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Non-uniqueness of the multi-temperature law of mass action.
Application to 2T plasma composition calculation by means
of a collisional-radiative model

Julien Annaloro1,2,a, Philippe Teulet1,b, Arnaud Bultel2, Yann Cressault1, and Alain Gleizes1

1 Université de Toulouse, UPS, INPT, LAPLACE (Laboratoire Plasma et Conversion d’Energie), 118 Route de
Narbonne, 31062 Toulouse Cedex 9, France

2 CORIA, UMR CNRS 6614, Université de Rouen, Site universitaire du Madrillet, BP 12, 76801 Saint-Etienne du
Rouvray, France

Abstract. This work is devoted to the calculation of the composition for a monoatomic plasma (argon in the
case presented) for which the assumption of thermal equilibrium is not realized. The plasma composition
is obtained from a CR model, taking into account free electrons and a great number of electronic levels
of Ar atoms and Ar+ ions. This model is based on a large set of transition probabilities and reaction rate
coefficients for radiative processes (spontaneous emission and radiative recombination) and on an extended
database of direct and reverse reaction rate coefficients for collisional processes (excitation/de-excitation
and ionization/recombination mechanisms). Assuming Maxwellian energy distribution functions for elec-
trons and heavy chemical species, detailed balance equations are determined for all kind of reactions in
the frame of the micro reversibility principle. From these balance equations, reverse rate coefficients are
calculated as a function of direct reaction rates and of electrons and heavy particles translation tempera-
tures (Te and Th respectively). Particular attention is paid to problematic chemical reactions with electrons
involved on one side and only heavy species on the other side such as: Ar+Ar→Ar+Ar+ + e. The detailed
balance relations obtained for ionization/recombination processes demonstrate the non-uniqueness of the
multi-temperature Saha-Eggert law (i.e. non-uniqueness of the multi-temperature law of mass action).
Multi-temperature argon plasma compositions obtained in the present work exhibit abrupt density varia-
tions. These sharp variations are characteristic of the transition between the domination of heavy particle
reactions (at low temperature) and the predominance of electron collisions (at high temperature).

1 Introduction

The majority of the theoretical studies concerning elec-
tric arcs and thermal plasma processes are carried out
assuming local thermodynamic equilibrium (LTE) with
the implementation of magneto-hydrodynamic (MHD)
models ([1] and references therein).

However, it is now well known that the LTE hypothe-
sis is not valid in some particular areas of the plasma: in
the close vicinity of the electrodes (cathode and anode
sheaths) and the walls (nozzles of torches or breaking
devices) and in the external zones of the arc where the
turbulence phenomenon and the pumping of surrounding
cold gas play a significant role. The LTE assumption is
also uncertain during arc decay or within the plasma col-
umn in the case of low power arcs. In this last case, the
temperature and the electron number density remain rela-
tively low, even on the axis of the plasma. Thus the energy

b e-mail: philippe.teulet@laplace.univ-tlse.fr
a Present address: CNES, 18 Avenue Édouard Belin, 31400

Toulouse, France.

transfer (through elastic collisions) between the electrons
and heavy particles is not efficient enough to preserve the
equal distribution of energy between the various chemi-
cal species. The consequence is that the electrons have
a kinetic temperature Te higher than that of the heavy
species Th.
To study theoretically this kind of discharge, taking

into account the possible occurrence of departures from
thermal equilibrium, it is necessary to develop multi tem-
perature MHD models. There are more and more publi-
cations in the literature dealing with multi-T fluid models
such as the works of Mostaghimi et al. [2], El Morsli and
Proulx [3], Tanaka [4], Ye et al. [5] and Al-Mamun et al.
[6] concerning respectively argon, air, Ar-N2, Ar-H2 and
Ar-CO2-H2 radio-frequency inductively coupled plasma
(ICP) torches, Ghorui et al. [7] for the study of the oxygen
flow inside the nozzle of a metal cutting device, Boselli
et al. [8] concerning a direct current (DC) welding arc
in argon, Trelles et al. [9], Bartosiewicz at al. [10] and
Kaminska et al. [11] for the study of a DC plasma torch
in argon, Baeva and Uhrlandt [12] and Freton et al. [13]
concerning free-burning arcs in argon, Colombo et al. [14]
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for a 3D transient model of a twin torch system, Park
et al. [15] for a DC transferred arc in argon and Benilov
and Naidis [16] for the study of a wall-stabilized DC arc
discharge.

The implementation of these multi-T models is
based upon 2T thermodynamic and transport property
databases (as a function of Te and of the ratio θ = Te/Th)
and the first and unavoidable step in obtaining these 2T
properties is the calculation of the plasma composition.
The fundamental theoretical concepts necessary for the
calculation of 2T transport coefficients are expounded in
the works of Rat [17], Rat et al. [18,19], Devoto [20] and
Bonnefoi [21]. 2T thermodynamic and transport property
databases are also available for several gases or mix-
tures such as argon [18,19], lithium [22], N2 [23,24], O2

[25], SF6 [26], N2-O2 [27], carbon-oxygen [28], N2-H2 [29],
argon-helium [30], Ar-H2 [29,31,32], argon-copper [33] and
Ar-H2-He [34]. These studies are founded upon solid the-
oretical bases with the exception of the calculation of the
composition. Indeed, there is no consensus in the literature
and the theory allowing the computation of composition
for plasmas in thermal non-equilibrium conditions is not
yet clearly established.

The three main methods available in the literature for
the calculation of the plasma composition are:

1. The minimization of a thermodynamic function
(Gibbs free enthalpy or Helmholtz free energy
respectively for a plasma at constant pressure and
a plasma at constant volume) [35].

2. The resolution of a non-linear system of equations
built with the equation of pressure conservation (or
mass density conservation for an isochoric system),
the equation of electro-neutrality, one or several
equation(s) of mixture proportion conservation and
the law of mas action [36].

3. A kinetic or collisional-radiative (CR) model [37,38].
With this kind of approach, the plasma composition
is obtained from the resolution of a non-linear system
of conservation equations for each electronic level or
chemical species. These equations are dependent on
the population number densities and on the forward
and reverse rate coefficients of the chemical reactions
occurring in the plasma.

The three techniques mentioned above are presented
for the multi-T case in the review by Rat et al. [39].
They obviously all lead to the same results in the case
of thermodynamic equilibrium but they strongly differ
in thermal non-equilibrium conditions, depending on the
initial calculation assumptions.

The method 1 (minimization of a thermodynamic func-
tion) has been used by several authors [40,41] to calculate
2T plasma compositions but we believe that this technique
should be used very carefully in thermal nonequilibrium
conditions because it is difficult to determine in this case
what the accurate thermodynamic function is to minimize.
Moreover, there is still a controversy in the literature con-
cerning this technique. On one side, Chen and Han [42]
have argued that the Gibbs free enthalpy or the Helmholtz
free energy minimization approach is unusable in a 2T-
plasma. These authors have claimed that the principle of

entropy maximization should be preferred. On the other
side, André et al. [43], on the basis of statistical mechan-
ical considerations, have arrived at the exact opposite
conclusion.
Concerning the second method based upon a multi-

temperature law of mass action, there are many attempts
in the literature to generalize the Saha-Eggert equation to
two-temperature plasmas. In particular, one can mention:

– The equation proposed by Prigogine [44] and
Potapov [45], here given in the case of atomic
species:

ne

(

n+
A

nA

)

1
θ

=
2×Qint,A+(Te)

Qint,A(Te)

(

2πmekBTe

h2

)3/2

× exp

(

− EA
ion

kBTe

)

(1)

where me is the electron mass, kB the Boltzmann
constant, h the Planck constant and EA

ion the ion-
ization energy of the atomic species A. ne, nA and
n+
A are the population number densities of elec-

trons, atoms A and ions A+ respectively. Qint,A and
Qint,A+ are the internal partition functions of A and
A+.

– The 2T Saha-Eggert relation established by Van de
Sanden et al. [46] (Eindhoven formulation):

ne

(

n+
A

nA

)

=
2×Qint,A+(Te)

Qint,A(Te)

(

2πmekBTe

h2

)3/2

× exp

(

− EA
ion

kBTe

)

. (2)

In the case of atomic species, this equation differs
from the one of Potapov by the lack of the exponent
term 1/θ.

– The 2T Saha-Eggert relation in which the internal
energy states population and the ionization pro-
cess are governed by an excitation temperature Tex

varying between Te and Th:

ne

(

n+
A

nA

)

=
2×Qint,A+(Tex)

Qint,A(Tex)

(

2πmekBTe

h2

)3/2

× exp

(

− EA
ion

kBTex

)

. (3)

Tanaka et al. [47] suggested the estimation of the
excitation temperature Tex from the fraction of
kinetic energy absorbed by heavy particles due to
elastic collisions. A better approach is that of Gleizes
et al. [48] in which the excitation temperature is
derived from inelastic collisions (electron and heavy
particle impact excitation and deexcitation). André
et al. [49] also suggested the use of an effective tem-
perature T ∗ related to chemical species fluxes and
depending on Te, Th and ne.
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In our point of view, method 2 based upon the law of
mass action should be also used very carefully for the cal-
culation of multi-T plasma composition. Indeed, according
to Giordano and Capitelli [50] and as is demonstrated in
the present paper, the law of mass action is not unique
in thermal non-equilibrium conditions. As a consequence,
it is impossible to access an accurate 2T-plasma composi-
tion from a unique multi-T law of mass action. Even with
the use of an excitation temperature, the plasma com-
position is only roughly estimated. Indeed, the variation
of Tex between Te and Th cannot be determined accu-
rately because of unavoidable simplifying assumptions for
its calculation.

As stated above, the third method to access a multi-T
plasma composition is based on a kinetic or CR model.
This kind of technique has already been used by several
authors to achieve multi-T plasma composition calcula-
tion. Research includes: the works of Bacri et al. [51], Kunc
and Soon [52] and Pierrot et al. [53] for nitrogen plasmas,
the papers of Gomes et al. [54] and Soon and Kunc [55]
for oxygen and the works of Laux et al. [56] and Teulet et
al. [57] in the case of the air. CR models are also used for
the study of atmospheric entry problems [58–62] for their
ability to determine particle number densities inside the
non-equilibrium reactive hypersonic plasma flow created
by the shock layer in front of the heat shield during the
entry of a spacecraft into the upper atmosphere. These
kinds of works can be classified according to the com-
position of the studied planetary atmosphere: the Earth
(Ar-O2-N2) [63–65], Mars (Ar-CO2-N2) [65,66] or Titan
(CH4-N2) [67] for example.

Lastly, it should be noted that several authors have
attempted to confront the 3 methods (listed above)
allowing the computation of multi-T plasma composition:

– Gibbs free enthalpy minimization vs kinetic model
[68];

– Gibbs free enthalpy minimization vs 2T law of mass
action [69];

– 2T law of mass action vs kinetic model [70–72].

Unfortunately, these comparisons did not remove the
uncertainties and the controversy on the problem of multi-
T plasma composition calculation.
In our point of view, the best and most accurate tech-

nique to obtain the plasma composition under thermal
nonequilibrium conditions is the CR model. Indeed, com-
pared to the two other techniques, this kind of approach
allows the avoidance of the simplifying assumptions asso-
ciated with the internal excitation modes (electronic,
vibrational and rotational). On the other hand, CR mod-
els are more complex to develop because they require the
implementation of an extended and complete cross sec-
tions or reaction rate coefficients database for all inelastic
collisional processes between the chemical species of the
plasma.
In the present work, a detailed CR model taking into

account a great number of electronic levels of Ar atoms
and Ar+ ions is proposed to determine the composition
of argon plasma in thermal non-equilibrium conditions.
In order to obtain an accurate result, the two following

points corresponding to basic initial assumptions for the
calculation are crucial:

– the dependence of the direct reaction rate coefficients
as a function of temperatures Te and Th;

– the use of accurate detailed balance relations for the
calculation of reverse rate coefficients.

Particular attention is paid to this last point in the
present study. For problematic reactions in the case
of plasmas generated from a monoatomic gas (such as
Ar+Ar→Ar+ +Ar+ e for which there are only heavy
particles involved in the forward process and electrons
and heavy species in the reverse mechanism), accurate
detailed balance relations are obtained in the frame of the
micro-reversibility principle. From this work we will also
demonstrate the non-uniqueness of the multi-temperature
Saha-Eggert equation (that is to say the non-uniqueness
of the multi-T law of mass action).

2 Model

2.1 Energy diagram

Three types of species are considered in this CR model:
Ar atoms, Ar+ ions and electrons. The energy diagram
of argon used in this study is taken directly from the
NIST database [73]. Thus, 379 electronic levels have been
selected for Ar. Concerning Ar+, only the first seven elec-
tronic levels are considered. Thus, all possible transitions
between states until 32.2 eV above the ground state of Ar
can then be taken into account: this is compatible with
the values considered in the present work for the heavy
and electron kinetic temperatures (i.e. Te and Th lower
than 15 000K).
Density effects on the ionization potential of energy

levels are not considered here. The plasma studied can
therefore be assumed as totally ideal.
Each considered electronic level of Ar and Ar+ can

interact through different elementary processes, detailed
in the following section.

2.2 Elementary processes

Heavy particle and electron energy distribution functions
are assumed to be Maxwellian at the temperature Th

and Te, respectively. No assumptions are made on the
electronic storage mode; the CR model is in fact totally
electronically specific. In the following, each rate coef-
ficient is expressed in m3·s−1 and the temperature is
expressed in K.

2.2.1 Radiative processes

Ar and Ar+ can produce radiation by means of sponta-
neous emission processes

Arj
Aji−−→ Ari<j + hν (4)

Ar+n
Anm−−−→ Ar+m<n + hν (5)
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The Einstein coefficientsAji(s
−1) from the NIST database

[73] have been directly used. In total, 423 lines have been
taken into account for argon, and 3 lines for Ar+.

Radiative recombination processes of the type

Ar+m + e−
kRR
m→i(Te)−−−−−−→ Ari + hν (6)

have also been taken into account. The cross-sections due
to Zel’dovich and Raizer [74], assuming a hydrogen-like
behavior for the atom Ar on its excited state i after
recombination, have been used and integrated under the
Maxwell-Boltzmann distribution for the kinetic energy ε
of electrons. The rate coefficient for radiative recombina-
tion is finally given by [64]

kRR
m→i(Te) =

√

8kBTe

πme

32πa20
3
√
3× 1373

(

EH
ion

kBTe

)2

×
(

Em − Ei

Em

)3/2

ξ1(a)× ea (7)

where a0 is the first Bohr radius, EH
ion the ionization

energy of the hydrogen atom. Ei and Em are the energy
of the electronic levels i and m of Ar and Ar+ respec-
tively. a = (Em − Ei) /kBTe and ξp(a) is the exponential
integral of the order p:

ξp(a) =

∫

∞

1

e−ay

yp
dy. (8)

Note: In this work, the Einstein coefficients Aji for spon-
taneous emission and the radiative recombination rate
coefficients kRR

m→i(Te) are multiplied by an escape factor
Λ (dimensionless parameter). This escape factor will be
fixed successively to its two extreme values: Λ = 1 (opti-
cally thin plasma) and Λ = 0 (optically thick plasma) in
order to evaluate the influence of radiative processes on
the plasma composition.

2.2.2 Electron impact

Under electron impact, Ari can be excited or ionized by
the elementary processes

Ari + e−
kexc−−−→ Arj>i + e− (9)

Ari + e−
ki−→ Ar+m + 2e− (10)

and Ar+m can be excited according to the elementary
process

Ar+m + e−
kexc−−−→ Ar+n>m + e−. (11)

Using the Drawin’s cross sections [75], an analytical form
for the rate coefficient has been obtained for each type of

transition:

kAi→j(Te) =

√

8kBTe

πme
4πa20a

2αA

(

EH
ion

Ej − Ei

)2 [

ln

(

5

4
βA

)

×
(

e−a

a
− ξ1(a)

)

+
ξ1(a)

a
−G2(a)

]

(12)

for the excitation of an optically allowed transition,

kPi→j(Te) =

√

8kBTe

πme
4πa20a

2αP

[

e−a

a
− ξ1(a)

]

(13)

for the excitation of a parity forbidden transition,

kSi→j(Te) =

√

8kBTe

πme
4πa20a

2αS [ξ2(a)− ξ4(a)] (14)

for the excitation of a spin forbidden transition,

k+i→m(Te) =

√

8kBTe

πme
4πa20a

2α+

(

EH
ion

Em − Ei

)2[

ln

(

5

4
β+

)

×
(

e−a

a
− ξ1(a)

)

+
ξ1(a)

a
−G2(a)

]

(15)

for an ionization process. The parameters αA,P,S,+and
βA,+ are chosen as mean values resulting from compar-
isons with available experimental cross sections [76].Gp(a)
is the generalized exponential integral of the order p:

Gp(a) =
1

(p− 1)!

∫

∞

1

e−ay

y
[ln(y)]

p−1
dy. (16)

2.2.3 Heavy particle impact

Concerning the electronic excitation and ionization by
heavy particle impact, such as

Ari +

( ∑

Ari
∑

Ar+m

)

kexc−−−→ Arj>i +

( ∑

Ari
∑

Ar+m

)

(17)

Ar+m +

( ∑

Ari
∑

Ar+m

)

kexc−−−→ Ar+n>m +

( ∑

Ari
∑

Ar+m

)

(18)

Ari +

( ∑

Ari
∑

Ar+m

)

ki−→ Ar+m +

( ∑

Ari
∑

Ar+m

)

+ e−. (19)

Once again the cross-sections proposed by Drawin and
Emard [77] have been selected

σA
i→j(ε) = 4πa20

(

EH
ion

Ej − Ei

)2
mAr

mH
ξ2i fij

2me

mAr +me

×

(

ε
Ej−Ei

− 1
)

[

1 +
(

2me

mAr+me

) (

ε
Ej−Ei

− 1
)]2 (20)
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for the excitation of optically allowed transitions,

σ+
i→m(ε) = 4πa20

(

EH
ion

Em − Ei

)2
mAr

mH
ξ2i

2me

mAr +me

×

(

ε
Em−Ei

− 1
)

[

1 +
(

2me

mAr+me

) (

ε
Em−Ei

− 1
)]2 (21)

for ionization.
In equations (20) and (21) mAr and mH are the masses

of argon and hydrogen atoms, ε is the relative kinetic
energy of incident particles, ξi is the number of optical
electrons and fij the absorption oscillator strength, such
as [78]:

fij =
mecε0
2πe2

gj
gi
λ2
jiAji (22)

where c is the speed of light, e is the elementary charge,
ε0 is the vacuum permittivity, λji is the wavelength
corresponding to the transition, and gj and gi are the
degeneracies of the electronic levels j and i.

It should be noted that cross sections σA
i→j(ε) and

σ+
i→m(ε) (respectively for excitation of optically allowed

transitions and for ionization) are very close to one
another (they only differ by the lack of the oscillator
strength fij for ionization). Indeed, a transition to the
continuum (ionization) is considered as optically allowed
since the electron produced by the ionization process is not
bound. Thus, the two calculation formulations proposed
by Drawin and Emard are quasi identical.

The rate coefficients for these processes are obtained by
the integration of the cross-sections with the assumption
of a Maxwellian energy distribution function for heavy
particles:

kA or +
i→j or m(Th) =

√

8kBTh

πµ

∫ +∞

0

ye−yσ(y)dy (23)

where y = ε/kBTh and µ is the reduced mass of the colli-
sion partners. These rate coefficients are then interpolated
under the modified Arrhenius law:

kA or +
i→j or m(Th) = A(i, j or m)T

α(i,j or m)
h

×e−B(i,j or m)/Th . (24)

Note: For heavy particle impact forbidden transitions,
there is no cross section formulation proposed by Drawin
and Emard and, to our knowledge, no form proposed
in the literature. As a consequence, for forbidden tran-
sitions, we have used the same formulation as for allowed
transitions, i.e. relation (20), provided that an oscilla-
tor strength for the considered forbidden transition is
available in the NIST database [73]. Other heavy par-
ticle impact forbidden transitions are not taken into
consideration.

2.2.4 Backward rate coefficients

For the atom/ion excitation, the backward rate coefficient
is directly calculated by the 2T-Boltzmann equilibrium
law:

kForward

kBackward
=

gj
gi

exp

(

−Ej − Ei

kBTh

)

(25)

if the collisional partners are the heavies,

kForward

kBackward
=

gj
gi

exp

(

−Ej − Ei

kBTe

)

(26)

if the collisional partners are the electrons.
Concerning ionization, it is first necessary to consider

carefully the heavy particle impact process (i.e. with only
heavy species in the forward mechanism but heavy par-
ticles and electrons in the reverse mechanism). Indeed,
for this ionization reaction, the detailed balance relation
allowing the calculation of the reverse rate coefficient is
not obvious. This ionization process is expressed below in
its more general form:

A(~vA) + S(~vS)
σI←→
σR

A+(~v+) + e−(~ve) + S(~vS′) (27)

where ~vX are the various speeds of each chemical species
X involved in the collisional process. σI and σR are respec-
tively the cross sections for ionization (direct reaction) and
recombination (reverse mechanism). From these cross sec-
tions, it is possible to calculate the rate coefficients for
ionization kI and recombination kR. This will be done in
the following sections.

2.2.4.1 Rate coefficient for ionization kI

According to Hochstim [79], the ionization rate coefficient
kI for reaction (27) is given by:

kI =

∫

σI(|~vA − ~vS |)d3w+d
3wS′ |~vA − ~vS |

×fA(~vA)fS(~vS)d3vAd3vS (28)

where ~w+ = ~ve − ~v+ and ~wS′ = ~ve − ~vS′ are the rela-
tive velocities between the electron and the ion A+ and
between the electron and the neutral particle S. Under
thermal nonequilibrium conditions (TA 6= TS) and with
the assumption that the velocity distribution functions
fA and fS for chemical species A and S are Maxwellian,
the ionization rate coefficient kI is only dependent on the
kinetic temperatures TA and TS of the collision partners
A and S. Relation (28) is finally rewritten as:

kI =

(

mA

2πkBTA

)3/2 (
mS

2πkBTS

)3/2

×
∫

σI(|~vA − ~vS |)d3w+d
3wS′ |~vA − ~vS |

× exp

(

−mAv
2
A

2kBTA

)

exp

(

− mSv
2
S

2kBTS

)

d3vAd
3vS (29)
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where mA and mS are the masses of species A and S.
Let us assume that qA = mA/TA and qS = mS/TS , and

that the relative velocity between the collision partners A
and S is ~w = ~vA − ~vS . Let us now introduce a fictitious
velocity:

~WAS =
qA~vA + qS~vS

qA + qS
. (30)

It is then possible to write:

mAv
2
A

TA
+

mSv
2
S

TS
= qAv

2
A + qSv

2
S

= θASW
2
AS +

qAqS
qA + qS

w2 (31)

with θAS = qA + qS .
The introduction of equation (31) in relation (29) gives:

kI =

(

mA

2πkBTA

)3/2 (
mS

2πkBTS

)3/2

×
∫

σI(w)d
3w+d

3wS′w exp

(

−θASw
2
AS

2kB

)

× exp

(

− qAqS
qA + qS

w2/2kB

)

d3vAd
3vS . (32)

A variable change is thus realized: (~vA, ~vS) → ( ~WAS , ~w).
This variable change is unitary (its Jacobian module is
equal to 1). Thus d3vAd

3vS = d3WASd
3w and equation

(32) becomes:

kI =

(

mA

2πkBTA

)3/2 (
mS

2πkBTS

)3/2

×
∫

exp

(

−θASw
2
AS

2kB

)

d3WAS

×
∫

σI(w)d
3w+d

3wS′w

× exp

(

− qAqS
qA + qS

w2/2kB

)

d3w. (33)

Integration over WAS leads to:

∫

exp

(

−θASw
2
AS

2kB

)

d3WAS ≡ 4π

∫

∞

0

W 2
AS

× exp

(

−θASw
2
AS

2kB

)

dWAS

=

(

2πkB
θAS

)3/2

. (34)

The introduction of relation (34) in equation (33) gives
the final expression of the ionization rate coefficient:

kI =

(

mAmS

2πkBTATSθAS

)3/2 ∫

σI(w)d
3w+d

3wS′w

× exp

(

− qAqS
qA + qS

w2/2kB

)

d3w. (35)

2.2.4.2 Rate coefficient for recombination kR

The definition of the recombination rate coefficient kR for
reaction (27) is:

kR =

∫

σR(~ve − ~v+,~ve − ~vS′)d3w|~ve − ~v+||~ve − ~vS′ |

×f+(~v+)fe(~ve)fS′(~vS′)d3v+d
3ved

3vS′ . (36)

The energy distribution functions f+, fe and fS′ of
the chemical species A+, e− and S are assumed to be
Maxwellian. The reaction rate kR is thus only dependent
on the kinetic temperatures T+, Te and TS′ of the three
collision partners. In a similar way to the case of ion-
ization, if it is assumed that q+ = m+/T+, qe = me/Te,
qS′ = mS/TS′ and θ+eS′ = q++ qe+ qS′ , and the fictitious

velocity ~W+eS′ is introduced:

~W+eS′ =
q+~v+ + qe~ve + qS′~vS′

q+ + qe + qS′

. (37)

It is then possible to write:

m+v
2
+

T+
+

mev
2
e

Te
+

mS′v2S′

TS′

= q+v
2
+ + qev

2
e + qS′v2S′

= θ+eS′W 2
+eS′

+
q+qS′(~w+ − ~wS′)2 + qe(q+w

2
+ + qS′w2

S′)

q+ + qe + qS′

(38)

As qe ≪ q+ and qe ≪ qS′ (because of the respective
masses of the collision partners e, A+ and S), it is possible
to simplify equation (38):

m+v
2
+

T+
+

mev
2
e

Te
+

mS′v2S′

TS′

= q+v
2
+ + qev

2
e + qS′v2S′

= θ+eS′W 2
+eS′

+
q+(qS′ + qe)w

2
+ + qS′(q+ + qe)w

2
S′ − 2q+qS′ ~w+ ~wS′

q+ + qe + qS′

∼= θ+eS′W 2
+eS′ +

q+qS′w2
+ + qS′q+w

2
S′ − 2q+qS′ ~w+ ~wS′

q+ + qS′

∼= θ+eS′W 2
+eS′ +

q+qS′(~w+ − ~wS′)2

q+ + qS′

(39)
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kI
kR

=

(

mAmS

2πkBTATSθAS

(2πkB)
2T+TeTS′θ+eS′

m+memS′

)3/2

×
∫

σI(w)d
3w+d

3wS′w exp
(

− qAqS
qA+qS

w2/2kB

)

d3w

∫

σR(~w+, ~wS′)d3w · w+wS′ exp
(

− q+qS′ (~w+−~wS′ )2

q++qS′

/2kB

)

d3w+d3wS′

(42)

The change of variable (~v+, ~ve, ~vS′)→ ( ~W+eS′ , ~w+, ~wS′)
is also unitary, leading to d3v+d

3ved
3vS′ = d3W+eS′d3w+

d3wS′ . The recombination rate coefficient kR given by
equation (36) can be rewritten as:

kR =

(

m+memS′

(2πkB)3T+TeTS′

)3/2 ∫

σR(~w+, ~wS′)d3w · w+wS′

× exp

(

−θ+eS′W 2
+eS′

2kB

)

× exp

(

−q+qS′(~w+ − ~wS′)2

q+ + qS′

/2kB

)

×d3W+eS′d3w+d
3wS′ . (40)

Integration over W+eS′ (as in equation (34) leads to the
final expression of the recombination rate coefficient kR:

kR =

(

m+memS′

(2πkB)2T+TeTS′θ+eS′

)3/2

×
∫

σR(~w+, ~wS′)d3w · w+wS′

× exp

(

−q+qS′(~w+ − ~wS′)2

q+ + qS′

/2kB

)

×d3w+d
3wS′ . (41)

Note: As expected, this is the slowest process i.e. the
interaction between heavy species A+ and S (~w+− ~wS′ =
~vS′ − ~v+) which is controlling the recombination reaction
rate as shown by relation (41).

2.2.4.3 Calculation of the ratio kI/kR

From equations (35) and (41), it is possible to deduce the
ratio kI/kR:

See equation (42) above.

With the introduction of the fundamental principle of
energy conservation in the frame of the center of mass
system of the collision partners involved in reaction (27):

EAS =
1

2
mA(~vA − ~vCM )2 +

1

2
mS(~vS − ~vCM )2

EAS =
1

2

mAmS

mA +mS
w2

EAS =
1

2
me(~ve − ~vCM )2 +

1

2
m+(~v+ − ~vCM )2

+
1

2
mS′(~vS′ − ~vCM )2 + Eion

EAS =
1

2

m+mS′

m+ +mS′

(~w+ − ~wS′)2 + Eion

With the assumption me ≪ m+ and me ≪ mS′

EAS = E+eS′ + Eion (43)

where Eion is the ionization energy of species A and ~vCM

is the velocity of the center of mass given by:

~vCM =
mA~vA +mS~vS

mA +mS
=

m+~v+ +me~ve +mS′~vS′

m+ +me +mS′

.

(44)
In order to simplify the calculation, it will now be con-
sidered that all the heavy chemical species have the same
kinetic temperature: TA = TS = T+ = TS′ = Th. More-
over, as qe ≪ q+ and qe ≪ qS′ , we have θ+eS′ = θAS and
the two following relations can be written:

qAqS
qA + qS

=
mAmS

mA +mS

1

Th
= 2

EAS

w2

1

Th

= 2
E+eS′ + Eion

w2

1

Th
(45)

q+qS′

q+ + qS′

=
m+mS′

m+ +mS′

1

Th
= 2

E+eS′

(~w+ − ~wS′)2
1

Th
. (46)

From equations (45) and (46), the ratio (42) is rewritten
as:

See equation (47) next page.

Considering the ratio of the integrals in equation (47):

R =

∫

σI(w)d
3w+d

3wS′w exp
(

−E+eS′

kBTh

)

d3w

∫

σR(~w+, ~wS′)d3w · w+wS′ exp
(

−E+eS′

kBTh

)

d3w+d3wS′

.

(48)
To simplify this last equation, the fundamental principle
of micro-reversibity is introduced. According to Oxenius
[80], it is possible to write:

σI(w) · w = σR(~w+, ~wS′) · w+wS′

geg+
gA

(me

h

)3

(49)
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kI
kR

=

(

2πkBTe

me

)3/2 exp
(

− Eion

kBTh

)

∫

σI(w)d
3w+d

3wS′w exp
(

−E+eS′

kBTh

)

d3w

∫

σR(~w+, ~wS′)d3w · w+wS′ exp
(

−E+eS′

kBTh

)

d3w+d3wS′

(47)

where g+ and gA are the degeneracies of the electronic
levels of the ion A+ and the neutral particle A (ge = 2 for
electrons). As a consequence:

σI(w) · w · d3w+d
3wS′ exp

(

−E+eS′

kBTh

)

d3w

= σR(~w+, ~wS′) · w+wS′

geg+
gA

(me

h

)3

d3w+d
3wS′

· exp
(

−E+eS′

kBTh

)

d3w. (50)

The ratio R given by relation (48) finally reduces to:

R =
geg+
gA

(me

h

)3

. (51)

It can be noted that R is not dependent on tempera-
ture. The ultimate expression of the ratio of ionization
and recombination reaction rate coefficients, i.e. equation
(47), is given by:

kI
kR

=
geg+
gA

(

2πmekBTe

h2

)3/2

exp

(

− Eion

kBTh

)

. (52)

As the ionization rate coefficient kI is only dependent on
Th, it has been demonstrated that the reverse recombina-
tion rate kR depends on the two temperatures Te and Th

according to the detailed balance relation (52).
Important note: The detailed balance relation (52) for

reaction (27) agrees with the work of Collins [81]. Indeed,
this author has established the same detailed balance
relation for ionization/recombination in the case of low
temperature plasmas (T < 5000K, i.e. in the case where
ionization is dominated by the heavy particle impact pro-
cess) on the basis of the experimental work of Bates and
Khare [82].

If the same work is done on the direct and reverse
rate coefficients kI and kR for the other ionization pro-
cess (i.e. by electron impact: A + e− ↔ A+ + e− + e−)
occurring in the plasma, the following detailed balance
relation, only dependent on the electron temperature, is
clearly obtained:

kI
kR

=
geg+
gA

(

2πmekBTe

h2

)3/2

exp

(

− Eion

kBTe

)

. (53)

Relations (52) and (53) are two Saha-like equations and
they do not depend on the same temperatures. This
result demonstrates the non-uniqueness of the Saha-
Eggert equation in the case of multi-temperature plasmas
(and consequently the non-uniqueness of the law of mass
action as the Saha law is only a particular case of the

law of mass action). In thermal nonequilibrium conditions,
there are non-identical expressions of the multi-T Saha law
depending on the considered ionization process. Thus it is
not possible to describe rigorously multi-T plasmas with
a unique expression of a multi-T law of mass action.
This non-uniqueness of the 2T-Saha law was already

supported by Giordano and Capitelli [50] on the basis of
thermodynamic considerations (second law of thermody-
namics and axiomatic thermodynamics).

2.3 Composition calculation procedure

In this part, the procedure used to determine the Ar,
Ar+ and e− mixture composition in thermal nonequilib-
rium conditions (Th 6= Te) is presented. This composition
is calculated at steady state obtained after the temporal
relaxation of the mixture using a CR model.

Step 1. Initial thermodynamic conditions

The pressure P , the heavy particle temperature Th and
the electron temperature Te are chosen. Then the Ar total
density nAr, and the electron density ne (equal to the Ar+

total density due to the electroneutrality, i.e. ne = nAr+)
are driven by the pressure conservation equation

P = (nAr + nAr+) kBTh + nekBTe. (54)

The role of the following steps is to determine the densities
involved in the latter equation at steady state.

Step 2. Nonsteady-state initial composition

The composition is initially chosen so that a steady state
cannot be obtained with this composition under the values
chosen for Th, Te and P . Typically, if ne < nSS

e (super-
script SS means steady-state) the mixture will ionize and
if ne > nSS

e , the mixture will recombine.
Note that the distributions of the excited states of

Ar and Ar+ are initially chosen in order that they fol-
low a Boltzmann distribution at an arbitrary excitation
temperature Tex.

Step 3. Time evolution of the mixture

Since each forward elementary process is not rigorously
counterbalanced by the corresponding backward elemen-
tary process, owing to the chosen initial composition
and the thermal nonequilibrium conditions, the mixture
evolves. Its composition tends toward a steady compo-
sition different from that initially chosen. The resulting
evolution is driven by the different rate coefficients pre-
sented in the above sections. They lead to non-zero CR
terms in the balance equation of the number of each atom
or ion Ari or Ar+i contained in a volume V (t). This volume
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(55)

evolves in time in order to keep the pressure P con-
stant along the calculation since the mixture can ionize
or recombine.

Due to the total number of species and electronic states
considered in the CR model, the set of balance equations
can be written as the following system of 387 nonlinear
coupled ordinary differential equations:

See equation (55) above.

In the system of equation (55), e−, Ari, Ar
+
m represent the

number of electrons, the number of atoms in level i and

the number of ions in state m respectively.

[

•

Xi

]

C

are the

source terms of each electronic level i due to collisional
processes. These source terms depend on the forward and
backward rate coefficients for excitation and ionization
reactions (presented in Sects. 2.2.2 and 2.2.3) and on the
atomic [Ari] = Ari/V (t), ionic [Ar+i ] = Ar+i /V (t) and
electron [e−] = e−/V (t) population number densities. The

other source terms

[

•

Xi

]

R

are associated with radiative

processes. They also depend on the population number
densities, and on the Einstein coefficients and the radiative
recombination rate coefficients (cf. Sect. 2.2.1).
The DVODE library [83] especially dedicated to

stiff problems is implemented to solve the system of
equation (55).

Step 4. Steady state

The steady state is finally obtained after a relaxation time
that depends on the values of P , Th and Te initially chosen.

3 Results and discussion

As stated in Section 2.3 (step 2), two kinds of non-steady
state initial densities are assumed:

– An initial unsteady composition with ne < nSS
e for

each considered value of Te, Th and P . During
the relaxation time, the mixture evolves with an
increase of the electron number density (i.e. the mix-
ture ionizes) to finally reach a steady state. Results
obtained with this computation procedure are called
“ionization” results in the continuation of this paper.

– An initial unsteady composition with ne > nSS
e .

In this case, the mixture recombines (decrease
of the electron number density as the mixture
evolves). Thus, these results are called “recombina-
tion” results in the rest of this work.

When the steady-state is reached, the total popula-
tion number densities of Ar and Ar+ are simply obtained
with the sum of the population number densities of the
electronic levels:

nAr =

imax
∑

i

nAr(i) (56)

n+
Ar =

mmax
∑

m

n+
Ar(m). (57)

For an optically thick plasma (Λ = 0), i.e. radiative
processes removed from the system of equation (55), the
results obtained with the ionization and recombination
procedures are presented in Figures 1 and 2 for two non-
thermal equilibrium conditions, θ = Te/Th = 2 and θ = 5
respectively. For a better visualization of the influence of
the ratio θ, these results are also given in Figures 3 and 4
for ionization and recombination respectively, with the
two values of θ (2 and 5) in each case.
From these results (Figs. 1–4) the following points

should be emphasized:

1. Abrupt transitions in the population number densi-
ties of electrons and Ar+ are clearly observable in all
cases.
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Fig. 1. Argon plasma composition (θ = 2, optically thick).

Fig. 2. Argon plasma composition (θ = 5, optically thick).

2. For a given value of the ratio θ, these sharp transi-
tions do not occur at the same electron temperature
for ionization and recombination results (cf. Figs. 1
and 2), leading to the formation of a “hysteresis”.
These severe transitions happen at:
– Te = 4200K for θ = 2, ionization case
– Te = 4050K for θ = 2, recombination case
– Te = 4650K for θ = 5, ionization case
– Te = 4150K for θ = 5, recombination case.

From point 2 above (i.e. transitions for ionization and
recombination at different electron temperatures for a
given value of θ), it is evident that there is not a single
solution for the 2T plasma composition in the temperature
range corresponding to the hysteresis. Indeed, population
densities of electrons and ions are different in this temper-
ature interval in the case of the ionization procedure and
for the recombination case.

The temperature range corresponding to abrupt
population number density modifications (i.e. the hys-
teresis area: 4050K<Te < 4200K for θ = 2 and
4150K<Te < 4650K for θ = 5) corresponds to the

Fig. 3. Argon plasma composition (optically thick, ionization
case).

Fig. 4. Argon plasma composition (optically thick, recombi-
nation case).

transition between the domination of the heavy par-
ticle reactions (at low temperature) and the predomi-
nance of the electron collisions (at high temperature).
In this temperature region, there is strong competition
between the two ionization/recombination processes for
creation/disappearance of electrons and ions:

Ari + e−−→Ar+m + 2e− (58)

Ari +

(∑

Ari
∑

Ar+m

)

−→Ar+m +

(∑

Ari
∑

Ar+m

)

+ e−. (59)

To confirm this last assertion, the results found for the ion-
ization and recombination procedures for the complete CR
model (optically thick case, θ = 2, electronic and heavy
particle collisions taken into account) are compared in
Figure 5 with those obtained with a CR model consid-
ering only electronic collisions in the system of equation
(55)). At high temperature (Te > 4200K), the results
obtained by the two CR models are identical because

10



Fig. 5. Argon plasma composition: influence of electron and
heavy particle collisions.

Fig. 6. Argon plasma composition: comparison between opti-
cally thick and thin cases.

electron collisions are dominant. On the other hand, at
low temperature (Te < 4200K), the two series of results
diverge because heavy particle reactions prevail when
these processes are taken into account.

All the results presented in Figures 1–5 are obtained in
an optically thick case (Λ = 0). To evaluate the influence
of radiative processes, a comparison is made in Figure 6
between an optically thick argon plasma (Λ = 0, θ = 2)
and an optically thin case (Λ = 1, i.e. radiative processes
introduced in the system of equation (55)). It should
be noted that in the optically thin case, the ionization
and recombination procedures lead to the same results
whatever the temperature (no hysteresis formation).
Thus only one result is presented in Figure 5 for the
optically thin case.
In the optically thin case, electrons and Ar+ ions are

clearly underpopulated compared to the optically thick
plasma. At the same time, neutral argon atoms are slightly
overpopulated but this effect is not visible in Figure 6
because of the logarithmic scale chosen on the ordinate.

Fig. 7. Temporal evolution of some particular levels of Ar and
Ar+.

The underpopulation of electrons and ions in the opti-
cally thin case is associated with the radiative recombina-
tion process:

Ar+m + e−−→Ari + hν. (60)

This reaction is very efficient and it leads to a decrease
of the population number density of charged particles in
the plasma. However, it should be noted that the calcula-
tion performed in the optically thin case is realized with
an escape factor Λ = 1 for all radiative processes. This
means that all radiations escape from the plasma. This
assumption is obviously not realistic. Indeed, the plasma
is only partially optically thin but it is very difficult to
fix an accurate value of the escape factor for each radia-
tive process. As a consequence, the comparison in Figure 6
between the optically thick and optically thin cases gives
the two extreme values of the possible compositions.
Finally, while this work is mainly devoted to the cal-

culation of the steady state 2T plasma composition, it is
also interesting to examine the temporal evolution of the
population number densities of some particular levels or
species during the convergence process.
The temporal profiles of the population number densi-

ties for the fundamental state of Ar, the first four excited
levels (resonant levels) of Ar, the four highest excited lev-
els of Ar, the fundamental state of Ar+ and the two first
excited levels of Ar+ are presented in Figure 7. The char-
acteristics of these levels (configurations and energies) are
summarized in Table 1. The population number density of
electrons is also given in Figure 7. The results presented
in this figure correspond to a recombination case with an
optically thick plasma with P = 1bar, Te = 10 000K and
θ = 2.
The first observable result in Figure 7 is that popula-

tion number densities corresponding to the steady state
plasma composition are obtained for times higher than
10µs. Another interesting result is the formation of a
quasi-steady-state (QSS) for all levels (except for the fun-
damental state of Ar) and electrons between 10−12 and
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Table 1. Energies and configurations for some levels of Ar and Ar+ [73].

Species Configuration Term Quantum number J Energy (eV)

Ar 3s23p6 1S 0 0.0
Ar 3s23p5(2P◦

3/2)4s
2[3/2] 2 11.54835433

Ar 3s23p5(2P◦

3/2)4s
2[3/2] 1 11.62359262

Ar 3s23p5(2P◦

1/2)4s
2[1/2] 0 11.72316029

Ar 3s23p5(2P◦

1/2)4s
2[1/2] 1 11.82807106

Ar 3s23p5(2P◦

3/2)55d
2[3/2] 1 15.75509

Ar 3s23p5(2P◦

3/2)56d
2[3/2] 1 15.75528

Ar 3s23p5(2P◦

3/2)57d
2[3/2] 1 15.75544

Ar 3s23p5(2P◦

3/2)58d
2[3/2] 1 15.75558

Ar+ 3s23p5 2P◦ 3/2 0.0
Ar+ 3s23p5 2P◦ 1/2 0.17749368
Ar+ 3s3p6 2S 1/2 13.4797525

10−7 s. This kind of QSS behavior for population number
densities of argon excited levels has already been observed
by Bultel et al. [76]. As a consequence, in the present
work, it is necessary to impose a relaxation time long
enough to overtake the QSS composition in order to reach
the real final steady-state (i.e. the steady-state 2T plasma
composition).

4 Conclusion

A CR model has been developed to determine the com-
position of argon plasma in non-thermal equilibrium
conditions. This CR model takes into account a large
number of atomic levels of neutral argon (the 379 lev-
els available in the NIST database [73]) and the first 7
states of Ar+ ion up to 32.2 eV above the ground state
of Ar. This selection of electronic levels for Ar and Ar+

is coherent with the study of the plasma composition for
temperatures Te and Th lower than 15 000K.

The 2T plasma composition is obtained from the resolu-
tion of a non-linear system of equations constituted of 387
conservation equations (i.e. a balance equation for each
considered electronic level and for electrons). This system
of equations is dependent on the forward and backward
reaction rate coefficients of inelastic collisions occurring
in the plasma (excitation and ionization through elec-
tron and heavy particle impact in the present work). The
system of equations also includes radiative mechanisms
(spontaneous emission and radiative recombination) in the
optically thin case.

Particular attention is paid in the present work to the
formulation of accurate detailed balance relations allow-
ing the computation of reverse reaction rate coefficients.
Indeed, in the case of monoatomic plasmas (argon in the
present case), the ionization phenomenon is controlled by
two processes in competition with each other:

Ar + e− −→ Ar+ + 2e− (61)

Ar + Ar −→ Ar+ +Ar + e−. (62)

There is no problem with the first mechanism as electrons
are present on both sides. The second one is more prob-
lematic since there are only heavy particles in the forward

direction, but electron and heavies in the reverse path.
The balance relations calculated accurately in the present
work (applying the micro-reversibility principle [79,80])
are different for the two processes. Indeed, these are two
Saha-like equations but they do not depend on the same
temperatures: only Te for reaction (61) but Te and Th

for process (62). This result confirms the non-uniqueness
of the Saha-Eggert equation (ionization equilibrium) in
the case of multi-temperature plasmas (and consequently
the non-uniqueness of the law of mass action). As a
consequence, in thermal nonequilibrium conditions, it is
impossible to describe rigorously multi-T plasmas with a
unique expression of a multi-T law of mass action. All
these considerations concerning the detailed balance rela-
tions are taken into account in the CR model for the
calculation of backward reaction rate coefficients.
The 2T compositions obtained in the optically thick

case from the CR model exhibit abrupt modifications in
the population number densities of electrons and Ar+ ions.
These sharp transitions are associated with the switch
between the domination of the heavy particle reactions
(at low temperature) and the predominance of the elec-
tron collisions (at high temperature). It is interesting to
note that these abrupt transitions occur at different elec-
tron temperatures if the initial conditions of the CR model
are set to values corresponding to ionization or recombina-
tion of the mixture. The consequence is the formation of
a hysteresis-like area in the temperature range related to
the sharp population number density changes. This result
demonstrates the non-unicity of the solution for the 2T
plasma composition in the temperature interval of the
hysteresis-like zone. Indeed, population densities of elec-
trons and ions are different in this temperature range in
the case of ionization and recombination.
The introduction of the radiative processes in the CR

model (optically thin case) has a significant effect on
the population number densities of electrons and ions.
These species are underpopulated when radiations are
considered (mainly because of radiative recombination).
In the present work, the calculation of all direct reac-

tion rate coefficients for excitation and ionization pro-
cesses is performed with the well-known and widely used
Drawin theory [75,77]. However, there are other available
formulations in the literature allowing the determination
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of atomic excitation and ionization rate coefficients. One
can mention for example the works of Goldstein [84] for
ionization, Giannaris and Incropera [85] and Van Rege-
morter [86] for excitation of optically allowed transitions,
and Mansback and Keck [87] for forbidden transitions. In
a forthcoming paper, these various theoretical approaches
for reaction rate coefficient calculations will be used
instead of the Drawin theory, in order to evaluate the influ-
ence of these different formulations on the 2T composition
of monoatomic plasmas.

To continue the present work, it is also planned to use
electronically and vibrationally specific CR models [64]
to obtain accurate multi-temperature plasma composi-
tions for molecular gases (such as O2, N2 and air). For
this purpose, it will be necessary to study carefully some
problematic chemical reactions involving molecules and
molecular ions, with electrons and heavy particles on one
side but only heavies on the other, such as:

Dissociative recombination: X+
2 + e−↔X +X (63)

Dissociative attachment: X2 + e−↔X− +X. (64)

For these complex collisional processes, it will be neces-
sary to attempt to establish detailed balance relations,
or at least to define accurate calculation rules for the
determination of backward rate coefficients.

Lastly, in future works, the 2T argon plasma com-
positions obtained in the present study will be used to
calculate:

– first the associated thermodynamic properties
(enthalpies and specific heat of electrons and heavy
species);

– then the transport coefficients: viscosity, electrical
conductivity and the various contributions (transla-
tion, internal and reaction) to thermal conductivities
related to electrons and heavy particles;

– finally, the radiative properties such as the net
emission coefficient [88–90] and mean absorption
coefficients [91].
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40. P. André, IEEE Trans. Plasma Sci. 23, 453 (1995)
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