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DYNAMICS OF RIGID BODIES IN A TWO DIMENSIONAL INCOMPRESSIBLE
PERFECT FLUID

OLIVIER GLASS, CHRISTOPHE LACAVE, ALEXANDRE MUNNIER, AND FRANCK SUEUR

ABSTRACT. We consider the motion of several rigid bodies immersed in a two-dimensional incompress-
ible perfect fluid, the whole system being bounded by an external impermeable fixed boundary. The
fluid motion is described by the incompressible Euler equations and the motion of the rigid bodies is
given by Newton’s laws with forces due to the fluid pressure. We prove that, for smooth solutions,
Newton’s equations can be recast as a second-order ODE for the degrees of freedom of the rigid bodies
with coefficients depending on the fluid vorticity and on the circulations around the bodies, but not
anymore on the fluid pressure. This reformulation highlights geodesic aspects linked to the added mass
effect, gyroscopic features generalizing the Kutta-Joukowski-type lift force, including body-body inter-
actions through the potential flows induced by the bodies’ motions, body-body interactions through
the irrotational flows induced by the bodies’ circulations, and interactions between the bodies and the
fluid vorticity.

1. INTRODUCTION

We consider the motion of rigid bodies immersed in a two-dimensional incompressible perfect fluid.
The whole system occupies a fixed impermeable bounded cavity €2 (a bounded simply connected open
subset of R?). At the initial time, the domain occupied by the rigid bodies are assumed to be disjoint
non-empty regular connected and simply connected compact sets S0 C Q, with k € {1,2,... N},
and

Fo:=Q\ U Sk.0

re{l1,2,....,N}

The rigid motion of the solid x is described at every moment by a rotation matrix

ROy = [0 ). e,

and by the position h,(t) € R? of its center of mass starting with the initial position Iy, 0. The domain
of the solid x at every time t > 0 is therefore

Si(t) == R(0,(t))(Sk,0 — hio) + hi(t),
while the domain of the fluid is

Fy=a\ |J S0

ke{l1,2,...,.N}

Date: March 28, 2019.
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The system is governed by the following set of coupled equations:

Fluid equations:

0
(1.1a) 8_:: +(u-V)u+Vr =0 in F(t), fort>0,
(1.1b) divu =0 in F(t), fort>0,
(1.1c) U= = Up in Fo,

Solids equations:
for any k € {1,2,..., N},

(1.1d) myhll(t) :/ mnds, fort >0,
A8k (¢
(1.1e) T 00(t) = / <) -mnds, fort >0,
A8k (¢
(11) (1e(0),05(0), 7,(0), 8(0) ) = (P, 0, s e o)
Boundary conditions:
(1.1g) u-n=0 on 022, fort >0,
and for any k € {1,2,...,N},
(1.1h) u-n=(0.(— he)t + hy.) - n on 9S8 (t), fort>0.

These are respectively the incompressible Euler equations, the Newton’s balance law for linear and
angular momenta of each body and impermeable boundary conditions. Above u = (uj,us)! and 7
denote the velocity and pressure fields in the fluid, m, > 0 and 7, > 0 denote respectively the mass
and the moment of inertia of the body while the fluid is supposed to be homogeneous of density 1,
to simplify the notations. The exponent ¢ denotes the transpose of the vector. When z = (z1,x2)"
the notation x' stands for z1+ = (—x2,71)!, n denotes the unit normal vector pointing outside the
fluid, so that n = 71, where 7 denotes the unit counterclockwise tangential vector on 9S,(t) and
the unit clockwise tangential vector on 0. Let us also emphasize that we will use ds as length
element without any distinction on 99, 0S(t) and on 9S, 9. We will use the notations q, and g, for
vectors in R? gathering both the linear and angular parts of the position and velocity: q, := (hL,6,)"
and q. := (h!,0.)t. The vectors q, and q, are next concatenated into vectors of length 3N: ¢ =
(d@,....,dly) and ¢ = (4}’ ..., d\)", whose entries are relabeled respectively gi, and ¢}, with k ranging
over {1,...,3N}. Hence we have also: ¢ = (¢1,¢2,-..,¢3n)" and ¢’ = (¢}, 5, - - . g4n)"- Consequently,
k€ {1,...,3N} denotes the datum of both a solid number and a coordinate in {1,2,3} so that g
and ¢, denote respectively the coordinate of the position and of the velocity of a given solid. More
precisely, for all £ € {1,...,3N}, we denote by [k] the quotient of the Euclidean division of k — 1
by 3, [k] = [k] +1 € {1,..., N} denotes the number of the solid and (k) := k — 3[k] € {1,2,3} the
considered coordinate. Throughout this paper we will not consider any collision, then we introduce
the set of body positions without collision:
Q:={geR¥ . I’?;Bd(SK(q), Q°US,(q)) > 0},

where d is the Euclidean distance. The fluid domain is then totally described by ¢ € Q: F(t) = F(q(t)).

The fluid vorticity w is defined by w := curlu = djus — dpuy and we set v := (Vx)w=1,..N, Where
Ve =, a5, U Tds is the circulation around the rigid body Sx. Let us recall that, for each k, the
circulation 7, remains constant over time according to Kelvin’s theorem.
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To state our result let us introduce a few more notations. We denote by S;7(R) the set of real
symmetric positive-definite 3N x 3N matrices and by BL,(R3*N x R3N;R3Y) the space of bilinear
symmetric mappings from R3N x R3N to R3V.

Definition 1.1. Given a C™ mapping ¢ € Q — M(q) € SFT(R), we say that the C°° mapping
q € Q+ I'(q) € BLJ(R¥N x R3N;R3N) s the connection associated with this mapping if for any
peRN,
T(q)p.p) = Y T@)5pipi) sy € R,
1<i,j<3N
with for every i,j,k € {1,...,3N},
)ty LMW | AM)s_ Ay

w2 dq; dq; g, '

Let us emphasize that the coefficients Fﬁ ; are the Christoffel symbols of the first kind associated
with the metric M(q).

The main result of this paper is the following reformulation of the dynamics of the rigid bodies as a
second-order differential equation for ¢ with respect to the fluid vorticity and the circulations around
the bodies, but without any reference to the fluid velocity nor the pressure.

Theorem 1.2. There exist a C* mapping ¢ € Q — M(q) € S;]\J{(R), which depends only on the
shape of F(q), on the masses (my)1,.. N and on the moments of inertia (Jx)1,.. N, and a C™ mapping
on Q which associates with q in Q the mapping F(q,-) from R3*N x C®(F(q)) x RN to R*N such that
F(q,-,0,0) = 0, which depends only on the shape of F(q), such that if u and q are smooth functions
which satisfy System (1), then, up to the first collision, q satisfies the second order ODE:

(1.2) M(q)q" + (L(q),d'.¢) = Flq,q',w,),

where I is the connection associated with q — M(q).

In the case where the vorticity and the circulations vanish, then the right hand side of (2] also
vanishes and the equation then reduces to the geodesic equation associated with the metric M(q).
This case was already treated in [9]. The matrix M(q) is associated with the added mass effect. A
well-known formula with respect to the so-called Kirchhoff potentials is recalled in Section Bl On
the other hand some computations of the Christoffel symbols are given in [0, Lemma 6.3]. Some
alternative formulas are given in Section [l

When the vorticity and the circulations are nonzero the force F' in the right hand side of (I.2]) has
to be taken into account. In particular the determination of the motion of the bodies has then to be
completed with the evolution equation for the fluid vorticity w which is

(1.3) %—C: +(u-Vw=0, zeF(qt)).

In Section Bl we give a more explicit expression of this force F', see ([B.0]), which displays gyroscopic
features generalizing the Kutta-Joukowski-type lift force and reads as a non-linear coupling between
body-body interactions through the potential flows that their velocity induces, body-body interactions
through the irrotational flows that their circulation induces, and body-vorticity interactions.

This reformulation extends the works [3] and [4] where the case of one rigid body in an unbounded
rotational flow was addressed and the work [5] where the case of one rigid body in a bounded irrota-
tional flow was tackled.

Let us mention two motivations for the result above. The first one is the zero-radius limit as
considered in [3], [4], [5] in more simple settings. Another one is related to the controllability of the
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motion of the rigid bodies from a part of the external boundary, see [2] for the case of a single rigid
body.
Regarding the issue of collisions we refer to [6], [7] and the recent paper [I].

The remainder of this article is divided into four Sections. We first determine the fluid velocity u in
terms of (q,q’,w, ) in Section 2l In Section B, we give the explicit formulas of M, T", F' which appear
in (L2). Section [ is dedicated to the proof of Theorem whereas Section [0l contains the proof of
an explicit formula concerning I'. Finally Section [d is devoted to the proof of Proposition Bl which
highlights a property of a part of the force F' due to the circulations around the body.

2. DECOMPOSITION OF THE FLUID VELOCITY INTO ELEMENTARY VELOCITIES

In this section, we determine the fluid velocity w in terms of (g, ¢’,w,~). This material follows from
well-known property of incompressible flows in multiply-connected domains. We refer in particular to
Kato [8] for more details.

Kirchhoff potentials. Consider for any x € {1,2,..., N}, the functions & (g, ) = &(q, ), for j = 1,2,3
and k = 3(k— 1)+, defined by &, (¢, z) := 0 on 0F(q) \ 0S, and by &, j(q,x) := ej, for j = 1,2, and
€n3(g,x) == (v — h. )" on OS,. Above e; and ey are the unit vectors of the canonical basis. We denote
by K j(q,-) = Ki(q,-) the normal trace of . ; on 0F(q), that is: K, j(q,-) :=mn-&s(g,-) on 0F(q),
where n denotes the unit normal vector pointing outside F(q). We introduce the Kirchhoff potentials
©0i,j(q,") = ¢r(q,-), for j = 1,2,3 and k = 3(k — 1) + j, which are the unique (up to an additive
constant) solutions in F(q) of the following Neumann problem:

(2.1&) A‘Pn,j =0 in f(Q)v

(210) PP (4,) = Kgla,)  on 9F(0)

We also denote

(2'2) KR(Q7 ) = (Kﬂ,l(% ')7 KR,Q(q’ ')’ KH,3(q’ ))t and 90/4(% ) = ((10/4,1(% ')’ Pr,2 (Q7 ')’ (10/4,3(% ))t

Following our rules of notation for ¢, we define as well the function ¢(q,-) by concatenating into a
vector of length 3NN the functions ¢,.(q, ), namely: o(q,-) = (¢1(q,")}, ..., on(g,)")"

Stream functions for the circulation. To take into account the circulations of the velocity around the
solids, we introduce for each k € {1,..., N} the stream function ¥, = 1x(q,-) defined on F(q) of
the harmonic vector field which has circulation d, , around 05, (q). More precisely, for every ¢, there
exists a unique family (Cx,,(q))vef1,2,...N} € RY such that the unique solution v, (g, -) of the Dirichlet
problem:

(2.3a) Ay(g,-) =0 in F(q)
(23b) wli((b ) = C&I/(Q) on 881/(q)7 fOI‘ Ve {17 27 e 7N}7
(2.3¢) Vi(g,") =0 on 0,
satisfies
Oy,
(2.3d) / (q,-)ds = =0, ,, for v € {1,2,...,N},
05,(q) On

where 4, ,, denotes the Kronecker symbol. As before, we define the concatenation into a vector of
length N: w(Q7 ) = (wl(Q7 ')7 e 7¢N(Q7 ))t
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Hydrodynamic stream function. For every smooth scalar function w over F(q), there exists a unique
family (Cu.(q))vefi2,...n3 € RY such that the unique solution 1, (q,-) € H'(F(q)) of:

(2.4a) AYy(q,-) =w in F(q)
(2.4Db) Yu(q,") = Cuu(q) on 0S,(q), for v e {1,2,...,N},
(2.4¢) Yw(g,-) =0 on 092,
satisfies
s, _
(2.4d) /as,,(q) W(q, )ds =0, forve{1,2,...,N}.

Then the decomposition of the fluid velocity u is given by the following result.

Proposition 2.1. Let ¢ € Q. For any ¢’ in R3N, for any w smooth over F(q) and for any v in RY,
there exists a unique smooth vector field u such that

divu =0 in F(q), curlu=w in F(q), u-n=0 on 0L,

u-n=(0.(-—he)t +h.) n ondS,(t) and / u(t)-t7ds =1, forall ke {l,2,...,N}.
OSk(t)

Moreover, we have the decomposition

(2.5) u=ui(q,q,-) + uz(q,w, ", "),

with
N N 3 3N

(2.6) ui(g,d ) = Ve (a.) qp)=>_V i@ )y | = GVer,
k=1 k=1 j=1 k=1

(2.7) us(q,w,7,°) = Vi (g, ), where oy (g,7) = (g, ) + ¥(g,) - 7.

Let us emphasize that when the fluid is irrotational the motion of the fluid is completely determined
by the motion of the bodies. Otherwise the equation (L3]) has to be taken into account to determine
the evolution of the fluid vorticity.

3. EXPLICIT FORMULAS OF THE COEFFICIENTS IN THE REFORMULATION OF THE DYNAMICS OF
THE RIGID BODIES

In this section we give some explicit expressions of the quantities M(q) and F'(q) which are involved
in (L2)). These expressions give more insights on the various effects involved in the dynamics of the
rigid bodies.

3.1. Inertia matrices. Let us gather the mass and moment of inertia of the solid  into the following
matrix:

my, O 0
MI=10 m; O
0 0 Jk

The total genuine inertia matrix of the system is the 3N x 3N bloc diagonal matrix:

(3.1) M = diag(M{,..., M%).
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which is diagonal and in the set S;]\Jf (R) of the real symmetric positive definite 3N x 3N matrices. In
addition to their genuine inertia the rigid bodies have also to accelerate the surrounding fluid as they
move through it. This is the phenomenon of added inertia, which is encoded by the matrices:

a a K
(32 M) = [ la)© ) ds
aSn(‘]) n
Integrating by parts, we also have

(3.3) M) = [ Veula.)® Veulg,) ds = / 0. (0,) ®
F(q) 98y (q)

The total added inertia matrix of the system reads:

(3.4 M(q) = (M@)o = | RCSE 22y, ) da.

¢,
on

(q7 ) ds.

Notice that this matrix is in the set S;N(R) of the real symmetric positive-semidefinite 3N x 3N
matrices. These matrices depend on the shape of the fluid domain, therefore on the shape of the
external boundaries and of the shape and position of the rigid bodies.

Finally, the overall inertia of the system is encoded in the inertia matrix:

(3.5) M(q) == M9+ M(q) € Si(R).
3.2. Force term. From the stream function v, - associated with w,~ ([2.1), and the Kirchhoff poten-

tials (ZI)-(22]), we define:

o OV dp,, _ Op,
Aww(q,w,7) -—/&Sﬁ(q) o (g, )( n © o > (g,-)ds

B NWuy (0P _ Op, _
/asu(q) an (Q7 ) < 87’ ® an ) (Q7 )dS,
A(Qv wv ’7) = (AH,I/((L wv 7))

We observe that the matrix A is skew-symmetric and linear with respect to w and . With this matrix
we associate the gyroscopic force A(q,w,v)q’ which generalizes the celebrated Kutta-Joukowski force,

see for instance [10].
_ 1 Mo | 0
Buawn) =3 [ Q Vool 0Pc) (1 )as,

We also define:
E(q,w,7) = (E1(q,w,7), ..., En(q,w,7))",

Dk(qulch’/y) = /}_( )wuj_(q’q,7w7/77 ) : V(pk(q’ ) dﬂj‘,
q

D(q,q',w,7) == (D1(q,q",w,7),--.,Dsn(q,q",w,7))".

1<k, v<N

Finally we set

(3.6) F(g,q\w,7) = E(q,w,7) + Alq,w,7)d" + D(¢,¢,w,7).
It follows from the definitions and properties of the elementary flows given in the previous section that
the mapping which associates with ¢ in Q the mapping F(q,-) from R3YN x C*®(F(q)) x RY to R3V is
C°, such that F'(-,-,0,0) = 0, and depends only on the shape of F(q).

Moreover, without vorticity, we can compute E in terms of the shape derivatives of the constants
Cl.(q) appearing in the definition of the stream functions for the circulation terms ([23)).
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Proposition 3.1. For any q in Q and for any v in RY,
1 N N
E(g,0,7) = §Vq( > Z%’YVCH,V(q))-
m=1v=1
4. PROOF OF THE MAIN RESULT

This section is devoted to the proof of Theorem For each integer x between 1 and N, q € O,
6* € }Rz and r,’; € R, we consider the following potential vector field F(q): ul := V(e,(q,) - p}) where

= (,r%)". By @I,

(4.1) uhon =8, (0 + 15— he)T) - oon 8S,(q) and u -n = 0 on 99,
Combining with (L1d) and (LI€), we arrive at
(4.2) myhy, - O+ Tubnrs = / muy, - nds.

9F(a)

Since, by (2D, u’ is divergence-free in F(q), with an integration by parts we arrive at
myhly - 0+ Tebnrs = / V7w, de.
F(9)
Since, by (LTIal),

Vr=— (?: V|u|2 + wu > in F(q),

we deduce from ([4.2) that
0
mhl - O+ TJe0nr = —/ < " V|u|2 + wu > cuy da.
Summing over all the £ and using the decomposition (Z3]) therefore yields

1
MIG" - p* —l—/ <8u1 + V|u | ) cutdr = —/ (—V|uQ|2) cut dw
Fg) O F(a)

8’&2
- — + V(u1 - u2)) -u*dx
/f<q> Co )

— / wut - utde,
F(q)
for all p* € R3*N, where

(4.3) ut = Z uy.

We also recall that MY is defined in (B]). The lemma below is proved in [9, Lemma 5.1].

Lemma 4.1. For any smooth curve q(t) in Q and every p* € R3V | the following identity holds:
MIq" - p +/ (a + Vlu |2> utde = M(q)qd" - p* +(T(a),d,d) - p,
Fg) \ Ot

where M is given in B3) and I'(q) is the connection associated with q — M(q).

Before moving on we recall that the definitions of E(q,w) and A(q,w) are given in the previous
section. As |ug| = |ug - 7| on the boundary, by an integration by parts, we have the following.
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Lemma 4.2. For every ¢ € Q and every p* € RN, the following identity holds:

1
—/ <—V!u2\2> -u*dz = E(q,w) - p*,
Flg) \2

On the other hand, we have the following result regarding the crossed term.

where u* is given by ([E3).

Lemma 4.3. For any smooth curve q(t) in Q and every p* € RN, the following identity holds:
ou B .
—/ (7 + V(- ug)) - u da = (A(g,w,7)q) - P,
Flo) O

where u* is given by (3.
Proof. By an integration by parts,

(14) G -3 [ 3 Genta D 07

Now we use the following lemma where we set Cy, -, 1= C,, + Zivzl Ve Crv-

Lemma 4.4. For any smooth curve q(t) in Q, for any v, on 0S,(q):

El Oy D, N\ L 0Cunw, . 0Cuy, | Ow
o (Ywy(a,°)) = n (g )(an (¢,7) - q, +73q (@) -4 + Y (9) TR

6Cw v

Let us stress that (q) - %—‘; denotes the functional derivative of C,,, with respect to w, so that
the last term is constant on 0S,(q) as a function of x.

Proof of Lemma[].} By Kelvin’s theorem, we consider only solutions such that 4/(t) = 0, and we
start with the observation that

P A B
(43) 7 (o (0) = 522 g 4 2

By differentiating with respect to ¢ the identity: (g, R(6,)(X — huo) + hy) = Cuq0(q), for
X € 08,0, and by setting z = R(6,)(X — hy0) + h,, we obtain for every x € 9S,(q),
%w sy ow 00w , 0C,, ow
50) (q,ﬂj‘) 8t +V71Z)w,“/(q7x) wu(q7$) - aq (q) q + 50) (q) 875’

where w,,(q, z) = 0),(x — h,)* + hl,. Since ¥, ,(q,-) is constant on 9S,(g), its tangential derivative is
zero. Besides, on S, (q) we have w,(q,-) -n = 852, (q,) - q.,. Thus we get

(4.6)

(¢,7) 4" +

ww, 8901/
(4.7) Vi (g,) - wy(g,0) = =2 (g, 2) (- (0, 2) - q)
for x € 0S,(q). By combining (L5, ([A6]) and ([@7) we conclude the proof of Lemma (A4 O

By ([@4)) and Lemma (4] we get

_ Ouy utd aww;y 8‘1"& a‘P *
(4.8) /;()at ZZ(/&W o <8T®an>dsqy> e

rk=1v=1

Let us stress here that the last two terms in the equality of Lemma [£.4] are constant so that their
contribution in (4] vanish since | 950 (q) u*-7ds=0.
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On the other hand, since u* is divergence-free, we have the Stokes formula:

V(ug -ug) - u*de = / (uy - ug)(u* - n)ds.

F(q) 0F(q)

By Z.0)-(Z7), we have on 9S,(q),

hence we obtain by the definition of u* that

8¢w,’y a‘Pn 8(,0,/ / *
(4.9) / V(up - ug) - u dx—ZZ(/aSN <8n ® o dsq, | - pr.

rk=1v=1

Gathering (L)) and (£9), we end the proof of Lemma 3] O

Combining Lemmas [A.1] 2] [13] observing that
—/ wut - u*dr = D(q,¢,w) - p*
F(q)

and taking (3.6) into account, we arrive at (L2)) (since p* can be arbitrarily chosen in R3V). This
concludes the proof of Theorem

5. COMPUTATION OF THE CHRISTOFFEL SYMBOLS

This section is devoted to the proof of the following result regarding the computations of the
Christoffel symbols.

Proposition 5.1. For every integers i, j, k between 1 and 3N,
8M?,j (9)

o /55[k] (@) [(& — Vi) (&= V) =& gj] (& -m)ds.

@ (&, - T)ds — I3 (y0k], (191,23, (k) / @i (& - T)ds

~ 03,(0) Ok [09{1,23, (k) / 2511 (@)
[K]

ISk (q)

Observe that the formula above does not involve the curvature of the fluid domain as opposed to
[0, Lemma 6.3].

Proof. Let k € {1,..., N}, p,_i = (£ r*) € R3, g € Q and & be a smooth divergence-free vector field

such that &*(z) = r’(z — h,)®" + £% in a neighborhood of S, (q) and ¢ (x) = 0 elsewhere. Define the
diffeomorphism T} (¢, -) (for ¢ small) as being the flow, corresponding to the Cauchy problem:

o7,

CE(0) = GT(40),  To00) =
Notice that we have: o,
T 0.0) = €(2).

Define now the sets F(t) := Ty(t,F(q)), Su(t) := T(t,Su(q)) for all p =1,..., N (noting that S,
is fixed for p # k) and, for every ¢ small and every i € {1,...,3N}, and the Kirchhoff potentials

= (@i(t,7))i=1,..,3n on F(t), see ZT)).
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The shape derivative of the Kirchhoff potential ¢; (i = 1,...,3N) at the point ¢ in the direction
pt= (0 r*) (k=1,...,N), is then defined by

<§§i ’p:~> (a:) =7 (0, ).

K

Lemma 5.2. For g € Q and p}. = ({1,r})! € R3, (gTw,i p:) (q,-) is harmonic in F(q), satisfies the
following Neumann condition on 0S,(q):

(5.1) 9 <890i ) *> (,-) = {887 [(% - (fi'ﬂ) (§Zn)} =03y i T if K= [d],

On \ 94, 2 |36 if 1 # [,
where £ = r¥(- — h )" + £, and the following homogeneous Neumann condition on 0F(q) \ 0Sk(q):
0 (g
2 < ) (g,) = 0.

Proof. Differentiating with respect to t at every point = in F(q) the identity —Ap;(t,z) = 0 we get
—AP,(0,2) = 0. The boundary condition ([2.1D) can be rewritten, after a change of variables, as:

(5.3) VE,(t, Ti(t,x)) - n(t, Ti(t,x)) = &(t, Tu(t,z)) - n(t, Tx(t,z)) on dSk(q),

where n(t, ) is the unit normal vector to OF (t) directed towards the exterior of F(¢). Notice now that
n(t,T,.(t,-)) = R(tr:)n(0,-) and hence that:

(5.4 20, = —rir(0,) on 8S,(a).
We deduce in particular that, when [i] = &:
d ' o —T:(e(i) . T) if (Z) = 1, 2,

(5:52) G Tt ) Telt, )| = { . oy
because on S,

i((Tﬁ(t 2) = Tult b)) - -t Tlt, )| =0

dt ) ) ) ) t:O )
and obviously, when [i] # &:

d
(55b) % (éi(ta Tn(tv )) ’ ’I’L(t, Tﬁ(tv ))) ‘t:O = 0.
Differentiating now (53] with respect to ¢ and using (5.4]) and (530]) we obtain:
P 5 0 if K # [i]
(5.6)  FE0) + D0, )0 &~ i (0,) = § —rile ) if k=[], () = 1,2,
0 if k = [i], (i) = 3.

where D?%;(0,-) is the Hessian matrix of ;(0,-). On the one hand, let us now decompose £ into
(5.7) §e= (& -n)n+ (& 7)1 on dSk(q).
On the other hand, computing the tangential derivative of the boundary condition (21Dl on dS,(q),
we get:
5 0 if K # [i]
— Pi . q
(5.8) D*%;(0,)n -7 = ’Ha—T(O, )+ q —Hleq 1) if kK =i], (1) = 1,2,
1—H(—he)t -7 if k=[], (i) =3,
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where H is the local curvature of F(q) (defined by % = —H7 on F(q)). On 0F(q), we also have:

_ 0p; 0 (0, _
D200 - MG 0.+ - (52 (0.9 = A7(0.) =0,

whence we deduce that:

_ IP; 9 (9
2 . . — ? o) — — ? .
(5:9) D200 n =12 0.9 - - (52) 0.9,
Plugging the decomposition (5.7)) into (5.6]) and using the equalities (2.1D])), (5.8) and (5.9]), we get:
0. = (6 mgr (52) 0.+ 07 - gt 20
0 if K # [i]
+q (=i +H(EL - 7)) (eq) - T) — Hew) - n) (&5 - n) if k=[], (i) = 1,2,

(—re+HEE -7 =)t -7 = H(-—h)" (&l -n) — o7 if k= [i], (i) = 3.
Observe now that:
won)=rg—H(E ) on dSk(q),

and the result follows. O

With the same notation as above, we can now compute the shape derivatives of the entries of the
added mass matrix (3.4)).

Lemma 5.3. The following identity holds true for everyi,j € {1,...,3N}, k€ {1,...,N}:

3./\/1?]- » N
(8— 'p,{> (q) =— / (Vi - Vpj =V & — Vi - &) (& -n)ds
q. 65&(‘1)

-0 iéﬁi/ 0 (0 - T)ds — 63 (Y01 @i (0% - 7)ds.
B0l foo 5 (€5 - 7)ds = 03,5y 6 [ s -7

where we recall that p* = (L1, 7)) and & = r¥(- — he)™ + £5.

K’ K
Proof. The quantity we are interested in is the derivative at ¢ = 0 of:
F(t)
The proof relies on Reynold’s transport theorem which reads:

dMe. .
20 = [ (V9 Ve Ve Ve ok [ Ve V(s
L F(q) 0S8k (q)

By an integration by parts, since the potentials @, are harmonic in F(¢) and their normal derivatives
vanish on 9F(q) \ 0S.(q) (see Lemma [5.2]),

K

dM¢. 0 ,0p; 0 ,0p;
9(0) = — (== ph)ej + i (=L - pl ds+/ Vi -V, (& - n)ds.
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We now use (B.J)) and integrate by parts on the boundary. We obtain:

AMo. Di D 0y
G [ SB[ S nigon)

0pi %
b SEG g mds s [ Ve il mds
IS (q) T 0Ss (Q)

Gy 16, / i 7)ds — 65 ) / o (0 - 7)ds.
@i [ 00l [,
0pi

. A,
Then, since 7t = §; - n and ﬂ = & - n, we observe that

&Pz 890]
87’ or

0p; 0yp;
+ Vi Vioj = (g -n) + S (&)~ Vi Vg,

and then that

i
on

0pi 0p;j 0
(61 + 5206 1) = Vo & and (& n) + TG ) = V6o

to conclude.

Using now the expressions in Lemma [5.3] we get Proposition 511

6. PROOF OF PROPOSITION [B.1]

This section is devoted to the proof of Proposition 3.1l We first observe that Lemma E.4] can be
adapted to determine the shape derivative of the stream function ¢, in terms of the shape derivatives
of the constants C),, associated with the boundaries 9S,, for v in {1,..., N}.

Lemma 6.1. For x,u in {1,...,N}, for any p% in R3, (Ew“ pﬁ> (q,-) is harmonic in F(q) and
satisfies for v in {1,...,N},
Y 9C,u,v(q) Iy Op
6.1 GOu .:L.*_<_ﬂ_ﬁ> 3 p* on S,
(6.1) <aqﬁ pn> (9,-) 9. "~ an an (¢,-) - Pl on OS,

Then, using the expression of E,, when w = 0, see ([B.2]), we deduce Proposition Blfrom the following
lemma, whose proof relies on Lemma

Lemma 6.2. For every p, v,k in {1,..., N}, for every pt = (£, r%)t in R3,

Ii’li

Cus N\ A, Oy .,
(8—% pn> (q) - /é)SK(q) an 871 (65 7'L) dSv

where € = r¥(- — he )t + 05,

Proof. We first observe that for every u,v in {1,..., N},
Cu,V(Q) = _/ ku -V, dx.
F(q)

By Reynold’s transport theorem, for every & in {1,..., N}, for every p* = (¢, r*)t in R3,

H’H

%*) S v8¢“.*.v \V4 .Vaw”.* dz — Vi, -V *.n)d
(T ovt) @ == [ (VG pl) Vit Vi VG piar = [ (e
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where ¢* = r*(- — h, ) + £*. By integrations by parts and Lemma [6.1] since the first term in the right
hand side term of (6.1]) is constant,

oC, N2 . acu,v * %G‘Pn « Oy,
( 9, pﬁ> (q) =2 <—aq pn> (Q)+/65K(q) < 5 O )(q, ) - Dy o ds

K

oYy, 0p,. L Oy, 0V, Oy
+/ q,") Pk ds—/ gn'n dSv
9S..(q) ( on On )( ) on aSn(q) On On ( )

and, since 85‘; £ .pf =& -non 0S,(q), the conclusion follows. O
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