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Semi-device-independent characterisation of multipartite entangled states and measurements
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The semi-device-independent framework allows one to draw conclusions about properties of an unknown
quantum system under weak assumptions. Here we present a semi-device-independent scheme for the charac-
terisation of multipartite entanglement based around a game played by several isolated parties whose devices
are uncharacterised beyond an assumption about the dimension of their Hilbert spaces. Our scheme can certify
that an n-partite high-dimensional quantum state features genuine multipartite entanglement. Moreover, the
scheme can certify that a joint measurement on n subsystems is entangled, and provides a lower bound on the
number of entangled measurement operators. These tests are strongly robust to noise, and even optimal for
certain classes of states and measurements, as we demonstrate with illustrative examples. Notably, our scheme
allows for the certification of many entangled states admitting a local model, which therefore cannot violate any
Bell inequality.

Introduction.—Entanglement represents a central feature of
quantum theory and a key resource for quantum information
processing [1]. Therefore, the task of characterising entangle-
ment experimentally is of fundamental significance. In partic-
ular, the development of quantum networks, multiparty cryp-
tography, quantum metrology, and quantum computing neces-
sitate certification methods tailored to multipartite entangled
states, as well as to entangled joint measurements.

Standard methods for the certification of multipartite en-
tanglement rely on entanglement witnesses [2], as quantum
tomography quickly becomes infeasible as the number of sub-
systems increases. Entanglement witnesses can also be used
for the particularly important sub-case of certifying genuine
multipartite entanglement (GME), the strongest form of mul-
tipartite entanglement, where all subsystems are genuinely en-
tangled together; see, e.g., Refs. [1–3]. In practice, the main
drawback of entanglement witnesses is that they crucially rely
on the correct calibration of the measurement devices, as a set
of specific observables must be measured. Importantly, even
small alignment errors can have undesirable consequences,
e.g. leading to false positives [4], and it is generally cum-
bersome to estimate these errors and take them into account
rigorously.

This motivates the developments of certification methods
that require minimal assumptions on the measurement de-
vices, and in particular do not rely on their detailed charac-
terisation. This is the spirit of the device-independent (DI)
approach to entanglement characterisation, which also leads
to interesting possibilities for quantum information process-
ing [5–7]. The main idea consists in using Bell inequalities,
given that a violation of such an inequality necessarily implies
the presence of entanglement in the state (even without any
knowledge about the measuring devices). Moreover, GME
can also be detected via Bell-like inequalities [8–14]. Experi-
mentally, however, this approach is very demanding as high
visibilities are typically required. More generally, a broad
range of entangled states (including many GME states [15–
17]) cannot, in fact, violate any Bell inequality [18] as they
admit local hidden variable models [19, 20]. Finally, although
Bell inequalities can in principle be used for the certification
of entangled joint measurements [21], no practical scheme has
been reported thus far.

This motivates the exploration of partially DI scenarios,
in between the fully DI case of Bell inequalities and the
device-dependent case of entanglement witnesses. Here, only
weak assumptions about the devices are typically made. One
possibility is to consider that a subset of parties perform
well-characterised measurements, while the others are un-
characterised [22–24]. Another option is to consider Bell
experiments with quantum inputs, leading to the so-called
measurement device-independent characterisation of entan-
glement [25, 26]. While experimental demonstrations have
been reported, both of these approaches have the drawback of
requiring certain parts of the experiment to be fully charac-
terised.

In the present work, we follow a different approach for
entanglement characterisation. Specifically, we will assume
only an upper bound on the Hilbert space dimension of the
subsystems of interest, but require no detailed characterisa-
tion of any of the devices. Roughly speaking, this assumption
means that all the relevant degrees of freedom are described in
a Hilbert space of given dimension [27–29], and that other po-
tential side-channels can be neglected. This scenario, usually
referred to as the semi-DI (SDI) setting, has been considered
for the characterisation of entanglement in the simplest set-
ting of two-qubit states [30, 31], as well as the detection of
two-qubit entangled measurements [32, 33].

Here, we present a versatile scheme for characterising both
multipartite entangled states and entangled measurements in
a semi-DI setting. Our scheme allows one to simultaneously
certify that (I) an n-partite quantum state (of arbitrary local
dimension) is GME, and that (II) a measurement performed
on the n subsystems is entangled. Furthermore, we obtain
a finer characterisation for the measurement, namely a lower
bound on the number of entangled measurement operators. In
general our scheme is strongly robust to noise, and even opti-
mal in certain cases. It certifies all noisy qubit Greenberger-
Horne-Zeilinger (GHZ) states that are GME, and, in the bipar-
tite case, all entangled isotropic states of arbitrary dimension.
Other classes of GME states, e.g. Dicke states, can also be
certified, although not optimally. For the case of entangled
measurements, we give two illustrative examples. In partic-
ular, we optimally certify the presence of entanglement in a
noisy Bell-state measurement. Finally, we conclude with a
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FIG. 1. An n-partite state is distributed between parties A1, . . . , An

who perform transformations on their local systems depending on
their random inputs (xk, yk). Each party sends their transformed d-
dimensional system to B who performs a measurement and obtains
an outcome b.

list of open questions.
Scenario.—The scenario we consider consists of a state be-

ing initially prepared, then transformed by several parties, and
finally measured. Since we operate within the SDI frame-
work no assumptions are made on the internal workings of
any of these parties’ devices, other than a bound on their local
Hilbert space dimensions, see Fig. 1. Throughout the exper-
iment the parties cannot communicate amongst themselves;
one may consider, e.g., that they are spacelike separated as is
usual in the DI framework.

Let an uncharacterised source distribute a state ρ of arbi-
trary dimension between n parties A1, . . . , An, each of which
receives a subsystem. Each party Ak, for k = 1, . . . , n, re-
ceives uniformly random inputs xk, yk ∈ {0, . . . , d−1}. Sub-
sequently, they perform local transformations T (k)

xkyk (which
may be any completely positive trace-preserving (CPTP)
map) which map their local states into a d-dimensional state.
The transformed state is sent to a final party denoted by B
who performs a (possibly joint) measurement {Mb}b (i.e.,
a positive-operator valued measure (POVM) with Mb ≥ 0
and

∑
bMb = 11) which produces an outcome string b =

b1 . . . bn ∈ {0, . . . , d − 1}n (see Fig. 1). The experiment
gives rise to a probability distribution P (b|x,y), where x =
x1 . . . xn and y = y1 . . . yn, given by

P (b|x,y) = tr

[(
n⊗
k=1

T (k)
xkyk

)
[ρ] ·Mb

]
. (1)

The goal of the task (or game) we consider is for the parties to
cooperate so that B’s output satisfies the conditions

b1 =

n∑
i=1

xi ≡ C1(x) and bk = yk − y1 ≡ Ck(y), (2)

for k = 2, . . . , n, where all quantities are computed modulo
d. Compactly, we write C(x,y) for the (unique) string b sat-
isfying all the above conditions. Note that these conditions

are not totally symmetric (except when n = 2), but they will
nonetheless prove useful in certifying entanglement. Given
a strategy leading to a probability distribution P (b|x,y), the
probability of winning the task (or if a win is rewarded with a
point, the average score) is thus given by

An,d =
1

d2n

∑
x,y

P (b = C(x,y) |x,y) . (3)

We now show how, from the value of an observed average
score An,d, one can make inferences about the entanglement
of the state ρ and the measurement {Mb}b.

Characterising entangled states.—We first consider certi-
fying the GME of the shared state. A state is said to be
GME if it is not biseparable, i.e., if it cannot be written in the
form ρ =

∑
S

∑
i pS,iρ

S
i ⊗ ρS̄i , for any possible bipartition

{S, S̄} of the subsystems {1, . . . , n}, where
∑
S,i pS,i = 1

and pS,i ≥ 0.
We now show that the value of An,d can be nontrivially

upper bounded for any n-partite biseparable state. This will
allow us to certify GME since, as we will see later, the bound
is violated by many GME states of interest.

Result 1. Let ρ be a state of n subsystems. For any measure-
ment {Mb}b and any transformations {T (k)

xkyk}k, it holds that

ρ is biseparable =⇒ An,d ≤ 1/d. (4)

Hence, wheneverAn,d > 1/d, ρ is certified to be GME. More-
over, this inequality is tight and the bound can be saturated
with fully separable states.

Proof. The full details of the proof are given in Appendix A.
In order to prove the upper bound in (4), we consider a relaxed
SDI task in which any distribution P (b|x,y) obtainable in
the original task is also possible in the relaxed setting, but
not vice versa. The relaxation is chosen so that the average
scoreAn,d can easily be upper-bounded. By construction, the
upper bound obtained in the relaxed scenario is also valid for
the original task.

To see that the bound is tight, we give a strategy that utilises
only product states and saturates the bound (4). Let Ak (for
k = 1, . . . , n) send yk to party B. With this information,
B can output bi = yi − y1, satisfying condition Ci, for i =
2, . . . , n. However, this strategy forces B to guess b1 in order
to satisfy condition C1. Any such guess succeeds, on average,
with probability 1/d, thus saturating the bound.

In order to show the relevance of the relation in Eq. (4), we
show that it can be violated by GME states. In particular, we
first consider the largest achievable value ofAn,d. It turns out
that the algebraically maximal value, i.e., An,d = 1, can be
achieved for all n and d via the following strategy. A GME
state of n subsystems of local dimension d, namely the gener-
alised GHZ state,

|GHZn,d〉 =
1√
d

d−1∑
i=0

|i〉⊗n (5)
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is distributed among the parties A1, . . . , An. Each party then
performs the unitary transformation UAk

xkyk
= ZxkXyk for

k = 1, . . . , n, where

Z =

d−1∑
j=0

e2iπj/d|j〉〈j| , X =

d−1∑
j=0

|j + 1〉〈j| (6)

are the usual clock and shift operators. Finally, B performs a
joint projective measurement in the basis of generalised GHZ
states given by

|Mb〉 = Zb1 ⊗Xb2 ⊗ · · · ⊗Xbn |GHZn,d〉. (7)

Note that in the simplest case of two qubits (n = d = 2),
the four unitaries are simply the three Pauli matrices and the
identity matrix, while the measurement is the Bell-state mea-
surement [34].

Let us now consider noisy GHZ states, i.e., mix-
tures of GHZ states with white noise: ρGHZ

n,d (v) =

v |GHZn,d〉〈GHZn,d| + (1 − v)11/dn, where v ∈ [0, 1] is the
visibility of the state. In the strategy given above, for the white
noise state one has An,d(11/dn) = 1/dn. Hence, from the
linearity of An,d in ρ, it follows that a violation of Eq. (4)
is obtained whenever v + (1 − v)/dn > 1/d, that is, when
v > (dn−1− 1)/(dn− 1). We discuss the implications of this
result in three separate cases of interest.

(I) For two d-dimensional systems (n = 2), the crite-
rion is v > 1/(d + 1) which is precisely the condition for
the entanglement of ρGHZ

2,d (v) [35]. Hence, every entangled
isotropic bipartite state is certified by our protocol. Inter-
estingly, such certification is impossible using Bell inequal-
ities; for instance we note that the state ρGHZ

2,2 (v) has a local
hidden variable model (for projective measurements) when
v < 0.6829 [36], and will therefore not violate any (known
or unknown) Bell inequality. For large d, such models are
known for v ≤ log d/d [37], and, in the limit, known facet
Bell inequalities allow for the certification of ρGHZ

2,d (v) when
v > 0.67 [38]. In contrast, as d→∞ our protocol can certify
entanglement for arbitrary small v.

(II) In the case of a system of many qubits (d = 2), our vis-
ibility criterion coincides with the condition for ρGHZ

n,2 (v) to be
GME [39]. Hence our scheme can certify all noisy qubit GHZ
states that are GME. Again, this would not be possible using
Bell inequalities, as (for instance) the state ρGHZ

3,2 (v = 1/2) is
GME but admits a biseparable model reproducing all corre-
lations from projective measurements [10]. Furthermore, the
GME of ρGHZ

3,2 (v) is known to be certifiable via a Bell inequal-
ity (in the limit of many measurements) when v > 0.64 [11],
whereas our criterion reads v > 3/7.

(III) When considering many high-dimensional systems
(n > 2 and d > 2), our setup is no longer optimal since
there exist generalised GHZ states that are GME below the
critical visibility of our scheme [40]. Nevertheless, choosing,
for instance, n = d = 3, the criterion is v > 4/13 which sub-
stantially outperforms the certification obtainable via known
Bell inequalities, which is possible when v > 0.81 [10, 14].

More generally, we derive a lower bound on the maximal
value of An,d achievable for an arbitrary state ρ. To this

end, consider the following strategy. Let B perform the mea-
surement given by (7), and let each party Ak perform the
transformation T (k)

xkyk [ρ] = (UAk
xkyk

) Λk[ρ] (UAk
xkyk

)†, where
UAk
xkyk

= ZxkXyk and the Λk, for k = 1, . . . , n, are CPTP
maps. Evaluating the score with this strategy and optimising
over the CPTP maps Λ1, . . . ,Λn straightforwardly leads to

An,d(ρ) = EGFn,d(ρ), (8)

where we have defined the quantity EGFn,d(ρ) =
maxΛ1,...,Λn

tr
[
(
⊗n

k=1 Λi)
[
ρ
]
· |GHZn,d〉〈GHZn,d|

]
. If one

instead maximises only over unitary maps Λk[ρ] = VkρV
†
k

one obtains An,d = GFn,d(ρ), where GFn,d(ρ) =

maxV1,...,Vn tr
[

(
⊗n

k=1 Vi) ρ (
⊗n

k=1 Vi)
†|GHZn,d〉〈GHZn,d|

]
is the GHZ fraction [41], a multipartite generalisation of
the singlet fraction [35]. EGFn,d(ρ) can then be seen as
the “extractable” GHZ fraction, an important generalisation
since, even in the bipartite case, local CPTP maps can
increase the singlet fraction of an entangled state [42].

In order to determine whether one can obtain a better score
than that given by Eq. (8) by considering arbitrary transforma-
tions and measurements, we conducted extensive numerical
tests. Focusing on the cases (n, d) ∈ {(2, 2), (2, 3), (3, 2)}
and optimising numericallyAn,d starting from randomly cho-
sen transformations and measurements, we were unable to ob-
tain a better score than EGFn,d(ρ). We note also that, when
restricted to unitary transformations, we were similarly un-
able to obtain a score larger than GFn,d(ρ). Motivated by this
numerical evidence, we make the following conjecture:

Conjecture 1. Let ρ be an n-partite state of local dimen-
sion d. Then the maximal value of An,d achievable for
any measurement {Mb}b and transformations {T (k)

xkyk}k is
EGFn,d(ρ), i.e.,

max
{T (k)

xkyk
},{Mb}b

An,d(ρ) = EGFn,d(ρ). (9)

Proving this conjecture would be particularly interesting in
the bipartite case, as violation of our witness would then cer-
tify an extractable singlet fraction greater than 1/d, which im-
plies that maximal entanglement can be distilled from the state
ρ [35].

We conclude this part, by discussing other classes of GME
states, that are qualitatively inequivalent to GHZ states. Let
us first consider noisy W states of three qubits, i.e., W (v) =
v |W 〉〈W |+ (1− v)11/8, where |W 〉 = 1√

3

(
|001〉+ |010〉+

|100〉
)
. Numerical optimisation gives a (seemingly optimal)

strategy obtaining A3,2 = 1
8 (1 + 5v). This implies that our

scheme certifies the GME of W (v) for v > 3/5. This is rela-
tively close to the optimal visibility for GME of v > 0.48 [43].
In comparison, known DI schemes based on Bell inequalities
would require v > 0.72 [10].

As a second illustrative example, we consider a noisy four-
qubit Dicke state D(v) = v |D〉〈D| + (1 − v)11/16, where
|D〉 = 1√

6

(
|0011〉 + |0101〉 + |0110〉 + |1001〉 + |1010〉 +

|110〉
)
. Numerically, the best strategy we find certifies the

GME of D(v) for v > 7/11 ≈ 0.64, while it is known to be
GME for v > 0.46 [43].
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Characterising entangled measurements.—Next, we con-
sider characterising the entanglement of the joint measure-
ment performed by B. A measurement {Mb}b is said to
be entangled if at least one measurement operator Mb does
not have a fully separable decomposition Mb =

∑
iMb,i

where Mb,i ≥ 0 and each Mb,i has the tensor product form
Mb,i =

⊗n
k=1M

(k)
b,i . We will see that the separability of

{Mb}b imposes a nontrivial bound on An,d which will allow
us to certify the entanglement of the measurement used. How-
ever, it is sufficient for a single measurement operator to be
entangled in order for the measurement to be entangled. This
qualitative property rules out a classical description, but re-
veals little about the extent to which entanglement is present
in the measurement. Interestingly, we can go a step further
and show that the value of An,d implies a bound on the mini-
mum number of the dn measurement operators that are entan-
gled. This provides a much finer characterisation of the joint
entangled measurement performed by B.

Result 2. Let {Mb}b be a joint measurement of an n-partite
system of local dimension dwith at least k ∈ {0, . . . , dn} fully
separable measurement operators. For any n-partite state ρ
and any transformations {T (k)

xkyk}k it holds that

At least k separable
measurement operators =⇒ An,d ≤

1

dn

(
dn − k +

k

d

)
. (10)

Hence, a violation of this inequality for a particular k implies
that at least dn−k+1 measurement operators are entangled.

Proof. The proof is given in Appendix B.

In the extremal case of a fully separable measurement (k =
dn), the bound (10) reduces to An,d ≤ 1/d, and observing a
violation of this bound certifies the entanglement of the mea-
surement. In the other extreme of witnessing a measurement
whose operators are all entangled (i.e., violating Eq. (10) for
k = 1), the bound (10) is An,d ≤ 1− (d− 1)/dn+1, which is
nontrivial for all n and d. In Appendix C we give some partial
results on the tightness of Eq. (10).

To demonstrate the usefulness of Result 2, we now dis-
cuss two illustrative examples in the bipartite case. First we
consider a noisy version of a generalised Bell-state measure-
ment (for arbitrary d), which, we recall, is a joint measure-
ment of two d-level systems given by the projection onto a
basis of d2 maximally entangled states {|Mb1b2〉}b1b2 . To
this end, we consider the measurement operators Mb1b2(v) =
v |Mb1b2〉〈Mb1b2 |+(1−v)11/d2. Note that each of these mea-
surement operators is equivalent (up to local unitaries) to an
isotropic state ρGHZ

2,d (v), and is thus entangled precisely when
v > 1/(d+ 1).

To certify the entanglement of this measurement, consider
again the strategy used previously in which the parties share
a maximally entangled state of two d-level systems, and per-
form the unitary transformations UAk

xkyk
= ZxkXyk . Note

that the score obtained here is the same as when consider-
ing a shared noisy isotropic state ρGHZ

2,d (v), combined with an
ideal Bell-state measurement. It thus follows from the previ-
ous results that we can certify the entanglement of the mea-

surement whenever v > 1/(d + 1). Hence, we certify entan-
glement whenever the level of noise is low enough to keep the
measurement operators entangled. Nevertheless, note that in
this case our witness certifies only that at least one measure-
ment operator is entangled, while all the measurement opera-
tors are in fact entangled. In order to certify the entanglement
of all d2 measurement operators, a much higher visibility of
v > (d2 + d− 1)/(d2 + d) is required. In the simplest case of
qubits (d = 2) this requirement is v > 5/6.

The second example we consider is for the case n =
d = 2, where we look at a two-qubit Bell-state measure-
ment subjected to coloured noise. Defining the usual Bell ba-
sis |φ±〉 = 1√

2
(|00〉 ± |11〉), |ψ±〉 = 1√

2
(|01〉 ± |10〉), and

Φ± = |φ±〉〈φ±|, Ψ± = |ψ±〉〈ψ±|, consider the measurement
given by the operators

E00 = vΦ+ +
1− v

4

(
Φ+ + 2Φ− + Ψ+

)
(11)

E01 = vΨ+ +
1− v

4

(
Φ+ + Φ− + 2Ψ+

)
(12)

E10 = vΦ− +
1− v

4

(
2Φ+ + Φ− + Ψ+

)
(13)

E11 = Ψ−, (14)

for some visibility v ∈ [0, 1]. When 1/3 < v ≤ 1, all four
operators are entangled; when 0 < v ≤ 1/3, only E01 and
E11 are entangled; and when v = 0, only E11 is entangled.

Considering the same strategy as in the previous exam-
ple (i.e., sharing a maximally entangled state and applying
the transformations UAk

xkyk
), we find A2,2 = (1 + v)/2. By

virtue of Eq. (10), this certifies the presence of four entangled
measurement operators when v > 3/4, at least three when
v > 1/2, at least two when v > 1/4, and at least one when
v > 0.

Conclusion.—We presented a scheme for the semi-device-
independent characterisation of multipartite entangled states
and measurements. In particular, our scheme can both certify
that states are GME, and provide a lower bound on the number
of measurement operators that are entangled. We illustrated
the relevance of our scheme in various case studies, show-
ing strong robustness to noise. In particular, we showed that
at the price of a dimensional bound, one can overcome fun-
damental limitations of entanglement certification using Bell
inequalities, as our scheme can certify many entangled states
admitting a local model.

We conclude with some relevant open questions. (I) Does
Eq. (10) hold also for biseparable (rather than fully separa-
ble) measurement operators, thereby allowing the number of
GME measurement operators to be bounded? (II) Can a more
sophisticated semi-DI scheme certify the entanglement of all
GME states (not just particular classes of states, as shown
here)? (III) Can our scheme be used as a dimension wit-
ness for both states and measurements (e.g., obtaining a score
An,d = 1 seems to require a state and measurement of dimen-
sion at least dn)? (IV) Note that a score An,d = 1 implies
that all the relations (2) are satisfied. This makes the scheme a
good candidate for multiparty cryptographic tasks (e.g., secret
sharing of classical data with quantum resources). Explor-
ing this possibility would be interesting. (V) Can the scheme
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be used for self-testing states, measurements, and transforma-
tions in prepare-and-measure experiments [44]?
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FIG. 2. The modified scenario (cf. Fig. 1). Parties {Ak}k∈S are allowed unlimited communication to B, whereas the remaining parties
{Ak}k∈S̄ are grouped into a single party, R, allowed S̄ log d bits of communication. The case shown is for S = {1, . . . , |S|}.

Appendix A: Proof of Result 1

In this section, we prove Result 1. Specifically, we bound the maximal value of An,d that can be obtained by biseparable
states, regardless of the choice of transformations and measurements. Since An,d depends linearly on ρ, no mixed biseparable
state can be used to obtain a larger score than some pure biseparable state. Hence, we need only consider pure states of the form
|χ〉S ≡ |ψ〉S ⊗ |φ〉S̄ , for any nontrivial bipartition {S, S̄} of the set of subsystems {1, . . . , n}.

Consider |χ〉S for a particular bipartition {S, S̄}. In order to give an upper bound on An,d, we will relax some of the
constraints in the scenario considered by the scheme and then evaluate the maximal average score in this less restrictive setting.
In particular, we consider the scenario in which the parties {Ak}k∈S are permitted to communicate unbounded information toB,
while the remaining parties {Ak}k∈S̄ are grouped into a single “effective” partyR, and which receives all their inputs. The party
R is allowed to send |S̄| d-level quantum systems (equivalently, a system of dimension d|S̄|) to B. This scenario is illustrated in
Fig. 2.

It is clear that any probability distribution P (b|x,y) obtainable in the original scenario on a state |χ〉S (i.e., with some choice
of transformations and measurements), is also obtainable in the relaxed scenario, but not vice versa. Since, by assumption,
there is no entanglement over the bipartition {S, S̄}, the parties {Ak}k∈S cannot do better than to simply send all their inputs
to B. In order to win the game, R therefore needs to communicate to B the values of

∑
i∈S̄ xi and all {yi}i∈S̄ for the condi-

tions C1, . . . , Cn to be satisfied. However, this amounts to
(
|S̄|+ 1

)
log d bits of information, while R can generally only send

|S̄| log d bits using a d|S̄|-level system, and must therefore employ a nontrivial optimal communication strategy. As we demon-
strate more formally below, there is no quantum strategy that allows B to know this information with a probability higher than
1/d, and therefore cannot with the game with a probability better than this either. Consequently, the desired bound in Eq. (4)
follows.

To this end, let us consider the following general setting for an information compression task between two parties, Alice and
Bob. Let Alice receive a uniformly distributed input x ∈ {1, . . . , N} which she must communicate to Bob. She encodes this
input into a quantum state ρx of dimension at most d, with N > d (if N ≤ d then Alice can simply send x). This amounts to
Alice compressing her input into a smaller message to send. This message is then sent to Bob, who must attempt to retrieve the
value of x from the state ρx by performing a suitable measurement {Mb}Nb=1. What is the average probability of success for Bob
to correctly obtain x following this measurement? A quantum strategy must obey the following bound:

psuccess ≡ 1

N

N∑
x=1

PQ(b = x|x) =
1

N

N∑
x=1

tr (ρxMx) ≤ 1

N

N∑
x=1

λmax (Mx) ≤ 1

N

N∑
x=1

tr (Mx) =
1

N
tr

(
N∑
x=1

Mx

)
=

d

N
, (A1)

where we have used the fact that the optimal state ρx maximising tr(ρxMx) is the eigenvector ofMx corresponding to its largest
eigenvalue, and that λmax(Mx) ≤ tr (Mx). In the last step we used that

∑
xMx = 11d for any POVM {Mx}x.

Moreover, there is no quantum advantage over classical approaches to encode and decode this information. This is straight-
forwardly seen by noting that the quantum bound (A1) can be saturated with a classical strategy as follows. Let Alice send
the classical message m(x) = x whenever x = 1, . . . , d, and m(x) = d if x ∈ {d + 1, . . . , N}. Bob always outputs the
message he receives, i.e. b = m(x). Whenever x ∈ {1, . . . , d}, it is indeed true that b = x and Bob correctly obtains x; when
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x ∈ {d+ 1, . . . , N}, Bob never succeeds. The average success probability of this simple classical strategy reads

psuccess ≡ 1

N

N∑
x=1

PC(b = x|x) =
d

N
. (A2)

Hence, quantum theory provides no advantage over classical coding for the stated task. Note that the above bears resemblance
to the Holevo bound, with the difference that we are probabilistically accessing the information.

We can now apply this result to the relaxed scenario under consideration in the proof of Result 1. There, the effective party
R plays the role of Alice, and has to transmit to Bob which of the d|S̄|+1 possible inputs they received by encoding it in a
d|S̄|-dimensional quantum system. From the above result, the average success probability of B correctly guessing the inputs of
R—and therefore winning the game—cannot be better than 1/d, which is indeed the desired result.

Appendix B: Proof of Result 2

Here we present the proof of Eq. (10). We begin with a useful lemma, which is straightforward:

Lemma 3. Let σAB be a bipartite density matrix inHA⊗HB and 0 ≤M ≤ 11 (resp.N ) be a symmetric operator onHA (resp.
HB). Let σA = trB [σAB ]. Then the following inequality holds:

trAB [σAB(M ⊗N)] ≤ trA [σAM ]λmax[N ]. (B1)

Proof. Let N =
∑
i ni|i〉〈i| be the spectral decomposition of N . Remark that σ(i)

A = 〈i|σAB |i〉 is an (unnormalised)

positive semidefinite operator. We then have trAB [σAB(M ⊗N)] =
∑
i ni trA

[
σ

(i)
A M

]
≤ λmax[N ] trA

[∑
i σ

(i)
A M

]
=

λmax[N ] trA [σAM ].

Equipped with this lemma, we can now prove the statement of Eq. (10). Party B performs a measurement with dn different
possible outcomes, described by measurement operators {Mb}b withMb ≥ 0 and

∑
bMb = 11. Let SEP be the set of strings b

for which Mb is a separable measurement operator, with |SEP| ≥ k; for b ∈ SEP we thus have Mb =
∑
i

⊗n
k=1M

(k)
b,i . We will

initially assume for simplicity that these separable POVM elements have the simpler tensor product form Mb =
⊗n

k=1M
(k)
b ;

we will see later that, because of the linearity of An,d, the proof nonetheless holds for arbitrary separable operators.

The parties A1, . . . , An may perform arbitrary transformations T (k)
xkyk , which are formally represented by completely positive

trace-preserving (CPTP) maps. Such transformations can always be written as a unitary U (k)
xkyk applied jointly to the local system

and some environment state ξEk , with the environment being subsequently traced out. Formally, we have

T (k)
xkyk

: σ 7→ trEk

[
U (k)
xkyk

(σ ⊗ ξEk)U (k)†
xkyk

]
. (B2)

We denote the Hilbert space for each party by Sk and the total Hilbert space of the parties by S =
⊗n

k=1 Sk. Similarly, we
denote the local and total Hilbert spaces of the environment by Ek and E =

⊗n
k=1 Ek, respectively. The total initial environment

state is thus ξE =
⊗n

k=1 ξEk . (Note that in our SDI scheme we only assume a bound on the dimension of the output space of
each party so, a priori, this may be different from that of the input spaces so that the U (k)

xkyk instead map Sik ⊗ E ik → S
f
k ⊗ E

f
k .

For simplicity we assume the input and output spaces have the same dimensions in the proof below; the argument generalises
trivially to the more general case.)
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Evaluating explicitly An,d, we have

An,d =
1

d2n

∑
x,y,b:

b=C(x,y)

trS

[(
n⊗
k=1

T (k)
xkyk

)
[ρ] ·Mb

]

=
1

d2n

∑
x,y,b:

b=C(x,y)

trSE

[(
n⊗
k=1

U (k)
xkyk

)
(ρ⊗ ξE)

(
n⊗
k=1

U (k)†
xkyk

)
(Mb ⊗ 11Ek)

]

=
1

d2n

∑
x,y,b∈SEP:
b=C(x,y)

trSE

[
(ρ⊗ ξE)

n⊗
k=1

(
U (k)†
xkyk

(
M

(k)
b ⊗ 11Ek

)
U (k)
xkyk

)]

+
1

d2n

∑
x,y,b/∈SEP:
b=C(x,y)

trSE

[
(ρ⊗ ξE)

(
n⊗
k=1

U (k)†
xkyk

)
(Mb ⊗ 11Ek)

(
n⊗
k=1

U (k)
xkyk

)]
. (B3)

Restricting ourselves to the first term above, we have

T ≡ 1

d2n

∑
x,y,b∈SEP:
b=C(x,y)

trSE

[
(ρ⊗ ξE)

n⊗
k=1

(
U (k)†
xkyk

(
M

(k)
b ⊗ 11Ek

)
U (k)
xkyk

)]

≤ 1

d2n

∑
x,y,b∈SEP:
b=C(x,y)

trS1E1

[
(ρS1 ⊗ ξE1)

(
U (1)†
x1y1

(
M

(1)
b ⊗ 11E1

)
U (1)
x1y1

)] n∏
k=2

λmax[M
(k)
b ], (B4)

where ρS1 = trS2...Sn [ρS ] and we have used Lemma 3 n−1 times, together with the identity λmax[U
(k)†
xkyk(M

(k)
b ⊗11Ek)U

(k)
xkyk ] =

λmax[M
(k)
b ].

Since {Mb}b is a valid POVM it must satisfy
∑

bMb =
∑

b∈SEP
⊗n

k=1M
(k)
b +

∑
b/∈SEP Mb = 11S . Tracing out subsystems

{2, . . . , n}, we see that

∑
b∈SEP

M
(1)
b

n∏
k=2

tr
[
M

(k)
b

]
= dn−111S1 −

∑
b/∈SEP

trS2···Sn [Mb] . (B5)

By noting that, given the values of y1, x1, . . . , xn−1,b, the condition b = C(x,y) fixes the values of the remaining variables
and that these remaining variables do not appear in the summand in Eq. (B4), we can rewrite the summation simply over
y1, x1, . . . , xn−1,b. Noting also that 0 ≤ λmax[P ] ≤ tr [P ] for any positive semidefinite operator P and using Eq. (B5) we have

T ≤ 1

d2n

∑
y1,x1,...,xn−1,

b∈SEP

trS1E1

[
(ρS1 ⊗ ξE1)

(
U (1)†
x1y1

(
M

(1)
b

n∏
k=2

λmax[M
(k)
b ]⊗ 11E1

)
U (1)
x1y1

)]

≤ 1

d2n

∑
y1,x1,...,xn−1

trS1E1

[
(ρS1 ⊗ ξE1)

(
U (1)†
x1y1

( ∑
b∈SEP

M
(1)
b

n∏
k=2

tr
[
M

(k)
b

]
⊗ 11E1

)
U (1)
x1y1

)]

=
1

d2n

∑
y1,x1,...,xn−1

trS1E1

[
(ρS1 ⊗ ξE1)

(
U (1)†
x1y1

(
dn−111S1E1 −

∑
b/∈SEP

trS2···Sn [Mb]⊗ 11E1

)
U (1)
x1y1

)]

≤ 1

d
− 1

d2n
λmax

 ∑
y1,x1,...,xn−1

U (1)†
x1y1

( ∑
b/∈SEP

trS2···Sn [Mb]⊗ 11E1

)
U (1)
x1y1

 . (B6)

We note briefly that one also obtains (B6) if one considers general separable operators of the form Mb =
∑
i

⊗n
k=1M

(k)
b,i

(rather than simple tensor products). This follows readily from the linearity of both Eqs. (B4) and (B5), so that the sum over
separable measurement operators can be eliminated in the same way as above.
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Continuing with the proof, note that for a positive semidefinite operator P in a d-dimensional Hilbert space, λmax [P ] ≥
1
d tr [P ]. Hence, letting D be the dimension of E1, we have

T ≤ 1

d
− 1

Dd2n+1
trS1E1

 ∑
y1,x1,...,xn−1

U (1)†
x1y1

( ∑
b/∈SEP

trS2···Sn [Mb]⊗ 11E1

)
U (1)
x1y1


=

1

d
− 1

Ddn+1

∑
b/∈SEP

trSE1 [Mb ⊗ 11E1 ]

≤ 1

d
− 1

dn+1

∑
b/∈SEP

λmax [Mb] , (B7)

where, in the last step, we used the relation trSE1 [Mb ⊗ 11EA ] = D trS [Mb] ≥ Dλmax [Mb].
Substituting this back into the expression (B3) for An,d and noting that

trSE

[
(ρ⊗ ξE)

(
n⊗
k=1

U (k)†
xkyk

)
(Mb ⊗ 11Ek)

(
n⊗
k=1

U (k)
xkyk

)]
≤ λmax [Mb] ≤ 1, (B8)

we have the bound

An,d ≤
1

d
+

(
1

dn
− 1

dn+1

) ∑
b/∈SEP

λmax [Mb]

≤ 1

d
+

(
1

dn
− 1

dn+1

)
(dn − k)

=
1

dn

(
dn − k +

k

d

)
, (B9)

as desired.

Appendix C: Partial tightness of Eq. (10) for two parties

In this section we consider the tightness of the inequality (10) for the bipartite case, which gives a lower bound on the number
of entangled measurement operators compatible with a given average score A2,d. Specifically, we present a simple strategy that
saturates the bound using a measurement for which there are k = md separable measurement operators, for m = 0, . . . , d.

Consider the following projective joint measurement of two d-dimensional quantum systems, in which the measurement
operatorsMb = |Mb〉〈Mb| are separable for all (b1, b2) satisfying b2−b1 ∈ {0, . . . ,m−1}, and entangled otherwise (where, as
always, b2−b1 is computed modulo d). Hence, there aremd separable operators and (d−m)d entangled operators. Specifically,

|Mb1b2〉 =

{
|b1, b2〉 for b2 − b1 ∈ {0, . . . ,m− 1},
Zb1 ⊗Xb2−b1 |φmax〉 for b2 − b1 /∈ {0, . . . ,m− 1}.

(C1)

To see that this is a valid measurement, note that all the inner products of two different separable basis-elements is zero. Similarly,
the entangled basis-elements constitute a subset of the Bell-basis, and are thus orthonormal. To show that the inner products
between the separable basis-elements and entangled basis-elements are all zero, consider the straightforward calculation

〈b′1, b′2|Zb1 ⊗Xb2−b1 |φmax〉 =
1√
d

d−1∑
`=0

ω`b1〈b′1, b′2|`, `+ b2 − b1〉 =
ωb
′
1b1

√
d
δb′2−b′1,b2−b1 . (C2)

Since all the separable basis-elements have b′2 − b′1 ∈ {0, . . . ,m − 1} while all entangled basis-elements have b2 − b1 /∈
{0, . . . ,m− 1}, the final delta function is zero. Hence, Eq. (C1) defines an orthonormal basis.

Consider thus the following strategy. LetA1 andA2 share a maximally entangled state, and apply (a relabelled variant of ) the
transformation strategy exploited several times in the main text, namely take the unitary transformations UA1

x1y1 = Zx1Xy1+x1

and UA2
x2y2 = Zx2Xy2−x2 . It follows straightforwardly that

A2,d =
d−m
d

+
m

d2
, (C3)

which saturates the upper bound of Eq. (10) for any m. We leave it as an open question whether a similar partial tightness result
holds in the more general n partite case.
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