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Abstract 

In today’s business environment, the trend towards more product variety and customization is unbroken. Due to this development, the need of 
agile and reconfigurable production systems emerged to cope with various products and product families. To design and optimize production
systems as well as to choose the optimal product matches, product analysis methods are needed. Indeed, most of the known methods aim to 
analyze a product or one product family on the physical level. Different product families, however, may differ largely in terms of the number and 
nature of components. This fact impedes an efficient comparison and choice of appropriate product family combinations for the production
system. A new methodology is proposed to analyze existing products in view of their functional and physical architecture. The aim is to cluster
these products in new assembly oriented product families for the optimization of existing assembly lines and the creation of future reconfigurable 
assembly systems. Based on Datum Flow Chain, the physical structure of the products is analyzed. Functional subassemblies are identified, and 
a functional analysis is performed. Moreover, a hybrid functional and physical architecture graph (HyFPAG) is the output which depicts the 
similarity between product families by providing design support to both, production system planners and product designers. An illustrative
example of a nail-clipper is used to explain the proposed methodology. An industrial case study on two product families of steering columns of 
thyssenkrupp Presta France is then carried out to give a first industrial evaluation of the proposed approach. 
© 2017 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the scientific committee of the 28th CIRP Design Conference 2018. 
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1. Introduction 

Due to the fast development in the domain of 
communication and an ongoing trend of digitization and
digitalization, manufacturing enterprises are facing important
challenges in today’s market environments: a continuing
tendency towards reduction of product development times and
shortened product lifecycles. In addition, there is an increasing
demand of customization, being at the same time in a global 
competition with competitors all over the world. This trend, 
which is inducing the development from macro to micro 
markets, results in diminished lot sizes due to augmenting
product varieties (high-volume to low-volume production) [1]. 
To cope with this augmenting variety as well as to be able to
identify possible optimization potentials in the existing
production system, it is important to have a precise knowledge

of the product range and characteristics manufactured and/or 
assembled in this system. In this context, the main challenge in
modelling and analysis is now not only to cope with single 
products, a limited product range or existing product families,
but also to be able to analyze and to compare products to define
new product families. It can be observed that classical existing
product families are regrouped in function of clients or features.
However, assembly oriented product families are hardly to find. 

On the product family level, products differ mainly in two
main characteristics: (i) the number of components and (ii) the
type of components (e.g. mechanical, electrical, electronical). 

Classical methodologies considering mainly single products 
or solitary, already existing product families analyze the
product structure on a physical level (components level) which 
causes difficulties regarding an efficient definition and
comparison of different product families. Addressing this 
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Abstract 

Assembly simulation of parts with form defects using Skin Model Shapes (SMS) is much more difficult than the usual assembly of ideal 
models in a CAD system. Some research studies try to tackle this issue, but very few authors focus on form defect, multibody system and 
external forces and torques, all at once. Yet external forces are preponderant when considering the relative positioning of parts with form 
defects. 
The aim of the paper is to compare two different assembly simulation methods based on: (1) Linear Complementarity Condition (LCC), (2) 
elimination of contact configurations which are not in mechanical equilibrium. First, the two methods are introduced, and a theoretical 
comparison shows their differences. Next, several assembly cases are studied. Simulation results are compared to evaluate the proposed 
methods. The influences of form defect and assembly loads are emphasized through these cases. 
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1. Introduction 

The wide use of Information Technology (IT) facilitates 
tolerance management, with Computer-Aided Tolerancing 
(CAT) tools developed to help engineers make relevant 
decisions. Among these tools, the Offset Zone-based method 
[1] is introduced to represent the geometry of tolerance zones. 
The Technologically and Topologically Related Surfaces 
(TTRS) model [2] is developed to construct datum systems. 
Small Displacement Torsor (SDT) is used to evaluate and 
represent manufacturing defects [3]. Models such as Vectorial 
tolerancing model [4], Jacobian-Torsor model [5] 
Proportioned Assembly Clearance Volume (PACV) [6] and 
Tolerance Map (T-Map®) [7] are proposed to calculate the 
ranges of assembly deviation. The above-mentioned tolerance 
analysis methods use ideal features, which contain no form 
defects. To emphasize the influence of form defects and cover 
different precision levels of manufacturing defects, the 
concept of the skin model is proposed by Ballu and Mathieu 
[8]. The skin model shape, the discrete instance of the skin 

model, is used to simulate manufacturing defects [9] and 
conduct tolerance analysis [10–14]. 

This article investigates optimization-based methods to 
simulate skin model shape assembly. The relation between 
assembly boundary condition and optimization objective is 
analyzed. Based on the analysis, two simulation methods are 
proposed. The principle behind the methods and their 
simulation results are compared. 

2. Analysis of Assembly Considering Form Defects and 
Assembly Loads 

Considering form defects during assembly imposes many 
more difficulties than when they are not taken into 
consideration. The first step consists in investigating the 
assembly configurations which are due to form defects. In this 
section, the simulation models, assembly conditions and final 
assembly configurations are studied. The study highlights the 
important elements and provides guidelines for developing 
simulation methods. 
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Using signed distances, we can set linear constraints, in 
Fig. 3, for example. Let 𝑃𝑃𝑆𝑆𝑆𝑆1 and 𝑃𝑃𝑆𝑆𝑆𝑆2 be two points on planes 
𝑆𝑆𝑆𝑆1  and 𝑆𝑆𝑆𝑆2 . The signed distance is defined as 𝐷𝐷𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  in 
Equation (1). In assembly, the signed distance between mating 
surfaces is constrained to be non-negative to express that there 
is no penetration. 

𝐷𝐷𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑃𝑃𝑆𝑆𝑆𝑆1𝑃𝑃𝑆𝑆𝑆𝑆2 ⋅ 𝑁𝑁1 = 𝑃𝑃𝑆𝑆𝑆𝑆2𝑃𝑃𝑆𝑆𝑆𝑆1 ⋅ 𝑁𝑁2

2.3. Constraints on Degree of Freedom (DOF) 

The concept of SDT (Small Displacement Torsor) was 
developed by Bourdet and Clément [3,15] to fit geometrical 
surfaces to point clouds. Based on the kinematics of a rigid 
body in Euclidean space, the displacement of the part could be 
described by a torsor that contains 3 translations and 3 
rotations. In applying this to metrology and tolerancing, the 
displacements are assumed to be small and can be linearized 
by torsor. Equation  (2) shows the SDT of a rigid part 
𝐴𝐴 , identified by rotations 𝛼𝛼 , 𝛽𝛽 , 𝛾𝛾  and translations 𝑢𝑢 , 𝑣𝑣 , 𝑤𝑤 . 
Using SDT, the relation between displacement and geometric 
characteristics (like distance and angle) can also be linearized. 
 

{𝑑𝑑}𝐴𝐴 = {𝑅⃗𝑅 𝑇⃗𝑇 }𝐴𝐴 = {
𝛼𝛼 𝑢𝑢
𝛽𝛽 𝑣𝑣
𝛾𝛾 𝑤𝑤

}
𝐴𝐴

 

During the relative positioning of skin model shapes, not 
all of the 6 torsor variables are free. For the example in Fig. 3, 
the displacement of 𝑆𝑆𝑆𝑆2 along direction 𝑥𝑥 will cause infinite 
solutions. In addition, in the physical assembly of parts, due to 
static friction, there will be no translation along direction 𝑥𝑥. 
Therefore the DOF of 𝑆𝑆𝑆𝑆2 along direction 𝑥𝑥 should be fixed. 
Moreover, for complex assembly, the constraints on DOFs 
should be analyzed to guarantee that the problem could be 
solved. 

2.4. Load Boundary Conditions 

In the work of Samper et al. [10], the distance between two 
planar surfaces is minimized in consideration of the assembly 
force. Homri et al. [14] and Ledoux et al. [16] extended this 
method to cylindrical and spherical joints, respectively. The 
difficulty is in generalizing this method to more complex 
assemblies. Similarly, the method developed  by Corrado et al. 
[12] is not extended to general cases. In the work of Schleich 
et al. [11], efforts were made to generalize the problem by 
assigning weights to get a multi-objective optimization 
problem. However, selecting the weights is no trivial matter, 
and there are no clues on how to define them. 

There are several ways to take into account the influence of 
assembly loads. One method is to transform it into an 
optimization objective, such as maximization of the 
displacement along the load direction: 

𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜: 𝑚𝑚𝑎𝑎𝑎𝑎 (𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑)
where 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  is the displacement of the skin model shape 

along the load direction. Another choice is to integrate load 
boundary conditions into optimization constraints. 

2.5. Simplification of Assembly Loads 

For general cases, several assembly loads may be applied 
to the skin model shapes. A method to simplify the loads is 
therefore introduced. 

The method is based on Poinsot’s theorem [17] from the 
torsor theory (also called screw theory). According to the 
theorem any forces or torques applied to one system could be 
simplified to one force applied at a certain point in the space 
and one torque applied along the same direction. 

Using this theorem, we can reduce multiple forces and 
torques to only one force and one torque. 

3. Displacement Maximization Method 

To simulate the assembly of rigid parts, there are several 
solutions. Using simulation methods from the field of robotics 
or multibody dynamics, the whole assembly process could be 
simulated. For tolerance analysis, however, the precision of 
the final assembly plays a critical role while the dynamic 
properties are not concerned. Moreover, to be able to conduct 
a statistical simulation, the calculation time should be reduced. 
For these two reasons, the dynamic methods are not suitable 
for our problem. In this section a Displacement Maximization 
(DM) based method is proposed to meet these demands. 

3.1. Formulation of the Problem 

In the DM method, the objective is to maximize the 
displacement of the skin model shape along the load direction. 
This displacement is represented by 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 in Equation (4): 

𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑋𝑋 = [𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆]
𝑚𝑚𝑚𝑚𝑚𝑚 (𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑)
𝑠𝑠. 𝑡𝑡. 𝐷𝐷𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ≥ 0

where 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 are small displacement torsors of skin model 
shapes. 𝐷𝐷𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ≥ 0  indicates that there is no penetration 
between models. The optimization problem could be solved 
efficiently by linear programming algorithms, such as 
simplex. 

3.2. Optimization Constraints and Objective 

The constraints and objectives should be adjusted 
according to the detailed simulation cases. For example, 
additional constraints on DOFs can be introduced to simplify 
the assembly model. Suitable displacement constraints 
guarantee the solvability and efficiency of the optimization 
resolution. Therefore, they should be defined carefully. 

Based on assembly load boundary condition analysis, we 
define the optimization objective according to the following 
steps: 

a) Define a point on the object part where the load is 
applied; 

b) Define a vector, its direction is the load direction of the 
force, or is parallel to the rotation axis of torque load; 

c) The objective is to maximize the displacement of the 
object part along/around the vector direction defined in 
step b). 
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To start from basic cases, we look at the mating of two 
parts with planar contact surfaces. Fig. 1 shows the assembly, 
and the red arrow indicates the assembly force. The nominal 
model should be perfectly mated, as can be seen in Fig. 1(a). 

The ideal surface-based deviation model contains 
translation and rotation deviations, while the mating planes are 
still ideal plane features. This means the planes could be 
expressed by a center point and a normal vector. Using normal 
vectors, the orientation of two parts after assembly could be 
determined. As in nominal models, the two planes can still 
mate without gaps, as can be seen from Fig. 1(b). Here, 
considering static friction forces, displacements according to 
the DOFs are zero. 

Thus in the configuration shown in Fig. 1(b), without 
friction, the top part would slide to the left because the planar 
surface is not normal to the force. As there is a degree of 
freedom, the tangential displacement is constrained. This 
constraint replaces the friction force. The concept of support, 
used in FEA, will be used in the following part of the paper to 
put these constraints in place. 

The problem becomes difficult when considering skin 
model shapes in Fig. 1(c). Since form defects are being 
considered, the two mating surfaces are no longer ideal plane 
features. The mating of two surfaces is also reduced to certain 
contact regions only. The resulting assembly depends on the 
local contacts between the two surfaces, and the local contacts 
depend on: 

 The form defects on mating surfaces. 
 The position and direction of assembly forces. 

As in the configuration in Fig. 1(c), there could be 
tangential displacements due to local contacts which are not 
normal to the force. Thus, the tangential displacements are 
also constrained to zero. 

 
Fig. 1. Mating of two parts with two plane surfaces: (a) nominal models 

(b) polyhedral deviation models (c) skin model shapes. 

For a better understanding, a close view of the mating 
surfaces is shown in Fig. 2. The two lines in different colors 
represent two mating surfaces in 2D. In Fig. 2(a), the 
assembly force is applied close to the center of the surface, 
and one mating configuration is found. When moving the 
assembly force to the left side of the surface, the contact 
regions also shift. The shifting of contact regions is 
determined by the form defects and assembly force at the 
same time. This indicates that when we are considering form 
defects in assembly, we should also consider assembly loads. 

The assembly simulation could be considered as the 
relative positioning of skin model shapes. In the following, 
details about contact and force during assembly simulation are 
discussed. 

 

 

Fig. 2. Influences of form defects and force:  
(a) force applied to center point (b) force applied close to left side. 

2.1. Discrete Representation of Skin Model Shapes 

Based on the discrete description of skin model shapes [9], 
we chose to use point clouds to represent features with form 
defects in 2D. As shown in Fig. 3, section views of two 
mating planes 𝑆𝑆𝑆𝑆1 and 𝑆𝑆𝑆𝑆2 are constructed by discrete points. 
𝑁𝑁1 and 𝑁𝑁2 are the normal direction of corresponding nominal 
planes (dashed lines in the figure), and we assume the points 
have the same normal direction as the nominal planes. During 
the relative positioning process, 𝑆𝑆𝑆𝑆1 is the target part (fixed) 
and 𝑆𝑆𝑆𝑆2 is the object part which moves to mate with 𝑆𝑆𝑆𝑆1. 

 

 

Fig. 3. Two planes expressed by point clouds. 

2.2. Signed Distance and Non-penetration Constraint 

The sign is defined to indicate the relative direction, the 
envelope condition or the material condition. For example, as 
shown in Fig. 4(a), the distance between 𝑃𝑃1 , 𝑃𝑃2  and the 
discrete circle are evaluated. To identify that the point is 
inside or outside the circle, a signed distance could be used. 
Let 𝑃𝑃1 be a point outside the circle, it has a positive distance, 
and let 𝑃𝑃2  be a point inside the circle, it has a negative 
distance. Similarly for material, let us consider that a point 
inside the material has a negative distance and a point outside 
the material has a positive distance. Fig. 4(b) shows the 
example of material distance, where the hatching indicates the 
material and the points form the part surface. In this case, 𝑃𝑃2 
has negative material distance to the surface while 𝑃𝑃1  has 
positive material distance. 

 

Fig. 4. Examples of signed distances. 
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assigning weights to get a multi-objective optimization 
problem. However, selecting the weights is no trivial matter, 
and there are no clues on how to define them. 

There are several ways to take into account the influence of 
assembly loads. One method is to transform it into an 
optimization objective, such as maximization of the 
displacement along the load direction: 

𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜: 𝑚𝑚𝑎𝑎𝑎𝑎 (𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑)
where 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  is the displacement of the skin model shape 

along the load direction. Another choice is to integrate load 
boundary conditions into optimization constraints. 

2.5. Simplification of Assembly Loads 

For general cases, several assembly loads may be applied 
to the skin model shapes. A method to simplify the loads is 
therefore introduced. 

The method is based on Poinsot’s theorem [17] from the 
torsor theory (also called screw theory). According to the 
theorem any forces or torques applied to one system could be 
simplified to one force applied at a certain point in the space 
and one torque applied along the same direction. 

Using this theorem, we can reduce multiple forces and 
torques to only one force and one torque. 

3. Displacement Maximization Method 

To simulate the assembly of rigid parts, there are several 
solutions. Using simulation methods from the field of robotics 
or multibody dynamics, the whole assembly process could be 
simulated. For tolerance analysis, however, the precision of 
the final assembly plays a critical role while the dynamic 
properties are not concerned. Moreover, to be able to conduct 
a statistical simulation, the calculation time should be reduced. 
For these two reasons, the dynamic methods are not suitable 
for our problem. In this section a Displacement Maximization 
(DM) based method is proposed to meet these demands. 

3.1. Formulation of the Problem 

In the DM method, the objective is to maximize the 
displacement of the skin model shape along the load direction. 
This displacement is represented by 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 in Equation (4): 

𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑋𝑋 = [𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆]
𝑚𝑚𝑚𝑚𝑚𝑚 (𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑)
𝑠𝑠. 𝑡𝑡. 𝐷𝐷𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ≥ 0

where 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 are small displacement torsors of skin model 
shapes. 𝐷𝐷𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ≥ 0  indicates that there is no penetration 
between models. The optimization problem could be solved 
efficiently by linear programming algorithms, such as 
simplex. 

3.2. Optimization Constraints and Objective 

The constraints and objectives should be adjusted 
according to the detailed simulation cases. For example, 
additional constraints on DOFs can be introduced to simplify 
the assembly model. Suitable displacement constraints 
guarantee the solvability and efficiency of the optimization 
resolution. Therefore, they should be defined carefully. 

Based on assembly load boundary condition analysis, we 
define the optimization objective according to the following 
steps: 

a) Define a point on the object part where the load is 
applied; 

b) Define a vector, its direction is the load direction of the 
force, or is parallel to the rotation axis of torque load; 

c) The objective is to maximize the displacement of the 
object part along/around the vector direction defined in 
step b). 
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To start from basic cases, we look at the mating of two 
parts with planar contact surfaces. Fig. 1 shows the assembly, 
and the red arrow indicates the assembly force. The nominal 
model should be perfectly mated, as can be seen in Fig. 1(a). 

The ideal surface-based deviation model contains 
translation and rotation deviations, while the mating planes are 
still ideal plane features. This means the planes could be 
expressed by a center point and a normal vector. Using normal 
vectors, the orientation of two parts after assembly could be 
determined. As in nominal models, the two planes can still 
mate without gaps, as can be seen from Fig. 1(b). Here, 
considering static friction forces, displacements according to 
the DOFs are zero. 

Thus in the configuration shown in Fig. 1(b), without 
friction, the top part would slide to the left because the planar 
surface is not normal to the force. As there is a degree of 
freedom, the tangential displacement is constrained. This 
constraint replaces the friction force. The concept of support, 
used in FEA, will be used in the following part of the paper to 
put these constraints in place. 

The problem becomes difficult when considering skin 
model shapes in Fig. 1(c). Since form defects are being 
considered, the two mating surfaces are no longer ideal plane 
features. The mating of two surfaces is also reduced to certain 
contact regions only. The resulting assembly depends on the 
local contacts between the two surfaces, and the local contacts 
depend on: 

 The form defects on mating surfaces. 
 The position and direction of assembly forces. 

As in the configuration in Fig. 1(c), there could be 
tangential displacements due to local contacts which are not 
normal to the force. Thus, the tangential displacements are 
also constrained to zero. 

 
Fig. 1. Mating of two parts with two plane surfaces: (a) nominal models 

(b) polyhedral deviation models (c) skin model shapes. 

For a better understanding, a close view of the mating 
surfaces is shown in Fig. 2. The two lines in different colors 
represent two mating surfaces in 2D. In Fig. 2(a), the 
assembly force is applied close to the center of the surface, 
and one mating configuration is found. When moving the 
assembly force to the left side of the surface, the contact 
regions also shift. The shifting of contact regions is 
determined by the form defects and assembly force at the 
same time. This indicates that when we are considering form 
defects in assembly, we should also consider assembly loads. 

The assembly simulation could be considered as the 
relative positioning of skin model shapes. In the following, 
details about contact and force during assembly simulation are 
discussed. 

 

 

Fig. 2. Influences of form defects and force:  
(a) force applied to center point (b) force applied close to left side. 

2.1. Discrete Representation of Skin Model Shapes 

Based on the discrete description of skin model shapes [9], 
we chose to use point clouds to represent features with form 
defects in 2D. As shown in Fig. 3, section views of two 
mating planes 𝑆𝑆𝑆𝑆1 and 𝑆𝑆𝑆𝑆2 are constructed by discrete points. 
𝑁𝑁1 and 𝑁𝑁2 are the normal direction of corresponding nominal 
planes (dashed lines in the figure), and we assume the points 
have the same normal direction as the nominal planes. During 
the relative positioning process, 𝑆𝑆𝑆𝑆1 is the target part (fixed) 
and 𝑆𝑆𝑆𝑆2 is the object part which moves to mate with 𝑆𝑆𝑆𝑆1. 

 

 

Fig. 3. Two planes expressed by point clouds. 

2.2. Signed Distance and Non-penetration Constraint 

The sign is defined to indicate the relative direction, the 
envelope condition or the material condition. For example, as 
shown in Fig. 4(a), the distance between 𝑃𝑃1 , 𝑃𝑃2  and the 
discrete circle are evaluated. To identify that the point is 
inside or outside the circle, a signed distance could be used. 
Let 𝑃𝑃1 be a point outside the circle, it has a positive distance, 
and let 𝑃𝑃2  be a point inside the circle, it has a negative 
distance. Similarly for material, let us consider that a point 
inside the material has a negative distance and a point outside 
the material has a positive distance. Fig. 4(b) shows the 
example of material distance, where the hatching indicates the 
material and the points form the part surface. In this case, 𝑃𝑃2 
has negative material distance to the surface while 𝑃𝑃1  has 
positive material distance. 

 

Fig. 4. Examples of signed distances. 
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system equilibrium is expressed explicitly as the optimization 
constraints. In the DM method, the interaction forces between 
parts are calculated only in the selection process. In the LCC 
method, the interaction force links the constraint to the 
objective. 

Based on the analysis above, we can see that the LCC 
method uses more complex optimization objectives and 
constraints than the DM method. When the assembly is 
complex or the mesh quantity is large, solving LCC problems 
may require even more calculation than the DM method. 
Moreover, the LCC method requires quadratic programming 
algorithms, while the DM method can use linear programming 
algorithms. 

 
Table 1. Comparison of simulation methods from optimization point of view. 

Characteristic DM Method LCC Method 

DOFs Constraint Constraint 

Geometry Condition 
(Non-Penetration) 

Constraint Constraint 

Load Condition Objective (Direction) 
& Result Selection 

Constraint 

Interaction Force Result Selection Objective & 
Constraint 

System Equilibrium Result Selection Constraint 

Solver Linear Programming Quadratic 
Programming 

6. Comparison of Assembly Examples 

In this section, the simulation results of the proposed 
methods are compared. The skin model shapes are generated 
using the method in [19]. The assembly simulation methods 
were implemented under Matlab  environment, and the 
interior point algorithm was used to conduct optimization. 

6.1. Mating of Two Surfaces 

The first example is the mating of two square surfaces, 
which is shown in Fig. 6. The initial positions of surface 𝑆𝑆1 
and 𝑆𝑆2 are shown in Fig. 6(a). As can be seen from the figure, 
form defects on these two surfaces are amplified. This makes 
it easier to verify the correctness of simulation results. 

In the mating of surfaces, the displacements of 𝑆𝑆1  are 
constrained. Due to the assembly force, surface 𝑆𝑆2 will move 
towards 𝑆𝑆1. The translation of 𝑆𝑆2 along directions 𝑥𝑥 and 𝑦𝑦 and 
the rotation around direction 𝑧𝑧 are constrained. 

 

Fig. 6. Example of mating two surfaces: (a) initial position of two surfaces  
(b) mating result with LCC (c) mating result with DM. 

Fig. 6(b) and (c) shows the mating result using the LCC 
method and the DM method respectively. The red arrows 
applied to 𝑆𝑆2  indicate the position and direction of the 
assembly force. Red points on the surfaces indicate the contact 
regions. It can be seen that the two methods generate 
consistent and identical results. 

The coordinates of contact points in the simulation are 
listed in Table 2. Negligible differences are observed between 
the two simulation results. 

Table 2 Contact point coordinates and the distance between them. 
Method Contact Point Coord. [mm] Contact Distance [mm] 

LCC 
[1.00,0.25,0.03] 36 × 10−9 
[0.50,-1,0.06] 50 × 10−9 
[-1,0.5,0.05] 13 × 10−9 

MD 
[1.01,0.26,0.03] 8 × 10−9 
[0.51,-0.99,0.06] 30 × 10−9 
[-0.99,0.51,0.05] 3 × 10−9 

6.2. Positioning of a Cube Part 

The positioning of complex parts is a combination of 
several surface mating problems. The problem of positioning a 
cube part is shown in Fig. 7. 

In Fig. 7(a), three forces in different directions are applied 
to the cube part. The size of the red arrows reflects the force 
value. In the DM method, these three forces are reduced to 
only one force, applying Poinsot’s theorem. 

There are three contact surfaces between the two parts. The 
contact position cannot be determined due to the influence of 
assembly forces. Fig. 7(b) shows the gaps between parts at 
initial positions. 

Fig. 7(c) and 7(d) shows the position results of the LCC 
method and the DM method. Under the effect of form defects 
and assembly loads, the contact regions between parts are 
identical. 

 

Fig. 7. Positioning of a cube part under assembly forces  
(a, b) initial positions of parts, red arrows indicate assembly forces  

(c) positioning result of LCC method (d) positioning result of DM method. 

6.3. Assembly of 3 Parts 

The assembly of 3 parts is shown in Fig. 8(a). Assembly 
forces are applied to parts. For the LCC method, these forces  
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Using this method, a link between optimization objective 
and assembly boundary conditions is established.  

The load boundary condition could contain force and 
torque at the same time. In this case, two optimization 
objectives are defined, and the optimization is conducted 
using these two objectives alternatively. Depending on the 
order in which the two objectives are applied, there will be 
two simulation results. 

For the assembly of multiple skin model shapes, the 
sequence of positioning influences the simulation result. 
Optimization objectives corresponding to each sequence can 
be defined, and several simulation results will be generated. 

Considering the mating and load conditions, not all 
solutions are feasible. Therefore, a balance checking process is 
added to select the feasible results. 

3.3. Simulation Process 

The DM simulation process is defined as follows: 
a) Analyze and simplify load boundary conditions, define 

optimization objective. 
b) Find displacement boundary conditions, transform 

them into linear constraints. 
c) Conduct optimization alternatively to generate all 

possible assembly cases: 
 If there is more than one assembly sequence (more 

than one object part). 
 If the optimization objective contains translation 

and rotation. 
d) Check the balance of the simulation result, only 

balanced results are accepted. 

4. Linear Complementarity Condition Method 

In the DM based method, the system equilibrium condition 
is used to select a feasible assembly configuration from 
several simulation results. Another strategy is to include the 
system equilibrium condition into the optimization directly. 

In multibody dynamics contact dynamics, the Linear 
Complementarity Problem (LCP) is used to model the contacts 
between parts.[18] Inspired by the concept of Linear 
Complementarity Condition (LCC), this work provides such a 
simulation method where all assembly boundary conditions 
are considered together. 

4.1. Principle of LCC 

The principle of LCC is explained by Fig. 5. For two 
surfaces 𝑆𝑆1  and 𝑆𝑆2 , and their contact points 𝐴𝐴1  and 𝐴𝐴2 , there 
are two configurations. On the one hand, the gap configuration 
is shown in Fig. 5(a), where the distance  𝑑𝑑′  between two 
vertices 𝐴𝐴1  and 𝐴𝐴2  is greater than zero, but the value of 
reaction force 𝑟𝑟𝑟𝑟  is zero. On the other hand, the contact 
configuration can be seen in Fig. 5(b), where the distance 𝑑𝑑′ 
equals zero, but the value of reaction force 𝑟𝑟𝑟𝑟 can be greater 
than zero. This is summed up as: 

{
𝑑𝑑′ ≥ 0
𝑟𝑟𝑟𝑟 ≥ 0
𝑟𝑟𝑟𝑟 ∙ 𝑑𝑑′ = 0

 

Fig. 5. Two configurations between surfaces: (a) gap (b) contact. 

4.2. Formulation of the Problem 

Based on the linearization of rigid body displacement and 
the concept of LCC, the relative positioning problem is 
transformed into an optimization problem. The formulation is 
shown in Equation (6). The objective function is the value of 
LCC (𝑟𝑟𝑟𝑟 ∙ 𝑑𝑑′). The variables are displacements of skin model 
shapes, and the interaction forces between them. Reaction 
forces are constrained to be positive in the case of constraint 
(6a). Non-penetration constraints are expressed in constraint 
(6b). Constraints (6c) and (6d) correspond to the force balance 
and moment balance respectively. 

𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑿𝑿 = [𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝒓𝒓𝒓𝒓 ]

𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟𝑟𝑟 ∙ 𝑑𝑑′ = (12𝑿𝑿
𝑻𝑻 [𝟎𝟎 𝑨𝑨𝑇𝑇
𝑨𝑨 𝟎𝟎 ]𝑿𝑿 + [𝟎𝟎 𝒅𝒅𝑇𝑇]𝑿𝑿)

𝑠𝑠. t.

{
 
 

 
 (𝑎𝑎)  𝒓𝒓𝒓𝒓 ≥ 0(𝑏𝑏)  𝑨𝑨 ⋅ 𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺 + 𝒅𝒅 ≥ 0
(𝑐𝑐) ∑ 𝑟𝑟𝑟𝑟𝑖𝑖,𝑗𝑗 ∙ 𝒏𝒏𝒊𝒊,𝒋𝒋 + ∑𝑓𝑓𝑖𝑖,𝑘𝑘 ∙ 𝒏𝒏𝒊𝒊,𝐤𝐤 = 𝟎𝟎
(𝑐𝑐) ∑ 𝑳𝑳𝒊𝒊,𝒋𝒋 × (𝑟𝑟𝑟𝑟𝑖𝑖,𝑗𝑗 ∙ 𝒏𝒏𝒊𝒊,𝒋𝒋)  +
        ∑ 𝑳𝑳𝒊𝒊,𝒋𝒋 × (𝑓𝑓𝑖𝑖,𝑘𝑘 ∙ 𝒏𝒏𝒊𝒊,𝐤𝐤) + ∑ 𝑡𝑡𝑡𝑡𝑖𝑖,𝑞𝑞 ∙ 𝒏𝒏𝒊𝒊,𝐪𝐪 = 𝟎𝟎

 (6) 

This optimization is conducted iteratively to get the 
assembly result. The problem is solved using quadratic 
programming algorithms. 

5. Comparison of Methods 

The principles of the DM and LCC methods are different. 
However, both rely on solving an optimization problem. We 
could therefore compare these two methods from the point of 
view of optimization formulation. The comparison 
characteristics for both methods are shown in Table 1. 

Based on the analysis of the assembly problem, both of the 
methods could translate DOF constraints to linear constraints 
equivalently. Meanwhile, geometry conditions, like non-
penetration between mating surfaces, hold for both methods. 
They are transformed to linear constraints in the same way. 

In the DM method, the load conditions (force and torque) 
are simplified and translated to the optimization objective 
equivalently. Based on Poinsot’s theorem from screw theory, 
this translation is simple and reliable. In the LCC method, the 
load conditions are introduced to the constraints for system 
equilibrium. 

In the DM method, the system equilibrium is a criterion 
which is used to select feasible assembly configurations from 
various simulation results. However, in the LCC method, the 
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system equilibrium is expressed explicitly as the optimization 
constraints. In the DM method, the interaction forces between 
parts are calculated only in the selection process. In the LCC 
method, the interaction force links the constraint to the 
objective. 

Based on the analysis above, we can see that the LCC 
method uses more complex optimization objectives and 
constraints than the DM method. When the assembly is 
complex or the mesh quantity is large, solving LCC problems 
may require even more calculation than the DM method. 
Moreover, the LCC method requires quadratic programming 
algorithms, while the DM method can use linear programming 
algorithms. 

 
Table 1. Comparison of simulation methods from optimization point of view. 

Characteristic DM Method LCC Method 

DOFs Constraint Constraint 

Geometry Condition 
(Non-Penetration) 

Constraint Constraint 

Load Condition Objective (Direction) 
& Result Selection 

Constraint 

Interaction Force Result Selection Objective & 
Constraint 

System Equilibrium Result Selection Constraint 

Solver Linear Programming Quadratic 
Programming 

6. Comparison of Assembly Examples 

In this section, the simulation results of the proposed 
methods are compared. The skin model shapes are generated 
using the method in [19]. The assembly simulation methods 
were implemented under Matlab  environment, and the 
interior point algorithm was used to conduct optimization. 

6.1. Mating of Two Surfaces 

The first example is the mating of two square surfaces, 
which is shown in Fig. 6. The initial positions of surface 𝑆𝑆1 
and 𝑆𝑆2 are shown in Fig. 6(a). As can be seen from the figure, 
form defects on these two surfaces are amplified. This makes 
it easier to verify the correctness of simulation results. 

In the mating of surfaces, the displacements of 𝑆𝑆1  are 
constrained. Due to the assembly force, surface 𝑆𝑆2 will move 
towards 𝑆𝑆1. The translation of 𝑆𝑆2 along directions 𝑥𝑥 and 𝑦𝑦 and 
the rotation around direction 𝑧𝑧 are constrained. 

 

Fig. 6. Example of mating two surfaces: (a) initial position of two surfaces  
(b) mating result with LCC (c) mating result with DM. 

Fig. 6(b) and (c) shows the mating result using the LCC 
method and the DM method respectively. The red arrows 
applied to 𝑆𝑆2  indicate the position and direction of the 
assembly force. Red points on the surfaces indicate the contact 
regions. It can be seen that the two methods generate 
consistent and identical results. 

The coordinates of contact points in the simulation are 
listed in Table 2. Negligible differences are observed between 
the two simulation results. 

Table 2 Contact point coordinates and the distance between them. 
Method Contact Point Coord. [mm] Contact Distance [mm] 

LCC 
[1.00,0.25,0.03] 36 × 10−9 
[0.50,-1,0.06] 50 × 10−9 
[-1,0.5,0.05] 13 × 10−9 

MD 
[1.01,0.26,0.03] 8 × 10−9 
[0.51,-0.99,0.06] 30 × 10−9 
[-0.99,0.51,0.05] 3 × 10−9 

6.2. Positioning of a Cube Part 

The positioning of complex parts is a combination of 
several surface mating problems. The problem of positioning a 
cube part is shown in Fig. 7. 

In Fig. 7(a), three forces in different directions are applied 
to the cube part. The size of the red arrows reflects the force 
value. In the DM method, these three forces are reduced to 
only one force, applying Poinsot’s theorem. 

There are three contact surfaces between the two parts. The 
contact position cannot be determined due to the influence of 
assembly forces. Fig. 7(b) shows the gaps between parts at 
initial positions. 

Fig. 7(c) and 7(d) shows the position results of the LCC 
method and the DM method. Under the effect of form defects 
and assembly loads, the contact regions between parts are 
identical. 

 

Fig. 7. Positioning of a cube part under assembly forces  
(a, b) initial positions of parts, red arrows indicate assembly forces  

(c) positioning result of LCC method (d) positioning result of DM method. 

6.3. Assembly of 3 Parts 

The assembly of 3 parts is shown in Fig. 8(a). Assembly 
forces are applied to parts. For the LCC method, these forces  
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Using this method, a link between optimization objective 
and assembly boundary conditions is established.  

The load boundary condition could contain force and 
torque at the same time. In this case, two optimization 
objectives are defined, and the optimization is conducted 
using these two objectives alternatively. Depending on the 
order in which the two objectives are applied, there will be 
two simulation results. 

For the assembly of multiple skin model shapes, the 
sequence of positioning influences the simulation result. 
Optimization objectives corresponding to each sequence can 
be defined, and several simulation results will be generated. 

Considering the mating and load conditions, not all 
solutions are feasible. Therefore, a balance checking process is 
added to select the feasible results. 

3.3. Simulation Process 

The DM simulation process is defined as follows: 
a) Analyze and simplify load boundary conditions, define 

optimization objective. 
b) Find displacement boundary conditions, transform 

them into linear constraints. 
c) Conduct optimization alternatively to generate all 

possible assembly cases: 
 If there is more than one assembly sequence (more 

than one object part). 
 If the optimization objective contains translation 

and rotation. 
d) Check the balance of the simulation result, only 

balanced results are accepted. 

4. Linear Complementarity Condition Method 

In the DM based method, the system equilibrium condition 
is used to select a feasible assembly configuration from 
several simulation results. Another strategy is to include the 
system equilibrium condition into the optimization directly. 

In multibody dynamics contact dynamics, the Linear 
Complementarity Problem (LCP) is used to model the contacts 
between parts.[18] Inspired by the concept of Linear 
Complementarity Condition (LCC), this work provides such a 
simulation method where all assembly boundary conditions 
are considered together. 

4.1. Principle of LCC 

The principle of LCC is explained by Fig. 5. For two 
surfaces 𝑆𝑆1  and 𝑆𝑆2 , and their contact points 𝐴𝐴1  and 𝐴𝐴2 , there 
are two configurations. On the one hand, the gap configuration 
is shown in Fig. 5(a), where the distance  𝑑𝑑′  between two 
vertices 𝐴𝐴1  and 𝐴𝐴2  is greater than zero, but the value of 
reaction force 𝑟𝑟𝑟𝑟  is zero. On the other hand, the contact 
configuration can be seen in Fig. 5(b), where the distance 𝑑𝑑′ 
equals zero, but the value of reaction force 𝑟𝑟𝑟𝑟 can be greater 
than zero. This is summed up as: 

{
𝑑𝑑′ ≥ 0
𝑟𝑟𝑟𝑟 ≥ 0
𝑟𝑟𝑟𝑟 ∙ 𝑑𝑑′ = 0

 

Fig. 5. Two configurations between surfaces: (a) gap (b) contact. 

4.2. Formulation of the Problem 

Based on the linearization of rigid body displacement and 
the concept of LCC, the relative positioning problem is 
transformed into an optimization problem. The formulation is 
shown in Equation (6). The objective function is the value of 
LCC (𝑟𝑟𝑟𝑟 ∙ 𝑑𝑑′). The variables are displacements of skin model 
shapes, and the interaction forces between them. Reaction 
forces are constrained to be positive in the case of constraint 
(6a). Non-penetration constraints are expressed in constraint 
(6b). Constraints (6c) and (6d) correspond to the force balance 
and moment balance respectively. 

𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑿𝑿 = [𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝒓𝒓𝒓𝒓 ]

𝑚𝑚𝑚𝑚𝑚𝑚 𝑟𝑟𝑟𝑟 ∙ 𝑑𝑑′ = (12𝑿𝑿
𝑻𝑻 [𝟎𝟎 𝑨𝑨𝑇𝑇
𝑨𝑨 𝟎𝟎 ]𝑿𝑿 + [𝟎𝟎 𝒅𝒅𝑇𝑇]𝑿𝑿)

𝑠𝑠. t.

{
 
 

 
 (𝑎𝑎)  𝒓𝒓𝒓𝒓 ≥ 0(𝑏𝑏)  𝑨𝑨 ⋅ 𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺 + 𝒅𝒅 ≥ 0
(𝑐𝑐) ∑ 𝑟𝑟𝑟𝑟𝑖𝑖,𝑗𝑗 ∙ 𝒏𝒏𝒊𝒊,𝒋𝒋 + ∑𝑓𝑓𝑖𝑖,𝑘𝑘 ∙ 𝒏𝒏𝒊𝒊,𝐤𝐤 = 𝟎𝟎
(𝑐𝑐) ∑ 𝑳𝑳𝒊𝒊,𝒋𝒋 × (𝑟𝑟𝑟𝑟𝑖𝑖,𝑗𝑗 ∙ 𝒏𝒏𝒊𝒊,𝒋𝒋)  +
        ∑ 𝑳𝑳𝒊𝒊,𝒋𝒋 × (𝑓𝑓𝑖𝑖,𝑘𝑘 ∙ 𝒏𝒏𝒊𝒊,𝐤𝐤) + ∑ 𝑡𝑡𝑡𝑡𝑖𝑖,𝑞𝑞 ∙ 𝒏𝒏𝒊𝒊,𝐪𝐪 = 𝟎𝟎

 (6) 

This optimization is conducted iteratively to get the 
assembly result. The problem is solved using quadratic 
programming algorithms. 

5. Comparison of Methods 

The principles of the DM and LCC methods are different. 
However, both rely on solving an optimization problem. We 
could therefore compare these two methods from the point of 
view of optimization formulation. The comparison 
characteristics for both methods are shown in Table 1. 

Based on the analysis of the assembly problem, both of the 
methods could translate DOF constraints to linear constraints 
equivalently. Meanwhile, geometry conditions, like non-
penetration between mating surfaces, hold for both methods. 
They are transformed to linear constraints in the same way. 

In the DM method, the load conditions (force and torque) 
are simplified and translated to the optimization objective 
equivalently. Based on Poinsot’s theorem from screw theory, 
this translation is simple and reliable. In the LCC method, the 
load conditions are introduced to the constraints for system 
equilibrium. 

In the DM method, the system equilibrium is a criterion 
which is used to select feasible assembly configurations from 
various simulation results. However, in the LCC method, the 

(a) (b) 

𝑆𝑆2 

𝑆𝑆1 

𝐶𝐶1 

𝐶𝐶2 

𝐴𝐴1 

𝐴𝐴2 

𝑆𝑆1 

𝑆𝑆2 

𝐶𝐶1 

𝐴𝐴1 

𝐶𝐶2 

𝐴𝐴2 

𝒗𝒗𝒗𝒗𝒗𝒗𝟏𝟏 

𝒏𝒏𝟏𝟏 

𝒏𝒏𝟐𝟐 

𝒗𝒗𝒗𝒗𝒗𝒗𝟐𝟐 
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Fig. 8. Assembly of 3 parts (a) initial positions and assembly loads  
(b, c) assembly result of LCC method (d, e) assembly result of DM method. 

are considered simultaneously, and the result is shown in Fig. 
8(b) and 8(c). For the DM method, due to the multiple 
assembly parts and loads, two optimization sequences are 
considered. After checking the system balance, only one 
assembly result satisfies our requirements. This result is 
shown in Fig. 8(d) and 8(e). 

6.4. Calculation Time and Precision 

The calculation times are:  
 example 1: DM and LCC: 3s  
 example 2: DM and LCC: 8s 
 example 3: DM: 15s; LCC: 37s. 

With more complex models, the DM method is more 
efficient than the LCC method.  

For the three examples, the two assembly simulation 
methods generate similar results. For all three examples and 
the two methods, the distances at the mating points are less 
than 16 × 10−9mm. Errors are small enough to validate the 
two methods. 

7. Conclusion 

This work focuses on the assembly simulation using skin 
model shapes. First, the important characteristics for assembly 
simulation were analyzed. Based on the analysis, two 
simulation methods were proposed. The principles of the two 
methods were compared, and assembly examples were used to 
validate their effectiveness. 

In future work, the two simulation methods will be 
compared considering algorithm precision and time efficiency 
on “real” mechanical products with many parts. Furthermore, 
part deformations caused by assembly loads can be introduced 
to generate more realistic results. 
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