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1 Introduction

The following derivation is a supplemental material for an article that has been
submitted to a conference. This derivation is quite simple, but it gives a closed-
form expression for an unsupervised binary classifier risk approximation that
can be included within any deep neural network model and be used to train this
model in an unsupervised way with standard backpropagation and stochastic
gradient descent.

2 Derivation of the unsupervised risk

Let be given a binary linear classifier with parameters θ that computes a scalar
score f(x) =

∑n
i=1 θixi ∈ IR for observation x ∈ IRn. The classifier outputs

class ŷ = 0 iff f(x) < 0, and ŷ = 1 iff f(x) >= 0. The true/gold class label is
noted y ∈ {0, 1}. The risk of this classifier with a hinge loss is [1]:

R(θ) = Ep(x,y)

[
(1− f(x) · (2y − 1))+

]
(1)

= P (y = 0)

∫
p(f(x) = α|y = 0)(1 + α)+dα+

P (y = 1)

∫
p(f(x) = α|y = 1)(1− α)+dα

We assume the conditional distributions follow a normal distribution:

p(f(x)|y = 0) ∼ N(µ0, σ0)

p(f(x)|y = 1) ∼ N(µ1, σ1)

where N(µ, σ) is the standard normal distribution with mean µ and variance
σ2. We can then rewrite an approximation of this risk under the previous
assumption and the additional assumption that the class marginals P (y) are
known:

R = P (y = 0)

∫
N(α;µ0, σ0)(1 + α)+dα+ P (y = 1)

∫
N(α;µ1, σ1)(1− α)+dα
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Removing the non-linearity:

R = P (y = 0)

∫ +∞

−1
N(α;µ0, σ0)(1+α)dα+P (y = 1)

∫ 1

−∞
N(α;µ1, σ1)(1−α)dα

Distributing:

R = P (y = 0)

∫ +∞

−1
N(α;µ0, σ0)dα+ P (y = 0)

∫ +∞

−1
αN(α;µ0, σ0)dα+

P (y = 1)

∫ 1

−∞
N(α;µ1, σ1)dα− P (y = 1)

∫ 1

−∞
αN(α;µ1, σ1)dα

We know that the cumulative distribution function of a (µ, σ) normal is:

F (x) =
1

2

(
1 + erf

(
x− µ
σ
√

2

))
So the integral of a Gaussian is:∫ b

a

N(x;µ, σ)dx = F (b)− F (a) =
1

2

(
erf

(
b− µ
σ
√

2

)
− erf

(
a− µ
σ
√

2

))
We know that erf(−∞) = −1, erf(0) = 0 and erf(+∞) = 1, so

R =
P (y = 0)

2

(
1− erf

(
−1− µ0

σ0
√

2

))
+ P (y = 0)

∫ +∞

−1
αN(α;µ0, σ0)dα+

P (y = 1)

2

(
1 + erf

(
1− µ1

σ1
√

2

))
− P (y = 1)

∫ 1

−∞
αN(α;µ1, σ1)dα

Integration by parts give:∫ b

a

uv′dx = [uv]ba −
∫ b

a

u′vdx

So with u = x and v′ = N(x;µ, σ)∫ b

a

xN(x;µ, σ)dx = bF (b)− aF (a)−
∫ b

a

F (x)dx

We also know that ∫
erf(x)dx = xerf(x) +

e−x
2

√
π

+ C

So ∫ b

a

F (x)dx =
b− a

2
+

1

2

∫ b

a

erf

(
x− µ
σ
√

2

)
dx
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We use integration by substitution:∫ b

a

erf

(
x− µ
σ
√

2

)
dx = σ

√
2

∫ b

a

erf

(
x− µ
σ
√

2

)
dx

σ
√

2
= σ
√

2

∫ u(b)

u(a)

erf(u)du

with u(x) = x−µ
σ
√
2

So∫ u(b)

u(a)

erf(u)du = u(b)erf(u(b))− u(a)erf(u(a)) +
1√
π

(e−u(b)
2

− e−u(a)
2

)

∫ u(b)

u(a)

erf(u)du =
b− µ
σ
√

2
erf

(
b− µ
σ
√

2

)
−a− µ
σ
√

2
erf

(
a− µ
σ
√

2

)
+

1√
π

(e−
(b−µ)2

2σ2 −e−
(a−µ)2

2σ2 )

∫ b

a

erf

(
x− µ
σ
√

2

)
dx = (b−µ)erf

(
b− µ
σ
√

2

)
−(a−µ)erf

(
a− µ
σ
√

2

)
+
σ
√

2√
π

(e−
(b−µ)2

2σ2 −e−
(a−µ)2

2σ2 )

∫ b

a

F (x)dx =
b− a

2
+
b− µ

2
erf

(
b− µ
σ
√

2

)
−a− µ

2
erf

(
a− µ
σ
√

2

)
+

σ√
2π

(e−
(b−µ)2

2σ2 −e−
(a−µ)2

2σ2 )

Plugging into the former equation:∫ b

a

xN(x;µ, σ)dx = bF (b)−aF (a)−b− a
2
−b− µ

2
erf

(
b− µ
σ
√

2

)
+
a− µ

2
erf

(
a− µ
σ
√

2

)
− σ√

2π
(e−

(b−µ)2

2σ2 −e−
(a−µ)2

2σ2 )

∫ b

a

xN(x;µ, σ)dx =
b

2
+
b

2
erf

(
b− µ
σ
√

2

)
− a

2
− a

2
erf

(
a− µ
σ
√

2

)
+

− b
2

+
a

2
− b

2
erf

(
b− µ
σ
√

2

)
+
µ

2
erf

(
b− µ
σ
√

2

)
+

a

2
erf

(
a− µ
σ
√

2

)
− µ

2
erf

(
a− µ
σ
√

2

)
− σ√

2π
(e−

(b−µ)2

2σ2 − e−
(a−µ)2

2σ2 )

Simplifying∫ b

a

xN(x;µ, σ)dx =
µ

2

(
erf

(
b− µ
σ
√

2

)
− erf

(
a− µ
σ
√

2

))
−

σ√
2π

(e−
(b−µ)2

2σ2 − e−
(a−µ)2

2σ2 )

Note: another way to obtain this result is to use the following known formula:∫ b

a

xN(x;µ, σ)dx = µ

∫ b

a

N(x;µ, σ)dx− σ2 [N(x;µ, σ)]
b
a
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So∫ b

a

xN(x;µ, σ)dx =
µ

2

(
erf

(
b− µ
σ
√

2

)
− erf

(
a− µ
σ
√

2

))
−σ2 (N(b;µ, σ)−N(a;µ, σ))

When b→ +∞:∫ +∞

a

xN(x;µ, σ)dx =
µ

2

(
1− erf

(
a− µ
σ
√

2

))
+ σ2N(a;µ, σ)

And when a→ −∞:∫ b

−∞
xN(x;µ, σ)dx =

µ

2

(
1 + erf

(
b− µ
σ
√

2

))
− σ2N(b;µ, σ)

Our risk is:

R =
P (y = 0)

2

(
1− erf

(
−1− µ0

σ0
√

2

))
+ P (y = 0)

∫ +∞

−1
αN(α;µ0, σ0)dα+

P (y = 1)

2

(
1 + erf

(
1− µ1

σ1
√

2

))
− P (y = 1)

∫ 1

−∞
αN(α;µ1, σ1)dα

So

R =
P (y = 0)

2

(
1− erf

(
−1− µ0

σ0
√

2

))
+−P (y = 0)µ0

2

(
1− erf

(
−1− µ0

σ0
√

2

))
+

P (y = 0)σ2
0N(−1;µ0, σ0) +

P (y = 1)

2

(
1 + erf

(
1− µ1

σ1
√

2

))
− P (y = 1)µ1

2

(
1 + erf

(
1− µ1

σ1
√

2

))
+

P (y = 1)σ2
1N(1;µ1, σ1)

And finally, the risk as a function of the bi-Gaussian parameters is:

R =
P (y = 0)

2
(1 + µ0)

(
1− erf

(
−1− µ0

σ0
√

2

))
+ P (y = 0)σ2

0N(−1;µ0, σ0) +

P (y = 1)

2
(1− µ1)

(
1 + erf

(
1− µ1

σ1
√

2

))
+ P (y = 1)σ2

1N(1;µ1, σ1)

We have implemented this risk in pytorch [2] in order to benefit from au-
tomatic differentiation to compute the gradient of this risk with respect to the
bi-Gaussian parameters.

Then, we propose in the main paper two solutions to connect this gradient to
the rest of the neural architecture in order to perform end-to-end unsupervised
training:

• The first option exploits two nested SGD processes, respectively for opti-
mizing the bi-Gaussian parameters and the other network parameters;

• The second option approximates the bi-Gaussian parameters estimation
with a deterministic function, which allows to directly plug the risk at the
output of the deep neural network and set-up a unique backpropagation
chain for end-to-end training.
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