Q p s = Q p f = 1, ∀p ∈ {1, 2}. ψ 11 = 1 and ψ 12 = 0 ( i.e., Ψ = I 2 ) thus from [START_REF] Tabuada | Verification and control of hybrid systems: a symbolic approach[END_REF] we obtain τ * = 0.0322h. For simulations we consider τ s = 0.035h > τ * such that the positive matrix M τ s Ψ is Schur. Therefore, under these conditions system (26) is δ -GUAS. Thus, we are now able to design our symbolic model for system (26).

We restrict the dynamics of the system to the compact set C = 24 25.5 . The state space sampling parameter is taken as η = 0.0002. The regulation goal is to maintain the room temperature around 25 degrees i.e., T 1 ∈ C . The obtained precision is ε = 1.7276 i.e., ε f = 0.1790 and ε s = 1.7184. We can observe from Figure 1 that the obtained symbolic model does not have blocking states. Therefore, all the transitions of the obtained abstraction are safe. We can remark that the trajectory of the system remains inside the safe set C = 24.5 25.5 .

VI. CONCLUSION

This paper has provided a new method for symbolic models design for the class of incrementally stable singularly perturbed hybrid affine systems. The proposed method is inspired from singularly perturbed techniques based on decoupling the slow dynamics from the fast ones. Thus, the obtained symbolic abstraction is designed by discretizing only a part of the state space representing the slow dynamics. An ε-approximate bisimulation relation between the original singularly perturbed hybrid affine system and the symbolic model obtained by discritizing the slow dynamics has been provided. It has been shown that since the discrete abstraction is designed for a system of lower dimension, the number of its transitions is drastically reduced. Finally, simulations have been performed for a room temperature regulation system in order to assess the efficiency of the proposed approach.

APPENDIX PROOF OF THEOREM 1

Proof: The proof of Theorem 1 follows the steps of Definition 3. First, let ((x, y, p -), (q x , p -)) ∈ R and let

((x ′ , y ′ , p), o 1 ) ∈ ∆. There exists (q ′ x , p) ∈ Q η such that ((q ′ x , p), o 2 ) ∈ ∆ η (q x , p -, p). Then, let verify that d(o 1 , o 2 ) ≤ ε.
We have ((x, y, p -), (q x , p -)) ∈ R, and from (16), we obtain

λ s min x -q x ≤ W p - s (x -q x ) ≤ λ s min ε s . (29) 
This leads to

x -q x ≤ 1 λ s min W p - s (x -q x ) ≤ ε s . (30) 
Likewise, for the fast dynamics, from (18) we obtain

λ f min y -y p - eq ≤ W p - f (y -y p - eq ) ≤ λ f min ε f (31) where λ f min = min p∈P λ min (Q p f ). Thus, y -y p - eq ≤ 1 λ f min W p - f (y -y p - eq ) ≤ ε f . (32) 
Now we should verify that

d(o 1 , o 2 ) ≤ ε. d(o 1 , o 2 ) = x -q x y -y p - eq ≤ x -q x 2 + y -y p - eq 2 . ( 33 
)
From ( 30) and (32), we obtain

d(o 1 , o 2 ) ≤ x -q x 2 + y -y p - eq 2 ≤ ε 2 s + ε 2 f = ε. (34) 
Therefore, the first condition in Definition 3 holds. Now let ((x, y, p -), (q x , p -)) ∈ R. To show that ((x

′ , y ′ , p), (q ′ x , p)) ∈ R it is sufficient to prove that W p s (x ′ -q ′ x ) W p f (y ′ -y p eq ) ≤ λ s min ε s λ f min ε f . (35) 
From ( 17), (19) we have

W p s (x ′ -q ′ x ) W p f (y ′ -y p eq ) ≤ W p - s (φ p --→p
x (τ s ,(q x ,y p - eq )) -φ p --→p x (τ s ,(x,y)))

W p - f (φ p --→p y (τ s ,(q x ,y p - eq )) -φ p --→p y (τ s ,(x,y)))

+ λ s max q ′ x -φ p --→p
x (τ s ,(q x ,y p - eq )) λ f max y p eq -φ p --→p y (τ s ,(q x ,y p - eq ))

.

(

) 36 
From Lemma 1 and Lemma 2, for all τ s ≥ τ * we have

W p s (x ′ -q ′ x ) W p
f (y ′y p eq ) ≤ M τs Ψ λ s min ε s λ f min ε f + λ s max η λ f max y p eq -φ p --→p y (τ s ,(q x ,y p - eq ))

.

(37)

From (18), we obtain y p eq -φ p --→p y (τ s ,(q x ,y p - eq )) ≤

W p f (y p eq -φ p --→p y (τ s ,(q x ,y p - eq )))

λ f min . (38) 
From Lemma 1, we have W p f (y p eq -φ p --→p y (τ s ,(q x ,y p - eq ))) ≤W p s (x p eq -R p -→p 11 q x -R p -→p 12 y p - eq -B p -→p 1 )θ c 1 +W p f (y p eq -R p -→p 21 q x -R p -→p 22 y p - eq -B p -→p

2

)(e -

λ f τs θ + θ c 1 ), (39) 
where (x p eq , y p eq ) is the equilibrium point in mode p. From this last inequality, (38) leads to y p eq -φ p --→p y (τ s ,(q x ,y p - eq )) 

From ( 16) and ( 18), (40) becomes y p eq -φ p --→p y (τ s ,(q x ,y p - eq )) Thus λ f max y p eq -φ p --→p y (τ s ,(q x ,y p - eq ))

≤ λ f max λ f min θ c 1 W s + (e - λ f τs θ + θ c 1 )W f = γ f (θ ) (43) 
Thanks to the last inequality, (37) becomes

W p s (x ′ -q ′ x ) W p f (y ′ -y p eq ) ≤ M τs Ψ λ s min ε s λ f min ε f + λ s max η γ f (θ ) . (44) 
Therefore, in order to show that ((x ′ , y ′ , p), (q ′ x , p)) ∈ R it is sufficient to prove that

W p s (x ′ -q ′ x ) W p f (y ′ -y p eq ) ≤ M τs Ψ λ s min ε s λ f min ε f + λ s max η γ f (θ ) ≤ λ s min ε s λ f min ε f . (45) 
The second term of inequality ( 45) is equivalent to

λ s max η γ f (θ ) ≤ (I -M τs Ψ) λ s min ε s λ f min ε f (46)
Since M τ s Ψ is a positive and Schur matrix and from the Neumann series properties, the matrix I -M τ s Ψ is invertible and its inverse (I -M τ s Ψ) -1 is positive. Therefore, (46) leads to

λ s min ε s λ f min ε f ≥ (I -M τs Ψ) -1 λ s max η γ f (θ ) . (47) 
Thus, from the last inequality and from (45), (35) is verified. Therefore, ((x ′ , y ′ , p), (q ′ x , p)) ∈ R. Then, R is an ε-approximate bisimulation relation between T τ s (Σ) and T s τ s ,η (Σ).

Fig. 1 .

 1 Fig. 1. Symbolic abstraction for room-heater system (26) : dark gray: mode 1, light gray: mode 2, medium gray: both modes are acceptable. Slow manifolds (lines in magenta). Trajectories of the closed loop system originating at [x, z] T = [24.51, 30] T (blue line).
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  W s and W f , (41) leads to y p eq -φ p --→p y (τ s ,(q x ,y p - eq )) ≤
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