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Abstract
The Euler-Lagrange Spray Atomization model, namely ELSA [18], is a multi-scale approach suitable to perform
Large Eddy Simulations (LES) together with the possibility to recover Direct Numerical Simulation (DNS) features
for well resolved interfaces. Recent validations with experimental and DNS data were made within the primary
break-up [13]. Nevertheless, the link between secondary atomization (where liquid sheets break into ligaments
and bag-like structure) and dilute or dispersed zone (where spray of droplets are formed) is still an open question.
One of the major challenge within the transition from dense zone (Euler) to dilute zone (Lagrange) is the droplet
size and velocity probability density functions (PDF) in turbulent jets. Normally, in diffuse interface models,
the averaged mixture velocity and surface interface are employed to set up the lagrangian droplet. Nonetheless,
such approach is far from being realistic. Consequently, among novel strategies e.g. 1) local turbulent statistic to
improve averaged velocity mixture, 2) Quasi-Multiphase Euler approach [1] to recover averaged velocity in the
liquid phase, and 3) local droplet PDF. Theses techniques will allow a local statistical transition of information
from Euler to Lagrange approach. Indeed, an extraction from DNS data has been made, that introduces a new
formulation of the drop size distribution (DSD) based on the liquid-gas surface curvature rather than the spherical
droplet diameter [3]. The aim of this work is to enhance the coupling Euler-Lagrange in the atomization model,
namely ELSA, by including the DSD from DNS approach [3] and velocity PDF from turbulent statistic.

Introduction
For simulation of atomization process, the Eulerian method is used within the secondary and primary atom-

ization. Normally, at the exit of the injector, in order to have a good interface representation, an interface captur-
ing method is used. It allows the representation of complex phenomena and changes on interface topology like
breakups or coalescences. However, in the dilute/dispersed zone, the liquid volume fraction is really low and the
interface cannot be described accurately even with high resolved DNS, hence some mass conservation problems
may arise. An approach used to fix these issues is to couple the Eulerian method with a Lagrangian one, where
particle velocities and diameters are obtained from the Eulerian field, and then, Lagrangian information is used to
correct the velocity field in the Eulerian transport equations [12].

An Eulerian-Lagrangian hybrid model has also been used in [17]. Where a sub-grid model was performed to
take into account the turbulence at unresolved scales. In the sub-grid region near to the interface, a criterion based
on energy balance between disruptive and consolidating forces was applied. Hence, a certain number of droplets
are created in the corresponding cells. A newer approach is to apply a Droplet Size Distribution (DSD) based

on Gauss curvature G = κ1 ∗ κ2 and mean curvature H =
κ1 + κ2

2
, which can be defined everywhere from the

liquid jet until the dilute zone in order to have a curvature interface evolution during all the atomization process. [3].

Additionally, to appraise Lagrangian droplet trajectory in turbulent liquid jets, some authors have proposed
to solve a stochastic differential equation e.g. the Langevin equation. It corresponds to the fundamental principle
Newton dynamics with any supplementary force term which corresponds, e.g. the effect of collisions between
particles. This force represents a gaussian noise. This type of equation was solved in [4] to have the evolution
of distributed particles for the composition PDF method. On this article the governing equations of two-phase
flow such as ELSA model are presented and described. These equations are the liquid volume fraction (αl) and
liquid/gas interface density Σ′ which represents a general term that accounts for all type of ligaments and liquid
shapes. And then, a stochastic differential equation derived from the Langevin model for droplets undergoing tur-
bulent dispersion is implemented in OpenFOAM. Moreover, the newly implemented stochastic differential equa-
tion is assessed with previous turbulent dispersion model available in OpenFOAM, using experimental and DNS
data. Finally, conclusions are drawn from these results in the last section.
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Numerical Methods
Turbulence in the carrier fluid implies an unsteady flow field, and in turn unsteady motion of particles, bubbles

or drops [7]. Not to mention the significant drag coefficient changes produced by the turbulent motion flow. On the
other hand, most of the theory and experiments have been developed for single droplet spheres, only a few have
worked in droplet size distribution in liquid jet, e.g.[3, 16]. Interactions of droplets and the formation of clusters
with correlated motions play an important role on the hydrodynamic forces exerted by the fluid. Additionally,
droplet’s motion within this environment will become more costly, computational speaking, as its concentration
gets higher. However, on this first research part of the article, the main focus would be the turbulence forces over
the cluster of droplet motions in liquid jets.

Modern computational techniques have enabled the coupled use of Finite Element Method (FEM), and the
Lattice Boltzmann method (LBM) to observe droplet interactions. In particular, the LBM and its derivative the
immersed boundary-lattice Boltzmann method (IB-LBM) is found suitable for droplets of any shapes [10]. On the
present article, an Euler-Lagrange Atomization model (ELSA) is used instead. [13, 18]. From this work, different
models based on Eulerian modeling for atomization have been studied. Later on, Blokkeel et al. [2] completed
the original approach by a Lagrangian description of the spray once the primary break-up is achieved. It is the
secondary break-up along with turbulent dispersion applied by the random flow field that is developed on this
work.

Euler-Lagrange Atomization model (ELSA)
In ELSA model, the two phases interact through a mixing zone so that both liquid and gas phases coexist with

an occupied liquid portion defined by liquid volume fraction (αl). In this context, another approach is included
based on a transport equation for the liquid/gas interface density [13, 18]. Moreover, a quasi-multiphase feature
has been attached to this approach such as Quasi-Multiphase Euler flow [1] to account for slip velocity between
phases and a large eddy simulation (LES) extension has been first carried out by Chesnel et al. [5]. On the present
work, the interaction between the phases is made by a single-fluid approach. Therefore, the two-phase flow is
studied as a single-fluid turbulent flow composed of two species. Continuity and momentum equations are defined
by the known Navier-Stokes equations for incompressible isothermal fluids. Here will be only shown the transport
equations for liquid volume fraction (αl), and liquid/gas interface density Σ′, respectively:


∂ᾱl
∂t

+ ∇ · (Ū ᾱl) = −∇ ·Rαl
= ∇ · (Ū ᾱl −Uαl) = ∇ ·

(
νt
Sct

∇ᾱl

)
,

∂Σ̄′

∂t
+ ∇ · (Ū Σ̄′) = ∇ ·

[
νt
Sct

∇Σ̄′
]

+ CΣ
Σ

τΣ

(
1− Σ

Σ∗

)
.

(1)

The turbulent liquid flux, Rαl
, appears on the right hand of the first equation from the applied Reynolds-

Averaged Navier-Stokes (RANS) filtering procedure, and the two-phase flow decomposition. It represents the
transport of the liquid volume fraction induced by velocity fluctuations, and is related to the unresolved part of the
velocity that is known to produce additional liquid dispersion. It is to be noted, this formulation is only valid in
the absence of slip velocity. Finally, νt is the turbulent viscosity and Sct is the turbulent Schmidt number, which
both being derived from the known Boussinesq’s proposal. Regarding the second equation,the interface density
Σ′, represents a general variable that accounts for all type of ligaments and liquid shapes. The first term of the
right hand side represents the difference between the interface and mixture velocity. It accounts for dispersion of
the interface by turbulence. The source term is based on an defined equilibrium value of surface density, namely
Σ∗. CΣ is a constant that is set equal to 0.4. Further details are discussed on [8, 13].

Lagrange approach
Normally, Lagrange interface scale is composed of spherical droplets with no internal momentum, completely

isolated from each other within the gaseous atmosphere. For liquid jet atomization, this is far from the truth.
For example, Stochastic models based on Kolmogorov analysis, are used for droplet breakup, however, interface
dynamics are usually cast aside. Moreover, as previously mentioned, different liquid shapes can be formed at
the nearly exit of nozzle injector, which later on, will experience primary and secondary breakups depending on
turbulence level [12]. Droplet velocity and position are commonly derived from the known ordinary differential
equation (ODE) in which a solid particle drag coefficient is used to calculate the drag force. Nonetheless, in
turbulent liquid jets becomes necessary to take into account the so-called stochastic lagrangian models.
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More than a century ago, Langevin equations were developed as a stochastic model for specific forces on a
microscopic droplet undergoing Brownian motion [15, 6]. Therefore, applying the Langevin equation, which is
a stochastic differential equation (SDE), the droplet velocity would then follow the paths of Ornstein-Uhlenbeck
(OU) processes. This OU process is a statistically stationary Gaussian process completely characterized by its
mean, variance and autocorrelation function based on the integral timescale of the process [15]. The SDE based
on Langevin equation is as follows:


dX*

(t)

dt
= U*

(t) ,

dUi
*
(t) =

−1

ρ

∂p̄

∂xi
dt−

(
1

2
+

3Co
4

)
ε

κ

(
Ui

*
(t) − Ūi

)
dt+ (Coε)

1/2dWi(t) .
(2)

where U*
(t) is the droplet fluctuating velocity with position X*

(t), W(t) is a vector-valued Wiener process. On
this work, equation 2 has been implemented to model turbulent dispersion in the software, OpenFOAM [11], and
numerically solved using a first-order explicit Euler scheme. Even though higher order schemes are also available
from the literature [4], the level of statistical errors arising from the finite number of particles is expected to be
minimum. For that purpose, a high amount of particles were injected continuously based on special criteria defined
in the following section, until certain statistical sensibility was obtained in the droplet velocity PDF.

Transition criterion
Eulerian methods are adapted for primary atomization. However, in the dilute zone, the liquid volume fraction

is really low and the interface cannot be described accurately even with high resolved simulations like in DNS.
An approach used to fix this issue is to couple the Eulerian method with a Lagrangian one. Om this article,
when the liquid volume fraction is too low to be accurately represented, lagrangian particles are created with a
certain diameter, and velocity from the Eulerian field, in order to preserve mass conservation. Then, Lagrangian
information is used to correct the velocity field in the Eulerian transport equations. Lagrangian droplets should be
initialized taking into account the physics calculated from the Euler field, such as: initial droplet position in the
liquid jet, droplet size and velocity distribution. Two criteria are defined for the droplet position:

• First criteria: IRQΣ. Given by the ratio of the minimum (resolved) interface area, Σmin, over the actual
interface area, Σ (eqn. 1). The interface area is more properly defined as "surface area of the liquid-gas
interface per unit of volume", defined here as liquid gas interface density. And Σmin corresponds to the
minimum surface density that can be evaluated for a given value of resolved liquid volume fraction, where
”a” is a length scale related to the control volume. Here, a simple approach is used to evaluate Σmin,
however, if interface reconstruction were available, the actual resolved interface could be used. Σ follows
an additional balance equation as explained in the previous section. Thus, the higher the surface interface
fluctuates within a cell, the lower IRQΣ, which means subgrid effects become important, and a droplet
could be initiated

aΣmin = 2.4
√
αl(1− αl) ,

IRQΣ =
Σmin

Σ
.

(3)

• Second criteria: IRQK . A grid dependant parameter, depending on the actual cell size. Additionally
IRQK takes into account the curvature of the interface, K, defined below. The higher the interface radius,
the better the interface resolution, thus less probable to droplet creation. Further discussion on these terms
can be found at [12]

K = ∇ ·
(
∇ᾱl
|∇ᾱl|

)
,

IRQK =
1

∆.K
.

(4)

• Third criteria: ᾱl It should be clear that droplets should exit only for a low value of liquid volume fraction.
The values taken in this work corresponds to the one tabulated in [9] for which was established the presence
of droplet for liquid volume fraction below 1% to give the possibility of four and two-way coupling between
droplets. Even though in this work only one-way coupling was used in the test case.
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Results and Discussion
The previous section has explained the stochastic Lagrange model derived from Langevin equation to account

for droplet turbulent dispersion, along with Euler-Lagrange Atomization model (ELSA). Now, an atomization
test case is presented. The geometry used in this case is on the left on figure 1, and was selected based on
available experimental and DNS results [14, 12]. Moreover, having a low Reynolds and high Weber number,
droplet formation and secondary atomization is ensured, as shown on the right of the figure 1 with the radiography
spray image:.

Figure 1. Schematic view of the diesel injector nozzle [14].

It is to be noted that the inlet liquid velocity profile was taken from a previous DNS simulation [14], which used
a turbulent length scale and intensity of 8%, and 5%, respectively, with atmospheric conditions for the ambient gas
pressure. Physical properties are displayed in the table 1.

Table 1. Physical properties of Shell NormalFluid ISO 4113 [14, 12].
Symbols Value

Liquid Density ρ(kg.m-3) 821
Liquid Viscocity µl(kg.m

-1.s-1) 3.2x10-3

Surface tension σ (N.m-1) 2.54x10-2

Finally, experimental interface velocities will be compared against the proposed model radially, on the plane
highlighted in red as shown on the figure 2, at 1.5 [mm] from nozzle exit. On the same plane, some droplet
variables will be numerically measured such as, droplet diameter, velocity and position for comparison purpose,
using different approaches for turbulent dispersion. Also in the figure, it is shown a representative set of droplets
colored in white, surrounding a grey liquid iso-surface equal to 0.01, which is the highest allowable value for
droplet creation.

Figure 2. Measurement plane located at 5 diameters from
the nozzle, represented by 4 red edges along with droplets
colored as white dots.
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Figure 3. Euler liquid volume fraction at the red
plane shown on the figure on the left.
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On figure 3, liquid volume fraction is displayed averaged in time and radially in space at the mentioned plane.
This liquid volume fraction radial profile will set the minimum radial distance from jet centerline, approximately
200 microns, to droplet formation.

Results are presented comparing three cases: a) SDE for particle trajectory with droplet injection velocity
taken equal to Euler mixture velocity, b) SDE with droplet injection velocity taken equal to Euler mixture veloc-
ity plus an additional diffusive term undergoing a Wiener process with zero-mean random increment of standard
deviation based on the local turbulent kinetic energy. And c) Direct Random Walk (DRW) model originally from
OpenFOAM with droplet injection velocity taken equal to Euler mixture velocity. Results are brought in terms
of Probability density functions (PDF) and its joint PDF for a pair of variables analysis. These PDF completely
characterize the random process of the two-phase flow.

Probability density functions (PDF) for cases a), b), c) are shown in figure 4, on the left, center and right
column, respectively. From top to bottom: PDF of droplet velocity, diameter and position for all the cases is
displayed. On the left and center column, there is no appreciable difference between PDF velocity, diameter and
position from case a) and b), which gives an indication of the nonexistent influence of adding a diffusive term for
the velocity during at the injection. A difference can be distinguished by comparing the first two columns with the
third one, specially for the PDF velocity, namely the shape of the PDF and averaged droplet velocities. It can be
seen that both models can be approximated by log-normal and normal Gauss distribution, respectively, which is
the logical expected result for the DRW model which uses the Gaussian diffusion process with zero-mean random
increment of standard deviation based on the local turbulent kinetic energy. Moreover, a extended right tale can
be seen on velocity PDF for DRW, which would wrongly give an impression of improvement over the SDE. On
the other hand, the SDE by Langevin equation: 2, introduces additional terms based on the physics involved, such
as the autocorrelation function, which relates the turbulence effect in a given time step, hence introducing some
history of eddies in droplet trajectories.
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Figure 4. From top to bottom, PDF of droplet velocity, diameter and position at the plane, given by SDE, SDE
with PDF velocity injection, and DRW model in OpenFOAM, respectively.
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Finally looking at velocity magnitude probability, it was found no significance difference between the models.
However, at the last row, some interesting findings can be drawn, specially compared to the experiments. It was
found experimentally, droplets velocity as high as 150 m/s about a radial distance of 400 microns. Such values
were in fact never obtainable using either model, as seen in bottom right image in figure 4 on the right, with almost
zero probability of finding droplet beyond this point radially.

From top to bottom: Scatter plots, joint Probability density functions (PDF), and conditional PDF for cases a),
b), c) are shown in figure 5, left, center and right, respectively. As the previous figures showed, little or not differ-
ences between case a) and b) is verified here as well. At the first row (the scatter plot), higher amount of droplets
with higher velocity are displayed for DRW (up to 200 m/s), compared with both SDE models, especially in radial
direction. However, based on the joint PDF on the second row, there is a wider velocity spectrum ranging from 150
to nearly 200 [m/s] with approximately equal probability for the SDE models compared to DRW. Regarding the
occurrence probability of finding droplet close to 270 and 240 microns, on the third row, dots are the distributed
samples of a joint PDF droplet velocity and radial position, where blue and red dots are the conditioned PDF ve-
locity at radial position equal to ≈ 240 and 270 microns, respectively. Two main features can be deducted. 1) at
270 microns radially from the centerline, the expected velocity is approximately 150 m/s for all models. 2) At 240
microns radially from the centerline, the higher probability for DRW than SDE gives an indication of high droplet
concentration around this radial position with approximately 90 m/s as expected velocity, on the contrary for the
SDE with bigger variances and possible lower peak velocities, which are more in agreement with experimental
findings as explained below.
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Figure 5. From top to bottom, scatter plot, joint PDF, and conditional PDF of droplet velocity at constant values of
droplet position, given by SDE, SDE with PDF velocity injection, and DRW model in OpenFOAM, respectively.

Figure 6 exhibits the surface liquid velocity radially and time-averaged for experiments (black dots), DNS (blue
line), and ELSA without Lagrange (continuous red line) [14, 19, 12]. Experimental results were taken using a kind
of PTV measurements, based on structure detected techniques. Those velocities cannot be captured by the PTV
instrument within the liquid jet core, as shown in the figure for radial distance lower than 200 µm. Consequently,
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in the absence of experimental dataset near the centerline of the liquid jet, DNS results were used. Therefore
the available validation range is increased from the jet centerline up to 700 µm approximately by combining
both Experimental and DNS results. On one hand, it is noticeable after 200 µm radially from the jet centerline
ELSA results, without Lagrange (continuous red line), tend to underestimate the liquid velocity as compared to
DNS and Experimental results. Such logical results arrive from the formation of tiny droplets beyond 200 µm,
thus unresolved scales become relevant as we move outward radially. On the other hand, adding the turbulent
dispersion model developed by Langevin and implemented during this research for droplet velocities, enhanced
ELSA results (orange and green lines, Langevin, and Langevin + Pdf-Inj, respectively), which clearly provides an
improvement over the previous ELSA results by capturing until some extend those small droplets moving away
from the centerline. Nonetheless, the difference observed between DNS and experiments are believed to be mainly
due to RANS overestimated diffusiveness, thus with more or less influence on the space-averaged injection surface
that might change the velocity momentum at which droplet are created. Finally, as shown previously, compared
with Langevin modeling (orange line), there are no significance changes in droplet velocity distribution by adding
a droplet velocity PDF at injection point (green line overlapping the orange one).

Figure 6. Radial interface velocity at 1500 [mm] from injector exit

Summary and Conclusions
The one-way coupling between ELSA and Lagrange approach has been presented and tested. A new stochastic

Lagrangian model based on the simplified Langevin model was implemented, which improves from the physical
point of view the robustness of the turbulent dispersion for the droplet velocity undergoing Brownian motion,
compared with the originally used Direct Random Walk (DRW) model, by means of well established DNS and
experimental results. The droplet velocity injection distribution based on an additional diffusive term undergoing
a Wiener process with zero-mean random increment of standard deviation based on the local turbulent kinetic
energy, brought nonexistent statistical influence compared with cases without velocity distribution injection. The
momentum transfer from the Euler part to droplets in SDE is higher, meaning there will be likely more particle
with high velocities in outer radial regions from the centerline of the liquid jet than for the case of DRW, which is
matchable with experimental results. This could be due to the turbulence memory added feature in SDE compared
with DRW which helps in spreading them. It was found also DRW tends to concentrate droplets in regions not so
far radially from the centerline.
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