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The present paper deals with the modeling of bonded interfaces adopting the asymptotic expansion technique.
The equilibrium problem of a composite body made of two adherents issn perfect contact with an elastic in-
terface is considered and a classical rescaling technique is introduced. The asymptotic expansion method is
reviewed; in fact, the representation form for the displacement and stress vector fields are introduced and tsshe
effect of higher order terms is taken into account. Using the classical scheme of matched asymptotic expansions,
the interface conditions are obtained. The cases of hard and soft interfaces are considered: the first is derived
assuming the elasticity coefficients independent of the adherent thickness, the second considers the elasticity
properties linearly depending on the thickness. Numerical investigations are performed in the framework of the
finite element method. In particular, comparisons of the results obtained by modeling the adhesive as a con-
tinuum material (discretized in finite elements even in the thickness) with the results carried out using hard, soft
interface models at the first and higher order expansion are performed.

1. Introduction

During the last decades, the interest in bonded structures, obtained
by assembling different parts made of possibly different materials to
compose a unique construction, is strongly increased. Bonded structures
are manufactured for civil, marine and aeronautic applications. The
advantages offered by the modern bonding techniques are numerous;
among the others, it can be mentioned that they allow the assembly of
various substrates, the assembly of materials with very different
thicknesses, the connection without any deterioration of the adherents,
the simplification in the design, the lightening of structures, the at-
tenuation of vibrations, the control of the stiffness of the assemblies, the
easy automation. On the other hand, these techniques could lead to
limited heat resistance and short life cycle of the bonded joint; in ad-
dition, they can require some precautions of implementation because
they could present resistance only to specific loading types.

As a consequence of the interest in assembled structures, the issues
related to the bonding techniques, in particular their modeling and
analysis represent active research fields; they concern, at least, the
following subjects:

• adaptation of structures to new rules

• reinforcement of existing structures

• repair of existing structures

• realization of new and more durable structures

• development of new structural concepts.

One of the most interesting and commonly use of the bonding
techniques in civil engineering constructions consists in the application
of externally bonded fiber reinforced polymers (FRP) for the strength-
ening of existing structures. In particular, FRP are successfully adopted
for the reinforcement and the repair of reinforced or prestressed con-
crete as well as masonry structures. They are applied on the external
surfaces of concrete or masonry element by a very thin epoxy resin
layer.

Many studies have been developed in the last decades concerning
the safety increase related to the use of the structural strengthening
with of FRP for concrete and for masonry elements, as discussed, among
the other, in Refs. [2,10,11,15–18,35] and in the references therein.
The objective of these studies is the evaluation of the increase of safety
and lifetime of the structure, ensuring a reduced overall cost of inter-
vention in the framework of the new ecological constraints.

A further very intriguing and challenging reinforcement technique
is the application of Fiber Reinforced Cementitious Matrix (FRCM), that
appears very suitable for masonry structures. FRCM consists of fibers in
the form of fabric meshes, embedded into a cement-based matrix and
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directly bonded on the external surfaces of masonry support
[4,19,25,26,33].

Taking into account that different adhesive materials are available
in the market, the safe and advantageous use of the bonding techniques
requires the development of efficient experimental procedures (i.e.
mechanical, thermal, aging, chemical, non destructive testing) and ro-
bust models for the structural analysis. It could be remarked that sa-
tisfactory models for investigating the bonding effectiveness should
take into account the significantly different stiffness, strength and
geometrical thickness of the available adhesive materials.

A wide number of scientific works on the subject of the interface
modeling can be found in literature. They are mostly based on the as-
sumption of a simple kinematics governed by the relative displacement
arising among the two surfaces defining the interface. As a consequence
of the chosen kinematics, the stress state is defined at interface as the
traction associated to the plane of the interface. Linear and nonlinear
models are available in the literature, accounting for various inelastic
effects, such damage, plasticity, unilateral contact, friction, inter-
locking, dilatancy, viscous behavior and so on. Interfaces are used for
very different problems and also at very different scales, from the tec-
tonic to the nano scale.

In literature, the first analytical method for the stress analysis of
bonded joints was the shear-lag model developed by Volkersen [34].
This model is able to account only for the shear stresses arising along
the bonding. The Volkersen's model was improved by Goland and Re-
issner [14], by Demarkles [7] and, later, by Erdogan and Ratwani [12],
in order to include the local bending effect in the computations.

Two types of approaches can be distinguished in the interface
modeling: the phenomenological and the micromechanical approaches.
Phenomenological models are deduced directly from experiments.
Effective nonlinear interface phenomenological models have been
proposed, among the others, in Refs. [13,20,21] for the analysis of
masonry walls. Raous et al. [27] presented an interface model able to
couple damage and friction in the framework of consistent thermo-
dynamics. The second type of approach for interface modeling is based
on micromechanical considerations and the interface response is de-
fined through homogenization or other techniques. A recent example of
micromechanical interface model can be found in Serpieri et al. [31],
where the presence and evolution of microcracks, the interlocking and
dilatancy effects are accounted for considering a simplified geometry at
the interface microscale. Indeed, the model is an evolution of an idea
proposed in Ref. [1], where a simplified micromechanical analysis is
performed and an interface model is recovered for investigating the
fiber pull-in and the response of heterogeneous masonry walls. Within
the same framework, an interface model whose damage is coupled with
the bulk damage occurring in the adherent has been proposed in Ref.
[22]. A more sophisticated micromechanical model accounting for
crack closure, frictional effect and damage evolution has been pre-
sented in Ref. [30].

The asymptotic expansion techniques [5] can also be considered as
belonging to the second type of approaches, i.e., they can be regarded
as micromechanical models linking the interface response to the be-
havior of the material layer constituting the bonding. According to
these techniques, the thickness and, possibly, the stiffness of the glue
are considered as small parameters, vanishing in the limit theory. The
glue vanishes geometrically but it remains in the equations under the
form of a relation linking the stress vector to the jump in the dis-
placement (or the rate in the displacement).

The aim of this paper is to propose mathematical and numerical
methods based on asymptotic expansions for the modeling of bonded
interfaces and to analyze some examples in order to show the efficiency
of the methodology. In particular, the analysis is limited to the case of
linear elastic response of the adhesive and adherents and the modeling
is framed in the contest of small strains and small displacements theory.
Even though in the context of linear elasticity, the proposed method can
be very useful for design, because it allows to take into account failure

occurring either within the adhesive (cohesive failure) or at the ad-
hesive/adherent interface (interface failure).

In the first part of the paper, some recent results of asymptotic
analysis for soft or stiff interfaces are reviewed [9,28,29]. First, the
equilibrium problem of a composite body made of two adherents in
perfect contact with an elastic interface is considered and a classical
rescaling technique is introduced. The weak form of the equilibrium
equations together with the matching conditions are presented. In-
troducing the parameter ε controlling the interface thickness, two dif-
ferent cases are considered: the case of a hard material interface, whose
elasticity coefficients are independent of ε, and the case of a soft ma-
terial interface, whose elasticity coefficients rescale like ε.

For the two cases, the asymptotic expansions of the displacement
and stress vector fields are introduced and the effect of higher order
terms is taken into account. Using the classical scheme of matched
asymptotic expansions, the interface conditions are obtained. These
conditions, modeling the behavior of a very thin adhesive interface
constituted of a soft or a hard material, are reviewed in Subsections 2.1
and 2.2. These interfaces equations are, in fact, relations linking the
stress vector field and its jump to the displacement vector field and its
jump at the interface, which is the geometric limit of the adhesive layer
as its thickness parameter ε goes to zero.

Following a Remark already introduced in Ref. [28], we devote
Subsection 2.3 to implicit interface conditions, which take into account
at the same time the interface conditions evaluated at the orders zero
and one, for both the two considered cases of hard and soft interfaces.
This implicit form of interface conditions takes into account higher
order terms of the asymptotic expansions and it is, thus, expected to
provide a better approximation of the behavior of the thin adhesive
interface when compared to the classical spring-type interface law or to
the case of perfect contact between the adherents. The second part of
the paper is devoted to the finite element implementation and the nu-
merical simulations. The mechanical and numerical efficiency of the
proposed methodology is discussed in the conclusion section.

2. Asymptotic analysis for soft and hard interfaces

A thin adhesive layer Bε with cross-section S and uniform small
thickness ≪ε ℓ is considered, S being an open bounded set in R2 with a
smooth boundary and ℓ a characteristic dimension of S. The layer Bε

lies between two adherents bodies, occupying the reference config-
urations ⊂± RΩ .ε 3

±Sε is taken to denote the two surfaces between the
interface and the adherents and = ∪ ∪± ±S BΩ Ωε ε ε ε is taken to denote
the composite system comprising the adhesive and the two adherents.
The adhesive layer Bε and the adherents + −Ω , Ωε ε are assumed to be
perfectly bonded; in particular, the displacement and stress vector
fields, uε and σ i ,ε

3 are assumed to be continuous across ±S ,ε with i3 the
versor of the direction perpendicular to the plane surfaces ±S .ε

All materials of the composite system Ωε are assumed to be homo-
geneous and linear elastic, with ±a and bε the elasticity tensors of the
adherents and the adhesive, respectively. The tensors ±a b, ε are as-
sumed to be symmetric and positive definite, with the minor and major
symmetries. The adherents are subjected to a body force density

↦± Rf: Ωε 3 and to a surface force density ↦ Rg: Γg
ε 3 on

⊂ ∂ ∪ ∂+ + − −S SΓ ( Ω \ ) ( Ω \ ).g
ε ε ε ε ε Body forces in the adhesive are negligeable.

The loads are assumed to be independent of ε.
The asymptotic approach proposed in Refs. [9,28,29] is based on

the assumption that stable equilibrium configurations of the composite
body minimize its total energy:

∫ ∫

∫

= ⋅ − ⋅ − ⋅

+ ⋅

±± ( )E dV dA

dV

u a e u e u f u g u

b e u e u

( ) ( ( )) ( )

( ( )) ( ) ,

ε

B
ε

x x

x

Ω
1
2 Γ

1
2

ε
g
ε

ε (1)

in the space of kinematically admissible displacements:

= ∈ =V H Ru u{ (Ω ; ): 0 on Γ },ε ε
u
ε3 (2)
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where H R(Ω ; )ε 3 is the space of the vector-valued functions on the set
Ω ,ε which are continuous and differentiable as many times as necessary.

Given suitable regularity assumptions, a classical result provides the
existence of a unique minimizer uε in V ε [6, Theorem6.3-2].

For the asymptotic analysis a standard change of variables, mapping
the adhesive domain into a domain of unit height, is introduced [6].

After the above changes of variables, the interface occupies the
domain:

= ⎧
⎨⎩

∈ ∈ < ⎫
⎬⎭

B z z z R z z S z( , , ) : ( , ) , 1
21 2 3

3
1 2 3

(3)

and the adherents occupy the domains:

= ± −± ± ε iΩ Ω 1
2

(1 ) .ε
3 (4)

The sets B and ±Ω are the rescaled configuration of the adhesive
interface and of the adherents, respectively. Taken

= ∈ ∈ = ±± { }S z z z R z z S z( , , ) : ( , ) ,1 2 3
3

1 2 3
1
2 to denote the interfaces

between B and ±Ω , the set = ∪ ∪ ∪ ∪+ − + −B S SΩ Ω Ω is the rescaled
configuration of the composite system.

Using the above changes of variables and denoting by f and g the
body force and surface force fields from the rescaled adhesive, respec-
tively, the total energy of the rescaled configuration takes the form:

∫ ∫

∫

= ⋅ − ⋅ − ⋅

+ ⋅ + ⋅ + ⋅

±

−

± ( ) dV dA

ε ε dV

u u a e u e u f u g u

K u u K u u K u u

( ˆ , ): ( ( )) ( )

( ( ˆ ) ˆ 2 ( ˆ ) ˆ ( ˆ ) ˆ ) ,

ε ε ε ε ε ε ε

B ε
ε ε

ε
α

α
ε ε

ε
αβ

α
ε

β
ε

z z

z

Ω
1
2 Γ

1
2

1 33
,3 ,3

3
, ,3 , ,

g
E

(5)

where the matrices Kε
jl (with =j l, 1,2,3) are defined as:

=K b( ) : .ε
jl

ki ijkl
ε

(6)

In view of the symmetry properties of the elasticity tensor b ,ε the
matrices Kε

lj have the property that =K K( )ε
jl

ε
lj T , with =j l, 1,2,3.

For an isotropic material with Lamé coefficients λ μˆ , ˆε ε, the matrices
Kε

lj take the simple form

= + ⊗ + ⊗ + ⊗ ≠ ≠μ λ μ m l n lK i i i i i i(2 ˆ ˆ ) ˆ ( ), , ,ll
ε ε l l ε m m n n

(7)

= ⊗ + ⊗ ≠μ λ l jK i i i iˆ ˆ , .lj
ε l j ε j l (8)

Next, the existence of asymptotic expansions of the original dis-
placement fields uε and of the rescaled displacement fields u uˆ , ˆε ε with
respect to the small parameter ε is assumed:

= + + +ε ε o εu x u x u x u x( ) ( ) ( ) ( ) ( ),ε 0 1 2 2 2 (9)

= + + +ε ε o εu z u z u z u zˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ( ),ε 0 1 2 2 2 (10)

= + + +ε ε o εu z u z u z u z( ) ( ) ( ) ( ) ( ).ε 0 1 2 2 2 (11)

Lastly, matching conditions are introduced based on the continuity
of the traction and displacement vector fields σ i u,ε ε

3 at the interfaces ±Sε

in the initial configuration and on the continuity of the traction and
displacement vector fields σ σi u i uˆ , ˆ , ,ε ε ε ε

3 3 at the interfaces ±S in the
rescaled configuration [28].

Using the matching conditions, any trasmission condition obtained
in terms of the rescaled felds σ i u,ε ε

3 can be reformulated in terms of the
stress and displacement vector fields = …σ ii u, , 0,1,2,i i

3 defined on
the limit configuration, which is the geometric limit of the initial con-
figuration as the thickness of the adhesive interface ε vanishes. This is
possible because the matching conditions provide a link between the
fields evaluated at = ±x 03 and the rescaled fields evaluated at

= ± ±z ( 1/2)3 . In particular, one notes the following useful relations:

=u u[[ ]] [ ],0 0 (12)

= − ≪ ≫u u u[[ ]] [ ] ,1 1
,3
0 (13)

= − ≪ ≫ +ε o εu u u[[ ]] [ ] ( ),ε ε ε
,3 (14)

= =σ σ i[[ ]] [ ], 1,2,3,i i3
0

3
0 (15)

= − ≪ ≫ =σ σ σ i[[ ]] [ ] , 1,2,3,i i i3
1

3
1

3,3
0 (16)

= − ≪ ≫ + =σ σ ε σ o ε i[[ ]] [ ] ( ), 1,2,3,i
ε

i
ε

i
ε

3 3 3,3 (17)

≪ ≫ = < >u u ,0 0 (18)

≪ ≫ = < > −u u u1
4

[[ ]],1 1
,3
0

(19)

≪ ≫ = < > − +ε o εu u u
4

[[ ]] ( ),ε ε ε
,3 (20)

≪ ≫ = < > =σ σ i, 1,2,3,i i3
0

3
0 (21)

≪ ≫ = < > − =σ σ σ i1
4

[[ ]], 1,2,3,i i i3
1

3
1

3,3
0

(22)

≪ ≫ = < > − + =σ σ ε σ o ε i
4

[[ ]] ( ), 1,2,3,i
ε

i
ε

i
ε

3 3 3,3 (23)

where the notations

= + − − ∈+ −f f f Sz z z z[ ( )]: ( ( , ( 1/2) ) ( , ( 1/2) )), , (24)

< > = + + − ∈+ −f f f Sx z z z( ) : 1
2

( ( , ( 1/2) ) ( , ( 1/2) )), , (25)

= − ∈+ −f f f Sx x x x[[ ( )]]: ( ( , 0 ) ( , 0 )), , (26)

≪ ≫ = + ∈+ −f f f Sx x x x( ) : 1
2

( ( , 0 ) ( , 0 )), . (27)

have been introduced.
In the next subsections, two different cases of material behavior for

the interface can considered. In the first case, the interface is considered
hard, meaning that the elasticity coefficients bijkl

ε are assumed to be
independent of ε; in the second case, the interface is considered soft,
meaning that the elasticity coefficients bijkl

ε are assumed to linearly re-
scale with the thickness ε.

2.1. Adhesive made of a hard material

The elasticity coefficients bijkl
ε of an adhesive made of a hard mate-

rial are assumed to be independent of ε:

=b b .ijkl
ε

ijkl (28)

Accordingly, Kjl are taken to denote the matrices such that
=bK( ) : .jl

ki ijkl

In Ref. [28], it is shown that the transmission conditions obtained
for the hard interface in the rescaled configuration are

=σ i[ ] 0,0
3 (29)

=u[ ] 0,0 (30)

= − − +− −σ σi K K i K K K K u[ ] ( ) ( ) ( ( ) ) ,α
α

αβ α β
αβ

1
3

3 33 1
,
0

3
3 33 1 3

,
0

(31)

= −− σu K i K u[ ] ( ) ( ).α
α

1 33 1 0
3

3
,
0 (32)

The matching conditions (12), (13), (15), (16) allow to transform
the above transmission conditions into interface conditions appropriate
for a hard interface:

=σ i[[ ]] 0,0
3 (33)

=u[[ ]] 0,0 (34)

= − − −

− ≪ ≫

− −σ σ

σ

i K K i K K K K u

i

[[ ]] ( ) ( ) ( ( ) )

,

α
α

αβ α β
αβ

1
3

3 33 1
,
0

3
3 33 1 3

,
0

,3
0

3 (35)

= − − ≪ ≫− σu K i K u u[[ ]] ( ) ( ) .α
α

1 33 1 0
3

3
,
0

,3
0 (36)

In the particular case of an interface made of an isotropic material,
relations (7) and (8) can be applied to specialize the interface laws
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(33)–(36) as follows:

= =σ i[[ ]] 0, 1,2,3,i3
0

= =u i[[ ]] 0, 1,2,3,i
0

= − + + −

− + +

− + − ≪ ≫

−

−

−

σ μ μ λ μ λ u μu

μ μ λ μ λ u

λ μ λ σ σ

[[ ]] 4 ˆ ( ˆ ˆ)(2 ˆ ˆ) ˆ

ˆ (2 ˆ 3 ˆ)(2 ˆ ˆ)
ˆ ( ˆ ˆ) ,

13
1 1

1,11
0

1,22
0

1
2,21
0

1
33,1
0

13,3
0

= − + + −

− + +

− + − ≪ ≫

−

−

−

σ μ μ λ μ λ u μu

μ μ λ μ λ u

λ μ λ σ σ

[[ ]] 4 ˆ ( ˆ ˆ)(2 ˆ ˆ) ˆ

ˆ (2 ˆ 3 ˆ)(2 ˆ ˆ)
ˆ ( ˆ ˆ) ,

23
1 1

2,22
0

2,11
0

1
1,22
0

1
33,2
0

23,3
0

= − − − ≪ ≫σ σ σ σ[[ ]] ,33
1

13,1
0

23,2
0

33,3
0 (37)

= − − ≪ ≫ =−u μ σ u u α[[ ]] ˆ , 1,2,α α α α
1 1

3
0

3,
0

,3
0

= + − + − ≪ ≫−u μ λ σ λ u u u[[ ]] (2 ˆ ˆ) ( ˆ ( )) ,3
1 1

33
0

1,1
0

2,2
0

3,3
0 (38)

where =μ μˆ ˆε and =λ λˆ ˆε are the Lamé’s coefficients of the adhesive,
independent of ε.

2.2. Adhesive made of a soft material

An adhesive soft material is defined to be such that its elasticity
coefficients bijkl

ε rescale linearly with ε:

=b εb .ijkl
ε

ijkl (39)

Accordingly, Kjl are still taken to denote the matrices such that
=K b( ) : ,jl

ki ijkl with bijkl as in (39).
In Ref. [28], it has been shown that for the soft interface in the

rescaled configuration the following trasmission conditions can be ob-
tained:

=σ i[ ] 0,0
3 (40)

= − σu K i[ ] ( ) ( ),0 33 1 0
3 (41)

= − −σ σi K K i[ ] ( ) ( ),α
α

1
3

3 33 1
,
0

3 (42)

= < > − < >− σu K i K u[ ] ( ) ( ).α
α

1 33 1 1
3

3
,
0 (43)

Using the matching conditions (12), (13), (15), (16), the following
interface laws appropriate for a soft interface are obtained:

=σ i[[ ]] 0,0
3 (44)

= − σu K i[[ ]] ( ) ( ),0 33 1 0
3 (45)

= − − ≪ ≫−σ σ σi K K i i[[ ]] ( ) ( ) ,α
α

1
3

3 33 1
,
0

3 ,3
0

3 (46)

= ⎛
⎝

≪ ≫ + − ≪ ≫⎞
⎠

− ≪ ≫− σ σu K i i K u u[[ ]] ( ) 1
4

[[ ]] .α
α

1 33 1 1
3 ,3

0
3

3
,
0

,3
0

(47)

In case of a soft isotropic interface, the above relations specialize as

= =σ i[[ ]] 0, 1,2,3,i3
0

= =−u μ σ α[[ ]] ( ˆ) , 1,2,α α
0 1

3
0

= + −u μ λ σ[[ ]] (2 ˆ ˆ) ,3
0 1

33
0

= − + − ≪ ≫ =−σ λ μ λ σ σ α[[ ]] ˆ (2 ˆ ˆ) , 1,2,α α α3
1 1

33,
0

3,3
0

= − − − ≪ ≫σ σ σ σ[[ ]] ,33
1

13,1
0

23,2
0

33,3
0 (48)

= ⎛
⎝

≪ ≫ + ⎞
⎠

− − ≪ ≫ =−u μ σ σ u u α[[ ]] ˆ 1
4

[[ ]] , 1,2,α α α α α
1 1

3
1

3,3
0

3,
0

,3
0

= + ⎛
⎝

≪ ≫ + − + ⎞
⎠

− ≪ ≫−u μ λ σ σ λ u u u[[ ]] (2 ˆ ˆ) 1
4

[[ ]] ˆ ( ) .3
1 1

33
1

33,3
0

1,1
0

2,2
0

3,3
0

(49)

with =μ μεˆ ˆε and =λ λεˆ ˆε .

2.3. Implicit form of the transmission conditions

In Ref. [28], it has been shown that it is possible to obtain a con-
densed form of transmission conditions summarizing both the orders
zero and one of the two cases of soft and hard interface materials in
only one couple of equations. The result is the following implicit for-
mulation of transmission conditions for the rescaled interface:

= − < > + − < >− −σ ε σi K K i K K K K u[ ] ( ( ) ( ( ) ) ),ε
ε

α
ε α

ε
ε
αβ

ε
α

ε ε
β

αβ
ε

3
3 33 1

, 3
3 33 1 3

,

(50)

= < > − < >−ε σu K i K u[ ] ( ) ( ).ε
ε

ε
ε
α

α
ε33 1

3
3

, (51)

These latter equations are clearly implied by (29)–(32). Indeed, they
can be directly obtained by substituting (30) ((29)) summed with (32)
((31)) multiplied for ε into the asymptotic expansions for the dis-
placement (traction) field. Angle bracket parentheses have been in-
troduced in (50) and (51) where necessary, i.e. to take into account that
σ ε and uε suffer jumps.

To see that (50) and (51) imply (40)–(43), it is sufficient to sub-
stitute inside (50) and (51) the asymptotic expansions of the displace-
ment and the traction fields together with the rescaling (39) of the
elasticity coefficients adopted for the case of soft material, neglect the
second order terms in ε and consider the term at the orders 0 and 1 in ε.

Notably, the transmission conditions (50) and (51) can be trans-
formed into interface equations, by making use of the relations (14),
(17) and of the following newly derived ones:

≪ ≫ = < > − +ε o εu u u
4

[[ ]] ( ),α
ε

α
ε

α
ε

, , , 3 (52)

≪ ≫ = < > − +ε o εu u u
4

[[ ]] ( ),αβ
ε

αβ
ε

αβ
ε

, , , 3 (53)

≪ ≫ = < > − +σ σ ε σ o εi i i
4

[[ ]] ( ).α
ε

α
ε

α
ε

, 3 , 3 , 3 3 (54)

The new interface conditions equivalent to (50) and (51) are, up to
second and higher order terms in ε,

= − < < > > − ≪ ≫
− ≪ ≫ +

− −σ ε σ
ε σ o ε

i K K i K K K K u
i

[[ ]] ( ( ) ( ( ) ) )
( ),

ε
ε

α
ε α

ε
ε
αβ

ε
α

ε ε
β

αβ
ε

ε
3

3 33 1
, 3

3 33 1 3
,

,3 3

(55)

= ≪ ≫ + − ≪ ≫ −≪ ≫

+

− ( )ε σ σ

o ε

u K i i K u u[[ ]] ( ) [[ ]]

( ).

ε
ε

ε ε ε
ε
α

α
ε ε33 1

3 4 ,3 3
3

, ,3

(56)

Substituting (7,8) into the implicit interfacial equations (55) and
(56), the latter ones specialize as

= − + + ≪ ≫ − ≪ ≫
− + + ≪ ≫
− + ≪ ≫ −≪ ≫

−

−

−

σ μ μ λ μ λ u μ u
μ μ λ μ λ u
λ μ λ σ σ

[[ ]] 4 ( )(2 )
(2 3 )(2 )
( ) ,

ε
ε ε ε ε ε

ε
ε

ε

ε ε ε ε ε
ε

ε ε ε
ε ε

13
1

1,11 1,22
1

2,21
1

33,1 13,3 (57)

= − + + ≪ ≫ − ≪ ≫
− + + ≪ ≫
− + ≪ ≫ −≪ ≫

−

−

−

σ μ μ λ μ λ u μ u
μ μ λ μ λ u
λ μ λ σ σ
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ε
ε ε ε ε ε

ε
ε

ε

ε ε ε ε ε
ε

ε ε ε
ε ε

23
1

2,22 2,11
1

1,22
1

33,2 23,3 (58)

= −≪ ≫ −≪ ≫ −≪ ≫σ σ σ σ[[ ]] ,ε ε ε ε
33 13,1 23,2 33,3 (59)

= ⎛
⎝

≪ ≫ + ⎞
⎠

− ≪ + ≫ =−u εμ σ ε σ ε u u α[[ ]]
4

[[ ]] , 1,2,α
ε

ε α
ε

α
ε
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α
ε1
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= + ≪ ≫ + − ≪ + ≫

− ≪ ≫

− ( )u ε μ λ σ σ λ u u

ε u

[[ ]] (2 ) [[ ]]

.

ε
ε ε

ε ε ε
ε

ε ε

ε

3
1

33 4 33,3 1,1 2,2

3,3 (60)

As discussed in Ref. [28], the implicit interfacial equations estab-
lishes a formal equivalence between the soft interface law and the hard
interface law (cf. also [28, 5.5]). These equations can thus be viewed as
the interface laws for a thin isotropic interface condensing in an unique
form the two cases of a soft and a hard interface. As already remarked in
the Introduction, equations (56) and (55) take into account higher
order terms of the asymptotic expansions and they are thus expected to
provide a better approximation of the behavior of the thin adhesive
interface when compared to the classical spring-type interface law or to
the case of perfect contact between the adherents. This issue is explored
in the next Sections by means of several numerical examples.

3. Finite element implementation and numerical tests

3.1. Soft at order 0 and 1

First, let us notice that the jump conditions for soft interfaces
(40)–(43) both at order 0 and 1 can be written

= < > +
=
σ

σ
u C i D

i S
[ ]

[ ]
3

0

3
0 (61)

where we have omitted the bar sign for simplicity of notation and
where

=
⎛
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⎟
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at order 0, while

⎧

⎨
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⎪

⎩

⎪
⎪

= − + < > − < > =
= − − − < >

= − < > − < > =
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S σ σ σ
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α α α
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0 1
33,
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0 1
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0

2,2
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3,3
0

at order 1.
Then, in order to write the variational form of the mechanical

problem, one write the variational form of the equilibrium problem on
each sub-domain −Ω and +Ω . The sum of the two equations is

∫ ∫ ∫
∫ ∫

⋅ − −

= ⋅ + ⋅

±
+ + − −

±

±

dV σ dA σ dA

dV dA

a e u e v z n z z n z

f u g u

( ( )) ( ) ( , 0 ) ( , 0 ) ( , 0 ) ( , 0 )z z z

z z

Ω Γ Γ

Ω Γg (62)

which can be written

∫ ∫⋅ + ⋅ =±
±

dV σ dAa e u e v n v v( ( )) ( ) [( ) ] ℓ( )z zΩ Γ (63)

choosing = = −− +n z n z n z( , 0) ( , 0 ) ( , 0 ), =vℓ( ) ∫ ∫⋅ + ⋅
±

dV dAf u g uz zΩ Γg
.

Then, using the property = < > + < >ab a b a b[ ] [ ] [ ] , and using
(61), we obtain

∫ ∫ ∫
∫

⋅ + ⋅ = +

⋅ − < >

±
− −

±
dV dA v

dA dA

a e u e v C u v C D

v S v

( ( )) ( ) ( [ ]) [ ] ℓ( ) ( )

[ ] .

z z

z z

Ω Γ
1

Γ
1 0

Γ
0

Finally, a standard finite element method is used to solved this

equation. In order to take into account the jumps in the displacements
across the interface, a “flat” finite element is considered on the interface
Γ that has all nodes on Γ, the first ones related to −Γ , and the other ones
related to +Ω . It is then possible to write a stiffness matrix of this pro-
blem that is invertible and with standard error estimates (for more
details, see for example [23]).

Remark. It is also possible to treat hard interface law at order one with
this methods. After the computation at order 0, the term = + εu u uε 0 1

that satisfy the jumps conditions can be computed using (37) with the
following approximation that is equal to the previous one up to order 1

= − − ≪ ≫ = + =

= + − + − ≪ ≫ = + +

= − + + − − + +
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ˆ ( ˆ ˆ) ,
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[[ ]] .
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ε

1
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0
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3
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0 1
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0
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1
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1
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33
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(64)

The finite element method applied to this formulation will be called
the semi-implicit formulation hereinafter, since the constraints in the
jumps in displacements are treated implicitly.

3.2. Hard at order 0 and 1

The hard interface laws in equations (29–32) both at order 0 and 1
can be written in a general form

=
=σ

u D
i S

[ ]
[ ]

0

3
0 (65)

Unfortunately, it is no longer possible to write a standard varia-
tional formulation of the problem. However, a discontinuous Galerkin
method can be used to solve the problem (see Ref. [9]).

More precisely, going back to equation (63) and using (65), we have

∫ ∫
∫ ∫

⋅ + < > ⋅ + ⋅ < >

= − < > + ⋅ < >

± ± ±

±

±
dV dA

dA dA

a e u e v a e u n v u a e u n

v S v D a e v n

( ( )) ( ) ( ( ( )) [ ] [ ] ( ( )) )

ℓ( ) . ( ) .

z z

z z

Ω Γ

Γ
0

Γ
0

(66)

This formulation, known as the Nitsche's method [24] is unstable
and the discrete operator can be non invertible after a discretization. It
is then necessary to add a stabilization term such as
∫ ∫⋅ = ⋅dA dAu v D v[ ] [ ] [ ]β

h
β
hz zΓ Γ

0 , where h is the size of the smallest ele-
ment of the finite element discretization of ±Ω considered and >β 0 is a
fixed number that must be sufficiently large to ensure the stability of
the method. It can be shown that this formulation is equivalent to the
initial problem in the sense that solutions of (66) are weak solutions of
the initial problem (see Refs. [3,8,32] for the complete study of this
method and for a priori and a posteriori error estimates in the case

=D 00 ).
Unfortunately, this method does not work properly to solve problem

(66) as soon as ≠D 00 . To overcome this difficulty, the initial problem
with the two jump conditions is split into two parts, the first one to treat
the jump in the displacements, the second one for the jump in the
constraints.

More precisely, the unknown displacement ±u is written
= +± ± ±u z w where ±z and ±w solve the problems
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0 on Γ
( ) ( ) in Ω
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0 on Γ
( ) ( ) in Ω
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u
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u

1
2

0

0

0

(67)

since = − = − + = − − =+ − + − ( )w w w u z z D[ ] [ ] 1 01
2

1
2

0 . The two
first problems in the left, defined in both +Ω and −Ω , are standard and
can be solved simultaneously using a standard finite element method.
The problem on the right of (67) is solved using the Nitsche's method
developed above.

4. Numerical study

4.1. Bond of two square bodies

Aim of the first study is to derive the different responses obtained
adopting the soft and hard interface models, described in the previous
sections, comparing that solutions with a reference solution evaluated
performing a finite element analysis, which considers adherents and
adhesive as solid continua.

A structural system obtained assembling two adherents by means of
an adhesive interface, as schematically illustrated in Fig. 1, is con-
sidered. Each adherent is approximatively a square with dimensions

× − ε5 (5 /2), while the adhesive thickness is ε, so that the total height
of the structural system is =L 10, where all lengths are measured in
meters. The structural scheme is subjected to a uniform vertical load on
the top edge =F 2 MPa, and to a horizontal load =P 1 MPa distributed
on a length equal to 1 above the top.

The materials constituting the adherents and the adhesive are as-
sumed to be isotropic; in particular, the Young's modulus of the ad-
herents is set equal to =E 100a GPa, while the Poissons's ratio of all
components is equal to =ν 0.3. The Young's modulus of the interface is
denoted by Ei. The analyses are carried out under plane strain hy-
pothesis, considering different geometrical (thickness) and mechanical
(stiffness) properties of the interface.

The influence of two parameters

• the relative thickness of the interphase ε
L
;

• the relative stiffness of the interphase E
E

i
a
,

is investigated in order to evaluate the accuracy of the various modeling
proposed in the previous sections. In particular, the quality of the so-
lutions is evaluated considering the L2-relative error:

=
−

e
u u

u

ε
model
order

ε

where uε is the reference solution computed using the three-phases
problem with a fine finite element mesh, and umodel

order indicates the dif-
ferent interface model solutions, with =model soft hardor and

=order 0 or 1.
In particular, the relative errors for the following models are re-

ported:

• soft interface at order 0 (Table 1);

• hard interface at order 0 (Table 2);

• soft interface at order 1 (Table 3);

• hard interface at order 1 (Table 4);

• hard interface at order 1 using semi-implicit formulation (64)
(Table 5).

It can observed that, in all the cases herein considered, the soft in-
terface modeling, both at order 0 and 1 (see Tables 1 and 3), is able to
provide an acceptable solution, with a relative error less than 10%.

If the relative thickness of the interface is less than 1%, then the
relative error is also less than 1%, except in the case of a relative stiff-
ness between the adhesive and the adherents equal to 10 (representing
a very hard adhesive).

In Table 2, it can be highlighted that the hard interface modeling at
order 0 is not suitable when the interface is thick or when its relative
stiffness is small. In that cases, the hard interface modeling at order 1
(see Table 4) significantly improves the results, except if the interface
has both a large thickness and a small stiffness.

Table 5 presents the results obtained considering the semi-implicit
formulation (64) of the hard interface at order 1. This formulation
provides generally satisfactory results, excepted in the case of a very
stiff and large thickness interface. Except in the latter case, the results
numerically confirms that the semi-implicit formulation (64) is
equivalent to the soft interface modeling at order 1.

Fig. 2 presents the plot of the convergence to zero of the relative
error versus the thickness of the glue computed for the various models,
in the case of the relative stiffness of the glue equal to 0.1% (second lines
of the tables), that can be considered as a soft interface (small relative
stiffness). The figure confirms and clarifies the remarks above described
from the analysis of the results reported in the tables.

As expected, the hard interface modeling both at order 0 and 1
converge slowly, whereas the soft interface modeling at order 0 and 1,
and the semi-implicit modeling provide close results and converge
faster. This demonstrates that, in this case, the soft interface modeling is
able to correctly approximate the solution uε, and the implicit for-
mulation for hard interface is equivalent to the soft one.

In Fig. 3, the convergence of the relative error is presented for a
stiffer interface, setting =E E/ 2i a . In this case, since the interface can be
considered as rigid, the plot shows that the soft interface modeling both
at order 0 and 1 converge slowly, whereas the hard interface modeling
at order 0 and 1 converge faster. It can be noticed that the semi-implicit
formulation provides good results, equivalent to the explicit hard one at
order 1 in this case.

4.2. Single lap joint

The response of a structural system consisting in two beams joined
by a single lap bond is studied; the structural scheme is illustrated in
Fig. 4. The upper beam is clamped on the left, while the lower beam is
submitted to a distributed horizontal load =F 2 MPa on the right.

The structure is characterized by the following geometrical andFig. 1. Geometry of the problem ( =ε 0 for the interface problem).
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Table 1
Relative difference −u u u/ε

soft
ε0 at order 0 (red: large relative error; green: small relative error; black:

acceptable relative error).

Table 4
Relative difference − −u u εu u/ε

hard hard
ε0 1 at order 1 (red: large relative error; green: small relative error;

black: acceptable relative error).

Table 5
Relative difference − −u u εu u/͠ ͠ε

hard hard
ε0 1 at order 1, using the semi-implicit formulation (red: large re-

lative error; green: small relative error; black: acceptable relative error).

Table 2
Relative difference −u u u/ε

hard
ε0 at order 0 (red: large relative error; green: small relative error; black:

acceptable relative error).

Table 3
Relative difference − −u u εu u/ε

soft soft
ε0 1 at order 1 (red: large relative error; green: small relative error;

black: acceptable relative error).

7



mechanical parameters:

= = =L L ε10, 1, 0.012

where, as in the previous application, all the lengths are measured in
meters. Note that L represents the length of the glued zone. The bonded
beams system is modeled considering a two-dimensional plane strain
assumption, so that each beam has a width equal to 1m.

Different values for the beam height L1 and for the elastic moduli
ratio E

E
i
a
are considered in the computations in order to investigate on

effectiveness of the hard and soft interface models and on the matching
condition between the external and the internal displacement jump.

Three cases are studied:

• thick beams bonded by hard interface

• thin beams bonded by hard interface

• thin beams bonded by soft interface

In the following, the displacement jump computed for the surfaces
+S and −S assumed to belong to the boundary of the two adherents is
named as external jump of displacement; analogously, the displacement
jump computed for the surfaces +S and −S assumed to belong to the
boundary of the adhesive is named as internal jump of displacement.
The matching conditions (12), (13) and (14) enforce that the external
jump is equal to internal jump.

In the following, the internal jump of the displacement u1, evaluated
as:

= = −+ −u x x u x u x[[ ]]( , 0) ( , 0 ) ( , 0 ),1 1 2 1 1 1 2 (68)

and the external jump of the displacement u1, evaluated as:

= = ⎛
⎝

+ ⎞
⎠

− ⎛
⎝

− ⎞
⎠

u x x u x ε u x ε[ ] ( , 0) ,
2

,
2

,e1 1 2 1 1 1 1 (69)

are computed for:

1. the three phases computation;
2. the hard interface modeling at order 0;
3. the solution obtained at order 1, prescribing the relative displace-

ment equal to:

+ − −ε ν
E

σ x u x u x2(1 ) ( , 0) ( , 0) ( , 0);12
0

1 2,1
0

1 1,2
0

1

4. the hard interface modeling at order 1, computed considering the

Fig. 2. Convergence results for = −10Ei
Ea

3.

Fig. 3. Convergence results for = 2Ei
Ea

.

Fig. 4. Geometry of the problem ( =ε 0 for the interface problem).

Fig. 5. The beam with =L 41 .

Fig. 6. Internal jumps in the displacement u1.
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solution provided from the prescribed jump introduced above.

4.2.1. Thick beams bonded by hard interface
Initially, the case of thick beams is investigated. The thickness of the

two beams is set as =L 41 , while the elastic moduli ratio is taken as
=E E/ 1/2i a , corresponding to a hard interface. In Fig. 5 the geometry of

the problem, with the very fine mesh adopted for the computations, is
illustrated.

It can be remarked that in the second case, the displacement jump has
to be equal to zero, as perfect material continuity is ensured for the two
adherents; indeed, in this case, the adhesive phase is reduced to zero.

In Fig. 6, the internal jumps of the displacement u1, evaluated from
formula (68), for the four considered cases are plotted. It results that
the curve of the second case is equal to zero, while the three remaining
ones overlap each other, showing that the numerical computation is
able to take into account the prescribed value. Thus, the expected re-
sults are recovered from the computations.

Analogously, the external jumps of the displacement u1, evaluated
from formula (69), are presented in Fig. 7 for the same cases in-
vestigated above.

In this case, one can observe that curves obtained from assumptions
corresponding to points 1, 3 and 4 overlaps each other. Thus, the pre-
diction of the external jump (curve 3) and the observed one (curve 4)
correspond to that of the three phase computations (curve 1). So the
modeling and the matching are correct.

4.2.2. Thin beams bonded by hard interface
In this section, the same computations above described are per-

formed considering the case of two thin bonded beams. In particular, it
is set =L 41 . The structural scheme with the mesh adopted for the
computation is illustrated in Fig. 8. Computations are performed as-
suming the elastic moduli ratio is taken as =E E/ 1/2i a , corresponding
to a hard interface.

In Fig. 9, the internal jump of the displacement u1 given by formula
(68) is plotted for the different solutions.

As for the case of thick beams, it can be observed that the curve
corresponding to the second case is everywhere equal to zero, and the

two last ones overlap each other, showing that also for thin beams with
hard interface, the numerical computation is able to take into account
the prescribed value.

Fig. 10 provides the external jump of the displacement u1 de-
termined by formula (69). In this case, it is observed that only curves 1
and 3 overlap each other, showing that the prediction of the external
jump (curve 3, before the matching) is the good one and correspond to
that of the three phases computation (curve 1), but the observed one
(curve 4), computed as internal jump with matching, is not the correct
one when the beam is thin.

If the matching is not enforced, i.e. if the jumps between the two
adherents (with no materials between them) is considered directly, one
can observe in Fig. 11 that curves 1, 3 and 4 overlaps each other. This
means that for thin beams, the computation without internal jump with
matching leads to satisfactory results. Moreover, it is noticed that in this

Fig. 7. External jumps in the displacement u1.

Fig. 8. The beam with =L 11 .

Fig. 9. Internal jumps in the displacement u1.

Fig. 10. External jumps in the displacement u1.
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case the solution on the whole structure is better than in the other si-
mulations.

4.2.3. Thin beams bonded by soft interface
Finally, the case of soft interface, obtained setting the moduli ratio

=E E/ 0.001i a for very thin beams ( =L 0.12 ) is considered.

In that case, the jump in the displacements for the first component is
not correctly approximated, due to the matching (see Fig. 12). If the
matching is not considered, the results is improved (see Fig. 13). It is
noticed that for soft interface, unsatisfactory results are obtained for
thinner beams than in the case of hard interface.

5. Conclusion

In this paper, mathematical and numerical methods based on
asymptotic expansions are proposed for the modeling of bonded inter-
faces. A linear elastic response of the adhesive and adherents is con-
sidered, in the frame of small strains and small displacements theory.
Two different types of material adhesive are considered: the case of a
hard material, whose elasticity coefficients are independent of the ad-
hesive thickness, ε, and the case of a soft material, whose elasticity
coefficients rescale like ε.

In the first part of the paper, some recent results of asymptotic
analysis for soft or stiff interfaces are reviewed [9,28,29]. For the two
cases of material behavior, the asymptotic expansions of the displace-
ment and stress vector fields are introduced and the effect of higher
order terms is taken into account. Using the classical scheme of mat-
ched asymptotic expansions, the interface conditions are obtained,
linking the stress vector field and its jump to the displacement vector
field and its jump at the interface, which is the geometric limit of the
adhesive layer as its thickness parameter ε goes to zero. Following a
Remark already introduced in Ref. [28], an implicit interface condition
is presented, able to account for the interface conditions for both the
two considered cases of hard and soft interfaces at the orders zero and
one.

Taking into account higher order terms of the asymptotic expan-
sions, this implicit form of interface condition is expected to provide an
improved approximation of the behavior of the thin adhesive interface
when compared to the classical spring-type interface law or to the case
of perfect contact between the adherents. To verify this conjecture,
some numerical examples are analyzed in the second part of the paper.
The numerical results show that

• when the thickness of the adhesive is much smaller than a char-
acteristic length of the adherents,
– for adhesives with stiffness much lower than that of the adherents,
the soft interface model shows a small relative error with respect
to the exact solution, i.e. the numerical solution for the three
layers;

– for adhesives with stiffness comparable to that of the adherents,
the hard interface model shows a small relative error with respect
to the exact solution;

– in both cases, the interface models at order one converges better
than the interface models at order zero;

– the semi-implicit model is always a better approximation;

• when the thickness of the adhesive becomes comparable with a
characteristic length of the adherents,
– the solution obtained using matching conditions calculated for the
order one is not a good approximation of the exact solution;

– an improved solution can be obtained if the matching at order one
is taken to be the same of the order zero, i.e. the continuity of all
fields without additional terms;

– a possible explanation of the failing of the matching at the order
one is that a problem with to parameters occurs when the ad-
hesive and adherents have comparable thicknesses. This occur-
rence has be studied using an adapted asymptotic expansion
methods.

The last Remark has to be carefully taken into account when
studying the bonding of two beams or layered structures with com-
parable thicknesses. This case, which has relevant applications in many
fields, is addressed in a work in progress.

Fig. 11. External jumps in the displacement u1.

Fig. 12. External jumps in the displacement u1 with soft interface and matching.

Fig. 13. External jumps in the displacement u1 with soft interface and no
matching.
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Appendix A. Supplementary data

Supplementary data related to this article can be found at https://
doi.org/10.1016/j.compositesb.2018.08.076.
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