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ABSTRACT

Numerical studies on Kerr frequency comb generatiiih vertically-coupled whispering-gallery-mode (M)

SisN4 resonators are presented. These resonators inéduffequency-dependent access coupler and are
characterized by a free spectral range (FSR) of@H8. We present numerical simulations based onkibea

map that allows implementation of complex-valuedqfrency-dependent and non-reciprocal access coupler
transfer matrix in the simulation of Kerr comb fretcavities modelled by Arlotti et'aWe use a Runge-Kutta 4
Interaction picture (RK4IP) method with adaptivepssize control as developed by Balac étalcircumvent

the numerical burden added by this modelling apgrand successfully simulate Kerr comb generatgingu

an approach that accurately models any opticaltgahiat can be considered as spatially one-dimeasio
regardless of its quality factor, finesse or disper properties which comes in useful in this studyen access
coupling properties degrade the resonator quatdityof.

Keywords. Racetrack Resonator, Frequency-dependent coujlarg,Comb,

1. INTRODUCTION

Kerr Frequency Comb (KFC) generation is the probgsahich an optical spectrum consisting of evespggced
lines are generated by taking advantage of the &féect. Optical resonators are attractive platferfior KFC
generation because of their resonant nature i.eause of their mode selectivity that and their powe
enhancement properties. In continuous wave (CW)padrmicro resonators, KFC generation arises in the
anomalous dispersion regime when the parametrio gagendered by light circulating inside the cavity
overcomes losses and the first modulation sidebarelgenerated by degenerate Four Wave Mixing (FWWAd)
more power is accumulated inside the cavity, theegged combs lines interact with each other by- non
degenerate FWM forming an evenly space comb withukiple-FSR spacing®. As these comb lines become
strong enough to create parametric sidebands stemoggh to overcome total cavity losses, they kepad
occupying the resonator modes between them andenbeggther creating a FSR-spaced frequency &omb

The power threshold for KFC generation in opticetanators can be optimized by maintaining adequate
coupling properties for optimum power enhancemest @ large bandwidth. Furthermore, total roundogses
can also be optimized so that the losses that tzalsge overcome by parametric gain in order for F\téhbccur
are further reduced. Hence, this is why the worlddétti et al. on vertically coupled whisperingitgay-mode
(WGM) SisN,4 resonators design for wideband critical couplimpich has demonstrated coupling geometries
that allow critical bandwidths larger than 330 ™niis so important. These results prove very pramisn the
context of Kerr frequency comb generation in thaels¢forms as access coupling properties are aarfagtor in

a resonator’'s power enhancement properties ansishé&urthermore, $N, is a material that proves interesting
in the context of KFC generation due to its highnlimear refractive index 2.5 10 cnf.W?), its
compatibility with CMOS technologies and the absent two-photon absorption in telecommunicationdSan
However, as optimized as the access coupling caithbse structures can present spectral regionsevihe
resonator’s quality (Q) factor (and thus finesse$trongly degraded. Moreover, the resonator’'ssacceupler
dispersion has a strong influence on the overabbmeator dispersion. All this creates problems imerically
simulating Kerr comb generation with the Lugiatdeweer Equation (LLEY

This issue can be circumvented by adopting a mibdelseparates intra-cavity dispersion from disperi the
access coupler such as the Ikeda fnajpready used in referenée¥. While this approach is certainly more
computationally cost-intensive due to the fact tihat step-size has to be inferior to the cavitygtbnwe have
put in place a RK4IP methbdo reduce computation time and keep computatieuracy high. In addition to
this, SN, having a higher absorption coefficient than matersuch as fluoride glasses (GaRd MgF, ** '3,



the quality factor of such resonators doesn’t ugumtceed 10 making numerical simulations of these cavities
less time-intensive.

In this paper, we investigate on Kerr comb genernafor the three resonators modelled by Arlottiaktin
referencé We start by presenting the modelling approach padhmeters used to analyze the frequency-
dependent cavity transfer properties and Kerr feegy comb generation simulations in section 2. i8ec3
describes the transfer properties of the threecabptiesonators studied in this paper. Section 4ents
simulation results of Kerr comb generation in regors with frequency-dependent and complex-valwegss
coupler coefficients.

2. NUMERICAL MODEL AND PARAMETERS

Our numerical approach consists in simulating thend-trip to roundtrip evolution of the intra-caviield of a
pumped optical resonator by separating intra-cguitpagation from propagation through the coupléis is a
two time-scale approach that associates a slowdate to the variableenmtg to them-th roundtrip of light
circulating inside the resonator withthe cavity roundtrip time, and a fast time-scal¢he variable comprised
betweenty/2 and+ tz/2 that describes the temporal distribution of théaah signal circulating inside the optical
cavity. A schematic of the device modelled is pnésé in figure 1, along with the absolute valuetlod
coupler’s transmission and coupling coefficienteath simulated resonator mode
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Figure 1. Schematic of the simulated resonatorasblute value of the coupling and transmissiorfficients of
the 3 access couplers used in simulatipRsp,: transmission coefficients;, «x,: outward and inward coupling
coefficients respectively. Coupler 1: Bold blackeln Coupler 2: Bold red lines. Coupler 3: Dashedkilimes

In figure 1,A;, represents the pump signal at the input of thealptesonator. In our simulation approach, the
pump laser is a continuous wave (CW) signal thaujserposed to a white noise floor 150 dB weakan the
pump power.A, represents the intra-cavity signal after propagetihrough the cavity at the end of roundtrip
An1 represents the intra-cavity field at round-tnipbefore propagation through the cavity. Couplerffiments
are represented as a function of mode number wioctmalizes frequency with respect to the pumpedarad
the resonator’'s FSR. Intra-cavity propagation iscdbed the Non Linear Schrédinger Equation (NL®&&)ch,
limiting dispersion up to the second order, is gty

0A(z, T a 0%A(z, T 1

éz ) = —EA(Z,T) - l%% + iyA(z, 1) |A(z, T) |? @)

In equation (1), parametgs models dispersion during propagation, paransetaodels field attenuation ands the Kerr
coefficient that models the nonlinear Kerr effeatiy propagation. Material and geometrical progerte.g. bending
radius) of the racetrack resonator have a dirgzdaton the dispersive properties and propagaisses of the ring cavity,
Spectral dependence ofandg, depicted in figure 2 shows respectively an attimuaf 29.69 (m~!) and an anomalous
chromatic dispersion 6f18.88 (ps2km™1) at 1.55 um (pump laser wavelength). The non-limekexn, combined with
mode effective ared, ;- lead to a Kerr coefficiemt= 1200 (W . km™).
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Figure 2. a) Representation of the cavity's secadéradispersion parameter and wave vector as fumethf mode
number. b) Material absorption coefficient and poattenuation per roundtrip as functions of modmber.

Access coupler coefficients are complex valuedfeegliency dependent. They are used to model ngtlimelar
propagation through a coupler of non-zero lengthaltso dispersive effects. In fact, the magnitudries ofp1,

P2, K1, k2 model the amplitude of the transfer between inpasteguide and ring cavity while the phase of these
coefficients models changes in the optical pattihef different spectral components propagating thinothe
coupler, i.e. dispersion during propagation throtlgh coupler. The passage of light through the sscceupler

is modelled by a transfer matrix that describesaigransfer between the input/output of the resmnand the
cavity in the spectral domain.

A, ki paq| Ain (2)
[Aout] ()\) - [p; K;] [Am—l] Ol)

Propagation through the access coupler is performaderically at the beginning of every iteration the
spectral domain with the help of fast Fourier tfarmss (FFT), respecting relation (2). Then, inteaty
propagation is performed using a RK4IP solver effL.SE through the length of the cavity taking iat@ount
fluctuations of the dispersion and absorption patans.

This approach has a higher computation cost thas based in coupled modes equation or split-steplations
of the LLE because it forces the user to adopep-size that is lower than the cavity physical tangdowever,
by separating the treatment of intra-cavity propiagaand propagation through the access couplés, tio
time-scale approach allows for the implementatibnam-reciprocal access coupler properties. Funtoee, this
approach accurately models Kerr Frequency Comb rgéoe in optical resonator for any optical cavity
regardless of its finesse, quality factor or disp®r.

3. MODELLING OF THE CAVITY TRANSFER PROPERTIES

3.1 Transfer function

A resonator’s transfer properties give useful ihs@pout its resonance linewidth, cavity enhancémesperties
and resonance mode structure. To determine theféraproperties of an optical resonator, it is Sseey to
consider the ring resonator behavior in linear megi.e. with very low optical power circulating the cavity
such that the non-linear term doesn’t manifestfiiaethe NLSE (see eq. 1). A very straightforwamlution of
the propagation equation under this circumstanitessus to determine the frequency dependent @fafree
spectral range and power enhancement factor (PEBumoptical resonator. Indeed, having accessh&o t
frequency-dependence of the quantities listed alpreeides substantial information concerning frate
dependent resonator losses as well as resonanogtofsthat subsequently affect KFC generation andals
the impact on the coupler design. By assuming bserce of Kerr nonlinearity in equation (1), thedrcavity
field propagation admits an analytical solutionegiby equation (3).

Am(vk) — A'm_l(Vk)e—(%-Fj(ZTEVk)Z%)L (3)



Here,v, corresponds to the frequency at miadiean evenly spaced frequency atid= k. FSR (k € Z). By combining eq.
(3) with the coupler’s transfer function (2), omazasily obtain the resonator’s transfer functiép) in the steady state
regime at a given frequency which is given by ¢fegion

Aoue _ P2t (K11, — p1py)LDel? (4)

T(p) = = PPz
=7 1—x,LDel®

In equation (4), the ring attenuation and dispers&r roundtrip are represented respectively tiropgratoré = e2* and

D=e” @nv*BEL . The variabl@ represents the linear phase accumulated by thecantity field over one round-trip with
respect to the FSR spaced frequency grid. Thiarliplease is linked to a shift in frequerfcg [-FSR/2; FSR/2] which

represents the frequency detuning in the viciriithek" optical modek2r + ¢ = 2r %

3.2 Quality factor and Power enhancement factor

The resonator’s quality factor Q is linked to th®ion storage time of the optical resonator. Insfiertral domain the Q
factor is inversely proportional to the full-widdh half maximun £, / of the cold cavity transfer function squared maslulu

IT(p)|? at resonance. It is expressed as following: vo/Bf1y,, in which v, represents the absolute frequency at

resonance. Experimental spectro-RF metrology tgulninvoke this Q factor expression for measurertienin this
numerical work, we compute the local Q factor ahegsonator mode by referring to equation (4eémh of the three
simulated optical resonators. Increasing resosa@rfactor reduces the total cavity losses that labe overcome by
parametric gain in order to start Kerr comb geimraind thus reduces the pump power thresholdh&netay to decrease
the comb generation threshold is to optimize tleeraclation of optical power inside an optical gasit resonance. Pump
storage efficiency is quantified by a resonatan\wgr enhancement factor (PEF). It is determinesinagsing equations (2)
and (3) to determine the ratio of intra-cavity ppwith respect to pump power. The analytical dpson of the cavity PEF
is given by equation (5)
|Am—1|2 [, |? )
lAm]”  11-Loul?

For a passive ring cavity (which is the case instuly), total cavity loss¢Bp, | < 1 and critical coupling only occurs for
the singular conditior = p; corresponding to a maximum achievable PEF witlvengpropagation medium. Since the
ring resonator intensity lossesnd the coupling properties are both frequencgraigmt, this inevitably degrades the PEF
and affects coupling regime. The frequency-depéermetity factor and PEF of the three resonatoidiesti in this letter are
depicted in figure 3.

PEF =

x10°

PEF
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Figure 3. a) Representation of the Quality factar Bower enhancement factor as functions of modegaufor
the three simulated resonators. Black line: ResoratBed line: Resonator 2; Gray line: Resonator 3.

We observe a similar Q facter1.4 105 at the pumped mode for all three cavities; howéwercoupling design affects
drastically the Q factor value as mode number &sa® It is easy to distinguish the case corresmptal Coupler 2 as it
corresponds to a high quality factor over a corali narrower bandwidth compared to that of thedtier cases.

3.3 Cold resonance mismatch: Intra-cavity and coupler dispersion

Another critical aspect in Kerr comb generatiaiotal roundtrip dispersion. As stated in sectidkFAC generation in optical
resonators arises from the compensation of dispegffiects by nonlinear effects. The fact thataptical path of light is

frequency dependent produces changes in the $pmxgition of each resonance of an optical resonfitdispersion is

adequate, this allows the Kerr effect to pull #agonator modes into an evenly spaced frequencygrmimp power is
accumulated inside the cavity. In order for modhtainstability to occur and give rise to an optitequency comb, the
mode structure of the cavity has to present a venslaape at the pump wavelength. This means haviegond order
dispersion parameter that is negative at the puavelength. There are two sources of dispersidreimodel presented in



this paper and those are intra-cavity dispersiodated byp, coefficient in the propagation equation and thesplof the
complex-valued coupler coefficients. The phase fatidn term (27v,)?8,/2 in equation (3) models the resonance
frequency mismatch due to intra-cavity dispersiom i@sonator and can be used to obtain its catitnibto the cold cavity
resonance mismatch of a resonator with the equation

_FS
.= O By B8

n>1

(6)

Since the contribution of the access coupler tactie cavity resonance mismatch is modelled byctheler's transfer
matrix coefficients, it is necessary to use eqndd to obtain the global cold cavity resonancenmatch. Numerically, we
find the resonance position of each resonator rasitlg equation (4) and then compute the differbeteeen resonance
position and the evenly spaced frequencygrid k. FSR (k € Z) obtaining the cold resonance frequency mismatch of
each resonator.

Frequency mismatch [THZ]
Frequency Mismatch [THZ]
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Figure 4. a) Cold cavity resonance mismatch indumeihtra-cavity dispersion only (obtained usingiation (6)).
b) Cold cavity resonance mismatch induced by tatahdtrip dispersion (intra-cavity and coupler) atke
simulated resonator.

Figure 4 depicts the cold cavity resonance misn@iaiputed without taking coupler dispersion intcoaat in figure (a).
This effect is mutual to all the simulated optieslonators and is obtained by using equation iff)rd-4(b) depicts the cold
cavity resonance mismatch computed using equdijdo determine the exact spectral position of easbnator mode with
respect to an equally, FSR-spaced frequency ggdré=4 shows how in the resonators modelled bgttAdt al., total
round-trip dispersion is strongly affected by ceugieometry. This highlights the importance ofrgkinto account
dispersion effects during propagation through tleess coupler.

Furthermore, the simple mathematical analysisthatput in place in this section allows us to dater which of the three
resonators presents better properties for Kerr gmmbration. In terms of frequency-dependent lpadaigh quality factor
over a large bandwidth is desired so that pararrgdin engendered by the pump signal circulatigiglénthe cavity has
lower losses to overcome in order for degenerat®f\bccur and give rise to an optical frequenaylgoln this category,
resonators 1 and 3 are clearly better options esmmator 2. With respect to the cavity PEF, ddsirable to have the
strongest PEF possible at the pumped mode todhesatlvantage of the power enhancement propeirties cavity and
reduce the pump power threshold necessary forckietb generation even further. Concerning resodapersion, as long

as dispersion is anomalous at the pumped modstex flesonance mismatch curve lends itself téotiheation of broader
frequency combs’. Figure 4 b) shows that resonator 2 possesséseseadapted mismatch curve even suggesting the
possibility of dispersive-wave formation around e®el40 and 146

4. SIMULATION RESULTS

Kerr comb simulations rely on the model presemtesg:ction 2. Because of Kerr nonlinearity, the gludidight propagating
in the optical medium is modulated by its own isign The termiy|4,,|%4,, in the nonlinear Schrédinger equation
accounts for the Kerr non-linear phase shift actaten by light during propagation. This phase skiftlue to the
maodification of the medium’s refractive index bg terr effect effectively lengthening the opticathpof light circulating in
the optical resonator as power is increased.

In the context of nonlinear optical cavities, asoappower is accumulated inside the resonateptimped mode resonance
shifts towards longer wavelengths (lower freques)aiieie to self-phase modulation. Because of igralling the pump
laser frequency detuning with respect to the pumpeade resonance is crucial in practice and in &amb simulations. In
order to efficiently accumulate power inside a ligar optical cavity, the frequency of the pungetahas to be controlled
in such a manner that it follows the Kerr-induaesbnance shift that takes place as optical poveecigmulated inside the



optical cavity. This means that the pump laserttde tuned from higher to lower frequencies adluspumped mode
resonance in order to follow the resonance duiised by the Kerr effect as light is accumulatetercavity. In simulations,
the phase detuning of the pump laser with respéieetcold cavity resonance is controlled via ardiey parametef, such
that

A () = A(D)e'

With A(r) corresponding to the envelope of the pump ogiidlat round-tripn. In simulations we use a CW pump with a
white noise floor 150dB lower than the pump thateseas a seeding signal for degenerate FWM ititsracThe quantity
8, is the linear phase detuning between the pumplsigd the closest cold cavity resonance.

In section 3, the Power enhancement factor of iegcimator was established. As this quantity styatfiffers at the pumped
mode (1550 nm), pump power used in simulations ieen adapted for each resonator so that the guantit
PEF (1550 nm)P,,.n;, Stays constant for all three cases in order iblgeto compare the simulation results in a coingell
way. In simulations, pump power is adjusted to kiep quantity’ EF (1550 nm)Py,m, = 210W. This comes to be
pumping powers in simulations of 1.7 W for reson&taa simulated pump power of 4.2W for resonatahZh has the
lowest PEF at the pumped mode and a simulated pavgr of 1W for resonator 3. Figure 5 shows theageeintra-cavity
power during laser scan simulations performed thercavity resonance for each case of study withmal@zed pump
power as well as the intra-cavity field temporatrihution and the intra-cavity field spectra foe 8 resonators.
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Figure 5. Evolution of intra-cavity field tempomditribution and intra-cavity spectrum during lasean
simulations for each simulated coupler. For resansat and 3: |. Apparition of the first modulatisidlebands. II.
Formation of temporal patterns inside the cavity.Ghaotic comb regime. IV. Multiple pulse regime.

The different functioning regimes in frequency ssianulations can be identified in figure 5. Aftee tapparition of the first
modulation sidebands in fig 5.I) comes the fornmatibtemporal patterns (Il) as the detuning ofdiwp laser is performed
¥ These patterns correspond to a phase-lockedefiegieomb with a comb spacing equal to an integeber of cavity
FSRs and are not observed in resonator 2.

As the detuning of the pump laser continues, tigeserated sidebands widen and overlap filling d#semator modes
between them This leads to a broad but incoherent spectruim avitomb spacing equal to the resonator’s fredrabec
range. The incoherent phase relationship betweesptittral components of the comb translateshaatic temporal signal
as seen for resonators 3 and 1.

Finally, when the stable multiple pulse regimettigiged, a spectrum with a well-defined phaseioalstiip between comb
teeth is generated inside the resoriétt The envelopes of the spectra generated are notisdue to the fact that multiple
pulses circulate inside the resonator at the Sameliowever, the temporal spacing between puseains constant and so
the stable spectrum in the pulsed regime resaits ine superposition of each spectrum associatattopulse circulating
in the cavities.



Resonator 1 has a wide band high quality factdr avjpeak around mode -100 and a dip around modédiQotal losses
allow for the formation of a large comb with ciratihg CW power of around 30W inside the cavity. &mse losses remain
of the same order of magnitude over the whole &egyispan in simulations, the shape of the iniycspectra generated
in this resonator is shaped mainly by total regmmigpersion.

Resonator 2 has a high quality factor over a nabamdwidth close to the pumped mode that quickiyaties as mode
number increases reaching lows of the order of inaign1G around modes 140 and -140 (fig 3.). A substaniegher
CW power circulating inside the cavity (around 95/hecessary in order for parametric gain to @veectotal cavity
losses as seen in figure 5. Furthermore, in treeafahis resonator, the generated KFCs are sligpiethl resonator losses
as there is a very strong contrast of a factorafral 100 between the quality factor at the punmpede and the lowest
quality factor. The cold cavity mode structure lu§ tresonator (fig 4.) even suggest the potegtiefithe generation of
dispersive waves not far from modes 140 and *3&Wut with losses being most important in thesequdati regions, this
effect does not take place. This resonator is ample of a case where frequency comb bandwidiimited by the
degradation with frequency of total resonator lasse

Resonator 3 presents what seem to be the best &t#etatjon properties of the 3 resonators withquémacy-dependent Q
factor profile that remains highest on averagdl difiee couplers and a flatter cold cavity misrhatarve than resonator 1.
The first modulation sidebands are generated \wvithlating powers of around 30W as in resonatoud. td the fact that
both resonators have quality factor spectral psfiat maintain and order of magnitude of at lE&sis is the case with
resonator number 1, the spectrum generated withats 3 parameters is shaped by the cold cavitiersioucture (i.e. total
resonator dispersion).

5. CONCLUSIONS

In summary, we have presented in this paper thadhtpat access coupler geometry can have in thebamnd transfer
function of an optical resonator and we have pteddry the means of numerical simulations, theezprences this entails
for the generation of Kerr frequency combs.

The modelling approach used in this work prediti &ccess coupler geometry will have a strongdhipahe spectral
distribution of the quality factor of the resonatisrwell as the resonator's mode structure (ever smthan intra-cavity
dispersion in this particular study). Given thathbdosses and cold resonator mode structure ffarted by the coupler
geometry, we have run numerical simulations bdsetkeda Map of the resonators in order to study Kequency comb
generation in these structures. Simulations shatittie degradation of a resonator’s quality facéor strongly hinder the
comb generation process and in turn have allowen determine that losses can become the limitwatpf in comb
bandwidth even when dispersion lends itself welkierr comb generation.

These results highlight the importance of accespleo design particularly with vertically coupled:Ns waveguide
resonators. Furthermore, simulations predict piogii&err comb generation results with access caudleand 3 as
designed by Arlotti et al an applied to 220 GHzhhignfinement SN, race-track resonators. Resonator 3 particularly
predicts the formation of large frequency comb$ ait low as 1W of pump power with a structure filnadrs CMOS-
integration (SiN,) and Kerr nonlinearity due to high confinement.
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