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European options in a non-linear incomplete market
model with default

Miryana Grigorova * Marie-Claire Quenez | Agnes Sulem ¥

February 19, 2019

Abstract

This paper studies the superhedging prices and the associated superhedging strate-
gies for European options in a non-linear incomplete market model with default. We
present the seller’s and the buyer’s point of view. The underlying market model con-
sists of a risk-free asset and a risky asset driven by a Brownian motion and a com-
pensated default martingale. The portfolio processes follow non-linear dynamics with
a non-linear driver f. By using a dynamic programming approach, we first provide a
dual formulation of the seller’s (superhedging) price for the European option as the
supremum, over a suitable set of equivalent probability measures @ € O, of the f-
evaluation/expectation under @ of the payoff. We also provide a characterization of
the seller’s (superhedging) price process as the minimal supersolution of a constrained
BSDE with default and a characterization in terms of the minimal weak supersolution
of a BSDE with default. By a form of symmetry, we derive corresponding results for
the buyer. Our results rely on first establishing a non-linear optional and a non-linear
predictable decomposition for processes which are £/-strong supermartingales under

Q, for all Q € Q.

Key-words: European options, incomplete market, superhedging, non-linear pricing,
BSDEs with constraints, f-expectation, control problems with non-linear expectation, non-
linear optional decomposition, pricing-hedging duality

1 Introduction

We consider a financial market with a default time . The market contains one risky asset
whose price dynamics are driven by a one-dimensional Brownian motion and a compensated
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default martingale. The market exhibits imperfections which are encoded in the non-linearity
of the portfolio dynamics. An important feature of this market is that it is incomplete, in
the sense that not every European contingent claim can be replicated by a portfolio. In this
framework, we are interested in the problem of pricing and hedging of European options,
from the point of view of the seller, and of the buyer.

We recall that in the case of a non-linear complete market model, the seller’s (hedging)
price of the European option with payoff n and maturity 7 is given by the non-linear f-
evaluation (expectation) of 7, where f is the non-linear driver of the replicating portfolio
(cf. [13] and [17] in the Brownian case, and the recent works [12], [10] and [11] in the default
case).

In our framework, since contingent claims are not necessarily replicable, we define the
seller’s (superhedging) price of the European option at time 0, denoted by vg, as the minimal
initial capital which allows him/her to build a (non-linear) portfolio whose terminal value
dominates the payoff n of the option. We provide a dual formulation of this price as the
supremum, over a suitable set of equivalent probability measures @@ € Q, of the (f,Q)-
evaluation! of the payoff n, that is,

vy = sup ) o 7 (n)-
Qe
The set Q is related to the set of the so-called martingale probability measures. In the case
when f is linear, our result reduces to the well-known dual representation from the literature
on linear incomplete markets (cf. [16] and [18]). We characterize the (superhedging) price
process of the European option for the seller in terms of the minimal weak supersolution
of a BSDE with default. We also provide another characterization of this price process as
the minimal supersolution of a constrained BSDE with default. By a form of symmetry, we
derive corresponding results for the buyer’s superhedging price.

A crucial step in the proof of these results is to establish a non-linear optional decom-
position for processes which are (f, Q)-supermartingales for all @) € Q. This decomposition
is the analogue in our framework of the well-known optional decomposition from the linear
case (cf. [16] and [18]). We also show that the above non-linear optional decomposition is
equivalent to a non-linear predictable decomposition (with constraints).

The paper is organized as follows: in Section 2, we introduce some notation and defini-
tions. In Section 3, we first present our market model (Subsection 3.1); in Subsection 3.2,
we define the buyer’s and seller’s superhedging prices of the European option and we discuss
no-arbitrage issues; in Subsection 3.3, we introduce the set Q of f-martingale probability
measures and give some properties. In Section 4, we present some of the main results of the
paper and in Section 5 we give the proofs of these results. The appendices contain results
which are interesting in their own right, besides being useful in the proofs from Section 5. In
Appendix A, we give some useful results on strong £-supermartingale families and processes.
Appendix B is devoted to the important non-linear optional and non-linear predictable de-
compositions. Appendix C contains some complements on BSDEs with a non-positive jump
at the default time and Appendix D gathers three useful lemmas.

Lor, in other terms, the f-evaluation/expectation under the probability measure Q.



2 Notation and definitions

Let (2,G, P) be a complete probability space equipped with two stochastic processes: a
unidimensional standard Brownian motion W and a jump process N defined by N; = 1y<;
for all ¢t € [0,T], where ¢ is a random variable which models a default time. We assume
that this default can appear after any fixed time, that is P(¢ > t) > 0 for all ¢ > 0. We
denote by G = {G,;,t > 0} the augmented filtration generated by W and N. We denote by
P the predictable o-algebra. We suppose that W is a G-Brownian motion. Let (A;) be the
predictable compensator of the nondecreasing process (N;). Note that (Aing) is then the
predictable compensator of (Nyyg) = (IN;). By uniqueness of the predictable compensator,
Aipg = Ay, t > 0 a.s. We assume that A is absolutely continuous w.r.t. Lebesgue’s measure,
so that there exists a nonnegative process A, called the intensity process, such that A; =
fg Asds, t > 0. To simplify the presentation, we suppose that A is bounded. Since Ajnyg = Ay,
A vanishes after . Let M be the compensated martingale given by

t
Mt = Nt — / )\Sds .
0

Let 7" > 0 be the terminal time. We define the following sets:
e 57 is the set of G-adapted RCLL processes ¢ such that E[supg,<p |¢i|*] < 400.

e A?is the set of real-valued non decreasing RCLL G-predictable processes A with Ay = 0
and E(A2) < oo.

e H? is the set of G-predictable processes Z such that ||Z||* := E[fOT |Zt|2dt] < 00.

o 2 := L2(0x[0,T], P, \ dP®dt), equipped with the norm || U2 := E[[OT |Uty2Atdt} <
Q.

Note that, without loss of generality, we may assume that if U € H3, it vanishes after 1.

e We denote by 7, the set of stopping times 7 such that 7 € [0, 7] a.s.

e For S in 7y, we denote by Tg the set of stopping times 7 such that S <7 < T a.s.

As in [21], the notation S? stands for the vector space of R-valued optional (not necessarily
cadlag) processes ¢ such that ||¢]|2, := Eless sup,c7, |¢-|?] < oo. By Proposition 2.1 in [21],
the space S* endowed with the norm |||||s. is a Banach space. We note that the space S? is
the sub-space of RCLL processes of S%.

Recall that in this setup, we have a martingale representation theorem with respect to
W and M (see [25], [30]).

We give the definition of a A-admissible driver:



Definition 2.1 (Driver, A-admissible driver). A function g is said to be a driver if
g:Ax[0,T] xR = R; (w,t,y,2,k) — glw, t,y,2,k) is PR B(R3)— measurable, and such
that ¢(.,0,0,0) € H2. A driver g is called a A-admissible driver if moreover there erists a
constant C > 0 such that dP ® dt-a.s. , for each (yi, z1,k1), (Yo, 22, k2),

lg(t,y1, 21, k1) — g(t,y2, 22, k2)| < C(lyn — y2| + |21 — 22| + \/)\_t|k1 — ko). (2.1)

A nonnegative constant C' which satisfies this inequality is called a A-constant associated
with driver g.

By condition (2.1) and since Ay = 0 on |9, T'], g does not depend on k on |9, T].

Let g be a A-admissible driver. For all n € L*(Gr), there exists a unique solution
(X(T,n), Z(T,n), K(T,n)) (denoted simply by (X, Z, K)) in S* x H? x H3 of the follow-
ing BSDE (see [10]):

—dXt = g(t, Xt, Zt, Kt)dt — thWt — thMt, XT =1. (22)

We call g-conditional expectation, denoted by £9, the operator defined for each 7" € [0, T
and for each n € L*(Gr) by &/1,(n) := Xi(T", n) a.s. for all t € [0,7"].
We introduce the following assumption :

Assumption 2.2. Assume that there exists a bounded map
v Q0 x [O7T] X R4 — R? (wvta Y, z, klu k2) = 7?72’k17k2(w)
P @ B(R*)-measurable and satisfying dP & dt-a.s., for all (y, z, ky, ks) € R,

g(t,y, 2, k1) — g(t,y, 2, ko) > 7072 (ky — ko), (2.3)

and
SRR B (2.4)

Assumption 2.2 ensures the strict monotonicity of the operator £9 with respect to terminal
condition (see [10, Section 3.3]).

Definition 2.3. Let Y € S%.. The process (Y;) is said to be a strong E9-supermartingale *
(resp. martingale) if £ _(Y;) <Y, (resp. =Y,) a.s. ono <7, for all 0,7 € Ty.

Note that, by the flow property of BSDEs, for each n € L*(Gr), the process Er(n) is an
&9-martingale. The converse also holds since, if (V) is an £%-martingale, then Y; = &/, (Yr)
for all ¢ € [0, 7] a.s.

%In the case where Y is moreover RCLL (that is, Y € S?), we often omit the term ”strong”.



3 The market model and the superhedging prices

3.1 The market model M/

We now consider a financial market which consists of one risk-free asset, whose price process
SO = (SY)o<i<r satisfies dSP = SPr,dt, and one risky asset with price process S which
admits a discontinuity at time /. Throughout the sequel, we consider that the price process
S = (St)o<t<r evolves according to the equation

dSt = Stf ([Ltdt + Utth + /Btht) (31)

All the processes o r, u, 8 are supposed to be predictable (that is P-measurable), satis-
fying 0y > 0 dP ® dt a.s. and Sy > —1 a.s., and such that o, \, 0!, 8 are bounded.

We consider an investor, endowed with an initial wealth equal to x, who can invest his/her
wealth in the two assets of the market. At each time ¢, the investor chooses the amount ¢,
of wealth invested in the risky asset. A process ¢ = (p1)o<t<r is called a portfolio strategy
if it belongs to H?2.

The value of the associated portfolio (also called wealth) at time ¢ is denoted by V;*¥ (or
simply V).

In the classical linear case, the wealth process satisfies the self financing condition:

d‘/;g = (Ttv;g + (Pt(,ut — Tt))dt -+ QOtO'tth + thﬁtht- (32)
Setting Z; := p,04, we get
d‘/;/ = (Tt‘/; —+ Ztet)dt -+ thWt -+ Ztaglﬁtht, (33)

Mt — T
O¢ '

where 6, :=

We assume now that the dynamics of the wealth is nonlinear. More precisely, let x € R
be an initial wealth and let ¢ in H? be a portfolio strategy. We suppose that the associated
wealth process V¥ (or simply V}) satisfies the following (forward) dynamics:

—dV, = f(t, Vi, pror)dt — o0 dWy — i Brd My, (3.4)

with V) = x, where f is a nonlinear A\-admissible driver which does not depend on k, such
that f(¢,0,0) = 0. 3 In the classical linear case (see (3.3)), we have f(t,y,2) = —rwy — 20;
(which is a A-admissible driver).

We have the following lemma.

Lemma 3.1. For each z € R and each ¢ in H?, the associated wealth process (Vi"?) is an
&S -martingale.

350 that E_JTT, (0) =0 for all 77 € [0, T].



Proof. Let * € R and ¢ in H? be given. We note that the process (V;"%, .04, ©:3;) is the
solution of the BSDE with default jump associated with driver f and the terminal condition
n = V7Y, The result then follows from the flow property of BSDEs. ]

Remark 3.2. We note that for an arbitrary random variable n € L?, there does not nec-
essarily exist a pair of processes (X, ) such that (Xi, w04, ©i5t) is solution of the BSDE
with default jump associated with driver f and terminal condition n, that is, such that (X, )
satisfies the dynamics (3.4) with Xt = n. In other terms, the market is incomplete.

In the sequel, we will often use the following change of variables which maps a process
© € H? to Z € H? defined by Z;, = ¢,0,. With this change of variables, the wealth process
V = V"% (for a given 2 € R) is the unique process satisfying

—d‘/;g = f(t, V;g, Zt)dt - thWt - ZtO't—lﬁtht, % =xT. (35)

In the sequel, our non-linear incomplete market model is denoted by M.

3.2 Superhedging prices and no-arbitrage

Let n in L?(Gr) be the payoff of the European option (with maturity 7'). It is called replicable
if there exists z € R and ¢ € H? such that n = V;7¥ a.s. This is equivalent to the existence
of (X,Z) € §% x H? such that

—dX; = f(t, Xy, Zy)dt — Z,dW; — Zyo; P Bed My, Xp =1 aus.

It is clear that all European contingent claims are not necessarily replicable and so the market
is incomplete (cf. also Remark 3.2). We introduce the superhedging price for the seller of
the claim with payoff 1 defined as the minimal initial capital which allows the seller to build
a superhedging strategy for the claim, that is *

vo:=inf{zx € R: Jp € H* s.t. V2¥ >nas.}. (3.6)

We introduce the superhedging price for the buyer of the claim with payoff n (cf. [29], also
[6]) defined as the maximal initial price which allows the buyer to build a superhedging
strategy for the claim, that is

Tp:=sup{r € R: Jp € H* s.t. V; "% +1n>0as.}). (3.7)

Note that 7, is equal to the opposite of the superhedging price for the seller of the option
with payoff —n. ®

4Note that vy € R. We shall see below that, under the assumption that || is smaller than or equal to
the value of a portfolio sufficiently integrable (cf. (4.1)), v is finite (cf. Theorem 4.1).

5Recall that when 8 = 0 and when the filtration is the natural filtration associated with the Brownian
motion, the market is complete and we have vy = ng(n) (cf. [13]) and ¥ = —E({T(—n).



Definition 3.3. Let z € R. Let y € R and ¢ in H2. We say that (y,p) is an arbitrage
opportunity for the seller® (resp. for the buyer 7) of the European option with initial price

x if
y<xz and VZ¥—n>0 as. (resp. y>x and Vp;""4+n>0) a.s (3.8)

Proposition 3.4. Let x € R. There exists an arbitrage opportunity for the seller (resp. for
the buyer) of the European option with price x if and only if x > vy (resp. x < 0g)

Proof. The idea of the proof is similar to that of [27]. Suppose that there exists an arbitrage
opportunity (y, ) for the seller of the European option with price z. Then y < z and
V¥ —n >0 a.s. Hence, ¢ is a superhedging strategy for the seller associated with the initial
wealth y. By definition of vy as an infimum (cf. (3.6)), we have y > vy. Since x > y, it
follows that = > vy. For the converse statement, suppose that x > vy. Then, by definition
of vy as an infimum, we derive that there exists y with z > y > uy and ¢ € H? such that
V¥ >nas. Since y < z, it follows that (y, ) is an arbitrage opportunity for the seller of
the European option with price #. The result for the buyer can be shown by using similar
arguments. O

Definition 3.5. A real number x is called an arbitrage-free price for the European option
if there exists no arbitrage opportunity, neither for the seller nor for the buyer.

By Propositions 3.4, we get

Proposition 3.6. If vy < vy, there does not exist any arbitrage-free price for the European
option. If vy > 0y, the interval [0y, vo] is the set of all arbitrage-free prices. We call it the
arbitrage-free interval for the Furopean option.

3.3 The set Q of f-martingale probability measures

As mentioned before, the market M/ is incomplete. We recall that in the linear case, that
is, when f(t,y,2) = —ryy — 0z, a dual representation of vy and ¥y can be achieved via a
martingale approach which is based on the notion of martingale probability measures defined
as follows: a probability measure R equivalent to P is called a martingale probability measure
if the discounted risky-asset price (e~ I rsdsG,) is a martingale under R. It is well known that
this is equivalent (still in the linear case) to the following definition given, for example, in
[35]: a probability measure R is a martingale probability measure if the discounted (linear)

wealth processes are R-martingales, that is, for all z € R, p € H?, the process (e~ Jo rsds /88

6This means that the seller sells the European option at the price « strictly greater than the amount y
which is enough to be hedged (by using the strategy ¢). He/she thus makes the profit z —y > 0 at time 0.

"This means that the buyer buys the European option at the price z, stricly smaller than the amount
y, which, borrowed at time 0, allows him/her to recover his/her debt at time T (by using the strategy ).
He/she thus makes the profit y —z > 0 at time 0.



(where V#¢ follows the linear dynamics (3.2)) is a martingale under R. For example, the
probability R® which admits (% as density with respect to P on Gr, where (¢}) satisfies

¢} = —¢ 0,dWy; (g =1, (3.9)

is a martingale probability measure. However, there exists more than one martingale prob-
ability measure (cf. also the discussion in the sequel (3.13)).

In our non linear framework, by analogy with the linear case, we are thus naturally led
to introduce the notion of £/-martingale property under a given probability measure Q. To
this aim, we first introduce the notion of f-evaluation under Q).

Let @ be a probability measure, equivalent to P. From the G-martingale representation
theorem (cf. [30], [26]), its density process ((;) satisfies

d¢ = G- (oudW, + v dM,); o = 1, (3.10)

where (o) and (1) are predictable processes with vy,r > —1 a.s. By Girsanov’s theorem,
the process WtQ =W — fot asds is a Brownian motion under (), and the process MtQ =
M, — f; vsAsds is a martingale under Q).

We define the spaces 53, Hp, and Hp, , similarly to S*, H?* and HF, but under probability
Q) instead of P.

Definition 3.7. We call f-evaluation under @, or (f,Q)-evaluation in short, denoted by
55;, the operator defined for each T' € [0,T] and for each n € L§(Gr) by 55,15,?(77) = X
for allt € [0, T'], where (X, Z, K) is the solution in Sé X H2Q X ]H%’)\ of the BSDE under
associated with driver f, terminal time T' and terminal condition n, and driven by W% and
M®, that is 8

—dX, = f(t, Xy, Z)dt — Z, dWE — K dMP2:  Xpo=1.

We note that £, = &/,

Definition 3.8. Let Y € S3. The process (Y;) is said to be a (strong) Sé—martingale, or an
(f, Q)-martingale, if Sf’U,T(YT) =Y, as ono <, forallo,7 €7,.

We now introduce the concept of f-martingale probability measure.

Definition 3.9. A probability measure ) equivalent to P is called an f-martingale proba-
bility measure if for all x € R and for all o € H?> NHZ, the wealth process V=¥ is a strong

Sg-martmgale, or in other terms an (f,Q)-martingale.

We note that P is an f-martingale probability measure (cf. Lemma 3.1).

8We note that since we have a representation theorem for (Q, G)-martingales with respect to W< and
M@ (see e.g. Proposition 6 in the appendix of [10]), this BSDE admits a unique solution (X,Z, K) in
S5 x Hp x HE, 5.



Remark 3.10. (linear case) Let R° be the martingale probability measure, with density ¢°
defined by (3.9). Suppose f(t,y,z) = —ryy — 6,z. We note that, in this case, the (f, P)-
martingale property of the (linear) wealth processes (cf. Lemma 3.1) is equivalent to the
well-known R°-martingale property of the discounted wealth processes. In other terms, the
f-martingale probability property of P corresponds to the (well-known) martingale probability
property of RV (see also Remark 3.1} concerning this correspondance between P and RP).

Notation: We denote by Q the set of f-martingale probability measures () such that the
coefficients (a;) and (1) associated with its density with respect to P (see equation (3.10))
are bounded. We note that P € O.

Let V be the set of bounded predictable processes v such that vy, > —1 a.s., which is
equivalent to v, > —1 for all t € [0,7] M dP ® dt-a.s. (cf. Remark 9 in [10]).

Proposition 3.11. (Characterization of Q) Let ) be a probability measure equivalent to P,
such that the coefficients a and v of its density (3.10) with respect to P are bounded. The
two following assertions are equivalent:

(i) Q € Q, that is, Q is an f-martingale probability measure.

(ii) there exists v € V such that Q = Q¥, where Q¥ is the probability measure which admits
¢r as density with respect to P on G, where (¥ satisfies

dCtV = Cf_(—l/t)\tﬁtat_lth + thMt); COV = 1 (311)

Remark 3.12. We note that the mapping v — Q" is a one-to-one mapping that carries V
onto Q. So we have Q = {Q", v € V}.

For v = 0, we have Q¥ = Q° = P. We also note that the set Q does not depend on the
driver f.

Proof. Let @) be a probability measure equivalent to P, such that the coefficients o and v
of its density (3.10) with respect to P are bounded. Note that (1) belongs to V. Let 2 € R
and let p € H?N Hé The associated wealth process V' = V%% satisfies (3.5). Expressing W
and M in terms of W? and M@, we get

—dVP? = f(t, V™%, o0 dt — ooy (oy + vehBroy H)dt — gptatthQ — cptﬂthtQ. (3.12)

Proof.  Suppose that oy = —,\B,0;* dP ® dt-a.e. Then, the process (V;"?, ¢,04, 01 3;)
is the solution of the BSDE under @) associated with driver f and terminal condition V%.
Hence, V% is an Sé—martingale. Conversely, suppose that for all z € R and ¢ € H? N H2),
the process V*¥ is an Sé-martingale. By Lemma D.1 in the Appendix, the finite variational
process fo o101 (ay+ v\ Broy t)dt is thus equal to 0, which implies that ;0 (c; +v A B0, ') =
0 dP ® dt-a.e. Since this holds for all ¢ € H? N H2Q and since, by assumption, o; > 0, we
derive that oy = —l/t)\tﬁtofl dP ® dt-a.e. O

We now provide a connection between f-martingale probabilities and martingale prob-
abilities. Let R be a probability measure, equivalent to P such that the coefficients a and



v of its density with respect to P (cf. (3.10)) are bounded. By similar arguments as in the
proof of Proposition 3.11, we derive that R is a martingale probability measure if and only
if there exists v € V such that R = R”, where R” is the probability measure with density
process (¥ (with respect to P) satisfying

dé:f = 5;/7((_915 — Vt)\t/BtO't_l)th + thMt); 56/ =1. (313)
We denote by P the set of all such probability measures.
By this observation together with Proposition 3.11, we derive the following result.

Proposition 3.13. There exists a one to one mapping from Q on P. More precisely, the
mapping Ty, which, for each v € V, maps the f-martingale probability Q¥ (with density (¥
given by (3.11) ) onto the martingale probability measure R” (with density 5”) 1S a one to one
correspondance from Q on P.

Remark 3.14. Loosely speaking, the mapping Ty translates the ”Brownian coefficient” (of
the density) by —0. We note that Tp(P) = R° (which completes the observation made in
Remark 8.10 on P and R°).

4 Main results

We now consider a European option with maturity 7" and payoff n € L*(Gr) such that there
exist x € R and 1 € H? satisfying

T T T
In| < V$’¢:x—/ f(s,‘@w’¢,as¢s)ds+/ ¢SJSdWS—|—/ BshsdM; a.s. (4.1)
0 0 0

One of the main results of this paper is the following pricing-hedging duality formula.

Theorem 4.1 (Pricing-hedging duality). Let n be a Gr-random variable satisfying Assump-
tion (4.1) with ¢ € ﬂyeyHéy. The superhedging price for the seller vy of the European option
with payoff n and maturity T' satisfies the equality

Vo = Sup €£V70’T(77).
vey

Remark 4.2. Note that, under the assumption ¢ € ﬂ,,eVHZQy, we have: for all v € V, the
wealth process V&Y is an Eéy—martmgale since (V=¥ a1, B) is the solution of the BSDE
under Q” (driven by W2 and M®") associated with driver f, terminal time T and terminal
condition V;’w (cf. the proof of Proposition 3.11). Now, by Assumption (4.1), we have
In| < V&Y a.s. It follows that for all v €V, 5£V7O7T(|77|) < 55V’0,T(V;’w) = x.

For each v € V, the (f, Q")-evaluation can be seen as a nonlinear pricing system:
g in— Sfu’_j(n)

which, to each European option with maturity 7" and payoff n € Léy(gT), associates the
price Sgu,oj(n).

10



Remark 4.3. (linear case) When f(t,y, z) = —ryy—0:z, we have for eachv in 'V, 55,,7077,(77) =

Erv(e” Iy rsdsp). In this case, the operator Séy thus reduces to the linear price system asso-
ciated by duality with the martingale probability measure Q¥ (for more details see [24], [16]
section 1.7). Hence, Theorem 4.1 reduces to the well-known dual representation of the su-

perhedging price for the seller of the European option in an incomplete (linear) market (cf.
[16] for the case when =0).

For the proof of the above pricing-hedging duality formula, we refer to Section 5.

Since the superhedging price of the option for the buyer v, is equal to the opposite of the
superhedging price for the seller of the option with payoff —n, we derive from Theorem 4.1
the following dual representation result for vy:

Up = —sup 5£D70,T(—n).
vey

Remark 4.4. Note that it is possible that vy < vy, and hence, that there does not exist an
arbitrage-free price for the FEuropean option with payoff n. A simple example is given by

f(t,y,2) = —|y| and n = 1. In this case, we have vy = e~ and vy = el .

Remark 4.5. If f(t,y,z) > —f(t,—y, —2z) (which is satisfied for ezample when f is convex
with respect to (y, z)) then, for all v € V, we have 5£V707T(17) > —5£V707T(—77). By taking the
supremum over v € V, using the above dual representations of vy and vy, we get vy > Ug.

Moreover, if f(t,y,z) = —f(t,—y, —z) (which is satisfied for example when f is linear),
then vy = vy, and this constant is the unique arbitrage-free price for the European option
with payoff n.

Theorem 4.1 is based on another important result of the present paper, which extends
the well-known optional decomposition theorem from the linear case to the non-linear case.
More precisely, we show that every RCLL process which is a (strong) £/-supermartingale
under all f-martingale probability measures admits an optional £/-decomposition, as stated
in the following theorem.

Theorem 4.6 (Optional £/-decomposition). Let (Y;) be an RCLL optional process belonging
to ﬂ,,eySéu. Suppose that it is a strong (f, Q)-supermartingale for each v € V. Then, there
exists a unique Z € H?, and a unique nondecreasing optional RCLL process, with hg = 0
and E(h3%) < oo such that

—d}/;g = f(t, 1/;, Zt)dt - ZtO';l(O'tth + ﬁtht) + dht (42)

Remark 4.7. In fact we have Z € OZ,GVHQQV and h € ﬂyevSéu.

In fact, we prove an even more general decomposition, which holds without the assump-
tion Y RCLL.

Remark 4.8. In the classical linear case when f is given by f(t,y, z) = —ryy— 260, the above
&' -decomposition corresponds to the well known optional decomposition of an RCLL process,
which 1s a supermartingale under each martingale probability measure, up to a discounting
and a change of probability measure (see [16], [18] and [31]).
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We now define the seller’s (superhedging) price of the European option at each stopping
time S € 7y. To this aim, we first define, for each initial wealth X € L*(Gs), a superhedging
strategy as a portfolio strategy ¢ € H? such that VTS P> n a.s., where V%% denotes the
wealth process associated with initial time S and initial condition X. Let Ag(X) be the
set of all superhedging strategies associated with initial time S and initial wealth X. The
seller’s (superhedging) price at time S is defined by the random variable

v(9) :=essinf{X € L*(Gs), 3¢ € As(X)}.

Proposition 4.9. (Seller’s superhedging price process) We suppose that Assumption (4.1)
holds with 1 € ﬂ,,eV]I-]IQQu. For each S € Ty, we have

v(S) = ess sup SfV7S7T(17) a.s. (4.3)
veVg

Moreover, there exists a unique process (X;) € S? such that for each S € To, v(S) = Xg a.s.
We call (X;) the seller’s (superhedging) price process of the European option.

Remark 4.10. When there is no default in the market, the filtration G is the one associated
with the Brownian motion W, and in the dynamics of the price process (S;) and of the wealth
process (V;), M =0 and = 0. Hence, the market is complete, and we have V = {0} and
Q = {P}. We derive that the seller’s price process satisfies Xy = Et{T(n) forallt €[0,7T] a.s.

By symmetry, the buyer’s price process corresponds to the process —StJjT(—n), 0<t<T.

We now introduce the notion of weak supersolution of the BSDE with driver f and
terminal condition 7.

Definition 4.11. Let n € L*(Gr). A process X' € S? is said to be a weak supersolution of
the BSDE with driver f and terminal condition n if there exist Z' € H2, and a nondecreasing
optional RCLL process b/, with h{ = 0 and E[(h%})?] < oo such that

—dX] = f(t, X}, Z))dt + dh}, — 0, Z(0,dW, + BsdM,); Xy =1 a.s. (4.4)

Remark 4.12. We call the above solution a weak supersolution of the BSDE because the
associated non decreasing right-continuous process is optional but not necessarily predictable
contrary to classical supersolutions of BSDFEs.

We have the following infinitesimal characterization of the seller’s superhedging price
process:

Theorem 4.13. (Infinitesimal characterization I) Let n be a Gr-random variable satisfying
Assumption (4.1). The seller’s superhedging price (X;) is a weak supersolution of the BSDE
with driver f and terminal condition n from Definition 4.11, that is, there exists a unique
process Z € H? and a unique nondecreasing optional RCLL process h, with hy = 0 and
E|[(hr)?] < oo satisfying the equation (4.4). Moreover, it is the minimal one, that is, if (X])
is another weak supersolution, then X{ > X; for allt € [0,T] a.s.

Furthermore, the portfolio strateqy ©* := o~ 'Z is a superhedging strategy for the seller,
that is, ¢* € A(vp).
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We now introduce the notion of a supersolution of the constrained BSDE with driver f
and terminal condition 7.

Definition 4.14. Let n € L*(Gr). A process X' € S? is said to be a supersolution of

the constrained BSDE with driver f and terminal condition n if there exists a process
(Z',K', A) € H? x H3 x A? such that

—dX] = f(t, X, Z))dt + dA, — Z}dW, — K|dM,; X} =n a.s.; (4.5)

A+ / (K. — Byo; ' Z)\ds € A and (K] — o, ' Z)N <0, t €[0,T), dP @ dt — a.e.;
0
(4.6)

Theorem 4.15. (Infinitesimal characterization 1) The seller’s superhedging price process
(X3) is a supersolution of the constrained BSDE associated with driver f and terminal con-
dition 1 from Definition 4.1/, that is, there exists a unique process (Z, K, A) € H? x H3 x A*
such that (X, Z, K, A) satisfies (4.5) and (4.6). Moreover, it is the minimal one.

Furthermore, the portfolio strateqy ©* := o~'Z is a superhedging strategy for the seller,
that is, ¢* € A(vp).

Remark 4.16. Recall that the buyer’s superhedging price vy for the European option with
payoff n is equal to the opposite of the seller’s superhedging price for the Furopean option
with payoff —n (cf. Section 3.2). From this and from the results on the seller’s superhedging
price, we derive the corresponding results for the buyer’s superhedging price.

5 Proofs of the main results

In order to prove Theorem 4.1, we will work under the primitive probability P, which will
allow us to solve the problems under weaker integrability conditions.
To this aim, we introduce a family of drivers (f*,v € V).

Definition 5.1 (Driver f” and £"-expectation). For v € V, we define

fPw, ty, 2, k) == fw, t,y, 2) + v(w) M\ (w) (k — ﬁt(w)at_l(w)z).

The mapping f* is a A-admissible driver °.

The associated non-linear family of operators, denoted by £ or, simply, £, is defined as
follows: for each T" < T and each n € L*(Grr), we have £ (n) == X, where (X, Z¥, K")
is the unique solution in S* x H? x H3 of the BSDE

—dXy = (f(t, XY, Z)) + vl Ky — Broy ' ZY)) dt — ZydW, — KydMy; Xy, =n.  (5.1)

9Since v is a predictable process, f¥ is P ® B(R?)— measurable. As, moreover, v is bounded, f* is a
A-admissible driver.
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Remark 5.2. By Proposition 3.11, for each v € V, for all T" < T and n € L*(Gp) N
L%V(GT/), we derive that the (f¥, P)-evaluation of n is equal to its (f, Q")-evaluation, that
18,
“ri(0) = i (1)
We place ourselves under the assumption (4.1).
For each S € T, we define the Fg-measurable random variable:

X (8) 1= ess sup E(n). (5.2)

veVg

Let us recall the definition of an admissible family of random variables indexed by stop-
ping times in 7q (or 7o-system in the vocabulary of Dellacherie and Lenglart [8]).

Definition 5.3. We say that a family Y = (Y (S), S € T) is admissible if it satisfies the
following conditions

1. Forall S eT,Y(S) is a real-valued Gs-measurable random variable.

2. Forall S,8"eT,Y(S)=Y(Y) as. on{S =5}

Moreover, we say that an admissible family Y is uniformly square-integrable if
Elesssupger(Y(9))?] < .

Lemma 5.4. The family of random variables (X (S), S € T) is an admissible family.
Moreover, for each S € T, there exists a sequence of controls (V")nen with v € Vg for all
n, such that the sequence (552“(77))n€N is nondecreasing and satisfies:

X(S) = lim E7(n) as. (5.3)

Proof. By definition (5.2), for each S € T, X () is Gg-measurable as the essential supremum
of Gs-measurable random variables. Let S, 5" € T such that S = S" a.s. We have £g,(n) =
Eg () as. for all v € V. Hence, esssup,¢, £ () = esssup,ey E¢ () a.s. From this,
together with (5.2), we get X (S) = X(5’) a.s. The admissibility of the value family is thus
proven.

Let us show the second assertion. By a classical result on essential suprema, it is suf-
ficient to prove that, for each S € T, the set {£§,(n),v € Vs} is stable under pairwise

maximization. Indeed, let v,/ € Vg. Set A :={ €4 ,(n) < E4p(n)}. We have A € Fg. Set
U= vla41'14. Then v € Vs. We have £§(n)1a = EgvyTlA(nlA) = EgvyTlA(nlA) =Ep(n)1a

a.s. and similarly on A°. It follows that £ ,(n) = E40(M1a+ELr(n)Lac = ELp(n)V E41(n)
a.s. The proof is thus complete. O

Let g be a A-admissible driver satisfying Assumption 2.2.
We give the definition of an E9-supermartingale (resp. E9- submartingale, E9-martingale)
family. 1°.

10When g = 0, it reduces to the notion of supermartingale family, or supermartingale T -system in the
terminology of Dellacherie-Lenglart [8]
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Definition 5.5. A uniformly square integrable admissible family (Y(S), S € T) is said to
be an £9-supermartingale (resp. £9- submartingale, £/-martingale) family if for all S, S’ €

T such that S > S’ a.s., &4 s(Y(S)) < (resp. >, =) Y (S') a.s.

Lemma 5.6. The family (X (S), S € T) is the smallest admissible family such that for each
v €V, it is an E”-supermartingale family ' satisfying for all S € Ty, X(T) =1 a.s.

Proof. We first note that, by definition of X (7"), we have X (T') =7 a.s.

Fix S € Ty a.s. There exists an optimizing sequence of controls (v™),eny with (")
in Vg such that equality (5.3) holds. Let v € V. By the continuity of £, we have
£5.5(X(5)) = lim &5 5(EXr(n)) as.

We define for each n the control 7' := v, 1is g(t) + v{'1s7(t), which belongs to Vg.
Notice that f”" = f“1isr g+ [ 1(g7), which implies that 5”,75(5577}(17)) = Sg?s(é’g"T(n)) =
£4 r(n) as. Hence, we obtain £ 4(X(S)) = Tim Eqr(n) < X(8') as., where the last

equality follows from the definition of X (S”). We now show the minimality property. Let
(X'(S), S € T) be an admissible family such that for each v € V, it is an £”-supermartingale
family satisfying X'(T) = n a.s. By the properties of X’  for all S € T, and all v € V, we
have X'(S) > E4(X'(T)) = £ 1(n) as. Taking the essential supremum over v € Vg, we
deduce X'(S) > X(S5) a.s. O

Using the above Lemma, we get the following result.

Proposition 5.7. There exists an RCLL adapted process (X;) € S* which aggregates the
value family (X (S)). The process (X;) is a strong E” -supermartingale for allv € V and Xt =
n a.s. Moreover, the process (X;) is the smallest process in S? satisfying these properties.

Proof. Since V is nonempty (in particular 0 € V), Lemma 5.6 implies that the value family
(X(9)) is a strong £%-supermartingale family. By Lemma A.1 in the Appendix, there exists
a r.u.s.c. optional process (X;) such that E[ess supger X2] < 0o which aggregates the family
(X(S), S € T) with X; = n a.s. Moreover, by Lemma 5.6, (X;) is the minimal optional
process which is a strong £”-supermartingale for all v € V', with terminal value greater than
or equal to 7.

By Proposition A.6 in the Appendix, we derive that (X;) is a right-continuous (left-
limited) process and belongs to S2. ]

From this lemma together with Theorem B.4 applied to the right-continuous process
(X;), we get the following result.

Lemma 5.8 (Optional £/-decomposition of the value process). There exists a unique Z € H?
and a unique nondecreasing optional RCLL process h, with hg = 0 and E[h2] < oo such that

t t
thxo—/ f(s,XS,ZS)ds—i—/ o 7 (0 d W, + BodM,) — by, 0<t<T as. (54)
0 0

"that is an £/ -supermartingale family
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Remark 5.9. Suppose that ¢ € ﬂyeyHQQy in Assumption (4.1). Then, Z € ﬂyeyHéy and
h 6 myevsggu-

Using this lemma, we provide a dual representation for the seller’s superhedging price vy
in terms of the value process (X;) (at time 0) .

Theorem 5.10 (Dual representation). The seller’s superhedging price vy of the Furopean
option is equal to the value function at time 0 (cf. (5.2)) of the non-linear control problem,
that s

vo = sup &g (n). (5.5)
vey
Moreover, the portfolio strategy ¢* := o~ 'Z, where the process Z is the one from the E'-
optional decomposition of the value process X from Theorem B.4, is a superhedging strategy
for the seller, that is, V3¢ >n a.s.

Proof. For each z € R, let A(z) := {p € H? s.t. V¥ >n as.}. Let H be the set of initial
capitals which allow the seller to be “super-hedged”, that is H = {z € R : Jp € A(x)}.
From the definition of vy (see (3.6)), we have vy = inf H. We first show that

vy > sup &y (). (5.6)
vey

Let € H. There exists ¢ € H? such that V¥ > n as. Let v € V. By taking the
EV-evaluation in the above inequality, using the monotonicity of £” and the £”-martingale
property of the wealth process V*¢, we obtain » = &§+(Vy'?) > &5 1(n). By arbitrariness
of v € V, we get x > sup,), & (1), which holds for all # € H. By taking the infimum
over x € H, we derive the desired inequality (5.6). Since, by definition of Xy, we have
Xo = sup,cy & r(n), the inequality (5.6) can be written as vy > Xj.

We now show the converse inequality, that is, X > vg. Since vy = inf H, it is sufficient
to show that the portfolio strategy ¢* := 0717 is a superhedging strategy for the seller
associated with the initial capital X, that is,

¢ € A(Xo). (5.7)

We consider the portfolio associated with the initial capital X, and the strategy ¢*. By
(3.4)-(3.5), the value of this portfolio (V;**¥") satisfies the following forward equation:

t t
‘/;Xo,@* _ XO o / f(S, ‘/SX(),QO*’ Zs)ds +/ O'S_IZs(O-des + BdeS)7 0<t<T as. (58)
0 0

Moreover, by the optional £/-decomposition of the value process (X;) (cf. Lemma 5.8), the
process (X;) satisfies the forward SDE (5.4). Now, (h;) is nondecreasing. Hence, by the
comparison result for forward differential equations, we get VTX 0¢" > X7 a.s. Since Xy = n
a.s., we get VTX 0P > n a.s., which implies the desired property (5.7). We thus derive that
Xo € H, and hence that Xy > vy. Since Xy < vy, we deduce the equality Xg = vyg. Moreover,
by (5.7), we derive that ¢* € A(vy), which completes the proof. O
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Remark 5.11. Some related results are given in [2] for European options in a Brownian
framework.

From this result, we deduce the pricing-hedging duality formula (in terms of the f-
martingale probability measures) stated in Theorem 4.1.

Proof of Theorem 4.1 (Pricing-hedging duality): The proof follows from the previous
Theorem 5.10 and from Remark 5.2. Indeed, under an additional integrability condition
(NS ﬂyeyHéu on the process ¥ from Assumption (4.1), by Remark 5.2, the above dual rep-
resentation of the superhedging price can be written in terms of the f-martingale probability
measures, that is

o= S0,

ve

which ends the proof of Theorem 4.1. O

Proof of Proposition 4.9 (Seller’s superhedging price process): Using Lemma 5.8
and similar arguments to those used in the proof of Theorem 5.10, one can show that for
each S € T, we have v(S) = Xg a.s., which gives the desired result. O

Proof of Theorem 4.13 (Infinitesimal characterization I): The proof relies on Lemma
5.8 and Proposition 5.7. We have X7 = n a.s. By Lemma 5.8, we derive that the process X
is a weak supersolution. It remains to show that it is the minimal one. Let X’ be another
weak supersolution. Hence, there exists Z’ € H? and a nondecreasing optional RCLL process
B, with hy = 0 and E[(h}.)?] < oo such that (4.4) holds. Let v € V. We show that X’ is an
EV-strong supermartingale. Let o € Tg and let 7 € T,. We have to show that £ _(X]) < X[
a.s. By definition, the process £ (X!) is the solution of the BSDE associated with driver
f, terminal time 7 and terminal condition X’. Now, the process (X{,,) is the solution of
the BSDE associated with generalized (optional) driver f(t,y,2)dt + dh;, terminal time T
and terminal condition X!. By the comparison theorem for BSDEs with default jump and
generalized drivers provided in [10] (cf. Theorem 3 in [10]), we derive that £ (X) < X[
a.s. It follows that X' is an £”-strong supermartingale for all ¥ € V. By the minimality
property of the process X from Proposition 5.7, we derive that X < X’. The proof is thus
complete. O

Proof of Theorem 4.15 (Infinitesimal characterization II): The result immediately
follows from Theorem 4.13 together with Proposition B.5. 0

Proof of Theorem 4.6 (Optional £/-decomposition): The result follows from Theorem
B.4 together with Remark 5.2. Moreover, since Y is supposed to be right-continuous, we
have C' = 0.

Proof of Remark 4.7: Since Z¥ = Z, K = K and C = C¥ = 0, the decomposition (B.3)
from the proof of Proposition B.1 can be written:

—dY; = f(t,Ys, Zy)dt — ZdW) — K,dM? + dAY. (5.9)
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where W" and MY stand for W®" and M respectively. Hence, for each v € V), the
processes Z, K, AY and C = 0 correspond to the &L, -Mertens decomposition coefficients
of the ()”-square integrable strong Eéy—supermartingale Y. We derive that Z € ﬂyevHéy,
K e ﬁyeyHéu,)\ and A” € ﬂerSéy. By (B.4), we get A € ﬂl,eySéy. The result follows from
Theorem B.4 and the equality (B.6) from the proof of Theorem B.4.

A Some results on £9-supermartingale families and pro-
cesses

Let g be a A-admissible driver. We provide some results on £9-supermartingale families and
E9-supermartingale processes, which are useful in the paper.

Lemma A.1. Let (X(S), S € T) be an E9-supermartingale family. Then, there exists a
r.u.s.c. optional process (X;) such that Elesssupger X2] < 0o which aggregates the family
(X(S), Se€T), that is, such that X (S) = Xg a.s. for all S € T. Moreover, the process (X;)
is a strong £9-supermartingale, that is, for all S,S € T such that S > S a.s., 59,7S(XS) <
Xy a.s.

Proof. By Lemma 4.6 in [21], the £9-supermartingale family (X (5), S € T) is right-upper
semicontinuous (along stopping times).

It follows from Theorem 4 in [8] that there exists an r.u.s.c. optional process (X)
which aggregates the family (X(S), S € T). The process (X;) is clearly a strong &£9-
supermartingale. O

Remark A.2. Note thal, as a consequence of the above lemma, we recover a result of [20]
(Lemma 5.1 in [20]), namely, a strong E9-supermartingale is necessarily r.u.s.c.

We now recall the £9-Mertens decomposition of £9- supermartingales proved in [20], and
then provide some useful results.

Theorem A.3 (£9-Mertens decomposition of £9-supermartingales). Let (Y;) be an optional
process in S?. Then (Y;) is a E9-submartingale if and only if there exists a non decreasing
right continuous and predictable processes A in A%, a non decreasing adapted right continuous
and purely discontinuous processes C in C* and (Z,K) € H?> x H? such that

—dYs = g(s,Ys, Zs, Kg)ds — Z,dWs — KydM; + dAg 4+ dC-. (A.1)

Moreover, this decomposition is unique.

Remark A.4. Using the above decomposition, we deduce that a £9-supermartingale admits
left and right limits.

Lemma A.5. If (X;)icpm be a strong E9-supermartingale, then the process of right-limits
(Xi+ )ecor) (where, by convention, Xr+ := Xp) is a strong E9-supermartingale.
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Proof.  Since (X) is a strong £9-supermartingale, (X;) has right limits (cf. Remark A.4).
Let us show that the process (X;+) is a strong £9-supermartingale. Let S, 60 be two stopping
times belonging to 7 with S < 6 a.s. There exist two nondecreasing sequences of stopping
times (S5,,) and (6,) such that for each n, S, > S as. on {S < T}, and 6, > 6 a.s.on
{6 < T'}. Replacing if necessary S,, by S, A6, we can suppose that for each n, S, <0, a.s.
Let v € V. Since the process (X;) is a strong £9-supermartingale, it follows that for each
n, ngen(Xgn) < Xg, a.s. By the monotonicity property of £9, we derive that, for each n,
ESs,(E8 4.(Xo,)) < E&g (Xs,) as., which, by the consistency property of £9 implies

55[]*,9” (X9n) < gggn (Xsn)a.s.

By letting n tend to oo in the above inequality and by applying the continuity property
(with respect to terminal time and terminal condition) of BSDEs with default (cf. [10]), we
obtain

8579(X9+> < 5275()(5-%) = XS+ a.s.

Hence, the process (X;+) is a strong £9-supermartingale. O

Let V be a non-empty set. Let (f, v € V) be a family of A-admissible drivers satisfying
Assumption 2.2.

Proposition A.6. Let 1) be a given random variable belonging to L*(Gr). Let (Xi)teor) be
an optional process such that (X;) is a strong E'" -supermartingale for allv € V and such that
Xr > 1n a.s. Assume moreover that (X;) is minimal, that is, (X;) is the smallest optional
process satisfying these properties. Then, the process (X;) is right-continuous.

Proof.  Since (X;) is a strong £/ -supermartingale, it is r.u.s.c. (cf. Remark A.2) and has
right limits (cf. Remark A.4). We thus have X+ < Xi, for all ¢t € [0,7] a.s. Let us prove
the converse inequality. Since (X;) is a strong £/"-supermartingale for all v € V, it follows
by Lemma A.5 that (X;+) is a strong £/”-supermartingale for all v € V. We also note that
Xr+ = Xr > nas. Hence, using the minimality property of (X;), we derive that X; < X+,
for all t € [0,T] a.s. We conclude that X+ = X, for all ¢ € [0,7] a.s. The proof is thus
complete. O]

Remark A.7. This property still holds in the case when the (terminal) constraint Xo > n
a.s. is replaced by the constraint Xy > & for allt € [0,T] a.s., where (&) is a given right
lower-semicontinuous process belonging to S*.1?

B Non-linear predictable and optional decompositions

We provide a non-linear optional and a non-linear predictable decomposition for processes
(Y;) which are strong £¥-supermartingales for all v € V. In the present paper, we apply the

12The proof is analogous to the proof of the above Proposition A.6. The inequality X7, > 7 in the proof
of Proposition A.6 is to be replaced by X; > & for all t € [0,T] a.s., which holds due to the assumption of
right lower-semicontinuity of (&;).
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decompositions of this section to the superhedging price processes of the European options.
The decompositions prove useful also in our subsequent work on superhedging prices of
American options (cf. [23]).

We denote by C? the set of adapted non-decreasing RCLL purely discontinuous processes
(C}) such that Cy_ = 0 and E[CZ] < +oc.

Proposition B.1 (Predictable £/-decomposition). Let (Y;) € S? be a strong E¥ -supermartingale
for allv € V. There erists a unique process (Z, K, A,C) € H* x H3 x A* x C? such that

_d§/t — f(t, Y;g, Zt)dt — thWt — thMt + dAt + dOt_ (B]_)

and

A+ / (Ky — B0, ' Z)Aeds € A* and (K, — Bio; ' Z)N <0, t €[0,T), dP ® dt — a.e.
0
(B.2)

Remark B.2. Recall that by Remark 5 in [10], the condition (K, — Bio; ' Z)M\ < 0, t €
[0,T), dP ® dt — a.e. is equivalent to Ky — By, Zy < 0, P-a.s.

Remark B.3. Note that excepting the default time ¥, the left-side jumps of Y are predictable
and correspond to the ones of the predictable non decreasing process A.

Proof. As (Y;) is a strong £%-supermartingale, by the £°-Mertens decomposition (see
Theorem A.3 in Appendix), there exists a unique process (7, K, A,C) in H? x H} x A? x C?
such that equation (B.1) holds. Let v € V. Since (Y;) is a strong £¥- supermartingale, by
the £”-Mertens decomposition (see A.3), there exists a unique process (Z”, K, A¥,C") in
H? x H3 x A? x C? such that

—dYy = (f(t,Y, Z)) + (K} — Bo; ' Z) )wphy) dt — Z)dWy, — K[ dM, + dA] + dCy_.  (B.3)

By applying the uniqueness of the canonical decomposition of a special optional semimartin-
gale (cf. Lemma D.2 in the Appendix), together with the uniqueness of the representation
of the martingale part as the sum of two stochastic integrals (with respect to W and M),
we have Z; = Z} dP ® dt-a.e. and K, = K} dP ® dt-a.e., C;_ = Cy_, for all ¢t a.s. and
f&, Y, Z)dt + dA, = f(t,Y,, ZV)dt + (KY — Bioy, ' ZV)uhdt + dAY for all t a.s.

Using the above equalities, we derive that

dAtV = dAt — (Kt — ﬁtaflzt)ut)\tdt. (B4)

Let us show that this implies that (K, — Bi0; ' Z,)\; <0, t € [0,T], dP ® dt — a.e. Suppose
by contradiction that there exists a predictable set A C [0, 7] x Q such that (dP®dt)(A) >0
and (K; — B0, ' Z)M\ > 0, t € [0,T), dP ® dt — a.e. on A. For each n € N, set 1" := nly.
Note that (2}') is a bounded predictable process with v;» > —1. Hence, v" € V. Using
equality (B.4), we derive that for n sufficiently large, we have E[A%'] = E[Ar —n fOT(Kt -
Beo; ' Z) M1 adt] < 0. We thus get a contradiction with the non decreasing property of A*".
Hence, (K; — o, ' Z) M\ < 0 dP ® dt-a.s.
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Let us show that condition (B.4) implies that the process A. + [ (Ky — B0, Zs)Aods is
nondecreasing. Suppose by contradiction that there exist B € Gr with P(B) > 0, as well
as e > 0 and (t,s) € [0,T]? with ¢ < s, such that [’ (dA, + (K, — 8,0, 'Z,)\dr) < —¢ as.

1
on B. For each n € N* set v := —1 + —. Note that v € V. From (B.4), we derive that
n

s 1
[L(dA, + (K, — Byo;.' Z,) (=14 =) \dr) > 0 a.s. We thus get that for all n € N*,
n

S 1 s
—€2 / (dA, + (K, — B0, Z,) \pdr) > —/ (K, — B0, Z)\dr a.s. on B.
¢ n.Ji

By letting n tend to +oo in this inequality, we obtain a contradiction. Hence, the process
A+ [ (K, — B0, Z)Ayds is nondecreasing.
Moreover, the uniqueness of the decomposition follows by Lemma D.2.

O

Theorem B.4 (Optional £/-decomposition). Let (Y;) be an optional process belonging to
S?. Suppose that it is an EY-strong supermartingale for each v € V.

Then, there exists a unique Z € H2, a unique C € C? and a unique nondecreasing optional
RCLL process h, with hg =0 and E[h%] < oo such that

—dn = f(t, }/;, Zt)dt - ZtO';l(O'tth + 5tht> -+ dth -+ dht (B5)

Proof. By Proposition B.1, there exists (Z, K, A, C') € H? x H3 x A? x C? such that (B.1)
and (B.2) hold. Set hy := A; — fOt(KS — Bso ;1 Z,)dM,. Since dM; = dN; — M\ydt, we have

t t
hy = Ay + / (Ks — Bs0. ' Zs)\sds — / (K, — Bs0, ' Z,)dNs. (B.6)
0 0

Now, by property (B.2), the process A. + [ (K, — 80, ' Z;)\sds is non decreasing.
Moroever, the process fo (K, — Bs0;'Z,)dNy is a purely discontinuous process which admits
a unique jump, given by Ky — 51901;1219 (at time ¥). Now by Remark B.2, we have Ky —
,6’,90512,9 < 0 a.s. We thus derive that the process fd(KS — Bso;1Z,)dNy is non increasing.
Hence, by the equality (B.6), we derive that the process (h;) is non decreasing. Using (B.1),
we thus get the equation (B.5).

It remains to show the uniqueness of the processes Z, C, and h in (B.5). To show
this, we first show that if Y is decomposable as in (B.5), then the process Y’ defined by
Y! =Y, — AYpli>y is a special optional semimartingale (cf. Appendix). By equation (B.5),
we have

AY@ = 2190'7;1519 - Ah@ (B?)
Subtracting AYyl;>y on both sides of the equation (B.5), we get

t t
Y, —AYplli>y = YO—/ f(s,YS,Zs)ds—i—/ Zsagl(ades—i—ﬁdes)—Ct_—ht—AY,gI[tzg. (B.8)
0 0
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Using this and the expression (B.7) for AYy, we get

t t
Y;S_Ayﬂ]ltzﬁ - Yb_/ f<37 Y;a Zs)d3+/ Zso';l(o'sdws—i_ﬁdes)_Ct—_ht_Zﬁ(T;lBﬁHtZﬁ—i_Ahﬁthﬁ-
0 0

(B.9)

We set B; := hy — Ahyli>y. By Lemma D.3, the process B is a (predictable) process

in A% Recall that we have also set Y, = Y; — AYyl;>y. With this notation, equation (B.9)
becomes

t t
Y/ =Y]— / f(s,Ys, Zy)ds +/ Zsagl(adeS + BsdM;) — Cy- — By — Zﬁaglﬁﬂﬂtzﬁ. (B.10)
0 0

Since dM; = dN; — \dt, we get

t t t
y;:yo'—/ f(s,Ys,Zs)der/ Z.dW, — C,- —Bt—/ ZoBads.  (B.1)
0 0

0

We conclude that Y’ is a special optional semimartingale.

Let now Z, C, and h be such that Z € H2, C' € C? and A is a nondecreasing optional RCLL
process with kg = 0 and E[h2] < co, and such that the decomposition (B.5) holds with Z,
C, and h (in place of Z, C, h). We show that Z = Z in H?, C, = C,, for all ¢ a.s. and
th h, for all ¢ a.s. By the same reasoning as above, we have that (B.11) holds also with Z,
C,and B replaced by Z C’ and B where B is defined by Bt = ht Ahyl>y. We note that,
due to (B.7), Ahy = Ahg. Hence, showmg the equality hy = hy, for all t a.s. is equivalent to
showing that B, = By, for all t a.s.

Now, as Y is a special optional semimartingale admitting the decomposition (B.11) with Z,
C, and B, on one hand, and with Z, C, and B, on the other hand, we have, by the uniqueness
of the special optional semimartingale decomposition (cf. Lemma D.1 in the Appendix), that
C=C, f(t,Ys, Z))dt +dB, + Zyo; ' B\t = f(t, Y3, Zy)dt + dB, 4+ Zyo; * Bidedt, and Z,dW, =
Z,dW,. From the last equality, using the uniqueness of the martingale representation, we get
Z = Z in H2. This, together with the second equality, gives the equality of B and B. The
proof is thus complete. O

Proposition B.5. Let (Y;) € S%. The process (Y;) admits an optional decomposition of the
form (B.5) if and only if it admits a decomposition of the form (B.1) with the conditions
(B.2).

Proof. By the same arguments as those used in the proof of Theorem B.4, we derive that
if (Y;) admits a decomposition of the form (B.1) with conditions (B.2), then it admits an
optional decomposition of the form (B.5).

It remains to show the converse. Suppose that there exists (Z,C) € H? x C? and a
nondecreasing optional RCLL process h, with hy = 0 and E[h2] < oo such that the equation
(B.5) holds. By Lemma D.3, h has the following decomposition h, = B, + fo 14dN,, where
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B is a (predictable ) process in A% and ¢ € H3 with ;)\, > 0 dP ® dt-a.s. Let (A;) be the
process defined for all ¢ € [0, T] by

t
Ay =B, + / Wshyds. (B.12)
0

We have A € A% Let (K;) be the process defined for all ¢ € [0,T] by
Kt = Bto-t_IZt - ¢t' (B13)

Note that K € H2. Now, since ;)\, > 0 dP ® dt-a.s., we have (K; — B;0; ' Z)\ < 0
dP ® dt-a.s. Moreover, by (B.12) and (B.13), we have B, = A; + fg(Ks — Bso 71 Z)Nds.
Since B € A?, we derive that the conditions (B.2) hold.

Moreover, since N, = M, + f(f Asds, by (B.12), we get hy = B, + fot YsdNg = Ay + fot sd M,
a.s. Hence, using (B.5) and (B.13), we derive that the process (Z, K, A, C) satisfies the
equation (B.1). The proof is thus complete. H

C A result on BSDEs with a non positive jump at the
default time v

Let V' be the set of bounded predictable processes v such that vy > 0 dP ® dt-a.e.
Let g be a A-admissible driver and let (d;) be a bounded predictable process.
Let n be a Gr-measurable random variable satisfying Assumption (4.1). For each v € V', we
define
9" (w,t,y, 2, k) = gw, t,y, 2, k) + ut(w))\t(w)(k — (5t(w)z)

Note that g” is a A-admissible driver. Let n be a For each S € T, the value X (5) at time S
is defined by

X (8) :=esssup Egr(n), (C.1)

vey’!

where £ = £9°. Note that X7 = 1 a.s. By Proposition A.6 and similar arguments as in
the previous case (cf. the proof of Proposition 5.7), there exists an RCLL process (X;) € 52
which aggregates the value family (X (S)), which is a strong £”-supermartingale for all v € V'
and X7 > n a.s. Moreover, the process (X;) is the smallest process in S? satisfying these
properties.

Now, by similar arguments as those used in the proof of Proposition B.1, it can be shown
that

Proposition C.1. Let (V;) € S?. If the process (Y;) is a strong E¥-supermartingale for all
v €V, then there exists a unique process (Z, K, A,C) € H? x H3 x A* x C* such that

_d}/t = g(t, Y;, Zta Kt)dt — thWt — thMt + dAt + dCt_ (CQ)
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and
(Kt — (5{/2{/))\,5 S 0, te [O,T], dP X dt — a.e. (C?))
Moreover, the converse statement holds.

Note that when § = 0, the constraint (C.3) means that the jump of the process (Y;) at
the default time 9 is non positive.

Remark C.2. The constraint (C.3) is equivalent to Ky < 69Zy a.s. Note that this constraint
corresponds to the second constraint from (B.2). There is here only one constraint (C.3)
while in the previous case, we had two constraints (see (B.2)). This comes from the fact that
here V' is the set of bounded predictable processes v with vy > 0 dP ® dt-a.e., while in the
(previous) case of V, we had vy > —1 dP ® dt-a.e.

By similar arguments as those used in the proof of Theorem 4.15, it can be shown that
the value process (X;) is a supersolution of the constrained reflected BSDE from Definition
4.14 with f replaced by ¢g and the constraints (B.2) replaced by the constraint (C.3). We
thus have the following result.

Proposition C.3. Let (X;) € S? be the RCLL process which aggregates the value family
(X(S)) defined by (C.1). There exists a unique process (Z, K, A) € H? x H3 x A?* such that

— dXt = g(t, Xt, Zt, Kt)dt —+ dAt — thWt — thMt, XT =1, (04)
(Kt — 5tZt))\t S O, te [O, T], dP ® dt — a.e. (C5)

In other words, the value process (X;) is a supersolution of the above constrained BSDE.
Moreover, it is the minimal one, that is, if (X]) is another supersolution, then X, > X, for
allt € [0,T] a.s.

Note that when 6 = 0, our result gives the existence of a minimal supersolution of the
BSDE with driver g, terminal condition 7 and with non positive jumps, which corresponds
to a result shown in [4] by using a penalization approach. Moreover, our result provides a
dual representation (with non linear expectation) of this minimal supersolution.

D Three useful lemmas

Lemma D.1. Let g be a A\-admissible driver. Let (A;) be a RCLL predictable process with
square integrable total variation and Ay = 0. Suppose X is the first component of the solution
of both the BSDE with generalized driver g(-,y, z,k)dt + dA; and the BSDE with driver g
(with the same terminal time T and the same terminal condition n € L*(Gr)). We then have
Ay =0 forallt € [0,7T] a.s.

Sketch of the proof : By assumption, there exists a unique process (Z, K) in H? x H3 such
that (X, Z, K) satisfies (2.2). Also, there exists '* a unique (Z’, K’) in H? x H3 such that

13¢f. [10] for the existence and the uniqueness of the solution of the BSDE with default and generalized
driver.
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(X, 7', K') satisfies —dX; = g(t, X+, Z], K})dt + dA; — Z[dW; — K[dM,. By the uniqueness
of the decomposition of a special semi-martingale together with the uniqueness in the mar-
tingale representation, we derive that Z = Z’ in H? and K = K’ in H3, and dA4, = 0. The
proof is thus complete. O]

Lemma D.2. (Uniqueness of the canonical decomposition of a special optional semimartin-
gale) Let X be an optional semimartingale with decomposition'*

Xi=Xo+my —ay — by, forallt €10,T] a.s. (D.1)

with (my) a (right-continuous) local martingale, (a;) a predictable right-continuous process of
finite variation, such that ag = 0, (b;) a predictable left-continuous process of finite variation,
purely discontinuous and such that by = 0. Then, the decomposition (D.1) is unique and
will be called the canonical decomposition of a special optional semimartingale.

Proof. Let X; = Xo+m} —a} — b}, for all t € [0, 7] a.s., be (another) decomposition with
(m}), (a}) and (b}) as in the lemma. From this decomposition, it follows that X, — X; =
— (b, — b) for all ¢t a.s. From (D.1), it follows that Xy — Xy = — (b — by) for all ¢ as.
Hence, b,, — b; = b,y — b, for all ¢ a.s. As b and b are purely discontinuous with the same
initial value, we get b, = by, for all ¢ a.s. and the uniqueness of b is proven. We now note
that (X;+ b;); is a special right-continuous semimartingale (this follows from (D.1)). Hence,
by Theorem 30, Chapter III in [34] the processes (m;) and (a;) are unique. O

Lemma D.3. Let h be a nondecreasing optional RCLL process h, with hy = 0 and E[h%] <
0o. Then, h has at most one totally inaccessible jump and this jump is at 9. All the other
Jumps of h are predictable. Moreover, h can be uniquely decomposed as follows:

¢
hy = By + Ahgly>y = By +/ Psd N,
0

where B is a (predictable) process in A* and 1) is a process in H3 such that s > 0 a.s. on
{6 <T}.

Proof.  As h is a square-integrable nondecreasing optional RCLL process, h is a square-
integrable RCLL submartingale. So, by the classical Doob-Meyer decomposition, h can be
uniquely decomposed as h; = a; + my, with (a;) a (predictable) process in A% and (m;) a
square-integrable martingale such that my = 0. Now, by the martingale representation of
G-martingales and as dM, = dN, — \,ds, we get m, = fot 0 AW, — fg P Aeds + fg Psd N,
where ¢ € H? and ¢ € H3. Hence, hy = a; + my = B; + fot VsdN; = By + ¥yl;>y, where
we have set B; := a; + fot psdW, — f(f sAsds. The process (By) is clearly predictable (as
the sum of three predictable processes). The equality hy = B, + ¥yli>y, together with the
predictability of B and the non-decreasingness of h, implies that Ahy = 1y > 0 a.s. on
{6 < T} and that B is non-decreasing. The proof is thus complete. 0J

14 An optional semimartingale with a decomposition of this from (with (a;) and (b;) predictable processes)
can be seen as a generalisation of the notion of special semimartingale from the right-continuous to the
general case.
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