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The effects of non-equilibrium in a quasi-one-dimensional nozzle flow are investigated by means

of a collisional-radiative model. The gas undergoing the expansion is an air plasma and consists of

atoms, molecules, and free electrons. In the present analysis, the electronic excited states of atomic

and molecular species are treated as separate pseudo-species. Rotational and vibrational energy

modes are assumed to be populated according to Boltzmann distributions. The coupling between

radiation and gas dynamics is accounted for, in simplified manner, by using escape factors. The

flow governing equations for the steady quasi-one-dimensional flow are written in conservative

form and discretized in space by means of a finite volume method. Steady-state solutions are

obtained by using a fully implicit time integration scheme. The analysis of the evolution of the

electronic distribution functions reveals a substantial over-population of the high-lying excited

levels of atoms and molecules in correspondence of the nozzle exit. The influence of optical

thickness is also studied. The results clearly demonstrate that the radiative transitions, within the

optically thin approximation, drastically reduce the over-population of high-lying electronic levels.

VC 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4810787]

I. INTRODUCTION

Converging-diverging nozzles constitute a fundamental

component of high enthalpy facilities.1 Their role is to allow

for the expansion of high temperature gases in order to re-

create flow environments as close as possible to the condi-

tions encountered by space vehicles during a planetary entry.

When the gas expands, its thermal energy is converted

into macroscopic kinetic energy leading to an increase in ve-

locity and a decrease in density, pressure, and temperature.

Simultaneous recombination of ions, electrons and neutral

atoms also occurs. The thermo-chemical state of the gas at

the nozzle outlet can have an important impact on the experi-

mental investigation and in some cases can lead to the erro-

neous duplication of the in-flight environment. For example,

the shock stand-off distance and pressure distribution over

the model to be tested are strongly influenced by the compo-

sition and extent of excitation of the internal energy modes

in the test gas. Thus, the correct estimation of the flow condi-

tions is of paramount importance for a correct interpretation

of the experimental results and their extrapolation to in-flight

conditions. This task is complicated by the non-equilibrium

effects occurring when the time-scales of collisional proc-

esses become comparable to the macroscopic time-scales of

the flow. In nozzles, these conditions are met in the throat

region, where the gas expansion becomes significant.2 As a

consequence, the velocity, temperature, and recombination

rates are reduced, if compared to an equilibrium expansion.

Moreover, populations of species internal degrees of free-

dom can experience departures from a Boltzmann distribu-

tion. A precise estimation of nozzle outlet conditions can be

achieved by means of an accurate modeling of gas phase col-

lisional and radiative processes. Concentration of the gas

species and distribution of their internal energy level popula-

tions can be estimated by means of either multi-temperature

models or collisional-radiative (CR) models.

Multi-temperature models3 were proposed as a simple

approach to overcome all difficulties related to the modeling

of non-equilibrium flows. They are constructed by prescrib-

ing distinct temperatures for the various internal energy

modes, assumed to be populated according to Boltzmann dis-

tributions. Multi-temperature models are valid only in case

of small departures from equilibrium.4 However, they are

widely used outside of their range of validity because of the

lack of more accurate physical models, the simplicity of their

implementation, and their manageable computational cost.

Collisional-Radiative models5–11 treat each energy level

as a separate pseudo-species. This approach provides more

flexibility and accuracy, since it allows for the distribution of

the internal energy levels to depart from the equilibrium.

However, they require the knowledge of a large number of

transition probabilities and elementary reaction rate coeffi-

cients to model the kinetic and radiative interactions among

each internal energy level. Also, the number of equations to

be solved rapidly increases with the number of internal

energy levels explicitly included in the kinetic model.
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Applications of collisional-radiative models to 2D problems

have become feasible only recently.12–15

This paper focuses on the application of an electronically

specific CR model for ionized air5,6,10 to non-equilibrium

expanding nozzle flows. The CRmodel in use has been already

validated, for the case of compressing flows behind normal

shock waves, by means of comparison with spectroscopic

measurements performed in the EAST (Electric-Arc-Shock-

Tube) facility of NASA Ames Research Center.16 The main

objective of this investigation consists in the analysis of the dy-

namics of the electronic levels of atoms and molecules.

Computations are performed for the steady flow within a real-

istic nozzle geometry, such as the one of the minitorch facility

at the von Karman Institute (VKI). The flow inside the nozzle

is considered inviscid and quasi-one-dimensional. These sim-

plifying assumptions, while allowing for the main characteris-

tics of the expansion to be retained, make the computations

significantly cheaper, thus, allowing for the use of more accu-

rate physical models.

The manuscript is arranged as follows: Sec. II describes

the physical model. The quasi-one-dimensional nozzle flow

governing equations are given in Sec. III, while the numeri-

cal method is outlined in Sec. IV. Computational results are

presented and discussed in Sec. V. Conclusions are given in

Sec. VI.

II. PHYSICAL MODELING

A. General considerations and assumptions

The accurate description of an air plasma flow by

means of a fully consistent CR model would require the

explicit treatment of each internal energy level of the gas

species (each individual electronic and rovibronic level for

atoms and molecules, respectively) as a separate pseudo-

species. Possible deviations of the free electron velocity

distribution function from a local Maxwellian should also

be taken into account.9 In addition, the mutual influence

between the radiation field and the gas-dynamics should

be consistently described through a coupled solution of the

radiative transfer and the flow governing equations.17 The

latter represents a formidable computational task. It is for

this reason that simplifying assumptions, concerning the

kinetic and thermodynamic description of the plasma, are

introduced:

1. The translational and rotational (for molecules only)

degrees of freedom of heavy-particles are supposed to be

in equilibrium at a common temperature T.

2. The velocity distribution function of the free electrons is

supposed to be locally Maxwellian at its own temperature

Te. In general, in non-equilibrium flows, Te is different

from the translational temperature of heavy-particles T

because of the inefficient energy exchange process caused

by the great mass disparity between free electrons and

heavy-particles.

3. The presence of thermal non-equilibrium between transla-

tion of heavy-particles and electrons and vibration of mol-

ecules is described by means of a multi-temperature

approach. This means that vibrational levels of a generic

molecule m are supposed to be populated according to a

Boltzmann distribution at the temperature Tv
m (in general,

different from T and Te). The present assumption holds, in

general, for the vibrational levels lying close to the

ground state, while it gives a less accurate description for

high-lying vibrational levels.9,18

4. The electronic levels of heavy-particles are treated as sep-

arate pseudo-species in order to account for the presence

of possible non-Boltzmann distributions. In absence of ki-

netic data for transitions involving the electronic levels of

a given chemical component, its electronic levels are sup-

posed to be populated according to a Boltzmann distribu-

tion at the temperature Te (i.e., in thermal equilibrium

with free electrons).

5. The coupling between the radiation field and the gas-

dynamics is realized by means of escape factors associ-

ated to radiative transitions.

To facilitate the discussion, the following definitions are

introduced:

1. S indicates the set of the species included in the mixture.

2. SH indicates the heavy-particle species subset.

3. The subset of electronic energy levels assumed in equilib-

rium with free electrons is indicated with the SB
H symbol

(where B stands for Boltzmann).

4. The subset of electronic energy levels treated as separate

pseudo-species is indicated with the symbol SNB
H (where

NB stands for non Boltzmann).

5. The subset of molecular species is indicated with SM.

6. The set of collisional and radiative processes accounted

for SCR.

Clearly, the subsets SH; S
B
H, and SNB

H satisfy the relation

SH ¼ SNB
H [ SB

H.

B. Air mixture

The electronically specific CR model5 for ionized air

used in this work accounts for the following neutral and

charged species:

• Neutral species: Nð1� 46Þ; Oð1� 40Þ; N2ð1� 4Þ;
NOð1� 5Þ, and O2ð1� 5Þ.

• Charged species: e�; Nþ; Oþ; Nþ
2 ð1� 4Þ; NOþð1� 5Þ,

and Oþ
2 ð1� 4Þ,

where the parentheses are used to identify the electronic lev-

els of a particular chemical component (such as N2) treated

as separate pseudo-species. Thus, according to the definitions

introduced in Sec. II A,

S ¼ fe�g [ SH; (1)

SH ¼ SB
H [ SNB

H ; (2)

SB
H ¼ fNþ;Oþg; (3)

SNB
H ¼ fNð1� 46Þ;Oð1� 40Þg [ SM; (4)

SM ¼fN2ð1� 4Þ;NOð1� 5Þ;O2ð1� 5Þ;Nþ
2 ð1� 4Þ

NOþð1� 5Þ;Oþ
2 ð1� 4Þg: (5)
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The coupling of the atom and molecule electronic

energy levels through the different elementary processes

considered in Sec. II C allows for an explicit determination

of their excitation and the radiative signature of the plasma

to be obtained without the use of any a priori assumption on

their populations.

Although negative ions can be formed (e.g., O� and

O�
2 ), their contribution to the kinetics can be considered neg-

ligible, as a result of their low concentration in the nozzle

and in the reservoir.

Tables I and II give the spectroscopic notation for the elec-

tronic levels of the molecules considered in this work. The spec-

troscopic notation is introduced for later convenience. The value

of energies and degeneracies of the electronic levels of atoms

(N and O) and molecules (N2; NO; O2; N
þ
2 ; NO

þ and Oþ
2 ) is

given in the previous publications.5,6,10

C. Collisional and radiative processes

In this section, the collisional and radiative processes

considered in the present work are briefly discussed. The

interested reader can find more detailed information in the

references included in the discussion.

1. Atomic elementary processes

The kinetic mechanism comprises:

1. Excitation by electron impact.

2. Ionization by electron impact.

The N and O atoms are efficiently excited and ionized

by electron impact reactions. Due to their small mass, free

electrons very easily change occupation of the attached elec-

trons of atoms. Several models exist for the related cross sec-

tions and rate coefficients. For excitation and ionization of

the first three states of N and O, we have used the rate coeffi-

cients reported by Bultel et al.5 For excitation and ionization

of the higher electronic states, the cross sections proposed by

Drawin19 have been adopted. In view of the hypothesis made

in Sec. II A on the velocity distribution function of free

electrons, the rate coefficients can be expressed under an an-

alytical form obtained by integrating the cross sections over

a Maxwellian distribution function at the free electron tem-

perature Te. For an electronic transition from the level i to

the level j (with Ej > Ei), the excitation rate coefficient kexi!j

is a function of the angular quantum numbers li and lj of the

levels involved. Two different cases must be distinguished:

• Optically allowed transition (li 6¼ lj)

kexi!j ¼ 4pvea
2
0a

EH

kBTe

� �2

I1
Ej � Ei

kBTe

� �

; (6)

with i; j 2 SNB
H (it is obvious that the indices i, j can refer

to the electronic levels of only one atom between N and

O). In Eq. (6), the quantity ve ¼ ðð8kBTeÞ=ðpmeÞÞ
1=2

is the

free electron thermal speed (with kB and me being, respec-

tively, the Boltzmann constant and the free electron

mass), a0 ¼ 0:529� 10�10 m is the first Bohr radius,

EH ¼ 13:6 eV is the ionization energy of the hydrogen

atom, a ¼ 0:05 and I1 is a function defined as

I1ðxÞ ¼ 0:63255 x�1:6454 expð�xÞ.
• Optically forbidden transition (li ¼ lj)

kexi!j ¼ 4pvea
2
0a

Ej � Ei

kBTe

� �2

I2
Ej � Ei

kBTe

� �

; (7)

with i; j 2 SNB
H . The same notation as that used for Eq. (6)

applies to Eq. (7). In the latter, the quantity I2 is a function

defined as I2ðxÞ ¼ 0:23933 x�1:4933 expð�xÞ.

The rate coefficients for the reverse process (electron impact

de-excitation) kexj!i between the levels j and i (with j > i) are

computed by means of detailed balance

kdexj!i ¼ kexi!j

gi

gj
exp

Ej � Ei

kBTe

� �

; i; j 2 SNB
H : (8)

For the computation of the rate coefficient for ionization

by electron impact from the level i, Eq. (6) is used by replac-

ing the upper level energy Ej with the electronic energy of

TABLE I. Electronic levels of neutral molecules.

Molecule Level State

N2 1 X1
R
þ
g

2 A3
R
þ
u

3 B3
Rg

4 C3
Pu

NO 1 X2
P

2 A2
R
þ

3 B2
P

4 C2
P

5 B
03
D

O2 1 X3
R
�
g

2 a1Dg

3 b2Rþ
g

4 A3
R
þ
u

5 B3
R
�
u

TABLE II. Electronic levels of charged molecules.

Molecule Level State

Nþ
2 1 X2

R
þ
g

2 A2
Pu

3 B2
R
þ
u

4 C2
R
þ
u

NOþ 1 X1
R
þ

2 a3Rþ

3 b3P

4 b
03
R
�

5 A1
P

Oþ
2 1 X2

P
g

2 a4Pu

3 A2
Pu

4 b4R�
g
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the ground state of the ion related to that of the ground state

of the atom. The rate coefficients for the reverse process

(three-body recombination) are always computed by means

of detailed balance.

2. Molecular elementary processes

The kinetic mechanism comprises:

1. Excitation by electron impact.

2. Ionization and dissociation by electron impact.

3. Dissociation by heavy-particle impact.

4. Dissociative recombination (and related associative

ionization).

5. Exchange reactions (including Zel’dovich reactions).

The rate coefficients for excitation, ionization, and dissociation

of molecular species by electron impact have been calculated

by Teulet20 and have been used in the present work. The cross

section for excitation of molecules under molecular or atomic

impact behaves approximately as Lotz.21 Therefore, this form

has been adopted, except when experimental data exist. In this

case, the rate coefficients compiled by Teulet,22 Capitelli,23

and Kossyi24 have been chosen.

The rate coefficients for the molecular dissociation by

heavy-particle impact have been computed by means of the

multi-temperature model of Park et al.25 in order to be con-

sistent with hypothesis made in Sec. II A regarding the popu-

lation of vibrational levels of molecular species. According

to the Park model, the rate coefficient for molecular dissocia-

tion by heavy-particle impact is evaluated at the average

temperature ðTTv
mÞ

1=2
, with m being the index of the mole-

cule undergoing dissociation.

The dissociative recombination of the molecular ions is

well known to play a very important role in the case of

recombining plasmas. In addition, the inverse process, the

associative ionization, allows in many cases for the forma-

tion of the first electrons in shock tubes, as well as in re-

entry problems, and consequently explains the ionizing situa-

tions. In our case, since Nþ; Oþ; NOþ are present in the

plasma described here, dissociative recombination has to be

considered. For more details, the interested reader is referred

to Bultel et al.5

Among the exchange reactions, Zel’dovich reactions

can significantly influence the distribution of nitrogen and

oxygen between atomic and molecular systems and can con-

tribute to the destruction of O2 and N2 and formation of NO.

Bose and Candler26,27 have updated the rate coefficients for

these reactions using a quasi classical trajectory (QCT)

method performed starting from an ab initio potential energy

surface calculations. Their proposed rate coefficients have

been chosen for this work.

3. Radiative processes

In the present work, only bound-bound transitions are

accounted for. The effect of bound-free and free-free radia-

tive transitions is neglected.

The radiative signature of ionized air is mainly due to

the spontaneous emission of the N and O atoms. Since the

CR model in use is based on grouping elementary levels

having similar characteristics,5 the equivalent spontaneous

emission probability of each level has to be determined.

Related data are taken from the NIST database and given in

Bultel et al.5 In total, the number of spontaneous emission

lines for N and O are 45 and 24, respectively.

As far as the molecules are concerned, some states of

species mentioned in Tables I and II radiate strongly. The

bðB2
P ! X2

PÞ and cðA2
R
þ ! X2

PÞ systems of NO as

well as the first positive ðB3
Pg ! A3

R
þ
u Þ and the second

positive systems ðC3
Pu ! B3

PgÞ of N2 and the first nega-

tive system ðB2
R
þ
u ! X2

R
þ
g Þ of Nþ

2 have been considered.

The equivalent transition probability for the latter systems

has been calculated fitting the data by Laux and Kruger.28

As stated in Sec. II A, no attempt is made in the present

work in obtaining a coupled solution of the radiative transfer

and nozzle flow governing equations. The possible re-

absorption of radiation is estimated making use of a global

escape factor aesc. In what follows, it is assumed that a me-

dium optically thin is associated to an escape factor equal to

1, whereas for an optically thick medium the escape factor is

set to 0.

D. Thermodynamics

The mixture density is obtained by summing the contri-

butions of the free electrons and the heavy-particles

q ¼ qe þ
X

i2SH

qi; (9)

with qe and qi being, respectively, the partial density of the

free electrons and the heavy-particle species i. The mixture

pressure follows from the application of Dalton’s law of par-

tial pressures (where thermal non-equilibrium between the

free electrons and the translation of heavy-particles must be

accounted for)

p ¼ qeReTe þ
X

i2SH

qiRiT: (10)

In Eq. (10), the quantities Re and Ri are the specific gas con-

stants of the free electron and the heavy-particle species i,

respectively. The mixture total energy density is obtained by

summing the kinetic energy density (qu2=2, with u being the

flow velocity) and the thermal energy density of all species

qE ¼
qu2

2
þ qee

tr
e ðTeÞ þ

X

i2SH

qi½e
tr
i ðTÞ þ Dhfi � þ

X

i2SNB
H

qiei

þ
X

i2SB
H

qie
el
i ðTeÞ þ

X

m2SM

qm½e
r
mðTÞ þ evmðT

v
mÞ�; (11)

from which the total enthalpy density qH can be obtained by

adding the pressure, qH ¼ qEþ p. In Eq. (11), the quantities

etri ðTÞ and Dhfi are, respectively, the specific translational

energy and formation enthalpy of the species i (free electron,

atom or molecule), while the quantities ermðTÞ and e
v
mðTÞ stand

for the specific rotational and vibrational energies of the mole-

cule m. In the same equation, the quantity eeli ðTÞ represents the
electronic energy of the species i in the set SB

H (whose

073501-4 Munaf�o et al. Phys. Plasmas 20, 073501 (2013)



electronic levels are not treated as pseudo-species), while ei
represent the electronic energy of the species i in the set SNB

H .

For the computation of the specific translational and

rotational energies in Eq. (11), the classical expressions

obtained from the application of the principle of equiparti-

tion of energy can be employed. [The expressions given in

Eqs. (12)–(14) can also be obtained by applying a classical

limiting process to the discrete spectrum of energy values

obtained for the particle in a box and rigid rotor quantum

systems, respectively2]

etri ðTÞ ¼
3

2
RiT; i 2 SH; (12)

etre ðTeÞ ¼
3

2
ReTe; (13)

ermðTÞ ¼ RmT; m 2 SM: (14)

Quantum effects must be considered for the evaluation of the

specific vibrational energy of a molecule m. In the present

work, the result obtained by using the quantum harmonic os-

cillator model for describing the vibration of diatomic mole-

cule is used2

evmðT
v
mÞ ¼

Rmh
v
m

expðhvm=T
v
mÞ � 1

; m 2 SM: (15)

In Eq. (15), the quantity hvm represents the characteristic tem-

perature of vibration of the molecule m.

The expression for the electronic energy eeli ðTÞ in Eq.

(11) readily follows from the hypothesis of electronic levels

populated according to a Boltzmann distribution

eeli ðTeÞ ¼

X

l2N el
i

gelil e
el
il expð�helil =TeÞ

X

l2N el
i

gelil expð�helil =TeÞ
; i 2 SB

H: (16)

In Eq. (16), N el
i is the set of electronic energy levels of the

species i belonging to the set SB
H. In the same equation, the

quantities gelil ; e
el
il , and helil stand, respectively, for the degen-

eracy, the specific energy, and the characteristic temperature

of the electronic energy level l belonging to the set N el
i .

The thermodynamic description of the plasma is com-

pleted by specifying in Eq. (11) the numerical values of the

energy (ei) of the electronic levels treated as pseudo-species

and belonging to the set SNB
H . For sake of completeness, it

has to be said that also the degeneracies gi associated to the

energy levels ei must be provided (though they do not appear

explicitly in Eq. (11)).

Numerical values for the energies and degeneracies of the

electronic levels treated as pseudo-species (ei and gi, respec-

tively) have been taken from Bultel et al.,5 while Gurvich

tables29 have been used for the remaining thermodynamic data.

E. Net volumetric mass and energy production rates

The presence of chemical and thermal non-equilibrium

in a flow leads to the existence of net production rates for the

mass density of each species and internal energy modes

(such as molecular vibration). Energy losses due radiative

transitions have also to be taken into account.

The net mass production ratexi for the species i expresses

the time rate of change of its density due to all the collisional

and radiative processes listed in Sec. IIC. Its expression can be

obtained from the Kinetic Theory of Gases30

xi ¼ Mi

X

r2SCR

xr
i ; i 2 S; (17)

where the quantity Mi is the molar mass of the species i and

xr
i is the net production rate of moles of the species i due to

the process r

xr
i ¼ �ri kbr

Y

j2S

½X�j � kfr

Y

j2S

½X�j
� �

; i 2 S; r 2 SCR: (18)

In Eq. (18), kfr and k
b
r are, respectively, the forward and back-

ward rate coefficients for the process r, �ri is the net stoichio-
metric coefficient of the species i for the process r, and ½X�j
is the concentration of the species j.

Volumetric energy production rates must be computed

for the vibrational energy of molecules and the translational

energy of free electrons in order to account for thermal non-

equilibrium between translation of heavy-particles, free elec-

trons and vibration of molecules, and the presence of electron

impact induced processes (such as excitation, ionization, and

molecular dissociation) altering the free electron energy bal-

ance. Moreover, one has to take into account for the net pro-

duction rate of electronic energy of those species belonging

to the set SB
H having their electronic levels in thermal equilib-

rium with the free electrons (the atomic ions Nþ and Oþ, see

Sec. II A).

The net volumetric production rate of vibrational energy

X
v
m for the molecule m is

X
v
m ¼ X

VT
m þ X

VV
m þ X

VE
m þ X

CV
m ; m 2 SM: (19)

In Eq. (19), the terms XVT
m ; XVV

m , and X
VE
m represents, respec-

tively, the effect of inelastic collisional VT (vibration-trans-

lation), VV (vibration-vibration), and VE (vibration-

electron) energy transfer processes. In the same equation, the

quantity X
CV
m is the vibration-chemistry coupling term repre-

senting the net production rate of vibrational energy of the

molecule m due to dissociation/recombination reactions. The

VT energy transfer term X
VT
m in Eq. (19) is computed by

means of the Landau-Teller model3

X
VT
m ¼ qm

evmðTÞ � evmðT
v
mÞ

sVTm ðTÞ
; m 2 SM; (20)

where the average relaxation time for VT transfer sVTm is

computed based on a frequency average

sVTm ðTÞ ¼

X

i2SH

ðqi=MiÞ

X

i2SH

ðqi=ðMis
VT
mi ÞÞ

; m 2 SM; (21)

073501-5 Munaf�o et al. Phys. Plasmas 20, 073501 (2013)



with sVTmi being the relaxation time for the VT interaction

between the heavy-particles i and m. The latter is computed

by means of Millikan and White’s formula.3 For the evalua-

tion of the VV energy transfer term X
VV
m in Eq. (19), the

model proposed by Candler31 and modified by Knab32 has

been used

X
VV
m ¼qm

X

l2SM

NArmlPml

ffiffiffiffiffiffiffiffiffiffi

8kBT

plml

s

ql
ml

�
evl ðT

v
l Þ

evl ðTÞ
evmðTÞ�evm Tv

m

� �

!

; m 2 SM: (22)

In Eq. (22), the quantities Pml and rml are, respectively, the

exchange probability and the elastic cross-section for ml

encounters (set to 10�2 and 1� 10�20 m2, respectively, as

suggested by Candler et al.31) ml is the mass of the molecule

l, lml ¼ mlmm=ðml þ mmÞ is the reduced mass of the mole-

cules m and l, and NA is Avogadro’s number. The VE energy

transfer term X
VE
m in Eq. (19) is computed by means a model

similar to that used for the VT transfer (Eq. (20))

X
VE
m ¼ qm

evmðTeÞ � evmðT
v
mÞ

sVEm ðTeÞ
; m 2 SM: (23)

The formula for the relaxation time sVEm is taken from the work

of Bourdon et al.33 in the case of the N2 molecule. For other

molecules (such as NO and O2), the VE process is not consid-

ered since the energy transfer process is much less efficient.3

For the evaluation of the net volumetric production rate of

vibrational energy X
CV
m of the molecule m due to dissociation/

recombination reactions in Eq. (19), the non-preferential-dis-

sociation model proposed by Candler31 has been considered

X
CV
m ¼ xme

v
mðT

v
mÞ; m 2 SM: (24)

According to Eq. (24), the average vibrational energy lost/

gained by the molecule m due to dissociation/recombina-

tion reactions is equal to the bulk vibrational energy of the

molecule m. This constitutes an approximation, as mole-

cules tend to dissociate/recombine preferentially in high-

lying vibrational states.9,13,18,34–36 Macheret et al.34 have

proposed a model (within the context of a multi-

temperature description of thermal non-equilibrium) in

order to account for the preferential nature of molecular

dissociation/recombination by heavy-particle impact.

However, as it is shown in Sec. VE, the differences

between the results obtained by using Macheret’s model34

and the non-preferential-dissociation model (Eq. (24)) are

barely noticeable in our test-case.

The net volumetric production rate Xe for the translational

energy of free electron and electronic energy of the species

belonging to the set SB
H (hence, for the portion of the gas whose

thermal energy is in equilibrium at the temperature Te) is

Xe ¼ X
TE þ X

EI þ X
ED þ X

EE þ
X

i2SB
H

xie
el
i ðTeÞ �

X

m2SM

X
VE
m :

(25)

In Eq. (25), the terms X
TE; XEI; XED, and X

EE are, respec-

tively, the net volumetric production rate of the free electron

energy due to elastic collisions with heavy-particles, electron

impact ionization, electron impact dissociation, and electron

impact excitation processes. In the same equation, the fourth

term
P

i2SB
H
xie

el
i ðTeÞ represents the net production rate of

electronic energy of the Nþ and Oþ ions, while the last one

accounts for the vibration-electron energy exchange process.

The effect of radiative transitions does not appear in

Eq. (25), as only bound-bound transitions are considered.

The elastic collision term X
TE in Eq. (25) is computed

according to

X
TE ¼

3

2
nekBðT � TeÞ

X

i2SH

2
me

mi

� �

veni �X
ð1;1Þ
ei ; (26)

where ne and ni are, respectively, the number density of the

free electrons and the heavy-particle i, while �X
ð1;1Þ
ei is the

electron-heavy (1, 1)-type collision integral for the elastic

interaction between the aforementioned species.37 The eval-

uation of the terms XEI; XED, and X
EE associated to electron

impact ionization, dissociation, and excitation in Eq. (25)

has been performed as follows. If one considers, as an exam-

ple, an excitation process between the levels i and j (with

Ej > Ei), the energy lost by the free electron DE can be com-

puted from the energy balance for the collisional event.

Since in collisions between free electrons and heavy-

particles, the velocity of the latter does not change signifi-

cantly due to the large mass disparity, the energy balance

can be written as

1

2
mev

2 þ Ei ¼
1

2
mev

0 2þ Ej; i; j 2 SNB
H (27)

where the quantities v and v
0 are the free electron pre- and

post-collisional velocities. From Eq. (27), one readily obtains

the energy lost by the free electron DE

DE ¼
1

2
mev

02 �
1

2
mev

2 ¼ Ej � Ei; i; j 2 SNB
H : (28)

The net volumetric production rate of free electron energy

due to the electron impact process leading to the transition

i ! j (with Ej > Ei) is then

�Mi x
ex
i!jðej � eiÞ; i; j;2 SNB

H ; ðej > eiÞ; (29)

where the minus sign is used since the energy is lost by the

free electron. In Eq. (29), the molar production term xex
i!j is

computed from the general formula given in Eq. (18) and the

energies of the electronic levels involved have been

expressed as specific energies in order to obtain a net volu-

metric energy production rate with the units of a power per

unit volume (W=m3). The sum of Eq. (29) over all the elec-

tron impact excitation processes gives the term X
EE in Eq.

(25). As already mentioned before (see Eq. (6)), it is obvious

that the indices i and j in Eq. (29) refer to two electronic lev-

els belonging to only one atomic or molecular species. A

similar approach can be used for the electron impact dissoci-

ation and ionization processes for computing the terms X
EI
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and X
ED in Eq. (25), by replacing the energy of the upper

level Ej with the dissociation/ionization energy of the species

involved (a rigorous approach, based on Kinetic Theory, for

computing the term X
EI can be found in Magin et al.38).

The last net volumetric energy production rate to be

accounted for is that due to bound-bound radiative transi-

tions Qrad. The former is expressed as

Qrad ¼ aesc
X

i; j 2 SNB
H ;

Ej < Ei

AijniðEi�EjÞþ aesc
X

i; j 2 SNB
H ;

Ej > Ei

AijniðEj�EiÞ;

(30)

where aesc is the escape factor (introduced to account for

possible radiation re-absorption) and Aij is the Einstein coef-

ficient for the spontaneous emission associated to the radia-

tive transition between the levels i and j. The same

discussion of before, regarding the energy level indices i and

j, applies to Eq. (30).

III. GOVERNING EQUATIONS

The governing equations for the inviscid and quasi-one-

dimensional non-equilibrium flow through a nozzle of given

cross sectional area distribution A ¼ A(x) can be written in

conservation law form as

@U

@t
þ
@F

@x
¼ S; (31)

where U, F, and S are the conservative, inviscid flux, and

source term vectors, respectively. The source term vector S

in Eq. (31) can be written as

S ¼ X�
d lnA

dx
G: (32)

In Eq. (32), the vector X represents the effects of collisional

and radiative processes previously described, while the vec-

tor �d lnA=dxG accounts for the nozzle cross sectional area

variation. After introducing the quantity qee�elðTeÞ, repre-
senting the portion of the gas whose thermal energy density

is in equilibrium at the temperature Te and which is defined

as

qee�elðTeÞ ¼ qee
tr
e ðTeÞ þ

X

i2SB
H

qie
el
i ðTeÞ; (33)

the expressions for the vectors U, F, G, and X in Eqs. (31)

and (32) are

U ¼ ½ qi qu qE qme
v
m qee�el �T; (34)

F ¼ ½ qiu pþ qu2 quH qme
v
mu qee�elu �T; (35)

G ¼ ½ qiu qu2 quH qme
v
mu qee�elu �T; (36)

X ¼ ½xi 0 �Qrad
X

v
m Xe � pe@u=@x �

T; (37)

with i 2 S and m 2 SM. In Eqs. (34)–(37), the explicit func-

tional dependence on the temperatures of the quantities

involved (such as qme
v
mðT

v
mÞ and qee�elðTeÞ) has been

dropped for sake of clarity.

IV. NUMERICAL METHOD

Numerical solutions of the governing equations are

obtained as follows. The finite volume method is applied for

the discretization of Eq. (31), leading to the following ordi-

nary differential equation describing the time evolution of

the cell i conservative variable vector Ui

dUi

dt
Dxi þ ~Fiþ1

2
� ~Fi�1

2
¼ SiDxi; (38)

with the cell volume (length) Dxi ¼ xiþ1=2 � xi�1=2. The nu-

merical flux ~Fiþ1=2 in Eq. (38) is computed by means of the

AUSM (Advection Upstream Splitting Method) scheme39

with a modified definition of the interface speed of sound.40

In order to allow for a straightforward calculation of thermo-

chemical properties, which can be computed directly from

the local temperatures rather than from energies, the solution

is stored in natural variables P

P ¼ ½ qi u T Tv
m Te �

T; i 2 S; m 2 SM: (39)

Since the solution update is also performed in natural varia-

bles, Eq. (38) is re-written by applying the chain rule to the

term dUi=dt

@Ui

@Pi

dPi

dt
Dxi þ ~Fiþ1

2
� ~Fi�1

2
¼ SiDxi: (40)

Equation (40) (written per each cell) is integrated in time by

means of a standard backward Euler implicit procedure in

order to march from the time level n to n þ 1. Because of the

non-linear nature of the discretized set of equations (Eq.

(40)), a local Newton linearization around the solution at the

time level n is performed. This leads to a block tridiagonal

linear algebraic system to be solved for the variation between

the time levels n þ 1 and n of the natural variable vector

dPn
i ¼ P

nþ1
i � P

n
i for each cell

~A
n

i dP
n
i�1 þ

~B
n

i dP
n
i þ

~C
n

i dP
n
iþ1 ¼ �~R

n

i : (41)

The matrices ~Ai; ~Bi, and ~Ci and the right-hand-side residual
~Ri in Eq. (41) are

~Ai ¼ �
@~Fi�1=2

@Pi�1

; (42)

~Bi ¼
1

Dti

@Ui

@Pi

�
@Si
@Pi

� �

Dxi þ
@~Fiþ1=2

@Pi

�
@~Fi�1=2

@Pi

; (43)

~Ci ¼
@~Fiþ1=2

@Piþ1

; (44)

~Ri ¼ ~Fiþ1
2
� ~Fi�1

2
� SiDxi: (45)

The cell time-step Dt in Eq. (43) is computed based on

the Courant-Friedrich-Lewy (CFL) number r as Dt ¼ rDx=
ðjuj þ cÞ (with c being the local frozen speed of sound).41 The
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algebraic system in Eq. (41) is assembled by evaluating the

Jacobian matrices in Eqs. (42)–(44) numerically (with the

exception of the transformation matrix @U=@P that can be eas-

ily evaluated analytically). The solution for the vector dP in Eq.

(41) is found iteratively by means of the GMRES algorithm42

(together with the Incomplete-Lower-Upper (ILU) precondi-

tioning42). The natural variable vector for each cell is then

updated to the time level nþ 1 according to

P
nþ1
i ¼ P

n
i þ dPn

i : (46)

This process is continued until steady state is reached.

A weighted MUSCL (Monotone Upstream Centered

Schemes for Conservation Laws) method43 is applied in

order to achieve second order accuracy in space. The recon-

struction is performed on the vector natural variables

(Eq. (39)) and limited (in steep gradient regions) by means

of the van Albada limiter.44 Boundary conditions are applied

through ghost cells.41

V. COMPUTATIONAL RESULTS

The electronic specific CR model for ionized air

described in Sec. II has been used to investigate non-

equilibrium effects in the flow within the nozzle of VKI min-

itorch facility. Numerical solutions to the governing equa-

tions given in Sec. III have been obtained by means of the

numerical method described in Sec. IV and implemented in

the VKI COOLFluiD parallel framework.40,45,46 The

MUTATION library47 (interfaced within the COOLFluiD

framework) has been used for the evaluation of species ther-

modynamic properties and source terms due to collisional

and radiative processes.

Figure 1 shows the normalized area distribution of the

nozzle of the VKI minitorch facility. In all the computations

shown in the present paper, the total pressure and tempera-

ture in the nozzle reservoir have been set to p0 ¼ 101 325 Pa

and T0 ¼ 10 000K, respectively. Local thermodynamic equi-

librium (LTE) conditions have been assumed at the nozzle

inlet. Preliminary computations, performed by using a differ-

ent vibrational temperature for each molecular species, have

shown that the vibrational temperatures of molecular ions

(Nþ
2 ; NO

þ, and Oþ
2 ) were very close to that of the N2 mole-

cule. In view of that, it was decided to perform all the calcu-

lations by using a unique vibrational temperature for the

aforementioned molecules, that is

Tv
N2

¼ Tv
Nþ

2

¼ Tv
NOþ ¼ Tv

Oþ
2

; (47)

for which the related equation is obtained by summing to-

gether the vibrational energy conservations equation for the

N2; N
þ
2 ; NO

þ and Oþ
2 molecules (see Sec. III). With the

exception of Sec. VD, all the results refer to an optically

thick medium (aesc ¼ 0 in Eq. (30)).

A. Flow-field characterization

The knowledge of pressure, temperatures, and free elec-

tron number density inside the nozzle is of primary concern

since it allows us to characterize important features of the

physico-chemical state of the plasma.

An accurate investigation of the evolution of these flow

quantities is presented here. The behavior of the pressure

along the nozzle is depicted in Fig. 2. Most of the expansion

in the flow takes place in the diverging part, being the pres-

sure constant up to the throat. The pressure has a strong

influence on the thermo-physical and chemical state of the

plasma since it influences the response time of the gas to the

changes in the thermodynamic properties occurring along

the expansion. The first part of the nozzle is characterized by

high pressure and low velocity and in these conditions the

plasma is in equilibrium. As the flow moves downstream

towards the throat and the nozzle outlet, the first non-

equilibrium effects begin to appear since the pressure is low

and the flow velocity is maximum. Temperature profiles are

shown in Fig. 3. The vibrational temperature of the N2 mole-

cule and the free-electron translational temperature are

strongly coupled to each other thanks to the VE energy

exchange process and reach a state of partial equilibrium

FIG. 1. Normalized area distribution of the nozzle of the VKI minitorch fa-

cility (throat at x ¼ 0.029m). FIG. 2. Pressure evolution along the nozzle axis.
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between each other in the diverging part of the nozzle.

Different is the behavior of the NO and O2 molecules, whose

vibrational temperatures stay close to equilibrium values and

show small departures from the translational temperature.

Table III summarizes the characteristic quantities of the

flow in correspondence of the nozzle outlet, and in particular,

two different values of the electron number density are indi-

cated: ne and n
EQ
e .

While the first value refers to the computed number

density at the outlet, the second value represents the equi-

librium number density expected at 3097K and 2980 Pa,

which are the free-electron temperature and static pressure

at the nozzle outlet. A strong non-equilibrium of the free

electrons density is observed, which, as it will be shown in

Secs. VB and VC, causes an overpopulation of the elec-

tronic excited states of the atoms and molecules, since free

electrons are very efficient as collision partner for elec-

tronic excitation.

B. Analysis of the atomic distribution functions

The converging part of the nozzle is characterized by

high values of the static pressure and the distribution of the

excited states tends to follow a Boltzmann distribution.

Therefore, the knowledge of pressure and temperature is suf-

ficient to the description of physico-chemical state of the

plasma. However, as the nozzle throat is approached, the gas

rapidly expands and the collisional excitation may not be

sufficient to maintain the equilibrium between the electronic

levels of atoms and molecules. Radiative processes have also

an influence on the shape of the distribution function, by

means of radiative transitions.

Figure 4(a) shows the electronic distribution function of

the N atom in correspondence of the nozzle throat. It is inter-

esting to observe that at this location the population is very

close to a Boltzmann distribution even if the vibrational non-

equilibrium effects are already present as shown in Fig. 3.

The O atom exhibits the same type of behavior (see Fig.

4(b)) in correspondence of the nozzle throat and is found to

be in Boltzmann equilibrium.

Moving the focus of our analysis to the outlet of the noz-

zle a strong overpopulation of the excited states of the N and

O atoms is observed (see Fig. 5). The same physical phe-

nomena have been observed experimentally in argon plas-

mas produced by electromagnetic discharges.48–50 The

FIG. 3. Temperature evolution along the nozzle axis.

TABLE III. Outlet conditions (x ¼ 0.042m).

T 3097K

Tv
N2

6922K

Tv
NO 3742K

Tv
O2

4089K

Te 6893K

ne 1:23� 1021 1=m3

nEQe 1:57� 1016 1=m3

p 2980 Pa

FIG. 4. N and O atoms: comparison of the non-equilibrium (lines with symbols) and equilibrium (dashed lines) population distribution of the electronic levels

at the nozzle throat (x¼ 0.029 m, Te ¼ 9163K).
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influences of the non Boltzmann distribution of the excited

states on the temperature measurements is discussed by

Owano et al.48

Only by accounting for the non-LTE distribution of

excited states, it is possible to find agreement among spectro-

scopic measurements, based on the analysis of the atomic

line radiation and an independent calorimetric energy bal-

ance. In molecular gases, however, those effects may be

reduced for two reasons. First, in air, electrons couple

strongly with the N2 molecule vibration. Since the vibrational

temperature thermalizes with the translational energy of

heavy particles by means of the VT energy exchange process,

as a result the translational temperature of free electrons is

cooled and the ionization degree is lower. Second, the main

mechanism of recombination of the free electrons is due to

dissociative recombination, which is a two body process and,

as such, is much faster than the three body recombination tak-

ing place in atomic plasmas.51 The population distributions

given in Fig. 5 show that, in recombining plasmas, the high-

lying bound electrons tend to behave like the free electrons.

This situation is completely opposite to what is found when

analyzing the ionizing plasmas produced by strong shock

waves. An example of that is given in Panesi et al.,6 where

the CR model used in the present work has been applied to

investigate the non-equilibrium flow behind a normal shock

wave. In the aforementioned work, it was noticed that the

electronic levels of the upper states are in Saha equilibrium

with the free electrons and they are not in thermal equilibrium

with the ground electronic state. In recombining plasmas, the

free electron density exceeds the equilibrium value (see

Table III) and the overpopulation of the free electrons causes

an overpopulation of the high-lying excited states.52 This sit-

uation is opposite to the ionizing situation where the lack of

free electrons, due to non-equilibrium effects, induces a

depletion of the high-lying excited states.

In conclusion, the analysis of the electronic levels popu-

lation of atomic species, here discussed, demonstrates the

importance of the use of a state-specific approach to capture

the deviation of the population of the excited electronic lev-

els from the equilibrium distribution. If neglected, such

effects may lead to a misinterpretation of the experimental

results.48

C. Analysis of the molecular distribution functions

The analysis of the evolution of the electronic states of

the molecules in a post-discharge environment is addressed

in numerous contributions.51,53–55 In general, an overpopula-

tion of excited states occur, which is confirmed by spectro-

scopic measurements.51 In this section, the population of the

excited states is compared with the corresponding equilib-

rium values in order to analyze the thermodynamic state of

the molecular species.

Figure 6 shows the behavior of the ground and the

excited states of the N2 molecule. A comparison is carried

FIG. 5. N and O atoms: comparison of the non-equilibrium (lines with symbols) and equilibrium (dashed lines) population distribution of the electronic levels

at the nozzle outlet (x¼ 0.042 m, Te ¼ 6893K).

FIG. 6. N2 molecule: comparison of the non-equilibrium (lines with sym-

bols) and equilibrium (dashed lines) populations of the electronic levels.
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out with the corresponding equilibrium values at each loca-

tion along the nozzle axis. Equilibrium calculations (dashed

lines) have been carried out extracting number density and

temperatures of the individual molecule under analysis

assuming that the excited states are populated according to a

Boltzmann distribution.

The figure shows that the population of the N2 molecule,

which is supposed to be in equilibrium in the reservoir, stays

in equilibrium throughout all the expansion although a slight

overpopulation of the C3
Pu state is present. Similar behavior

can be observed for the excited states of Nþ
2 molecule in Fig.

7 where the overpopulation of the B2
R
þ
u state is very small.

The excitation processes of the B2
R
þ
u state of the Nþ

2 mole-

cule are modeled using rate constants estimated by Teulet.22

However, a comparison of those rates with others found in

literature56 shows large discrepancies. Therefore, the conclu-

sions concerning the state of degree of non-equilibrium of

the Nþ
2 molecule may strongly depend on the model used for

the kinetic processes.

Different is the behavior of the NO, NOþ, and O2 mole-

cules which are found to depart from equilibrium in proxim-

ity of the nozzle outlet. In Fig. 8, the population of exited

states of the NO molecule are found to be overpopulated by

one order of magnitude, with a consequent enhancement of

the radiative signature through the bðB2
P ! X2

PÞ and

cðA2
R ! X2

PÞ systems. Similar is the behavior of the NOþ

and O2 molecules (not shown here) where the excited states

follow the same trend of the NO molecule.

The foregoing analysis leads to the conclusion that the

population of the N2 and Nþ
2 molecules can be described by

a Boltzmann distribution at the free electron temperature Te.

Different is the behavior of the other molecular species

which are found strongly overpopulated in correspondence

of the nozzle outlet.

FIG. 7. Nþ
2 molecule: comparison of the non-equilibrium (lines with sym-

bols) and equilibrium (dashed lines) populations of the electronic levels.
FIG. 8. NO molecule: comparison of the non-equilibrium (lines with sym-

bols) and equilibrium (dashed lines) populations of the electronic levels.

FIG. 9. N and O atoms: population distribution of the electronic levels at the nozzle outlet in the case of optically thick (lines with symbols) and optically thin

medium (dotted lines). The dashed lines indicate the equilibrium population distributions for the optically thick medium case.
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D. Influence of radiative losses

After the analysis of the nozzle flow-field and atomic

and molecular distribution functions in the case of an opti-

cally thick medium (Secs. VA and VB), the effects of radia-

tive losses have been studied for the case of an optically thin

medium by setting aesc ¼ 1 in Eq. (30).

The effects of the radiative transitions on the population

of the electronic states of the N and O atoms can be observed

in Fig. 9. In the same figure, the population distribution

obtained for the case of an optically thick medium (aesc ¼ 0)

are also shown for sake of clarity. The resonance lines tend

to deplete the excited levels and for some states the popula-

tion is below the Boltzmann prediction. The high-lying lev-

els are very closely coupled by kinetic processes, and the

depletion of the emitting levels affects the general behavior

of the neighbor levels and, as a consequence, all the popula-

tion is lowered. Moreover, being the expansion not adiabatic

due to the energy losses, the free electrons cool down and

contribute to a general reduction of the electronic excitation

degree.

Radiative transitions have effects also on macroscopic

quantities, as can be appreciated from Fig. 10 showing a

comparison for the free electron temperature and the flow ve-

locity in the case of optically thin and thick medium.

E. Influence of the vibration-chemistry coupling

In order to assess the approximation introduced by the

use of the non-preferential-dissociation model (see Sec. II E)

for the evaluation of the average energy gained/lost by mole-

cules due to dissociation/recombination reactions by heavy-

particle impact, the calculations presented in Secs. VA–VC

have been repeated by using the preferential-dissociation

model proposed by Macheret et al.34

Figure 11 shows the evolution along the nozzle axis of

the N2 molecule mass fraction. The global amount of recom-

bination is very small, with Candler’s model providing a

slightly higher value of the N2 molecule mass fraction at the

nozzle outlet. The same conclusion holds for the other mo-

lecular species and for macroscopic flow quantities such as

velocity and temperatures (not shown here). The use of a

preferential-dissociation model does not lead to appreciable

differences even when looking at microscopic quantities

such as the molecular distribution functions. Figure 12 shows

the comparison for the N2 and NO molecules. The curves

obtained by means of Candler and Macheret’s models simply

overlap.

The good agreement shown in previous pictures is not

surprising for the following reasons:

• The global amount of recombination is very small. The

former is strongly influenced by the nozzle shape.1 In the

present work, the nozzle geometry in use (see Fig. 1) has a

diverging portion which is shorter than the converging one

and an inlet/outlet area ratio bigger than one. Based on

that, a small amount of recombination should be expected.

FIG. 10. Comparison of the free-electron temperature and velocity for the case of optically thick (lines) and optically thin medium (dashed lines).

FIG. 11. N2 molecule: comparison of the mass fraction for Candler (lines)

and Macheret’s (dashed lines) models for chemistry-vibration coupling.
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• One of the main channel for molecular recombination

within plasma flows analyzed in the present work is the

dissociative recombination of molecular ions (not taken

into account in Macheret’s model).

From the previous discussion, one can conclude that the

use of the non-preferential-dissociation model is justified for

the calculations shown in the present work.

VI. CONCLUSIONS

An existing electronically specific Collisional-Radiative

model has been used to study the behavior of atomic and mo-

lecular excited levels in the non-equilibrium plasma inside

the nozzle of the Minitorch facility at the von Karman

Institute. The effects of radiative losses have been accounted

for by means of escape factors. The results clearly show that

the optical thickness of the plasma has a strong influence on

the dynamics of the electronic levels of atoms and

molecules.

• For the optically thick case, a strong overpopulation of

high-lying electronic levels has been observed for all the

chemical components, with the exception of the N2 and

Nþ
2 molecules. The population of the electronic levels of

N2 and Nþ
2 were found in Boltzmann equilibrium at the

free electron temperature.
• When the medium is considered optically thin, the over-

population of the excited states of the N and O atoms is

drastically reduced.

Future work will focus on:

• Implementation of a more physically consistent model

based on the self-consistent coupling of radiation and

flow-field, discussed in detail by Huo et al.17

• Continue the validation process of the electronic specific

CR model in use (already performed for compressing

flows behind shock waves16) by means of comparison

with spectroscopic measurements in expanding flows.
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