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In 1960, W. J. Welch introduced the reciprocity theorem in arbitrary time domain. In 1963 V.H. Rumsey mentioned a method to transform the Lorentz reciprocity theorem to a new formula. In early of 1987 Shuangren Zhao introduced the mutual energy theorem in frequency domain. In the end of 1987 Adrianus T. de Hoop introduced the time-domain crosscorrelation reciprocity theorem. All these theories can be seen a same theorem in dierent domain: Fourier domain or in time domain. The reciprocity theorem of Welch, Rumsey and Hoop has been applied to nd out the directivity diagram of receiving antenna from the corresponding transmitting antenna. The mutual energy theorem of Zhao, has been applied to dene a inner product space of electromagnetic radiation elds, and hence, to applied to the sphere wave expansion and the plane wave expansion. The inner product and mutual energy theorem are applied to calculate the energy transfer from the transmitting antenna to the receiving antenna. This article will review all these theorems. This article will also extended the results of Zhao in Frequency domain, for example the inner product space, to the time-domain. And also bring the reciprocity results of Welch and de Hoop to the Frequency domain.

Introduction

1.1 Theorems W.J. Welch introduced a reciprocity theorem in arbitrary time-domain [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF] in 1960 (this will be referred as Welch's reciprocity theorem in this article). In 1963 V.H. Rumsey mentioned a method to transform the Lorentz reciprocity theorem to a new formula [START_REF] Rumsey | A short way of solving advanced problems in electromagnetic elds and other linear systems[END_REF], (this will be referred as Rumsey's reciprocity theorem). In early of 1987 Shuang-ren Zhao has introduced the concept of mutual energy and the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF] (this will be referred as Zhao's mutual energy theorem). In the end of 1987 Adrianus T. de Hoop introduced the time domain cross-correlation reciprocity theorem [START_REF] Adrianus | Time-domain reciprocity theorems for electromagnetic elds in dispersive media[END_REF], (this will be referred 1 as Hoop's reciprocity theorem). Welch's reciprocity theorem is a special case of the Hoop's reciprocity theorem.

Assume there are two current sources J 1 and J 2 . J 1 is the current of a transmitting antenna. J 2 is the current of a receiving antenna. The eld of J 1 is described as E 1 and H 1 . The eld of the current J 2 is E 2 and H 2 . Assume J 2 has a some distance with J 1 . Hoop's reciprocity theorem can be written as,

- ∞ t=-∞ V1 J 1 (t) • E 2 (t + τ )dV = ∞ t=-∞ V2 E 1 (t) • J 2 (t + τ )dV (1) 
if τ = 0, we have,

- ∞ t=-∞ V1 J 1 (t) • E 2 (t)dV = ∞ t=-∞ V2 E 1 (t) • J 2 (t)dV (2) 
This is Welch's reciprocity theorem. The Fourier transform of Hoop's reciprocity theorem can be written as, -

V1 J 1 (ω) • E 2 (ω) * dV = V2 E 1 (ω) • J 2 (ω) * dV (3) 
Where * is the complex conjugate operator. In this article if the variable t is applied in a formula, it is in time-domain. If ω is applied, it is in Fourier frequency domain. This is the Rumsey's reciprocity theorem and is also Zhao's mutual energy theorem. Hence this 4 theorems can be seen as one theorem in dierent domain: time-domain and Fourier domain.

Conjugate transform

Assume the eld ζ = [E(t), H(t), J (t), (t), µ(t)]. The conjugate transform [START_REF] Au | Theory of electromagnetic waves[END_REF] can be dened as,

Cζ = [E(-t), -H(-t), -J (-t), (-t), µ(-t)] (4) 
In the frequency domain, ζ = [E(ω), H(ω), J (ω), (ω), µ(ω)], the conjugate transform can be dened as

Cζ = [E(ω) * , -H(ω) * , -J (ω) * , (ω) * , µ(ω) * ] (5) 
It can be proved that after a conjugate transform a retarded wave become an advanced wave and an advanced wave becomes a retarded wave. It is important that after the conjugate transform the elds still satisfy the Maxwell equations.

Inner product of electromagnetic elds

Shuang-ren Zhao has dene the inner product for electromagnetic elds [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF]. As-

sume ξ 1 = [E 1 , H 1 ], ξ 2 = [E 2 , H 2 ] we have inner product, (ξ 1 , ξ 2 ) = " Γ (E 1 × H * 2 + E * 2 × H 1 ) • ndΓ (6) 
Γ is closed surface. Shuang-ren nd that this formula satisfy inner product 3 conditions [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF],

(I) Conjugate symmetry:

(ξ 1 , ξ 2 ) = (ξ 2 , ξ 1 ) * (7) 
(II) Linearity:

(aξ 1 + bξ" 1 , ξ 2 ) = a(ξ 1 , ξ 2 ) + b(ξ" 1 , ξ 2 ) (8) 
(III) Positive-deniteness:

(ξ, ξ) > 0 (9) (ξ, ξ) = 0 ⇒ ξ = 0 (10) 
⇒ means can derive. Shuang-ren Zhao found that the mutual energy theorem can be also written as [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF],

-(J 1 , ξ 2 ) V1 = (ξ 1 , ξ 2 ) = (ξ 1 , J 2 ) V2 (11) 
where

(J 1 , ξ 2 ) V1 = V E 2 (ω) * • J 1 (ω)dV (12) (ξ 1 , J 2 ) V2 = V2 E 1 (ω) • J 2 (ω) * dV (13) (ξ 1 , ξ 2 ) = (ξ 1 , ξ 2 ) Γ = " Γ (E 1 × H * 2 + E * 2 × H 1 ) • ndΓ (14) 
It is clear that the integral at V 1 and V 2 Eq.(12,13) are also the inner product.

Whether or not Eq.( 14) is a inner product is not clear, but shuang-ren Zhao has discovered that is a inner product. It is found that Γ does not need to be written, since it can be proved that Γ can be taken at any surface between the 2 volumes: V 1 and V 2 . This theorem is used by Shuang-ren as the Huygens principle [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF]. Since, if we let

J 2 = δ(x -x ) m -(J 1 , ξ 2 ) V1 = (ξ 1 , J 2 ) V2 = E 1 • m (15)
can tell us the eld ξ 1 at the direction m can be calculated at integral V 1 . But the following formula can calculate ξ 1 at any direction m on any surface integral Γ.

(

ξ 1 , ξ 2 ) Γ = (ξ 1 , J 2 ) V2 = E 1 • m (16)
This is just the Huygens principle, which tell us the eld of E 1 can be calculated on the surface Γ instead on its original volume V 1 . Similarly the magnetic eld H 1 • m can also be calculated on the surface Γ.

The inner product are applied to spherical wave expansion and the plane wave expansion [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF][START_REF] Zhao | The application of mutual energy formula in expansion of plane waves[END_REF].

Since now this author have known the work of Welch and de Hoop, the denition of the inner product can be widen to time-domain as following,

(ξ 1 , ξ 2 ) Γ = ∞ t=-∞ " Γ (E 1 (t) × H 2 (t) + E 2 (t) × H 1 (t)) • ndΓdt (17) 
In this article, Eq.( 17) will be our denition of surface inner product. Since in this article the research is done mostly at the time-domain. Similarly there is,

(J 1 , ξ 2 ) V1 = ∞ t=-∞ V E 2 (t) • J 1 (t)dV dt (18) (ξ 1 , J 2 ) V2 = ∞ t=-∞ V2 E 1 (t) • J 2 (t)dV dt (19) 
Eq.( 11) can be written details as,

- ∞ t=-∞ V E 2 (t) • J 1 (t)dV dt = ∞ t=-∞ " Γ (E 1 (t) × H 2 (t) + E 2 (t) × H 1 (t)) • ndΓdt = ∞ t=-∞ V2 E 1 (t) • J 2 (t)dV dt (20)

The mutual energy ow theorems

We all can accept that the Poynting theorem is a energy theorem. Even Shuangren Zhao call Eq.( 3) mutual energy theorem but he has obtained the mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF] from Lorentz reciprocity theorem instead form Poynting theorem. First we need to prove the mutual energy theorem is really a energy theorem. To do this we should prove it from the Poynting theorem instead to prove it from Lorentz reciprocity theorem, or from Maxwell equations.

2.1 Prove the above mentioned theorems are energy theorems

Assume there are two charges, the superposition of the two elds of the two

charges are ξ 1 = [E 1 , H 2 ], ξ 1 = [E 1 , H 2 ], can be written as ξ = [E, H],
where,

E = E 1 + E 2 (21) 
H = H 1 + H 2 (22) 
The Poynting theorem can be written as

- " Γ E × H) • ndΓ = V (E • J )dV + V (E • ∂D + H • ∂B)dV (23) 
This is referred as total energy formula. Similarly there is,

-

" Γ E 1 × H 1 ) • ndΓ = V (E 1 • J 1 )dV + V (E 1 • ∂D 1 + H 1 • ∂B 1 )dV (24) - " Γ E 2 × H 2 ) • ndΓ = V (E 2 • J 2 )dV + V (E 2 • ∂D 2 + H 2 • ∂B 2 )dV (25)
The above two formula is referred as self-energy formulas. Substitute Eq.(21,22)

to Eq.( 23) and then subtract Eq.(3-40) and Eq.(3-50) we obtains,

-

" Γ (E 1 × H 2 + E 2 × H 1 ) • ndΓ = V (E 1 • J 2 + E 2 • J 1 )dV + V (E 1 • ∂D 2 + E 2 • ∂D 1 + H 1 • ∂B 2 + H 2 • ∂B 1 )dV (26) 
We can call the above formula as mutual energy formula. Integral it with time,

- ∞ t=-∞ " Γ (E 1 × H 2 + E 2 × H 1 ) • ndΓdt = ∞ t=-∞ V (E 1 • J 2 + E 2 • J 1 )dV dt + ∞ t=-∞ V (E 1 • ∂D 2 + E 2 • ∂D 1 + H 1 • ∂B 2 + H 2 • ∂B 1 )dV dt (27) Considering, ∞ t=-∞ V (E 1 • ∂D 2 + E 2 • ∂D 1 + H 1 • ∂B 2 + H 2 • ∂B 1 )dV dt = ∞ t=-∞ dU = [U (∞) -U (-∞)] = 0 (28) 
where

U = 0 E 1 • E 2 + µ 0 H 1 • H 2 (29) 
is the mutual energy intensity in the space.

D 1 = 0 E 1 , B 1 = µ 0 H 1 and D 2 = 0 E 2 , B 2 = µ 0 H 2 is considered. 0 and µ 0 are constants.
We have assumed that in the time t = -∞, U (-∞) = 0, t = ∞, U (∞) = 0.

Substitute Eq.(29) to Eq.( 27). The details of proof of Eq.( 28) can be found in [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF]. We obtain,

- ∞ t=-∞ " Γ (E 1 × H 2 + E 2 × H 1 ) • ndΓdt = ∞ t=-∞ V (E 1 • J 2 + E 2 • J 1 )dV dt (30) 
In this formula assume that ξ 1 is retarded wave. ξ 2 is advanced wave. Assume ξ 1 and ξ 2 are short time signal. Assume Γ is a innite big sphere. And assume the current J 1 and J 2 inside the volume V . The volume V is inside of the surface Γ. Since the retarded wave reach the surface Γ at a future time. The advanced wave reach the the Surface Γ at a past time, hence the two eld ξ 1 and ξ 2 do not reach the surface Γ in the same time hence there is, "

Γ (E 1 × H 2 + E 2 × H 1 ) • ndΓ = 0 (31)
The proof of this formula can be found in [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF]. Considering Eq.(31,28), Eq.( 26) can be written as,

∞ t=-∞ V (E 1 • J 2 + E 2 • J 1 )dV dt = 0 (32) or - ∞ t=-∞ V1 J 1 (t) • E 2 (t)dV = ∞ t=-∞ V2 E 1 (t) • J 2 (t)dV dt (33) 
The current J 1 is inside V 1 and the current J 2 is inside V 2 . The above formula is the Welch's reciprocity theorem [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF]. The proving process of this formula is in principles is similar with Welch. The only dierence is that Welch started form Maxwell equations, this article started from the Poynting theorem. Our propose is not to prove this formula satisfy Maxwell equations, but to prove it is a sub-theorem of the Poynting theorem and hence is a energy theorem. This proof can also be easily widen to the Hoop's reciprocity theorem,

- ∞ t=-∞ V1 J 1 (t) • E 2 (t + τ )dV = ∞ t=-∞ V2 E 1 (t) • J 2 (t + τ )dV (34) 
After a Fourier transform, it becomes, -

V1 J 1 (ω) • E 2 (ω) * dV = V2 E 1 (ω) • J 2 (ω) * dV (35) 
This is Rumsey's reciprocity theorem or Zhao's mutual energy theorem [START_REF] Shuang Ren Zhao | The application of mutual energy theorem in expansion of radiation elds in spherical waves[END_REF]. From this derivation, it is clear the above formulas Eq.(33,34,35) are energy theorems.

Since the formula Eq.( 26) is corresponding to the mutual energy part of Poynting theorem, Shuang-ren Zhao call the formula Eq.(35) as the mutual energy theorem. It is worth to this name. The formula is a energy conservation formula. Here J 1 is the current of a transmitting antenna. E 1 (ω) is the eld of the transmitting antenna which is the retarded eld. J 2 is the current of a receiving antenna. E 2 (ω) is the led of the receiving antenna which is advanced wave.

The mutual energy theorem tell us that the energy sucked by the advanced wave E 2 (ω) from the current of the transmitting antenna J 1 is equal to the energy of the retarded eld E 1 (ω) applied to the current of the receiving antenna J 2 .

The negative sign in the left of the formula tell us that the left oer some energy and hence J 1 is electric power source. The right side has a positive sign that means it consumes energy and hence J 2 is a electric load. The reader perhaps has some confusion with advanced wave. But think that if E 2 (ω) is also send retarded wave, then the two antenna all radiate retarded waves and they are all transmitting antenna. That is conict the assumption that the current J 2 is the current of a receiving antenna. That is also wrong. Hence, E 2 (ω) cannot be retarded wave. About the advanced wave please see the reference [START_REF] Welch | Reciprocity theorems for electromagnetic elds whose time dependence is arbitrary[END_REF], the Wheeler-Feynman's absorber theory [1,2], or John Cramer's interpretation of quantum mechanics [START_REF] Cramer | The transactional interpretation of quantum mechanics[END_REF][START_REF] Cramer | An overview of the transactional interpretation[END_REF].

The mutual energy ow theorems

We knew that

" Γ1 (E × H) • ndΓ (36)
is Poynting energy ow. Similarly we dene

" Γ (E 1 × H 2 + E 2 × H 1 ) • ndΓ (37)
as the mutual energy ow of the eld ξ 1 = (E 1 , H 1 ) and ξ 2 = (E 2 , H 2 ). And dene

" Γ (E 1 × H 1 ) • ndΓ (38)
as the self-energy ow of the retarded led ξ 1 = (E 1 , H 1 ). And dene "

Γ (E 2 × H 2 ) • ndΓ (39)
as the self-energy ow of the advanced wave ξ 2 = (E 2 , H 2 ).

(

ξ 1 , ξ 2 ) = ∞ t=-∞ " Γ (E 1 × H 2 + E 2 × H 1 ) • ndΓdt (40)
are the all energy go through the surface Γ. After this denition that Eq. [START_REF] Zhao | The simplication of formulas of electromagnetic elds by using mutual energy formula[END_REF]20) can be seen as the mutual energy ow theorem. This theorem tell us, the energy of transmitting antenna is sucked by the advanced wave which is -(J 1 , ξ 2 ) is transferred in the space through the mutual energy ow

! Γ (E 1 × H 2 + E 2 × H 1 ) • ndΓ.
In any surface Γ 1 , Γ 2 the energy go through the surface from the time t ∈ (-∞, ∞) are all equal which is (ξ 1 , ξ 2 ) Γ . The energy applied by the retarded wave to the current at receiving antenna is (ξ 1 , J 2 ). The positive sign shows this term consumes the energy. Now let us to prove the mutual energy ow theorem Eq.( 20). In the Eq.( 30) the surface can be chosen in any place. If it is chosen as Γ 1 which is the boundary surface of the volume V 1 the results become:

- ∞ t=-∞ " Γ1 (E 1 × H 2 + E 2 × H 1 ) • ndΓdt = ∞ t=-∞ V1 J 1 • E 2 dV dt (41)
Here the surface norm vector

n is direct from volume V 1 to V 2 .
If the surface is chosen as Γ 2 which is the boundary surface of volume V 2 .

-

∞ t=-∞ " Γ2 (E 1 × H 2 + E 2 × H 1 ) • ndΓdt = ∞ t=-∞ V2 E 1 • J 2 dV dt (42) 
Here the surface norm vector n is direct to the outside of V 2 which is directed from V 2 to V 1 . We can adjusted the surface normal vector from going to outside to going inside. After correct the direction of the surface norm vector, a negative sign should be added, and, hence, we have

∞ t=-∞ " Γ2 (E 1 × H 2 + E 2 × H 1 ) • ndΓdt = ∞ t=-∞ V2 E 1 • J 2 dV dt (43) 
Substitute Eq.( 41) and Eq.( 43) to the mutual energy theorem Eq.( 33), we obtain,

- ∞ t=-∞ V1 J 1 (t) • E 2 (t)dV = ∞ t=-∞ " Γ1 (E 1 × H 2 + E 2 × H 1 ) • ndΓdt = ∞ t=-∞ " Γ2 (E 1 × H 2 + E 2 × H 1 ) • ndΓdt = ∞ t=-∞ V2 E 1 (t) • J 2 (t)dV dt (44) 
This can be written as,

- ∞ t=-∞ V1 J 1 (t) • E 2 (t)dV = (ξ 1 , ξ 2 ) Γ1 = (ξ 1 , ξ 2 ) Γ = (ξ 1 , ξ 2 ) Γ2 = ∞ t=-∞ V2 E 1 (t) • J 2 (t)dV dt (45) 
This is the formula is referred as mutual energy ow theorem. In the formula, there is,

Q = " Γ (E 1 × H 2 + E 2 × H 1 ) • ndΓ (46) 
as the mutual energy ow,

Energy Γ = ∞ t=-∞ Qdt (47)
are the energy go though the the surface Γ. The mutual energy ow theorem tell us that For any surface Γ which is between volume V 1 and V 2 , the mutual energy ow go through the surface Γ integral with time is not changed. The Γ can be close surface for example the boundary of volume V 1 or a innite open surface for example any innite plane separated the volume V 1 and V 2 . Here the eld ξ

1 = [E 1 , H 1 ] is the retarded wave, ξ 2 = [E 2 , H 2 ]
is the advanced wave.

The requirement that one eld is retarded and another is advanced is because of Eq.( 31). In Eq.( 31) is established only when the two elds one is retarded eld and another is advanced eld.

In this article we work at very short time eld or short time signal. If

ξ 1 = [E 1 , H 1 ] and ξ 2 = [E 2 , H 2 
] are all retarded eld, there is

Energy Γ = ∞ t=-∞ Qdt = (ξ 1 , ξ 2 ) Γ = 0
This is because when the wave ξ 1 reached to the V 2 , the current J 2 will send a retarded wave ξ 2 to the surface Γ. But when ξ 2 reached Γ, ξ 1 has passed Γ long time ago. ξ 1 = 0 on the surface. ξ 1 and ξ 2 can not synchronized, hence in general there is above formula.

The mutual energy theorem can be summarized as following:

(I) If the surface Γseparated the two volume V 1 and V 2 . If J 1 and J 2 are not all retarded wave or all advanced wave there is

(ξ 1 , ξ 2 ) Γ = constant
Where Γis arbitrary surface between V 1 and V 2 .

(II) If the surface Γseparated the two volume V 1 and V 2 . If the ξ 1 , ξ 2 are all retarded waves or all advanced waves, we have,

(ξ 1 , ξ 2 ) Γ = 0
Where Γ is surface in innite big sphere.

(III) If ξ 1 and ξ 2 one is retarded wave and one is advanced wave, there current J 1 and J 2 are inside the volume V . There is

(ξ 1 , ξ 2 ) Γ = 0
Here Γ is innite big sphere surface. Γ is also can be any surface surrounds the volume of V .

(IV) If ξ 1 and ξ 2 are all retarded wave, we have,

(ξ 1 , ξ 2 ) Γ = constant
Here the surface Γ is any surface surrounds the volume V , assume the two current sources J 1 and J 2 are all inside the volume V . (IV) is also eective if the two eld ξ 1 and ξ 2 are all advanced elds.

We know that a retarded wave with it's source at the center of a innite big sphere can be seen as an advanced wave if its source at uniformly distributed at innite big sphere. Hence the above (VI) can be also seen as if the eld ξ 1 is retarded eld, its source is inside V and ξ 2 is an advanced wave but it source is uniformly distributed at innite big sphere Γ S , Here Γ S is at innite big sphere.

Γ is any surface between V and Γ S . In this wave (I) and (IV) has same meaning the surface Γ has separated the two sources, in which one is produced a retarded eld and other produce is a advanced eld.

Example

Assume J 1 is the current of a transmitting antenna which is inside the volume V 1 and J 2 is the current of a receiving antenna which is inside of volume V 2 . The eld ξ 1 = [E 1 , H 1 ] is produced by J 1 and it is a retarded wave. The eld ξ 2 = [E 2 , H 2 ] is produced by J 2 and it is an advanced wave wave. (I) tell us there is energy current ow from V 1 to V 2 , the energy ow to any surface Γ is the all same. Γ is the arbitrary surface between V 1 and V 2 . (III) tell us there is no any mutual energy go outside of our universe. This give a double guarantee for condition (I). The mutual energy theorem Eq(33), Eq(34) or Eq(35) oers the energy send by the transmitting antenna just equal the energy received by the receiving antenna. Hence the mutual energy is conserved.

Conclusion

Welch's reciprocity theorem, Rumsey's reciprocity theorem, Zhao's mutual energy theorem and Hoop's reciprocity theorem are reviewed. It is found that all these 4 theorems are same theorem described in dierent domains: time-domain and Fourier frequency domain. It is shown that these theorems can be proved from Poynting theorem and that means they are sub-theorems of Poynting theorem, and hence are energy theorems even most people call it as reciprocity theorem.

The Concept of the mutual energy ow is also introduced. The mutual energy ow theorems are also proved. The example shown, these theorems can be applied to a system with a transmitting antenna and a receiving antenna.

The energy ow from the transmitting antenna to the receiving antenna can be described with this mutual energy ow theorem. The mutual energy theorem and the mutual energy ow theorem shown the energy conservation is achieved for this system.

Electromagnetic radiation eld form a very good inner product space which has been applied to sphere and plane wave expansions. Since we have extended the inner space to the time-domain. The wave expansion can also be expanded to time-domain.