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INVARIANT WEAKLY CONVEX COCOMPACT
SUBSPACES FOR SURFACE GROUPS IN A;-BUILDINGS.

ANNE PARREAU

ABSTRACT. This paper deals with non-Archimedean representations of
punctured surface groups in PGL3, associated actions on (not neces-
sarily discrete) Euclidean buildings of type Az, and degenerations of
convex real projective structures on surfaces. The main result is that,
under good conditions on Fock-Goncharov generalized shear parame-
ters, non-Archimedean representations acting on the Euclidean building
preserve a cocompact weakly convex subspace, which is part flat sur-
face and part tree. In particular the eigenvalue and length(s) spectra
are given by an explicit finite Az-complex. We use this result to de-
scribe degenerations of convex real projective structures on surfaces for
an open cone of parameters. The main tool is a geometric interpretation
of Fock-Goncharov parameters in As-buildings.

INTRODUCTION

One motivation for the study of non-Archimedean representations and
actions of surface groups on non discrete Euclidean buildings (also called R-
buildings) is that, in the same way that degenerations of hyperbolic struc-
tures on surfaces give rise to actions of the surface group on real trees,
degenerations of convex real projective structures, and more generally de-
generations of higher rank representations, for instance representations in
G = SLy(R), give rise to actions on non discrete Euclidean buildings
(Kleiner-Leeb [K1Le97], Paulin [Pau97]). More specifically, in [Par00, Par11]
we constructed a compactification for higher Teichmiiller spaces associated
to a surface 3, whose boundary points are marked length spectra of actions
of I' = 71(X) on non discrete Euclidean buildings. These actions come from
representations of I' in G(K) for some ultrametric valued fields K.

Degenerations of convex projective structures, or more generally of Hitchin
representations, and compactifications for higher Teichmuller spaces have
since then been studied by numerous authors, including J. Loftin [Lof07],
D. Cooper, K. Delp, D. Long and M. Thistlethwaite (unpublished), D. Alessan-
drini [Al08], V.V. Fock and A.B. Goncharov [FoGo16], I. Le [Lel6], T. Zhang
[Zhalba, Zhal5b], B. Collier and Q. Li [CoLil4], and X. Nie [Niel5].

Another motivation is that the geometry of Euclidean buildings is very
similar to that of nonpositively curved symmetric spaces, and is in fact in
many aspects simpler, in a similar way that real trees may be considered
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as a degenerate (and simpler) model for hyperbolic spaces. So it may be a
source of inspiration for understanding actions on symmetric spaces.

The first natural case to consider is the case of type Ao, which correspond
to representations in G = PGL3 and holonomies of convex real projective
structures on surfaces.

Given an action of a group I' on a Euclidean building X, a natural ques-
tion, in the spirit of convex cores for actions on negatively curved spaces,
is whether it is possible to find a nice invariant convex subspace Y C X,
for example cocompact. J.-F. Quint [Quint05] and B. Kleiner and B. Leeb
[K1Le06] have shown that convexity is a very rigid property in higher rank
symmetric spaces, and that non-trivial convex cocompact subspaces do not
exist in general (e.g. for Zariski-dense subgroups). Nevertheless, the no-
tion of convex cocompact subgroups in rank 1 real Lie groups have been
recently shown to have a good generalization in higher rank in all its other
aspects, corresponding to the notion of Anosov representations, introduced
by F. Labourie [Lab06], see recent work by Guéritaud, Guichard, Kassel,
Wienhard, Kapovich, Leeb and Porti [GuWil2, KLP15, KLP14a, KLP14b,
KaLel5s, GGKW15, GKW15].

We introduce here a natural notion of weak convexity for subsets Y of
Euclidean buildings X (or symmetric spaces), that we will also call the €-
convezity. In the case where ¥ is a compact oriented surface with nonempty
boundary, and K any ultrametric valuated field, for a large family of rep-
resentations p : I' — PGL3(K), we construct explicitly in the associated
Euclidean building X, a simple, weakly convex, invariant 2-complex Y on
which I' acts freely properly cocompactly. The subcomplex Y is piecewise
a flat surface or a tree. In particular (in an open subcase), we construct
weakly geodesic cocompact surfaces equivariantly embedded in the build-
ing. We introduce also the notion of As-surfaces, and more generally of
(A, W)-complezes, that is surfaces or simplicial complexes modelled on a fi-
nite reflection group (A, W) (endowed with charts in A with transition maps
in W, up to translations). Natural examples are subcomplexes of Euclidean
buildings with model flat (A, W). The As-surfaces are similar to flat trans-
lation and half-translation surfaces, and are closely related to cubic holo-
morphic differentials on the surface, for which we refer to Labourie [Lab07],
Loftin [Lof01], Benoist-Hulin [BeHul4], Dumas-Wolf [DuWol4]. As a con-
sequence of the previous result, we construct a family of explicit As-surfaces
K homeomorphic to ¥, (and a more general family of finite As-complexes
K, homotopy equivalent to XJ), parametrized by a 8 |x(X)|-dimensional real
parameter which encodes the absolute values of eigenvalues of the repre-
sentations p above (as K is Y/p(I')). We then show that these Ag-surfaces
appear as boundary points of the space P(X) of convex real projective struc-
tures on Y. The main tools are ideal triangulations and the Fock-Goncharov
parametrization of representations p : I' — PGL3(K) (generalized shear co-
ordinates).

We now describe our results in more detail.
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0.1. The model finite reflection group. The model flat (of type As) is
the 2-dimensional Euclidean vector space

A={a=(a,9,a3) €R3/ Zai =0}

endowed with the action of the Weyl group W = &3 acting on A by permu-
tation of coordinates (finite reflection group). The model Weyl chamber is
the cone

C={acA/ a1 >as> a3}

in A. Its closure € is a strict fundamental domain for the action of W on A.
A vector a € A is singular if it belongs to one of the three singular lines a; =
a;. The two distinct types of singular directions (rays) in A, corresponding
to the orbits under W of two rays ay > a9 = a3 and a; = as > a3 bounding
¢, which will respectively be called type 1 and type 2. In the figures (Figure
1 and the sequel), the type of singular directions will be represented by an
arrow > indicating the induced orientation on singular lines (towards the
type 1 extremity). We will use as canonical coordinates on A the simple
roots, i.e. the linear forms ¢1(a) = a1 — ag and ya2(a) = ay — ag, hence
we will identify o € A with (¢1(a), p2(a)) € R x R (see Figure 1). The W-
invariant Euclidean norm | | on A (unique up to rescaling) is normalized so
that the simple roots ¢; measure the distance to the corresponding singular
line p; = 0.

a3 = (1 L0 = Qo

N Z} @2(‘})”/
\\\\ : ////

pEN Ta

S N
I N
'S

A ! Qg = (3

FicUrE 1. Simple roots coordinates in the model flat A.

0.2. Vector-valued distance, lengths and weak convexity in build-
ings and symmetric spaces. When X is a (real) Euclidean building or a
symmetric space of type Ag, i.e. with maximal flats isomorphic to (A, W),
the usual metric d : X x X — R>¢ (induced by the Euclidean norm | | on
A) has a natural vector-valued refinement,

d: X xX ¢

that we will call the €-distance: it is the canonical projection induced by
the natural markings f : A — X of flats, whose transition maps are in W
up to translation. The corresponding refinement of the usual (translation)
length (Euclidean length)

leue(g) = {d(x,g2), x € X}
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of an automorphism g of X is the €-length £%(g) of g- It may be defined as the
unique vector of minimal length in (the closure in € of) {d%(z, gz), © € X},
and we have

Ceuc(g) = HEQ(Q)” :

For g in SL3(K) acting on its associated Euclidean building (for ultrametric
K) or symmetric space (for K = R) it corresponds to

%(g) = (loglai):

where the a; are the eigenvalues of g (in nonincreasing order). The €-length
refines another notion of length of particular interest, the Hilbert length,
which is the length of g for the Hilbert metric in the context of convex
projective structures. It may be defined by

tr(9) = Nu(£%(g))

where Ny is the hex-norm on A i.e. the W-invariant norm defined by
Ny (o) = oy —ag for a in € (whose unit ball is the singular regular hexagon).

We introduce the naturally associated notion of €-geodesics, which are
paths on which the C-distance is additive. This is equivalent to being ge-
odesic for the her-distance dy on X, that is the Finsler metric associated
with the W-invariant norm Ny on A defined by Ny (a) = a3 —ag for avin €
(whose unit ball is the singular regular hexagon), see [KaLel5, §3.1.2]. More
generally the €-geodesics coincide with the Finsler geodesics considered in
the work of Kapovich, Leeb and Porti, see [KaLel5]. Note that, unlike for
the usual distance, €-geodesics between two given points are not unique,
and that usual geodesics are €-geodesics, but the converse is not true.

The notion of weak convexity is now defined, by analogy with the usual
setting, as follows: we say that a subset Y C X is €-convez if for any two
points z,y in Y, there exists a €-geodesic from x to y that is contained in
Y. This is equivalent to being weakly convex for the Finsler metric df. See
[Par15b] for further study.

0.3. Fock-Goncharov generalised shear parameters. We now turn to
the Fock-Goncharov parametrization of representations in PGL3 of the fun-
damental group I' of a compact oriented surface . with nonempty boundary
(generalized shear coordinates). More precisely, following [FoGo07], we now
explain quickly how to associate, to an ideal triangulation 7 and 8x(3)
parameters in K (one per triangle and two per edge), a representation
p : I' - PGL3(K). This construction is uniquely based on projective ge-
ometry and is valid any field K. We fixe once for all an ideal triangulation
T of X, and denote by T the set of triangles of T, by ﬁ the set of ori-
ented edges of T, which are finite sets of respective cardinality 2[x(5)| and
6 |x(S)|. Denote by T the lift of T to the universal cover X of ¥. Shrinking
boundary components of 5 to points, we may see T as a triangulation of v
with vertex set the Farey set Foo(X) of the surface, which may be defined as
the set of boundary components of the universal cover % of ¥ (see section
2.1). Denote by b(aq, as, as,ays) the cross ratio on P(K?), with the conven-
tion b(oo,—1,0,a) = a. Let Flags(P) be the space of flags (p, D), where p
is a pomt on a line D in the projective plane P = P(K?),
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Fix a FG-parameter (Z,S) = ((Z:)r, (Se)e) in (Kzo,—1)T x (K;ﬁo)ﬁ. There
exists then a unique (up to PGL(K?) action) associated flag map Fzs :
Foo(X) — Flags(P), ¢ — (p4, D;), equivariant with respect to a unique rep-
resentation pz g : I' — PGL(K3), such that the flag map Fz g sends each
triangle 7 = (i, 7, k) of T to a generic triple of flags of triple ratio

b(D;, pip;, pi(D; N D), pipk) = Zr

where 7 is the triangle of 7 with lift 7, and for any two ajdacent triangles
(1,4, k) and (k,£,i) of T with common edge & = (k,%) we have
b(D;, pipj, pipk, pi(Dy. N Dg)) = Se

where e is the oriented edge of 7 with lift €, and i,j,k,¢ in Foo(X) are
positively ordered. When K = R, the representations pz s with positive
FG-parameters (Z,, S, € R for all 7,¢e) correspond to the holonomies of
convex projective structures on .

Note that our edge parameters S, are in fact a slight modification of those
in [FoGo07], more symmetric with respect to natural point-line duality (see
§2.6 for the precise relationship).

0.4. Leftshift and the construction of the As-complex K. We now de-
fine the As-complex K associated with a left-shifting geometric FG-parameter

(z,8) in RT x RE.

Consider geometric FG-parameter (z,8) = ((27)r, (8e)e) in RT x RE). It
may be seen as a tropicalized FG-parameter. We suppose that (z,s) is
left-shifting i.e. satisfies the following condition:

(L) For each e € E, with left and right triangles 7 and 7/, we have

se > max{—z;, —2,
where tT = max(¢,0) and ¢t~ = max(—t,0) for t € R. For each triangle 7
of the triangulation T, pick a singular equilateral triangle K7 in the model
plane A, with vertices a1, aso, ag, and sides of €-length d®(aq, as) = (2, z7)
in simple roots coordinates (well-defined up to translations and action of W),

see figure 2.

A A
~ o | Zr P ~ Zr | .
\\\ : a3 a2 : ///
N L
o ¢ e
-7 ! [N
P | a | N
el ! ~2 o8 ' N
| 2R N o I
I I
I A I A
Case z, > 0. Case 2z, < 0.

FI1cURE 2. The singular triangle K7 in A.

When 7,7’ are adjacent along an edge e (oriented according to 1), we
connect the end of the edge corresponding to e of the triangle K7 to the
beginning of the edge corresponding to e of the triangle K a by gluing either
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a segment K€ in A of €-length (sg, s¢), when s., sz > 0, or a flat strip K¢ C A
such that K¢ = [0, sg] x [0, s¢] (in simple roots coordinates), when s, < 0 or
sz < 0, as in figure 3 (note that under hypothesis (L) the condition s, < 0
implies that sz > 0).

Sey 85z > 0 2y —2m < 8. <0 —2r, 20 < 52 <0

FIGURE 3. Gluings (local development in A).

The resulting finite 2-dimensional complex K (see figure 4) is a deforma-
tion retract of 3, and its fundamental group has canonical identification with
I' = m1(X). The length metric on K induced by the Euclidean W-invariant
metric on A will be denoted by d. Furthermore, the complex K is endowed
with a Ag-structure (charts in A with transition maps in W). Hence we may
define the @-length of piecewise affine paths in K. The ¢-length ¢%(v, K)
of v € T is then defined as the €-length of one (any) closed geodesic rep-
resenting 7. We define the ¢-distance d® on the universal cover K of K as
the €-length of the unique geodesic between two points. Note that, unlike
in Euclidean buildings, in As-complexes the €-distance does not refine the
usual metric d, in the sense that the inequality Hdg(m’, Y) H < d(z,y) may be
strict.

There are several particular cases of special interest, providing a con-
tinuous transition from graphs to surfaces, see figure 4. The geometric
FG-parameters (z, s) satisfying the condition

(T) zr = 0 for all triangles 7 of T
se > 0 for all oriented edges e of T

(which implies (L)), correspond to the case where K is a graph (the 3-valent
ribbon graph dual to the ideal triangulation), endowed with a €-metric.
Relaxing the hypotheses, the condition
(TT) se > 0 for all oriented edge e of T

means that all the K¢ are segments so K is obtained from the previous graph
by replacing vertices by triangles (graph of triangles). At the opposite of
the spectrum, when

(Sf) se < 0 or s, < 0 for all oriented edge e of T,
then K is a As-surface homeomorphic to .

0.5. Main result. We now state the main result (see Theorem 4.2). We
will need the following additional hypothesis: A geometric FG-parameter
(z,s) will be called edge-separating if it satisfies the following condition .

(S) For each 7 in T and every pair of edges e1, ez of 7, we have

{ —Se; — Sey < 2y
_ _ +
—Se, — Sey < 27
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(T) (TT) (Sf)

FIGURE 4. Examples of As-complex K on a pair of pants,
corresponding to the conditions (T), (TT), and (Sf) on the
parameter (z,s).

Theorem 1. Let (Z,S5) = ((Z7)r, (Se)e) in (Ko —1)T x (K;,AO)E), and denote
by p the representation pzs : I' = PGL3(K) of FG-parameter (Z,S). Let
zr =1og|Z:|, se =1og|Se| and z = (z7)r, s = (Se)e. Suppose that
(FT) For each triangle T in T, we have |Z; + 1| > 1 ;
(FE) For each oriented edge e in T, we have |S, +1| > 1 ;
(L) (z,s) is left-shifting ;
(S) (z,s) is edge-separating ;

Let K be the Ay-complex of geometric FG-parameter (z,s). Then there exists
a p-equivariant map
UK = X
preserving the €-distance d.
Corollary 2. Under the hypotheses of Theorem 1, the following assertions
holds.
(i) The €-length spectra coincide, i.e. for all v € T

(p()) = L5(7, K) .
In particular, the usual Fuclidean and Hilbert length are given by
Leuclp(7)) = |3 K
and Ly (p(7)) = Nu(£5(, K)) -

(i) The map V is bilipschitz. In particular the representation p is undis-
torted, i.e. the orbit maps are quasi-isometric embeddings.
(iii) The representation p is faithfull and proper (hence discrete).

Remarks. (i) The image Y of ¥ is a closed €-convex subset of X pre-
served by p, and I" acts freely discontisnuously cocompactly on Y.

(ii) The €-length spectrum of pz g depends only on z = log|Z|, s =
log |S| (in particular it does not determine the representation up to
conjugacy).

(iii) (FT) stands for “Flat Triangles”, and (FE) for “Flat Edges”. Note
that, for positive representations (that is, with positive FG-parameters
Z:,Se > 0) in ordered fields K, the hypothesis (FT) and (FE) are
always satisfied.

(iv) Note that (L) and (S) are finite systems of strict linear inequations
in z—, z:'/ In particular the subset Org of left-shifting and edge-
separating (z,s) is a finite union of open convex polyhedral cones
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in RT x Rﬁ (one for each choice of prescribed signs for the triangle

parameters z;). It contains the non empty cone {0}7 x RE, of (z, s)
satisfying (T). Note that for arbitrary fixed triangle parameters
zr, conditions (L) and (S) are always satisfied for big enough edge
parameters s.. In particular Opg is a nonempty open cone.
(v) The result holds in fact in a more general setting including exotic
buildings (i.e. not coming from PGL3), see Theorem 4.1 and The-
orem 4.2.
See Remark 4.3 for further comments on hypotheses, in particular on the
geometric meaning of left-shifting and edge-separating hypotheses.

A special case with much simpler hypotheses (and proof) is when (Z, S)

satisfies simply
(T'){ |Z:| = |Z; + 1] =1 forall 7
|Se| > 1 for all e .

Then all hypotheses of Theorem 1 are satisfied, (z,s) satisfies (T) and K
is a graph, and the image Y of ¥ is an invariant cocompact €-convex (in
particular bilipschitz) tree in the building. The hypotheses of Theorem 1
are also satisfied in the other particular case corresponding to the following
open simple condition

n | |Z:| # 1 for all T
(TT) { |Se| > 1 for all e,

and (z, s) satisfies (TT), providing an invariant €-convex “tree of triangles”
Y.

On the other end of the spectrum, Theorem 1 provides, for (z, s) addition-
nally satisfying the open condition (Sf), examples of representations whose
image preserves a €-geodesic (in particular, bilipschitz) embedded surface
Y in the building.

0.6. Application to degenerations of convex projective structures.
In the last part of the paper, we use Theorem 1 to describe limit of length
functions (in the associated symmetric space) for a large family of degen-
erations of representations I' — PGL(R?) corresponding to convex RP*-
structures on X.

Theorem 3. Let ((2", s"))nen be a sequence in RT «RE. Let ZT = exp(z?)
and S = exp(s?). Let p, : I' — PGL3(R) be the representation of FG-
parameter (Z™,8™) = ((Z7)+, (Z)e). Let (An)n be a sequence of real num-
bers going to +00, such that the sequence ﬁ(z”, s™) converges to a nonzero

(2,5) in RT x Rﬁ. Suppose that (z,s) is left-shifting and edge-separating
(L) and (S)). Let K be the Ay-complex of FG-parameter (z,s). Then the
renormalized €-length spectrum of p, converges to the €-length spectrum of
K asn — oo, that is: for all v € I' we have

1
(1) = £5(7, K)
in €. In particular for Buclidean and Hilbert lengths, we have then:

T beaclon(1) = |6 )|
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i (pa(7) = Nu(¢(7, K)

n

forally €.

A similar result holds in more general valued field K, see Theorem 5.8.
Note that, for a given sequence ((z", s"))nen going to infinity, there always
exists a convenient sequence A, taking A, = max,.|2"(7)|,|s"(e)|. This
describes a part (corresponding to the open cone Opg of FG-parameters)
of the boundary (constructed in [Parll]) of the space P(X) of convex real
projective structures on 3 (see Coro. 5.9).

0.7. Related works. D. Cooper, K. Delp, D. Long and M. Thistlethwaite
announced results similar to Theorem 3 : interpretation of boundary points
of P(X) as mixed structures laminations/hex-structures on the surface, but
without using Fock-Goncharov parametrization.

L. Katzarkov, A. Noll, P. Pandit, and C. Simpson [KNPS15a, KNPS15b]
study building-like spaces and harmonic maps from Riemann surfaces in
R-buildings for SL3 that seem closely related to our Az-complexes K and
weakly geodesic embeddings ¥ : K — X.

0.8. On the proofs. Our proofs involve a geometric interpretation of FG-
parameters in Euclidean buildings of type Ag, relying on results from [Parl5a]
describing the geometry of triples of ideal chambers in relation with their
triple ratio as triples of flags. Under the hypothesis (FT), it allows to asso-
ciate with each triangle 7 of the triangulation T a singular flat triangle A-
in the building in a canonical way. The map W is then defined by sending K7™
to A;. The main technical difficulty is to prove that the map V¥ is globally
¢-geodesic. Note that in the case (T7) of trees the proofs are much simpler.
Application to degenerations of representations uses asymptotic cones, and
basically reduces to prove that the Fock-Goncharov parametrization behaves
well under ultralimits (Proposition 5.5).

0.9. Layout. The structure of the paper is the following: in Section 1, we
recall some basic facts about non discrete Euclidean buildings of type Ao
that will be used throughout the article, and we establish a criterion for a
local €-geodesic to be a global €-geodesic (Proposition 1.7) that will be used
to prove global €-geodesicity for ¥. In Section 2, we explain Fock-Goncharov
parametrization for representations in any field K. In Section 3, we introduce
the notion of As-complexes, and we construct the As-complex K associated
with a left-shifting geometric FG-parameter (z,s). In Section 4, we study
actions on Euclidean buildings (possibly exotic), introducing a purely met-
ric version of FG-invariants, and we prove the main result (Theorem 1) in
this wider setting. Finally, in Section 5, we study degenerations of repre-
sentations, introduce asymptotic cones of projective spaces and study the
asymptotic behaviour of Fock-Goncharov parametrizations and flag maps,
and prove Theorem 3.

Aknowledgments. I would like to thank Frédéric Paulin for usefull dis-
cussions and comments on the preliminary version. I also want to thank the
members of the Institut Fourier for their support.
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1. GEOMETRIC PRELIMINARIES

1.1. Projective geometry. We here collect notations for projective geom-
etry which will be used throughout this article.

Nondegenerated quadruples on a projective line. Cross ratios on projective
lines will be defined on quadruples (&1, &2,&3,&4) of points satisfying the
following nondegeneracy condition: (no triple point, i.e. any three of the
points are not equal, or, equivalently,

(1.1) (& # & and & # &) or (& # &2 and {5 # &) .
The quadruple (&1, &2,&3,&4) is then called nondegenerated.

Projective planes. Let P be a projective plane. We denote by P* the dual
projective plane, i.e. the set of lines in P. We will denote p ® ¢ or pq the
line joining two distinct point p, ¢ in P.

We denote by Flags(P) the set of (complete) flags F' = (p, D) € P x P*,
p € D, in the projective plane P. Two flags are called opposite if they are in
generic position.

Triples of flags. Let T = (Fy, Fy, F3) be a triple of flags F; = (p;, D;) in
P. We will denote by p;; the point D; N D; (resp. D;; the line p;p;), when
defined.

The natural nondegeneracy condition on the triple (F}, Fy, F3) for the
triple ratios to be well defined is the following:

(ND) either for all 4, p; ¢ D; 1 or for all i, p; ¢ D;_1.

This condition is clearly equivalent to: the points are pairwise distinct,
the lines are pairwise distinct, none of the points is on the three lines (i.e.
D; N Dj; # py, for all {i,j,k} = {1,2,3}) and none of the lines contains the
three points (i.e. p;p; # Dy, for all 4,7, k). We will then say that the triple
(Fy, Fy, F3) is nondegenerated.

It is easy to check that the triple T" defines then a nondegenerated quadru-
ple of well-defined lines D;, p;p;, pipjk, pipx through each point p;, and
a nondegenerated quadruple of well-defined points p;, D; N D;j, D; N Dy,
D; N Dy, on each line D;.

The triple of flags T' = (F}, F», F3) is generic if the flags F; = (p;, D;) are
pairwise opposite, the points (p;); are not collinear and the lines (D;); are
not concurrent. In particular, 7' is then nondegenerated, and the induced
quadruples of points on each line (resp. of lines through each point) are
generic (pairwise distinct).

1.2. The model finite reflection group (A, W) of type As. The model
flat (of type As) is the vector space A = R3/R(1,1,1), endowed with the
action of the Weyl group W = &3 acting on A by permutation of coordinates,
which is a finite reflection group. We denote by Wy the subgroup of affine
isomorphisms of A with linear part in W. We denote by [a] the projection
in A of a vector a in R3. The vector space A will be identified with the
hyperplane {a = (a1, a9, a3) € R3/ 3, a; = 0} of R3.

Recall that a vector in A is called singular if it belongs to one the three
lines o = o, and regular otherwise. A (open) (vectorial) Weyl chamber of
A is a connected component of regular vectors. The model Weyl chamber is
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€ ={a€A/a; > ay > az}. Itsclosure € is a strict fundamental domain for
the action of W on A, and we denote by p¢ : A — € the canonical projection,
which maps a vector o € A to its type in €. We denote by JA the subset of
unitary vectors in A, identified with the set PT(A) = (A — {0})/R~ of rays
issued from 0, and 9 : A — QA the corresponding projection. The type (of
direction) of a nonzero vector a € A is its canonical projection 9(p®(a)) in
oc.
The simple roots (associated with €) are the linear forms

Q10— o] — Qg

Q2 Q= g — Q3
and we denote by @3 : a — as — a; the root satisfying o1 + 2 + 3 = 0.

A singular vector « is said to be of type 1 if its type in € satisfies o >
a9 = ag, and of type 2 if its type satisfies a3 = as > ag.

Recall that two nonzero vectors o and o/ of A are called opposite if o/ =
—q. Similarly, two Weyl chambers C' and C’ of A are opposite if C' = —C.
We denote by w°PP the unique element of W sending € to —€, and by
a’PP? = wPP(—qa) = (—ag,—a9, —a;) the image of o by the opposition
tnvolution opp of A.

We will normalize the W-invariant Euclidean norm |-| on A by requiring
that the simple roots have unit norm. The associated Euclidean metric on
A is denoted by d.

The €-distance on A (or €-length of segments) is the canonical projection
d® : A x A — € which is defined by d%(a, 8) = p*(3 — ).

We will denote by Ny the hexnorm, that is the W-invariant norm on A
defined by

Ny(a) = a1 — ag = —p3(a)
for a in €, whose unit ball is a regular hexagon with singular sides.

1.3. Euclidean buildings. The Euclidean buildings considered in this ar-
ticle are R-buildings, in particular they are not necessarily discrete (have no
simplicial complex structure) nor locally compact. We refer to [Par99] for
their definition and basic properties (see also [Tits86], [KI1Le97], [Rou09]).
Let X be a Euclidean building of type As. Recall that X is a CAT(0)
metric space endowed with a (maximal) collection A of isometric embed-
dings f : A — X called marked apartments, or marked flats by analogy with
Riemannian symmetric spaces, satisfying the following properties

(A1) A is invariant by precomposition by We s ;

(A2) If f and f’ are two marked flats, then the transition map f~!o f’

isin Weysy ;

(A3’) Any two rays of X are initially contained in a common marked flat.
The flats (resp. the Weyl chambers) of X are the images of A (resp. of €)
by the marked flats.

We say that we are in the algebraic case when X is the Euclidean building
X (V) associated with some 3-dimensional vector space V' on an ultrametric
field K. We then denote by |-| the absolute value of K.

Recall that, in Euclidean buildings, two (unit speed) geodesic segments
issued from a common point x have zero angle if and only if they have same
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germ at x (i.e. coincide in a neighborhood of z). A direction at z € X
is a germ of (unit speed) geodesic segment from z. A direction, geodesic
segment, ray or line has a well-defined type (of direction) in O€, which is its
canonical projection (through a marked flat) in O€. It is called singular or
reqular accordingly.

The space of directions (or unit tangent cone) at x is denoted by ¥, X.
It is endowed with the angular metric. We denote by ¥, : X —{z} - ¥, X
the associated projection.

The space of directions Y, X is a spherical building of type As, whose
apartment are the germs Y, A at = of the flats A of X passing through =z,
and whose chambers (i.e. 1-dimensional simplices) are the germs ¥, C at x
of the Weyl chambers C' of X with vertex = (see for example [Par99]).

The local projective plane at x P, = P,(X) is the projective plane asso-
ciated to the spherical Ao-building ¥, X, i.e. the projective plane whose
incidence graph is X, X: Its points are the singular directions of type 1 and
its lines are the singular directions of type 2 at z.

Recall that, in a spherical building, any two points (resp. chambers) are
contained in a common apartment, and that they are opposite if they are
opposite in that apartment.

Two Weyl chambers C, C’ of X with common vertex x are opposite (at x)
if their union contains a regular geodesic line passing by x, or, equivalently,
if they define opposite chambers ¥, C, ¥, C” in the spherical building 3, X
of directions at x. Then there exists a unique flat of X containing both C
and C'.

1.4. Boundary of a As-building and its projective geometry.

1.4.1. The projective plane at infinity. We denote by 0ncX the CAT(0)
boundary of X. The type of an ideal point ¢ € 05X is the type in OC
of any ray to £&. The boundary J,X of X is the incidence graph of a pro-
jective plane P = P (X) whose points are the singular points of type 1 of
OsoX and lines are the singular points of type 2 of 9 X. The set Ip X of
chambers at infinity of X (Furstenberg boundary) identifies then with the
set Flags(P) of (complete) flags F' = (p, D) € PxP*, p € D, in the projective
plane P.

In the algebraic case, the projective plane P at infinity of X = X (V) is
the classical projective plane P(V).

For z € X, we denote by ¥, : y — ¥,y the canonical projection from
OsoX to the unit tangent cone ¥, X at x. The canonical projection X, :
O0xX — X, X preserves the simplicial structure and the type (in 0€) of
points, and in particular it induces the canonical projection ¥, : P — P,,
which is a surjective morphism of projective planes (i.e. if p € P and D € P*,
then ¥, p € P, and ¥, D € P}, and p € D implies ¥, p € 3, D).

If ¢4 and c_ are opposite flags in P (i.e. chambers at infinity of X), then
we denote by A(c—, c4) the unique flat joining c_ to ¢4 in X. A basic fact is
that given a generic (i.e. non collinear) triple of points p1, pa, p3 in P there
exists a unique flat A(p1, p2, p3) of X containing them in its boundary (and
the analog holds for lines).
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1.4.2. Transverse trees at infinity. (See for example [Tits86, §8], [Leeb00,
1.2.3], [MSVM14, §4].) We denote by X, the transverse tree at a singular
ideal point £ in 0, X which may be defined, from the metric viewpoint, as
the space of classes of strongly asymptotic rays to £ the quotient space of
the space of all rays to ¢ by the pseudodistance d¢ given by

dg(r1,7m2) = Inf d(ri(t1), 72(t2)) -

We denote by m¢ : X — X¢ the canonical projection. Recall that X¢ is a
R-tree, and that its boundary 0, X¢ identifies with the set of singular points
of 0 X adjacent to £. In particular, if p is a point in P, then the boundary
of the associated tree X, is identified with the set p* of lines D through p
in the projective plane P. Similarly, the boundary of the tree Xp associated
with a line D of P is identified with the set D* of points p of P that belong
to D.

1.4.3. The A-valued Busemann cocycle. We denote by B, : X x X — A the
A-valued Busemann cocycle associated with an ideal chamber ¢ of X, which
is defined by

Be(f(a), f'(d)) =’ —a

for all marked flats f, f’ : A — X sending O€ to ¢ and very strongly asymp-
totic that is such that d(f(r(t)), f'(r(t))) goes to zero when t — 400 for one
(all) regular ray 7 in € (which in Euclidean buildings is equivalent to: f = f’
on some subchamber a” 4+ €). Note that in rank one (when dim A = 1) this
is the usual Busemann cocycle, which is defined by

Bg(xvy) = lim d(l‘,Z) - d(yaz)
z—E

We will use the following basic property, that describes the behaviour of
Busemann cocycle associated with ideal chamber ¢ = (p, D) upon projec-
tions to transverse trees at infinity X, and Xp.

(1.2) 01(Bp,p)(2,9)) = Bp(mp(x),7p(y))
' v2(Bp,p)(7,y)) = Bp(mp(w), mp(y))

If ¢y and c_ are opposite chambers at infinity, then

(1.3) Be,(z,y) = —(B._(x,y))°"? for z,y in the flat A(c_,cy)

1.4.4. Cross ratio on the boundary of a tree. (See [Tits86, §7], and for a
more general setting [Otal92], [Bou96]). In this section, we suppose that X
is a R-tree, and we denote by 0,,X its boundary at infinity. Given three
distinct ideal points &1, &2,&3 in 05X, we denote by c¢(&1,&2,&3) the center
of the ideal triple &1, &9, &3, that is the unique intersection point of the three
geodesics joining two of the three points.
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The cross ratio of four pairwise distinct
points &1, &9, &3, &4 in J5 X is defined
as the oriented distance on the geodesic S &
from &3 to &1, from the center = of the
ideal triple &3, &1, &2 to the center y of
the ideal triple &3,&71, &4 £3
(1.4)
B(&1,€2,€3,&1) = ) = Be, (z,) .

In the case where some of the points coincide, the cross ratio is still defined
if the quadruple (&1, &2, &3, &4) is nondegenerated (see section 1.1). It is then
set to 0 when & = &3 or & = &4, —oo when & = & or &3 = &4, and +o00
when §; = &4 or § = &3.

We recall that the cross ratio is invariant under double transpositions and
satisfies the following properties.

|,

Proposition 1.1. We have

(7’) 16(53762751554) = 18(51554753752) = _18(51762753’54) ;
(7’7’) 18(51752"53564) + :6(61554752763) + 18(51’€37£4a€2) =0 ;
(iii) if B(&1,&2,83,84) > 0,
then B(&1,83,84,82) = 0 and B(&1,84,62,83) = — B(&1, 62,83, 84)
(ZU) 18(51752’53754) + B(€17§47§37§5) = IB<€17§2’£37€5) .

1.4.5. Cross ratio on the boundary of a Az-Euclidean building. See [Tits86].
Let X be a Euclidean building of type A2 and P the associated projective
plane at infinity. We denote by B(p1,p2,ps3,ps) the (geometric) cross ratio
(projective valuation in [Tits86]) of a nondegenerated quadruple (p1, p2, p3, pa)
of points lying on a common line D of P. We recall that it is defined as their
cross ratio as points in the boundary of the transverse tree X p at ideal point
D of X. We similarly denote by B(D;, D2, D3, Ds) the geometric cross ra-
tio of four lines Dy, Do, D3, Dy through a common point p of P, which is
defined as their cross ratio as points in the boundary of the transverse tree
X, at ideal point p of X. Recall that perspectivities preserve cross ratios,
that is

B(p1,p2,p3,pa) = B(qp1, qp2, a3, qp4)
B(D1, D2, D3, Dy) = B(LN D1, LN Dy, LN D3, LN Dy)

(when defined).

In the algebraic case, P = P(K®) and the geometric cross ratio B is then
obtained from the usual (algebraic) cross ratio b (see section 2.2 for the
precise definition) by

(1.5) B(p1,p2,p3,Pa) = log|b(p1,p2,p3,p4)]
’ B(D1,D2,D3,D,) = log|b(D1, Do, D3, Dy)|

(see for example §1.10 in [Parlba)).
1.5. ¢-distance, translation lengths, and ¢-geodesics.

The €-distance. The €-distance on X is the map d% : X x X — € defined
by d*(f(a), f(B)) = d*(«a, B) for any marked flat f : A — X and a, 3 € A.
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Note that we have d®(y,z) = d¥(x,y)°PP. The €-distance may be seen as a
refinement of the usual distance d, since

d(z,y) = |aG.)]

The €-length of an autorphism. Let g be an automorphism of X. The usual
(translation) length of g is leyc(g) = infyex d(z, gz), and will be called the
Euclidean (translation) length of g.

We will denote by £%(g) the €-(translation) length of g (called vecteur de
translation in [Parll]), which is the unique vector of minimal length in (the
closure in € of) {d%(z, gx), € X}. We recall that in the algebraic case, for
g € PGL3(K), we have

%(g) = [(log|ai]);]
where the a; are the eigenvalues of g. The €-length refines the Euclidean
length as leyc(g) = Hﬁé(g) H We will also consider the Hilbert length

tr(9) = Ny (£%(g))

of g (where we recall that Ny is the hex-norm Ng(«) = max; a; — min; agi).
It corresponds to the translation length for the Hilbert metric in the case of
holonomies of convex projective structures.

The €-geodesics. The €-length of a piecewise affine path o with vertices zg,
z1i,..., xy in X is the vector

66(0) = Z dc(xnv Tpt1)

in the closed Weyl chamber €.

Definition 1.2. A piecewise affine path o : [0,s] — X will be called a €-
geodesic if there is a marked flat f : A — X such that o is the image by f
of a (piecewise affine) path 7 : [0,s] — A such that n(¢) € € for almost all
t €10, s].

Note that a piecewise affine path in X is a €-geodesic if and only if it is
a geodesic for the hex-metric (that is the metric induced by the hex-norm
Npr), see [KaLelb, §3.1.2]. More generally the €-geodesics coincide with the
Finsler geodesics considered in the work of Kapovich, Leeb and Porti, see
[?, KaLel5]. The following proposition collects some obvious properties of
C-geodesics that are needed in this article (they actually satisfy stronger
properties, see [Parl5b]).

Proposition 1.3. Let o : [0,s] — X be a €-geodesic from x to y in X.
Then

(i) the €-length (%(o) of o is equal to the €-distance d*(z,y),

(ii) any flat containing x and y contains o. O

A local criterion. We say that two directions in >, X are €-opposite if they
are contained in opposite closed chambers of ¥, X. For y # x in X, we
denote by Fac,(y) the minimal closed simplex of ¥, X containing ¥, y.

Proposition 1.4. Let x,y,z € X, with y # x,z. The following are equiva-
lent:
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(i) The path (z,y, z) is €-geodesic ;
(it) The directions Xy x and 3, z are €-opposite in Xy, X .
Then x # z and X, (y) belongs to Facy(z).

Proof. This follows from the fact that two opposite Weyl chambers at y are
contained in a flat. O

Remark 1.5. A key difficulty is that, unlike in the usual cases, a path may
be locally ¢-geodesic but not globally €-geodesic, even for arbitrary close
deformations. Easy examples can be found in products of two trees, taking
in any flat identified with R x R a “U”-path: for instance the piecewise
affine path with successive vertices o9 = (0,1), z1 = (0,0), z2 = (1,0),
xz3 = (1,1). In Euclidean buildings of type Ay, an example is the piecewise
affine path o in A with vertices g = [(—1,2,—1)], 21 =0, 2 = [(2, -1, —1)]
and z3 = [(3,0, —3)], which is a local €-geodesic but not globally €-geodesic
(see Figure 5). This phenomenon makes it hard to prove global preservation

FIGURE 5. A local, but not global, €-geodesic in A.

of the €-distance for maps between subset of Euclidean buildings, since it is
not enough to check it locally.

A local to global criterion. For piecewise regular €-geodesic paths, we have
the following fundamental local-to-global property:

Corollary 1.6. Let (x,)y, be a (finite or not) sequence in X. Suppose that
for all n the segment [xy,, Tpy1] is regular, and the path (xp—1, Ty, Tp+1) 1S
C-geodesic. Then the whole path (xy,), is €-geodesic.

We now state a criterion for a general locally €-geodesic piecewise affine
path to be €-geodesic, which will be used in the proof of the main theorem
(Section 4.4).

Proposition 1.7. Suppose that dimA = 2. Let (xz,), be a (finite or
not) sequence in X, such that for all n the point x, is not in the segment
[Tn—1,Tnt1]. Suppose that:
(i) (local €-geodesic) For all n the directions X, xn—1 and Xz, Tni1
are C-opposite in X, X.
(ii) For all n such that [xn—1,xy] is singular, ¥, Tn_o and 3y, Tni1
are C-opposite in X, X.
Then (zy,)y is €-geodesic.

Note that all involved directions are well defined, since we have x, #
ZTp—1, Tny1 for all n, and hypothesis (i) implies that x,,_1 # x,41 for all n.
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Proof. Suppose that (zg,z1,...,2,) is €-geodesic for some n > 2. In the
spherical building 3, X of directions at x,, Proposition 1.4 implies the fol-
lowing inclusions of simplices: Facy, (xn—1) C Facy, (xn—2) C Facy, (xo).
Note that, since z,,—1 is not in [z, x,,—2], the segment [z, x,,—2] is necessar-
ily regular, hence Facy,, (z,—2) is a closed chamber (i.e. a maximal simplex),
and then Facy, (vn,—2) = Facg, (x9).

If the segment [x,,_1,zy,] is regular, then Fac,, (zn—1) = Facg, (xn—2) =
Facg, (z9). By hypothesis X, z,4+1 is in a closed chamber opposite to the
closed chamber Fac,, (x,—1) = Facg, (z9), hence X, xq is €-opposite to
an Tn+1-

If the segment [x,,_1,x,] is singular, then by hypothesis ¥, z,41 is in a
closed chamber opposite to the closed chamber Facy, (x,—2) = Facs, (o),
hence ¥, x¢ is also €-opposite to Xy, Tni1.

Then in all cases xg, Tp, Tny1 is €-geodesic (Proposition 1.4), and it
follows that (zg,z1,...,2n41) is €-geodesic. O

2. FOCK-GONCHAROV PARAMETERS FOR REPRESENTATIONS

In this section, following Fock and Goncharov [FoGo07], we explain in
detail how to build representations of a punctured surface group in PGL3(K)
for any field K using ideal triangulations and projective geometry. The
goal is to define the representation p(z g) associated with a FG-parameter
(Z,5) = ((Z+)r,(Se)e). The relationship with the original parameters in
[FoGo07] is precised in section §2.6 : indeed we make a different choice of
edge parameters, better suited here.

In this section, K is any field and P = P(K?).

2.1. Surfaces and ideal triangulations. Consider a compact oriented
connected surface ¥ with non empty boundary and negative Euler charac-
teristic x(X) < 0. Boundary components of ¥ are oriented in such a way
that the surface lies to their right. They will also be seen as punctures. Let
I' = m1(X) be the fundamental group of X.

We denote by Foo(X) the Farey set of 3, which may be defined as the
set of boundary components of the universal cover % of ¥ (see [FoGo06,
§1.3]). This set inherits a cyclic order from the orientation of the surface.
For each i € Foo(X), we denote by +; the corresponding element of T, i.e
the primitive element translating the boundary component ¢ in the positive
direction. Then for the induced order on F () — {i}, we have ~;(j) > j for
all j # i. The fundamental group I' = 7;(X) acts on the Farey set Foo(2),
and ~y; fixes ¢ for each i € Foo(X).

Let T be an ideal triangulation of ¥, i.e a triangulation with vertices the
boundary components, considered as punctures. We denote by T'(T) the set
of triangles of 7 and by E (7)) the set of oriented edges of 7. Lift T to an
ideal triangulation T of the universal cover ¥ of . The set of vertices of T~
then identifies with the Farey set Foo(X) of X. We will identify the oriented
edges e of T with the corresponding pairs (i, j) of points in Fao(X) (vertices
of €). A marked triangle of T is a triple (i, ], k) of points in Fao(X) that are
the common vertices of a triangle of 7.
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2.2. Cross ratio. We use the following convention for cross ratios (following
Fock-Goncharov [FoGo07]). When V is a two dimensional vector space over
a field K, the cross ratio of a four points a1, a9, as, a4 in the projective line
P(V) is defined by

(a1 — ag)(a3 — a4)

(a1 — aq)(az — as)

in any affine chart P(V') = KU{oco}, that is in order that b(cc, —1,0, a) = a.
It is well-defined (in K U {co}) when the quadruple is nondegenerated, i.e.
when either the numerator or the denominator is nonzero (see section 1.1).

We now recall the natural symmetries. For a permutation o in &4, we
denote

(2.1) b(ai,as,as,a4) =

(U : b)(ala az,ag, a4) = b(ao(l)) A5(2)5 Ao (3)s a’o‘(4)) .
Recall that o-b = b when o is any the double transpositions, that o-b = b™!
when o is (13), (24), (1234) or (1432) ; and that (234)-b = —(1+b™1) and
(243) b= —(1+b)~L.
The cocycle identity is

(22) - b(a’l) az, as, CL4) b(alu a4, as, a’5) - b(a].) az, as, (15)

2.3. Triple ratio of a triple of flags. We refer the reader to [FoGo06,
§9.4 p128]. Let F; = (p;, D;), i = 1,2,3, be a triple of flags in P = P(K?).
The triple ratio of the triple (Fy, Fy, F3) is defined by

_ D1(p2)D2(p3) D3 (p1)

D1 (p3)D2(p1)D3(p2)
where p; is any vector in K3 representing p; and D; is any linear form in (K3)*
representing D;. It is well defined (in KU{oo}) when the triple (Fy, Fs, F3) is
nondegenerated, i.e. when either the numerator or denominator are nonzero
(see section 1.1).

Note that Tri(Fy, Fa, F3) = oo if and only if there exists i such that
pi € Di41 and that Tri(Fy, Fy, F3) = 0 if and only if there exists i such that
p; € D;_1. In particular, the three flags are pairwise opposite if and only
if their triple ratio is not 0 or oo. The triple ratio is invariant under cyclic
permutation of the flags: and reversing the order inverses the triple ratio:

TI‘i(FQ,Fg,Fl) = TI'i(Fl,FQ,Fg)
TI‘i(Fg,FQ,Fl) = Tri(F1,F27F3)71 .

The triple ratio may be expressed as the following cross ratio on the naturally
induced quadruples of lines at p; (which is nondegenerated, see sectionl.1)

TI‘i(Fl,FQ,FB)

(2.3) Tri(Fy, Fa, F3) = b(D1, p1p2, p1p23, p1D03)

or on the line D,
Tri(F1, Fy, F3) = b(D1 N Do, D1 N D23, D1 N D3, p1)

Generic triples may be characterized by triple ratio: (F1, Fy, F3) is generic
if and only if Tri(Fy, Fy, F3) # 00,0, —1. The triple ratio parametrize the
generic triples of flags in the projective plane, more precisely for each a €
K.z0,—1 there exists a generic triple of flags in P with triple ratio a, and
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FIGURE 6. The triple ratio Z = Tri(Fy, F», F3) as a cross ratio.

PGL(K?) acts 1-transitively on the set of generic triples of flags of given
triple ratio (see also Lemma 2.2).

2.4. FG-invariants of a transverse flag map. Consider a flag map

F : Foo(X) — Flags(P) .
We denote by p; (resp. by D;) the point (resp. the line) of the flag F; = F(i),
for i € Fo(X). Let T an ideal triangulation of ¥. We suppose that F' and
T are transverse that is that F' sends each triangle in 7 to a generic triple
of flags. We denote by p;; the point D; N D; (resp. by D;; the line p;p;)
(when defined).

To each triangle 7 of T with vertices (i,7, k) in Foo(X), we associate a
triangle invariant: the triple ratio

Zr = Tri(F;, F}, F,) = b(D;, pipj, DiPjks PiDk)
of the triple of flags F'(7) (where i, j, k are cyclically ordered accordingly to
the orientation of the surface). It is well defined and in Ko _; as F(7) is a
generic triple of flags.

To each an oriented edge e = (k, ) in T, we associate an edge invariant:
the cross ratio

Se = b(Dy, pipj, piPk, piPke) = b(pk, Dk N Dy, Dy N Dy, Dy N D)
where 4, j,k, ¢ in Foo(X) are the vertices of the two adjacent triangles 7 =
(i,7,k) and 7" = (k,¥,1), cyclically ordered accordingly to the orientation

of the surface (see figure 7). Since F(7) and F(7') are generic, this is well
defined and in K.

FIGURE 7. The invariant S, associated with an oriented edge e.

Note that the edge parameters are symmetric with respect to natural
duality, as reversing the orientation of e (i.e. applying the half-turn (ik)(j¢))
we get

Sz = b(Dy, prpe, Prpis PrDij)
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so exchanging the roles of points and lines correspond to exchange S, and
Sz.
Thus we have a well-defined FG-invariant

(Z> S) = ((ZT)T7 (Se)e)

in (K;ﬁ%,l)T(T) X (]K#O)E)(T) of the flag map F with respect to the triangu-
lation T .

2.5. Construction of flag maps from FG-parameters. We now show
that FG-invariants (Z, S) = ((Z;)r, (Se)e) in (Kzo, 1)) x (K;,éO)E(T) pa-
rametrize T-transverse flag maps F : Fao(X) — Flags(P) up to the action
of PGL(K?).

Fix a base triangle 7p in the triangulation T with (positively ordered)
vertices (01, 02,03) in Foo(X).

Proposition 2.1. [FoGo07] Let (Z,S) = ((Z+)+, (Se)e) be a FG-parameter,
i.e. an element of (Kyo—1)"7) x (Kyo0)® 7). Fiz a generic triple f =
(Fy, Fy,p3), where Fy, Fy are two flags in P?K and p3 is a point in P?K.
There exists a unique map F : Foo(X) — Flags(P), transverse to T, such
that the FG-invariant of F' relatively to T is (Z,S5), and sending the points
01,09 to the flags F1, Fa, and the point o3 to some flag through point ps.

In order to normalize, we will denote by Fz ¢ the flag map F' with FG-
invariant (Z,S) such that the triple Fiz g(19) = (F1, Fs, F3) is in canonical
form, that is p; = [1 : 0:0], pp =[0:1:0], DyNDy=10:0:1],
ps = [1:1:1] is the canonical projective frame.

Proof. Since the dual graph of the triangulation 7 has no cycle (ie, is a
tree), existence and unicity of F' comes from the following basic facts, by
induction on adjacent triangles.

Lemma 2.2. Let Fy = (p1,D1), Fo» = (p2,D2) be two flags in P and ps
be a point in P. Suppose that F1, Fo and ps are in generic position. Let

a € Kzo_1. Then there exists a unique flag F3 = (p3, D3) such that the
triple of flags (F1, Fa, F3) is generic and Tri(Fy, Fy, F3) = a. O

Lemma 2.3. Let (Fy, Fy, F3) be a generic triple of flag. For all S, S" in
Ko and Z' in Kz 1, there exists a unique flag Fy such that

S = b(D1,p1p2, p1p3, p1(D3 N Dy))

S" = b(D3, p3pa, p3p1, p3(Da N D1))
and the triple of flags (F1, Fy, F3) is generic and has triple ratio Z'.

Proof. Since F1,F5, and F3 are in generic position, they define three pairwise
distinct points D3 N D1, D3 N (p1p2), and ps on the line D3. So there exists
a unique point p on D3 such that b(Ds N D1, D3 N (p1p2),ps,p) = S.

Similarly, we have three pairwise distinct lines D3, p3(D2 N D1), psp1
through point ps, hence there exists a unique line A through ps such that
b(Ds, A, psp1,p3(D2N Dy)) =S5, and p1 ¢ A as §' # oo.

Since S # 0, 00, we have p # p3 and p ¢ D1, hence we have three pairwise
distinct lines D1, p1p3, p1p at p1, and there exists a unique line A’ through
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p1 satisfying b(D1, pips, pip, A') = Z', and p3 ¢ A’ as Z' # —1. We have
A # A’ (else pr € A) so A and A’ intersects in a unique point py with
ps & D1, D3, and py ¢ p1ps. Then p # py (else p € A’ and A’ = p1p and
Z'" = 0) so we may define Dy = pyp, and then D, # Di, D3. We have
ps ¢ Dy as DyN D3 = p # ps. Since A’ = pypy is different from p;p (since
Z' #0), we have that p; ¢ Dy. Since p = DsN Dj is different from DN D3,
we have that D1 N D3 is not on Dy. Therefore the triple (F, F3, Fy) is generic
and its triple ratio is b(D1, p1ps, p1p, p1p4) = Z' as p1ps = A'. O

O

2.5.1. Equivariance and construction of representations. We now suppose
that 7 is the lift of an ideal triangulation 7 of ¥ and that (Z, S) is a FG-
parameter on 7 invariant under I' = m1(X), i.e. lifting a FG-parameter
(Z,8) on T. We denote Fz 5 = F 5. We now show that, since PGL(K?)
acts 1-transitively on generic triples of flags of given triple ratio, by rigidity
of the construction, we have an associated holonomy representation.

Proposition 2.4. Let (Z,5) = ((Z)r, (Se)e) in (Kyo,—1)T7) x (Kﬂ)ﬁm,
and let F = Fzg. There exists a unique representation p : I — PGL(K?)
such that F is p-equivariant, i.e. p(v)Fzs(i) = F(vi) for ally € T, i €
Foo(X). We will denote p = pz s and call it the representation with FG-
parameter (Z,5).

In particular Fz 5(i) is a flag fixed by pz s(vi). Note that different choices
of (Z,8) may lead to the same representation pzg.

Proof. Let v € T'. The triples of flags F(y7y) and F(7p) have same triple
vatio Zyy = Zn, # —1, so there exists a unique g in PGL(K?) such that
gF(19) = F(v10). We set then p(y) = g. The maps p(v) o F' and F o~ from
Foo(2) to Flags(P) have same FG-invariant (Z,5) = (Z,5) o~ : T(T) U

(7~') — K with respect to 7, and send the base triangle 7y to the same
generic triple of flags, hence they coincide by Proposition 2.1. The fact that
p is a morphism follows then from 1-transitivity on generic triples of flags,
since:

p(1172)F(10) = F(7117210) = p(71)F(7270) = p(71)p(2)F(70) - O

2.6. Other edge invariants and relation with [FoGo07]. Our edge in-
variants S, differ sligthly from those of [FoGo07]. Here we describe the
relationship in detail. We use the setting of section 2.4.

Let i, 7, k, ¢ in Foo () be the vertices of two adjacent triangles 7 = (i, j, k)
and 7" = (k,/,i) with common edge e = (k,i). The associated invariants
X,Y, Z, W of [FoGo0Q7] are in our settings X = Z,, Y = Z, Z = Z,, and
W = Zg, where Z. denotes the following cross-ratio

Ze = b(D;, pip;, piPk, Pibe) -

The edge invariant Z, is not symmetric under duality, yet exchanging the
roles of points and lines provide another natural invariant

Z: = b(Pi,Dz‘ ﬂDj,DZ' N Dy, D; N Dg) .
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Our edge invariants S, are then easily related to the original Z, by (using
the cocycle identity):

Ze = Se(]- =+ ZT/)
Z: =5S:(1+2"

In particular, when K is an ordered field, then if the triangle invariants
are positive, our edge invariants S, are positive if and only if the usual edge
invariants Z. and are positive.

Note that the relation linking usual FG-invariants of two adjacent trian-
gles

(2.4)

1
2.5 Z¥=Ze—(1+ Z}
(25) f= Zep (14 251
(compare [FoGo07, 2.5.3]) follows from (2.4) and from the autoduality of
the Se, since reversing the edge e we get

Se=2Z.(1+2Z) ' =z21+2-H71
Se=Z:(1+Z;) ' =2Z:(1+ 2" .

3. THE A3-COMPLEX K ASSOCIATED WITH A LEFT-SHIFTING (z,s)

3.1. (A,W)-complexes and As-surfaces. In this section, we introduce
the notion of W-translation surfaces, generalizing translation and half-translation
surfaces, and the more general notion of (A, W)-complexes. Natural exam-
ples are subcomplexes of Euclidean buildings with model flat (A, W). We
show that, like Euclidean buildings, these spaces are naturally endowed with

a C-valued metric and associated €-distance (where € is a standard fixed
Weyl chamber in A).

3.1.1. W-surfaces. Let A be a FKuclidean vector plane and let W be a finite
subgroup of isometries of A. A W-translation surface consists of a compact
surface M possibly with boundary, a finite set of interior points My C M
(singularities) and a (Weyy, A)-structure on M — My i.e. an atlas of charts
¢u Uy — A with transition maps in W,y = W x A. This atlas induces in
particular a flat metric on M — My, and we require that each singular point
x € My has a neighborhood U such that U —{z} is isometric to a punctured
cone.

For W = {id} (resp. for W = {£id}) it corresponds to the classic notion
of translation surface (resp. of half-translation surface) (see for example
[Mas06], [Yocl0]).

By analogy, we will call a %-tmnslation surface a W-translation surface
with W the subgroup of rotations of angle in %”Z, and a a As-surface a
W-translation surface with W the finite reflection group of type As.

3.1.2. (A, W)-complezes. In this section, (A, W) is a finite reflection group
of dimension two. We recall that W, s is the subgroup of affine isomorphisms
of A with linear part in W.

Intuitively speaking, a (A, W)-complez (or W-complex, or Ay-complex
when W is of type Az) is a space K obtained by gluing polygons of A
along boundary segments by elements of W .
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We now give a precise definition of (A, W)-simplicial complexes following
the definition of Euclidean simplicial complexes in [BrHa99, 1.7.2].

Definition 3.1. ((A, W)- simplicial complex) Let { P#, ;1 € M} be a family
of affine simplices P* C A. Let F = U,epmP* x {u} denote their disjoint
union. Let ~ be an equivalence relation on E and let K = E/ ~ denote
the quotient space. Let ¢ : E — K denote the corresponding projection,
define ¢, : P* — K by ¢,(a) = ¢(«, 1), and denote by K* C K the image
B0 (PP).
The space K is called a (A, W)-simplicial complez if
(i) for every pu € M, the map ¢, is injective.
(ii) If K* N K" # (), then there is an element wy, of Weyp such that
for all & € P* and o/ € P* we have é(a, ) = ¢(c/, ') if and only
if o/ = w, (), and PP = PN w;h,(P"/) is a face of P*.

In particular, K is a Euclidean simplicial complex of dimension 2. We
will suppose from now on that K is connected and that the set of isometry
classes of simplices of K is finite. We denote by d the associated metric,
which is a complete geodesic length metric (see [BrHa99, 1.7]). We denote by
Yz K the geometric link of K at a point z, which is a spherical 1-dimensional
complex (hence a metric graph) endowed with the angular length metric <
(see [BrHa99, 1.7.15]).

From now on, we will suppose that K has non positive curvature, that is
for all points « € K each injective loop in the link ¥, K has length at least
2r.  If K is simply connected, (K,d) is then a CAT(0) metric space (see
Theorem 1.5.4 and Lemma 1.5.6 of [BrHa99]).

3.1.3. The €-distance on K. Germs of non trivial segments at a point z € K
have a well-defined projection in € (their (type (of direction)). In particular
the notions of regular and singular directions still make sense in X, K. Note
that a geodesic segment is not necessarily of constant type of direction,
unlike in Euclidean buildings. The €-length £%(I) of a segment I = [x,]
contained in a simplex K* of K is defined as the €-length in A of the
segment qﬁ;l(I ) (note that it does not depend on the choice of p, because
the transition maps are in Ws¢). The €-length of a piecewise affine path
o :[0,s] = K in X is defined by (¢(0) = 3, €%([Tn, yn11]) for one (any)
subdivision tg = 0 < t; < --- < ty = s of [0, s] such that the restriction of o
to [tn,tn+1] is an affine segment [z, x,+1] conatined in some simplex of K.
It is a vector in the closed Weyl chamber €. It is invariant under subdivisions
of the simplicial complex K. When K is simply connected (hence CAT(0)),
we define the €-distance from x to y in K as the €-length d%(z,y) = (%(0)
of the geodesic o from x to y. We then have

d*(y,x) = d(x,y)°*®
and
4%, y)| < dG.y)

Remark 3.2. Note that, unlike in Euclidean buildings, the inequality may
well be strict. Thus the €-distance is no longer a refinement of the distance
d. A basic example is given by non convex subsets K of A.
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3.1.4. €-Length of automorphisms. An automorphism g of K is a bijection
preserving d®. In particular it preserves the distance d. The €-length of g
of K translating some geodesic o is defined by

(%(g) = d*(x, gx)
for one (any) = on o (it does not depend on the choice of o as two different
translated geodesics bound a flat strip, and may be developped as parallel
geodesics in A).

Note that, in contrast to the case of Euclidean buildings, the €-length do
no longer refine the Euclidean length

feuc(g) = {d(l'vgl‘)v T e X} .
We have

1(9)] < tewelg)
but the inequality may be strict.

3.2. Abstract geometric FG-parameters and Left Shift. Let 7 be an
ideal triangulation of a punctured surface 3, with set of triangles T" and set

of oriented edges E. Consider an geometric FG-parameter on T, i.e. an

element (2,5) = ((27)r, (s¢)e) in RT x R®. We now introduce the class of
abstract geometric FG-parameters (z, s) to which we are going to associate
an As-complex K. Let e be an oriented edge in 7, with left and right
adjacent triangles 7 and 7’.

Definition 3.3. We say that (z,s) is left-shifting on edge e if we have

Se > —z7,—2 and sz > —z, —z,.

Remark 3.4. Note that (z, s) is left-shifting on edge e iff we are in one (and
only one) of the three following cases:
(i) se >0 and sg >0
(i) zr <0, 2z >0, sg >0 and zr, —2z < 8¢ <0 ;
(iii) zr >0, 2+ <0, s¢ >0 and 2/, —2; < s <0 ;

We say that (z,s) is left-shifting if it is left-shifting on edge e for all e,
and we denote this property by (L). Note that the subset O, of left-shifting

(z,5) in RT x R¥ is an non empty open cone (in fact a finite union of open
convex polyhedral cones).

3.3. Construction of the Aj;-complex K associated with (z,s). Con-
sider a left-shifting geometric FG-parameter (2,5) = ((2r)r, (e)e) in RT x

RE (see Definition 3.3). Lift (2, s) on the universal cover 7 in a T-invariant
left-shifting geometric FG-parameter, again denoted by (z, ).

For each marked triangle 7 = (i, , k) of the triangulation T let PT C A
be the singular equilateral triangle with vertices af = 0, of = (—z;, —2])
and af = (—z§,—z;) (in simple roots coordinates). Note that P7 lies in
the chamber —€. N

For each oriented edge e = (k,i) of T let P¢ C A be either, when s, sz >
0, the closed segment from 0 to the point (sz, s¢), or, when s, < 0 or sz < 0,
the parallelogram given (in simple roots coordinates) by P¢ = [0, sg] X [0, s¢]
(intersection of two Weyl chambers of opposite direction).
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FIGURE 8. Singular triangle P” in A.

We now describe formally how K is constructed, gluing the polygons

P We define K = U 5 P™ x {m}/ ~, where M = T(T) (T)
and ~ is the equivalence relation generated by the following identifications:
For every oriented edge e = (k,7) of T, with positively oriented adjacent
triangle 7 = (4, j, k), Remark 3.4 implies that the convex polygons P and
P¢ intersects on the subsegment (maybe reduced to a point) [8f;,a]] of
[af, o], with ], = (min(0, sg), min(0, s¢)). We then glue P™ x {7} along
P¢ x {e} along this segment (i.e. by (o, 7) ~ (o, €) for « € P N P°).

2z < 5. <0 -2, <5 <0

FIGURE 9. Gluings.

If 7/ is a permutation of a marked triangle 7 = (i, 7, k) in 7, we identify
P x {7} with PT x {7} by the unique affine isomorphism w, ,/ : PT 5 PT
sending o to oz;'l for s =1, j, k, which is in W ;.

If € = (i, k) is the opposite edge of e = (k,7), then we identify P¢ x {e}
with P¢ x {e} by the unique affine isomorphism wez : P¢ = P¢ with linear
part w°PP € W (which sends 0 to (se, sg)).

We denote by ¢ : U,,P™ — K the canonical projection. We denote
by K™ the image ¢(P™) in K. The canonical charts are the restrictions
bm : P™ — K™ of ¢ to P™.

We thus obtain a two dimensional (A, W)-complex K endowed with a free
and cocompact action of I' by automorphisms. We denote by d® the natural
¢-valued distance on K (see Section 3.1.3). The quotient K of K under I is
the Ay-complex associated with FG-parameter (z,s) on the triangulation 7T .
It is a finite 2-dimensional complex homotopy equivalent to X. We denote
by K" the image of K™in K.
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We remember the special points in the above construction for later use:
For each marked triangle 7 = (4,4, k) of T we denote by a;() and by; the
points of K given by o] and ;. If zr = 0, then the corresponding singular
triangle K7 is reduced to a point a,, and K is locally the union of three non
trivial edges at a..

Note that the As-complex K is naturally oriented, in the sense that the
space of directions at each point ¥, K and the boundary at infinity 8OOK
inherit a natural cyclic order from the orientation of the surface X.

3.4. Particular cases: from trees to surfaces.

3.4.1. Tree. A case of special interest is when all singular flat triangles K7

are reduced to a point. The corresponding condition on (z,s) in RT x R

is
(T) { zr = 0 for all triangles 7 of T

se > 0 for all oriented edges e of T

Then K is a 3-valent ribbon tree isomorphic to the dual tree of the triangu-
lation 7, and K is a graph isomorphic to the dual graph of the triangulation
T. Both are endowed with a As-structure or €-metric, i.e. a €-valued func-
tion e + £%(e) on oriented edges satisfying ¢¢(€) = £%(e)°PP.

3.4.2. Tree of triangles. Another - more general - particular case of interest
is when is when all the K¢ are segments. Then K is a “tree of triangles”,
obtained from the dual tree of the triangulation by replacing vertices by
triangles. The corresponding condition on the left-shifting FG-parameter

(z,5) in RT x R is
(TT) se > 0 for all oriented edge e
Note that (L) is automatic if s, > 0 for all e, and that (TT) implies (S).

3.4.3. Surface. At the other end of the spectrum, another particular case of
special interest is when

(Sf) se < 0 or s < 0 for all oriented edge e

Then K is a surface, homeomorphic to by (the thickening of the ribbon
tree dual to the triangulation), hence K is a As-surface homeomorphic to
Y. (see §3.1.1), with piecewise singular geodesic boundary and no interior
singularities.

Remark 3.5. The subset of left-shifting (z,s) in R? x RE satisfying (Sf) is
not empty if and only if the triangulation 7 is 2-colourable (since z; and z,/
have then opposite sign for adjacent triangles 7 and 7’). It is a finite union
of non empty open convex polyhedral cones, one for each 2-coloration of T
(choice of prescribed signs for the triangle parameters).

4. INVARIANT SUBSPACES FOR ACTIONS ON BUILDINGS

4.1. Geometric FG-invariants for actions on buildings. In this sec-
tion, we introduce an analog of FG-invariants for actions on Euclidean build-
ings X of type Ag, endowed with equivariant boundary maps F': Foo(2) —
OrX. These invariants take values in R and are defined by geometric cross
ratios in the projective plane at infinity of X. In the algebraic case (i.e.
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when X is the Euclidean building of PGL(K?) for some ultrametric field K),
these geometric FG-invariants are obtained from the K-valued usual FG-
invariants (that we will call algebraic FG-invariants) by taking logarithms
of absolute values, hence may be seen as the tropicalization of the algebraic
FG-invariants. Note that the geometric invariants are substantially weaker
than the algebraic invariants (since we take absolute values). The principal
advantage is that geometric FG-invariants still make sense when the build-
ing X is exotic (non algebraic), whereas the usual FG-invariants are not
defined anymore.

We recall that the set Op X of chambers at infinity (Furstenberg boundary)
of the Euclidean building X is identified with the set Flags(P) of flags in the
projective plane P at infinity of X, and that 8 denotes the R-valued cross
ratio on P induced by X (see Section 1.4.5).

Let F : Foo(X) — OpX be a flag map. We denote by p; (resp. by D;)
the point (resp. the line) of the flag F; = F(i) for every i € Fo(X). We
suppose that the map F' is equivariant under an action p of I' = 71(X) on
X. Let T be an ideal triangulation of X, and T be the lift of 7 to .

We suppose that F' is transverse to T, i.e. sends each triangle of T on a
generic triple of ideal chambers. We recall that we denote by p;; the point
D; N Dj (resp. by D;; the line p;p;) (when defined).

4.1.1. Triangle invariants. To each marked triangle 7 = (i, , k) of the tri-
angulation 7 we associate the (geometric) triple ratio (see [Parl5al) of the
generic triple of chambers F (1) = (Fj, F}, F};), which is the following triple
of R-valued cross ratios obtained from permutations of the four lines D,
PiDj, PiPjk, PiPk in P (cyclically permuting the three last ones) (see [Parl5a]
for details)

o = triy (B, Fy, Fy) = B(Di,pipi» pibjk: Pibr)
2 = trig(F,, Fj, Fy) = B(Dy,pip pibj» pibjk)
o = trig(Fy, Fj, Fy) = B(Di, pipsk: PiPks Dib;)

We recall from [Parl5a] the following basic properties. Each of z;, 2/ and
2! is invariant under cyclic permutation of 7, and reversing the order gives
27 = —z7, 2= = —2! (denoting T = (k,j,7)). We have z, + 2/ + 2!/ = 0,
and moreover the triple (zr,z.,2”) is of the form (0,z,—z2), (—=2,0,2) or
(2,—2,0) with z > 0. Note that, if 2. < 0, then 2. = —z; and 2! = z}.
(by the properties of the cross ratio 8 under 3-cyclic permutation, see Prop.
1.1).

In the algebraic case, in terms of the algebraic invariant (triple ratio) Z, =
Tri(F;, Fy, Fy,) in Ko _1, we have, as b = log|3| and by the symmetries of
the usual (K-valued) algebraic cross ratio b under 3-cyclic permutations,

zr = log|Z;|
(4.1) 2 = log|(1+ Z;)7Y
2 = log|l+Z7Y .

4.1.2. Edge invariants. See Figure 10. To each oriented edge e = (k,1)
between two adjacent triangles 7 = (4, j, k) and 7 = (k, £, i), where 4, j, k, ¢
are cyclically ordered accordingly to orientation of the surface, we associate
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the triple of cross ratios at the point p; in P associated with the four lines
D;,pip;, pipk, Pipre by cyclic permutation of the three last ones:

s, = B(Di,piPke, PiPj, PiPk)
st = B(Di,pipk: PiPke, PiDy)

As for triangle invariants, we have s, +s. +s” = 0 and moreover the triple
(Se, 8L, 87) is in RT(0,1,—1), RT(-1,0,1) or R*(1,—1,0).

er-e
In the algebraic case, the link with the algebraic edge invariants Se € Ko
(defined in §2.4) is:

{Se = B(Di, pipj, ik, PiPke)

se = log ’Se’
(42) s = log|(L+5)7"
st = log|1+ 5. .

in X inP
FIGURE 10. The edge invariant s. associated with an edge e.

As F'is p-equivariant, the triangle and edge invariants are invariant under
the action of I' on 7, hence induce well-defined invariants associated to
triangles and oriented edges of T, we will call the geometric FG-invariants
of F relatively to T.

Note that the geometric FG-invariants do not determine the flag map F,
in contrary to algebraic FG-invariants.

4.2. Main result. We refer the reader to Sections 3.2 and 3.3 for the notion
of left-shifting (L) geometric FG-parameter (z,s), and the associated Ag-
complex K.

Theorem 4.1. Let p be an action of I' = m(X) on X, and F : Foo(X) —
OrX be a p-equivariant map. Let T be an ideal triangulation of 3. Suppose

that F is transverse to T. Let z;, 2., 2!, with T € T, and s., s., s, with e

T ’27'7 e’ e’

n ﬁ, be the geometric FG-invariants of F' relatively to T . Suppose that
(FT) for each triangle T in T, we have z. <0,
(L) (z,s) is left-shifting.
Let K be the Ag-complex of FG-parameter (z,8) = ((27)r, (Se)e). Then there
exists a p-equivariant map W : K — X, locally preserving the €-distance d°.

Theorem 4.2. Under the hypotheses and notations of Theorem 4.1, suppose
furthermore that
(FE) for each oriented edge e in T, we have s, <0 ;
(S) for each triangle T in T and every pair of edges e1, e2 of T (oriented
after ), we have —s¢, — Se, < 27 and —sz, — Sz, < 2.
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Then the map U : K-> X preserves globally the €-distance d®. In particular
(i) for ally €T

Cp(y) = £5(7, K)
and for usual lengths

Louelp()) = |(€*(7, K),

Cu(p()) = Nu(£(v, K)) -
in particular the length spectrum of p depends only on (z,s).

(ii) The map V is bilipschitz. The action p is undistorted (i.e. orbit

maps are quasi-isometric embeddings), free and proper (hence dis-
crete).

Note that in general we do not have Leye(p(7)) = lewe(7, K).

Remark 4.3. Let us give now some explanations on the meaning and the
role of the different hypotheses in the theorems.

(i)

(iii)

Hypothesis (FT) ensures that all flag triangles F'(7) are of flat type,
that is define a natural singular flat triangle A, in the building, see
theorem 4.4 for details. The map ¥ will be then defined by sending
the triangle K7 of the As-complex K to the singular flat triangle
A, of the building by a marked flat.

The left-shifting hypothesis (L) means geometrically that, for all
oriented edge e from k to ¢, the i-th vertice v} of the right singular
flat triangle A, lies in the open Weyl chamber from the i-th vertice
v; of A, to the ideal chamber Fj;, see Corollary 4.6.

Note that, in the algebraic case, it has a very simple and natural
expression in terms of the usual edge and dual edge invariants Z.
and Z7, for which we refer to see section 2.6. Indeed we have

(z,s) is left-shifting on edge e < |Z.| > 1 and |Z}| > 1,

Recall that s, > 0 implies s, = —s. < 0 (see section 4.1.2). Hence
hypothesis (FE) is only needed in the degenerated case where the
edge parameter s, = 0. In that case (case (iv) in the proof of the
theorem, section 4.4), the two singular triangles A, and A,/ are
joined by a singular segment, and this hypothesis is necessary to
avoid folding along this segment : it ensures that the ideal chambers
F; and Fy are opposite at each point of the singular segment, see
Lemma 4.10.
Hypothesis (S) means geometrically that, in the Ay-complex K, a
singular segment entering a triangle K" from one adjacent edge cell
K¢ does not extend outside K7 (see left side of the figure 11). We
then say that (z,s) is edge-separating.

4.3. Proof of Theorem 4.1. Let p : I' — Aut(X) be an action, and
F : Foo(¥) — 0rX be a p-equivariant map. Suppose that F' is transverse
to the ideal triangulation 7 of . For each pair (i,j) of distinct points in
the Farey set Foo(X) of X, we denote by A;; the flat in X joining F; and Fj.
Suppose first that hypothesis (FT) holds, that is: 2. < 0 for each triangle T

in 7.
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FicUuRE 11. Edge-separating (on the left) vs Non edge-

separating (on the right) triangle K" (in the case where z, >
0)

Let 7 = (i,/,k) be a triangle in 7. Since z. = triz(F;, Fj, F},) < 0, the
triple is of flat type, meaning that we have the following properties for the
triple (Fj, F;, F},) which are proved in [Parl5a] (Theorem 2), and depicted
in Figure 12.

Theorem 4.4. The intersection of the two flats A(p;, pj, pi) and A(D;, Dj, D)
is a singular flat triangle A = A, with vertices v; = vi(T), v; = vj(T) and
vg = vE(T) such that:
(i) The Weyl chamber from v; to F; is Aij N Ag, ;
(it) In any marked flat fi; : A — A;; sending OC to F;, we have in
simple roots coordinates

uy = (2, 27) 5

(iii) When A is not reduced to a point (i.e. when zr # 0), then A and
F; define opposite chambers ¥,, A and ¥, F; at v;.

We now study the behaviour of two adjacent triangles A, A/, in partic-
ular we show how edge invariants measure the shift between A, A, along
the common edge flat. Let 7 = (i,5,k) and 7" = (k,¢,4), be a pair of ad-
jacent triangles in T (where (1,7, k, () are positively ordered), and denote
by e the common edge (k,4). Denote by v; = v;(7), vp = vi(7), v; = v;i(7)
and vj, = vg(7') the vertices in the flat Ay, joining Fj to F; of two adjacent
triangles A,, A.. Let f.: A — Ap; be a marking of the flat Ag; sending
0C to F;. By Theorem 4.4 and the invariance by cyclic permutation, in the
marked flat f,, we have in simple roots coordinates

B, = (=, 27) and o] = (45, 23)

T AT
in particular viv; and vjv; are singular segment in €.

Proposition 4.5 (Geometric interpretation of edge parameters). In any
marked flat fo: A — Ay; sending OC to F;, we have

Vv, = (Sg, Se)

in the basis of simple roots of A.
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D, Di
Di bj
bj Di
In A;; (for z- > 0). In A;j (for z; <0).

FIGURE 12. The singular flat triangle A; = (v;, vj, vy) asso-
ciated with 7.

Proof. We project in the transverse tree at infinity X, in direction p; by
mp; : X = X,. We denote by o and o the respective projections of p;p; and
piPke (seen as points of JuX),) on the line from D; to p;py in X,p,. Then we
have 7, (v;) = o and 7y, (v},) = 0’ by Lemma 17 of [Parl5a]. Thus we have
(by (1.2) and (1.4))

ea(0i0l) = B, (mpy(v3), T (1))

= Bp,(0,0)
= B(D;,pipj, PiPks PiPkt)
= S¢.

Similarly, projecting in the transverse tree X p, and denoting by o, o/, the
respective projections of D; N D; and D; N Dy (seen as points of 05X p),)
on the line from p; to D; N Dy, in the tree Xp,, we have

o1(0]) = By, (vi), 7, (v})
= Bpi(o*aoi)
= B(pi,DiNDj, D; N Dy, D; N Dyy)
= B(Dx,prpe: DkPi, PrPij) = Se -
0

In particular, we have the following geometric interpretation in the build-
ing X of the hypothesis “left-shifting on edge e”, see Figure 13.

Corollary 4.6. The three following assertions are equivalent
(i) (z,s) is left-shifting on edge e ;
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(ii) In any marked flat A — Ay; sending OC to Fj, the vectors 171); and
vvy, are in €;

(iii) v} is in the open Weyl chamber from v; to Fj,
and vj, is in the open Weyl chamber from vy, to F;.

Ficure 13. LeftShift for adjacent triples of ideal chambers,
in the building X.

The following lemma establishes that, if (z,s) is left-shifting on edge e
then the associated adjacent singular triangles A, A,/ lie in a common flat.

Lemma 4.7. Let 7 = (i,j, k) and 7’ = (k,£,1) be a pair of adjacent triangles
in T (where (i, j,k, ) are positively ordered), and denote by e the common
edge (k,i). Suppose that (z,s) is left-shifting on edge e. Let C be any Weyl
chamber with tip v; containing A;, and C' be any Weyl chamber with tip v},
containing A. There ezists a marked flat f : A — X such that f(0) = v;,
fla) = v, with a = (sz,se) in simple roots coordinates, f(—€) = C and

fla+€)=C".

Proof. Let ¢, ¢ be the boundaries at infinity of C' and C’. Let f. : A —
Ay; be the marked flat sending € to F; and 0 to v;. Let f.'(vx) = au,
oY) = of and f71(v}) = o). By Proposition 4.5 and Theorem 4.4, we
have that oy, € —€, o} € €, o}, = (sg, S¢) is in a; +€, and [0, o}] is contained
in (ap + €) N (a; — €). Since F; and C are opposite at v; (Theorem 4.4),
there exists a marked flat f; : A — A; sending —€ to C and O¢ to Fj. Since
f1 and f. both sends 0 to v; and 0€ to F;, we have fi = f. on the convex
subset f-!(f1(A)), which contains €. Since vy = f.(ax) belongs to A,
hence to A; = fi(A), it implies that f; = f. on ag + €. Since o}, € ay, + €,
f1 and fe coincide on a germ of the Weyl chamber aj, — € at o). Then the
Weyl chambers C” = fi(aj, — €) and fe(o), — €) define the same chamber
¥y ¢ = Xy Fj in the space of directions at v).. Therefore C” and C’ are
opposite at vy, by Theorem 4.4. Hence there exists a marked flat f: A — A
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sending o}, + € to C" and —9¢€ to c. Since v} = fe(a}) = fi1(a}) belongs to A
and f and f) are very strongly asymptotic on —€, we have f = f; on o} — €.
In particular, f(—€) = f1(—€) = C. Moreover f = f. on (ag+€)N(a —€),
which contains [0, a]. O

From now on, we suppose that (z,s) is left-shifting (on all edges). The
next lemma formalizes the construction of the map V¥, and is a straigthfor-
ward consequence of Theorem 4.4 and Proposition 4.5. We refer to Section
3.3 for the definition of charts of K, and we recall that a;(7) is the i-vertex
of the singular triangle associated with 7 in the associated As-complex K.

Lemma 4.8. There exists a unique p-equivariant map ¥ : K — X such
that

e The map ¥ sends a;(T) to vi(1) for all marked triangle T = (1, j, k)

of T ;
e For every chart ¢, : P™ — K™ of K, the map Vo ¢, : P" — X
is the restriction of a marked flat. O

We now check that W is a local €-isometry. Let = be a point in J K. Then
either there is a neighbourhood of x contained in some K7 U K¢ with e
adjacent to 7, on which ¥ is a €-isometry by Lemma 4.7, or z is the vertex
ar of a singular triangle K7 reduced to a point (i.e. with invariant z; = 0).

In that case, denote by (i, 7, k) the ver-
tices of 7 and by e; the oriented edge of
7 with terminal vertex s, for s = 1,7, k.
A neighbourhood of z in K is then given
by the union of the three segments K,
s = 1,7, k. The image by ¥ of K is then
a non trivial segment [v,, us], contained in
the Weyl chamber Cy with vertex v, and
boundary Fs;. The chambers Cs are pair-
wise opposite at v, by Theorem 4.4. Hence
U is a local €-isometry on the union of the
three segments K°. O

Fy,

4.4. Proof of Theorem 4.2. Let z, 2/ be two points of K. Let o be
the unique geodesic from z to x’ in K. We are going to prove that the
image n = ¥ oo of 0 by ¥ is a €-geodesic path in X, using the criterion in
Proposition 1.7. Then we will have d®(¥(x), ¥(z')) = ¢%(n), which is equal
to £%(c) since W preserves the €-length of paths, hence equal to d*(z, z) by
definition of the ¢-distance d¢ in K. , which concludes.

Let tp =0 < t; < --- < ty = 1 be a minimal subdivision of [0, 1] such
that oy, ¢,.,] has constant type of direction in 9¢, and let x, = o(t,) and
Yn = ¥(zy,). For 0 < n < N, since <, (Tn—1,Tns+1) > 7, the point z,, is
a singularity of K , hence by construction of K it is a boundary point of
the form x,, = b. for some oriented edge e of T. Suppose that for some
0 < n < N the (constant) type of the segment [z, z,+1] is singular. We
have to prove that the directions ¥, v,+2 and ¥, y,—1 are €-opposite, i.e.
contained in two opposite closed chambers at y,,.
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We are first going to show that the edge-separating hypothesis (S) allows
us to reduce our study to the case of two adjacent triangles.

Lemma 4.9. There exist two adjacent triangles 7 = (i, 4, k) and 7" = (k,¢,1)
in T such that the segment [, Tnt1] is contained in KTUKMUKT™, and,
up to exchanging x, and x,41, denoting as = as(7) and af, = as(7'), we are
in one of the following cases
(1) bri = ai, and T, = bjj and Tpy1 = by ;

(’L’L) Ty — bij and Tn4+1 = bik 5

(iii) bri = a; and by, = a, and x, = by; and Tpi1 = by, ;

(iv) by = a; and by, = a}, and x, = b;j and Tp41 = byy.

)

!
bir. = aj,

(iii) (iv)
FiGURE 14. Singular segment in a geodesic in K: the four cases.

Proof. Since <4, (Tn—1,Tn4+1) > 7, the singular direction 3, z,4+1 must be

in the boundary of K at x,. Similarly the singular direction X Ty must

Tn+1
be in the boundary of K at Tptl-

Denote by (i, 7) the oriented edge such that x, = b;;, and let 7 = (1, j, k)
be the (marked) left adjacent triangle in 7.

Suppose first that the segment from x,, = b;; to x, 41 starts in direction
of the point a;. Then it contains [b;;, a;].

If 241 = a4, then a; = bg;, and we are done. If x,11 # a;, the seg-
ment [b;;, a;] extends by [a;, bjx] in a constant type segment, and [x,,, 241
contains the segment [b;;, bix].

If z,41 # bk, then we now show that, by hypothesis (S), we must have
bir, = aj, and xp4+1 = bre: The constant type geodesic ray r in K™ from

by, parallel to the side [a},a}] hits the boundary of K™ at the point b of
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[a},ay] at distance d(?ﬂm%) = d;, = max(—sg;, —$;x) from aj, and cannot
be extended outside K™ since b is on [a}, bei| since di, + dy; < |z-| by (S)
(see remark 4.3). There is only one singular point that may then be on r,
which is by in the case where b, = aj.

Suppose now that X, xp41 = Xy, al, where a! = a;(7"), with 7" =
(j, i, h) the triangle adjacent to 7 along edge (i, 7).

If have zp11 = a! = bj;, then z,, = bj; = a;, and we are in case (iii), up
to replacing the pair of adjacent triangles 7,7” by the pair 7/, 7.

If 2,41 # al, then z, 11 must be the next singular point on the same side
of the adjacent triangle cell K™ (since the ray from a = a;(r") to by to
no extend outside K’ TN). We are then reduced to the previous case x,, = b;;,
ZTp+1 = bir by exchanging the roles of z,, and z,11.

If ¥y, 2ny1 is neither ¥y, a; nor Xy, a7, then there is a third boundary
direction in K at bij, which means that b;; = a; and X, x,y1 = Zaj ag.
Then as [aj,ax] is not extendable, we must have x,, 11 = b;,. We are then
reduced to the previous case x,41 = b;j, 1 = by; by exchanging the roles
of x, and z,41. O

Since V¥ is a local €-isometry (Section 4.3), the path 7 is a local €-geodesic
in X, and its restriction to [t,, t,+1] is is the affine segment [y, yn+1] (since
it is of constant type of direction in €).

Case (i): =, = b;; and x,41 = by;. Then by; = a;. We then have
Ynt1 = ¥(a;) = v, and Xy, | ypyo is in B, \If(%]“), hence in the closed
chamber X,,, F;. Since vi; = v; is in the closed Weyl chamber from v;; to
F; by Theorem 4.4, we have that ¥, ., y,42isin Y, Fie Since v;; is in the
flat A;;, it proves that ¥, y,42 is €-opposite to Xy, yp—_1.

Case (ii): z, = bj;; and x,41 = bjg. At zp41 = bj, the direction
Yni1 Tny2 is in the unique closed chamber of %, K containing X, a;,
where 7/ = (k,¢,i) is the adjacent triangle in 7. In the building X,
we then have vy, = v;j, Yynt1 = vir, We now prove that we then have
Yy, Ynt2 € X, Fi. Let C be a closed Weyl chamber with tip y, = v;;
containing a germ at y,4+1 = v of the segment (Y11, Ynt2]. Then C' con-
tains a germ at v;;, of the segment [v;x, vf]. Let C; = C(v;j;, F;) be the closed
Weyl chamber from v;; to Fj. The closed Weyl chambers C(vy, F;), and
C(vik, Fx) are opposite at v, (because vy, € A;x), and respectively contain
v} and v;j, therefore C; contains the segment [v;z,v]]. Since [v;j, vir] and
[vik, V] are singular segments of different type of direction in €, we have
then 3,,, C' =X, Cj, hence ¥y, yni2 € Xy, Fi.

Since ¥, s Fj and X, ; Fi are opposite closed chambers of EUZ.]. X (because
vij € Ajj), it proves that ¥, yn12 is €-opposite to X, yn—1.

Case (iii): z, = bg; = a; and 41 = by, = aﬂg. In the building X we
have yp, = Vi, Ynt1 = Vi, Sy, Yn—1 € Ar, and Xy, | Ynyo € Ao Lemma 4.7
then implies that there then exists two opposite Weyl chamber with tip v;
containing respectively A, and [v;, v},] U A, so By, yni2 is €-opposite to
Yyn Yn—1 at yn = v;.

Case (iv): x, = b;j and x,11 = bge. Then we have by, = aj, i.e. s = 0.
In the building X, we then have y, = v;j, ¥nt1 = vge, and in the spherical
building ¥,,; X of directions at y, = v;;, we have that %, y,41 belongs

UZ]
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to the chamber X, Fj, and X, ., yn+2 belongs to the chamber X, Fy.
Since s, < 0 by hypothesis (FE), the following Lemma 4.10 implies that
the ideal chambers F; and Fy are then opposite at v;, so, since v; is on the
singular segment |v;j, e[, it implies that 3, yn42 is €-opposite to X, yn—1
as needed.
Lemma 4.10. Let 7 = (i,5,k) and 7 = (k,£,i), be a pair of adjacent
triangles in T (where (i, j, k, ) are positively ordered), and denote by e the
common edge (k,i). Denote v; = v;(T), vp = vi(7), v) = vi(7') and v}, =
vp(7'). Suppose that (z,s) is left-shifting on edge e and se = 0. Then

(i) There is a geodesic from D; to py through vj, v;, v, and v} ;

(it) Fj and Fy are opposite at v; if and only if

st = B(Di, pipre, pipj, pipk) < 0

D]-Q

be

Dy

FIGURE 15. Adjacent triples with s, = 0, sz > 0, s, < 0.

Proof of Lemma 4.10. Since (z, s) is left-shifting on edge e and s, = 0, we
must have z; < 0, and sg > 0 Lemma 4.7 then implies that the path
(vj,vi, v, vp) is a geodesic segment of singular type 1. It extends in a geo-
desic o from Dj to py, because A, is opposite to F; at v; and A, is opposite
to Fy at vy (Theorem 4.4), and (i) is proven.

By point (i) and Proposition 4.5, the directions D; and p, are opposite
at © = v;, and we have X, py = X, v) = X, p;. Thus F; and Fy are opposite
at x if and only if p; and Dy are opposite at x, i.e. Xz p; ¢ Xy Dy.

We now prove that ¥, p; € ¥, D, if and only if ¥, (pip;j) = Xo(piDre)-
First observe that X, p; is different from ¥, p;, as « is on the flat A(p;, p;, pr)-
We also have ¥, p; # ¥, pre, since X, pre € ¥ Dy, and X, p; ¢ X, Dy, since
x is in the flat A(Fj, F;). Then X, p; € ¥, Dy if and only if 3, p; @ X, pe =
Yy Dy (since Xppj # Yape). We have Xup; @ Xape = Xopj @ Xppi =
Y2 (pipj) (since Xy p;j # ¥z pi). On the other hand, since 3y p; # Xy pre, we
have X, Dy = X, pi @ X5 pre = X2 (pipre), and we are done.

Projecting in the transverse tree at infinity X,, we now show that ¥, (pip;) #
Yz (pipke) is equivalent to B(D;, pipke, pipj, Pipk) = S, < 0. Indeed, since the
projection of x is the center o of the ideal tripod D;, p;pj, pipr (by Lemma
17 of [Par15a]), the directions ¥, (p;p;) and X, (pspre) are distinct if and only
if the two geodesic rays in X, from o to the ideal points p;p; and p;pi, have
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pip;j
PiPke

PiDk D;

FIGURE 16. In the transverse tree at infinity X,,.

distinct germs at o. This is indeed equivalent to B(D;, pipre, PPy, DiPk) =
/
s, < 0. (]

We have proven that in all cases X, yn42 is C-opposite to Xy, yn—1.
Therefore the piecewise affine path (yo,y1,...,yn) is a global €-geodesic
in X by Proposition 1.7, which concludes the proof of Theorem 4.2.

5. DEGENERATIONS OF REPRESENTATIONS AND CONVEX
RP2_STRUCTURES

In this section, we use Theorem 4.2 to describe a large family of degenera-
tions of convex RP?-structures on X, corresponding to a part of the boundary
of the moduli space of convex RP?-structures on ¥ constructed in [Parll].
Let K be any valued field. Starting from §5.4, the field K will be supposed
to be either equal to R or C or ultrametric.

5.1. Background on asymptotic cones. In this section, we gather def-
initions and tools about the various notions of ultralimits and asymptotic
cones that will be used in what follows. We first fix notations about usual
ultralimits of metric spaces (see for example [K1Le97], or [Parll, §2.3] for
more details). Then we briefly recall various notions of asymptotic cones
of algebraic objects introduced in [Parll, §3]: asymptotic cones of valued
fields, normed vector spaces, linear group, ultralimits of representations, and
their links. Finally we introduce the notion of asymptotic cones of projective
spaces and establish some basic properties of asymptotic cones in projective
geometry.

Fix a (non principal) ultrafilter w on N, and a scaling sequence (A )nen,
that is a sequence of real numbers such that A,, > 1 and A,, — oc.

A point z,, in a Hausdorff topological space E is the w-limit of a sequence
(xn)n in E if it is its limit with respect to the filter w. We will then denote
lim, x, = x,. Note that lim, x, is then a cluster value of the sequence
(xn)n- Recall that any sequence contained in a compact (Hausdorff) space
has a (unique) w-limit. The w-limits of sequences of real numbers are taken
in the compact space [—oo, +00].

Given a sequence of pointed metric spaces (X, dn, 0n)neN, a sequence
(Zn)n in [],, Xp is called w-bounded when limy, dy,(0p, ) < 00.

The wultralimit of (X,,,dp,0n)nen is the quotient X, of the subspace of
w-bounded sequences in [],, X;, by the pseudo-distance d,, given by

dw((n), (yn)) = 1i£ndn($nayn) .

It is a complete metric space (Xy,d,). The class in X, of a w-bounded
sequence (x,,) will be called its ultralimit and be denoted by ulim,, z,,. Given
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a sequence Y, C X,, we denote by ulim,, Y;, the subset of X, consisting of
ultralimits of w-bounded sequences (), such that x, €Y, for all n, and
call it the ultralimit of the sequence (Yy,)n.

Let (Ky,| |“) be the asymptotic cone of the valued field K with respect
to the scaling sequence (Ay,), that is the ultralimit of the sequence of valued

fields (K, | |/*) (base points are at 0, see [Par11, §3.3]). It is an ultrametric
field. Note that its absolute value | [ takes all values in R>g. Given a
sequence (a,) in K, we denote ulim,, a, = oo when lim,, |an|1/)‘n = 00, S0
that every sequence in K has a well defined ultralimit in K, U {oo}.

Denote by 7 the canonical norm on V = KV. Let (V,,7,) be the as-
ymptotic cone of the normed vector space (V,n) with respect to the scaling
sequence (), i.e. the ultralimit of the sequence of normed vector spaces
(V,n'/*n) (see [Parll, §3.4]). It is a normed vector space over the valued
field K, canonically isomorphic to K2, with canonical basis the ultralimit
e“ = (%) of the canonical basis e = (e;) of KV.

Denote by N the norm on End(V') associated with 7. The ultralimit
(End(V),, N,,) of the sequence of normed algebra (End(V), N'/*n) is a
normed algebra over the valued field K, (see [Parll, §3.5]).

We now describe the asymptotic cone of the linear group GL(V). Let
GL(V),, be the subgroup of invertible elements of End(V'),,. Note that the
ultralimit of a sequence (uy,)y, in GL(V') which is w-bounded in End(V') (that
is lim,, N (uy,)'/*» < 00) may be not invertible, so the definition of GL(V),,
in [Par11] is incorrect (definition 3.16) (with no incidence on the remaining
of the paper). The following proposition describes the invertible elements
in End(V),,.

Proposition 5.1. Let u, = ulimy, u, be an element of End(V),. Then
uy, s invertible in End(V'),, if and only if u, is in GL(V) for w-almost all
n and (u;') is w-bounded in End(V), i.e. lim, N(u;")'/* < co. Then

—1 _ .1 1
uy, -~ = ulimy, u,, . O

Proof. If (u;;') is w-bounded in End(V), then clearly
(ulimy, uy,) o (ulimy, (u, ') = ulimg, (u, o u, ') = 1

hence u,, is invertible with inverse ulimy, (u;!).

Conversely, suppose that wu, is invertible in End(V),, and let u, =
ulim,, u}, be its inverse. Then 1—uyou/, = 0in End(V),, hence lim,, N (id —u,0
ul)/An = 0. Then for w-almost all n we have N(id —u, o /) < 1, so
an = Uy o ul, is invertible in GL(V) with N(a, ') < (1 — N(id —ay))~ L.
Then wu, is invertible with inverse u,' = u/, o a,”!. Since N(u,!) <
N(.)(1 — N(ap — id))~!, we have lim, N(u; 1) < oo, that is (u;!) is

w-bounded. Then v/, = ulim, u,,! by uniqueness of inverses. (]

A sequence (up)nen in GL(V) will be called w-bounded (in GL(V)) if
lim N (u,)Y* < 0o and lim N (u; )Y < oo .

A w-bounded sequence (uy)nen in End(V) induces an endomorphism u*

of V,, defined by

u® (ulimy, v,) = ulimy, up, (vy)
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for all w-bounded sequence (vy,) in V. This endomorphism depends only on
the ultralimit u, in End(V), of the sequence (uy). The following results
allows us to identify End(V'),, with End(V,,), and GL(V),, with GL(V,,).

Proposition 5.2. [Parll, Corollaire 3.18] The map
End(V), — End(V,)

Uy, +— u¥
is an isomorphism of K, -normed algebras identifying GL(V'),, with GL(V,,).

5.2. Ultralimits of projective spaces. One verifies easily that the ul-
tralimit of any sequence of vector subspaces of V' (of fixed dimension) is a
vector subspace of V,, (of same dimension). Then any sequence of points in
the projective space PV has a well defined wltralimit in the projective space
PV,,. This induces a canonical identification of PV,, with the ultralimit of
the metric spaces (PV,d!/*"), where d is the distance on PV induced by the
norm 7.

Let p; e PV, i=0,..., N be the canonical projective frame of PV which
is defined by p; = [e;] for i = 1,...,N and pp = [e1 + --- + en]. Let p¥
be the ultralimit of the constant sequence (p;)nen. Then (p¥)i=o.. n is the
canonical projective frame of PV,,.

A sequence (gp)n in PGL(V) is w-bounded if it has a w-bounded lift (uy,),
in GL(V). Then the ultralimit g, € PGL(V,,) of (g,) is well defined by

9w (ulimy, p,) = ulimy, g, (pr)

and it coincides with the class in PGL(V,,) of the ultralimit u,, € GL(V,,) of
the sequence u,.

Here is a useful criterion to see if a sequence (gp), in PGL(V) is w-
bounded, in terms of the action on the projective space.

Proposition 5.3. Let (gn)nen be a sequence in PGL(V'). let (¢}')o<i<n be
the image by gn of the canonical projective frame (p;)o<i<n. Denote by ¢
the ultralimit of the sequence (q')nen in PV,,. The following assertions are
equivalent:

(i) The points g form a projective frame of PV, ;

(ii) The sequence (gn)n s w-bounded in PGL(V),
Then the ultralimit of (gn)nen in PGL(V,,) is the unique map g, € PGL(V,,)
sendmg (p;J)ngSN to (qff)ogigj\/. O

Proof. Suppose that the points ¢ form a projective frame of PV,,, and let
gw be the projective map in PGL(V,,) sending the frame (p$) to the frame
(¢¥)i. Let u, be a lift of g, in GL(V,,). There exists a w-bounded sequence
(un)nen in GL(V') with ultralimit u,, (Propositions 5.2 and 5.1).

For each fixed i, let v}* be the image of e; by u,. Then (v}'), is a w-
bounded sequence in V' and its ultralimit is v = wu,,(e;), which is a non zero
vector in V,, representing the point ¢ of PV/,.

Let w} be a vector in ¢ (seen as a line of V') at minimum distance from
?. Then n(w} —v”)l/)‘" < d(un(p?),q")Y*». Since the sequence (v}'),

/UZ 1 K3
is w-bounded, and we have lim,, d(un(p?),qin)l/ An = 0, it follows that the

sequence (w}'), is w-bounded with ultralimit vy = v¥.

7
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Let h,, € GL(V') be the linear map sending the canonical basis (e;)i=1.n
to the basis (w]');=1..n, which is a lift in GL(V') of g,. The sequence (hy)n
is w-bounded in End(V'), and its ultralimit in End(V},) is u,, (since it sends
e¥ to v¥). Since u,, = ulim, hy, is invertible in End(V,,), the sequence (h,,) ™!

is w-bounded, as wanted. O

We recall that the ultralimit p,, : ' = PGL(V,,) of a sequence of repre-
sentations p, : I' = PGL(V) is well defined when p,, is w-bounded, that is
when for all v € T" (or just for a generating set), the sequence (pn(7))nen is
w-bounded in PGL(V) (see §5.2). It is then defined by p,, () = ulimy, py,(y)-

The cross ratio is easily seen to behave well under ultralimit.

Proposition 5.4. For n € N, let p}, py, p§, pi be four points in P(V)
in a common line D". Let p¥ = ulim,, p}' be the ultralimit in P(V,,) of the
sequence (pf)nen. Suppose that the quadruple (p%,p%,p%,pY) is nondegen-
erated, i.e. has no triple point. Then (pT,p%,p5,pY) is nondegenerated for
w-almost all n, and

b(py, 5, p5, i) = ulim, b(pY, py, vy, vy)
in K, U {co}. O

5.3. Asymptotic cones and Fock-Goncharov parameters. In this sec-
tion, we show that FG-parametrization of representations behaves well with
respect to ultralimits, that is the two constructions commute. We use
the hypotheses and notations of Section 2, from which we recall that, for
(Z,8) = ((Z)r, (Se)e) in (Kzo—1)T x (K#))E} the T-transverse map with
FG-parameter (Z,S) is denoted by Fzgs : Foo(X) — Flags(P) and pzs
denotes the associated representation from I' to PGL(K?). We use the nota-
tions and hypotheses of the previous sections for ultralimits and asymptotic
cones.

Proposition 5.5. Let ((Z",5™)), be a sequence in (Ko 1) X (11{3,,50)E
and let Z" = (Z), and S™ = (S?).. Denote by F¥ : Foo(X) — Flags(K3)
the ultralimit of the sequence of maps Fzn gn : Foo(X) — Flags(P). For each
triangle T and oriented edge e of T, denote by Z* = ulim,, Z S¢ = ulim,, S7
the ultralimits in K, U {oo} of the sequence (Z7),, and (S7),. Suppose that
Z¥¢ ¢ {00,—1,0} for all triangle T of T, and S ¢ {00,0} for all oriented
edge e of T. Then

(i) F“ = Fzo g ;

(ii) The ultralimit p,, : I' = PGL3(K,,) of the sequence of representa-

tions pzn gn is well defined and p, = pzw go.

Proof. Denote F™ = Fzn gn. Note that, for each i € Foo(X) the ultralimit
of the sequence of flags F"(i) = F* = (p}, D7) is a well-defined flag F¥ =
(p¥, DY) in Flags(K2). The ultralimit F¥ : Fpo(X) — Flags(K2) of the
maps I is thus always well defined. We first prove that F* = Fyw go.
Since the canonical basis of K2, is the ultralimit of the canonical basis of K3,
it is clear that the image (F}’, F5’, F5’) of the base triangle 79 by F“ remains
in canonical form, i.e. pf =[1:0:0], p§ =[0:1:0], DYNDY =[0:0:1],
py = [1:1:1]is the canonical projective frame. So it is enough to prove the
two next lemmas, ensuring that F*“ is T -transverse and of FG-invariant Z¢
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by induction on adjacent triangles, following the construction of the map
Fzs g in Section 2.5.

Lemma 5.6. Let 7 be a marked triangle in T with ordered vertices (4,7, k)
in Foo(X). Suppose that F?, F} and py are in generic position. Then the
triple of flags (Fy, F}Y, FyY) is generic and its triple ratio is Z7 .

Proof. Denote by p;; the point Di* N D’ and by p; = ulim,, pj; its ultralimis.
Denote by Dy, the line pgpj', by Dy; the line ppp;', and by Dy, Di; their
ultralimits. Since F}”, F and pj are in generic position, the points pf’, p7,
pg and pj; = D N DY are pairwise distinct and ppy = Dy, pppy = Uij
and py'py; = ulimy, pppj; are three distinct lines. We have

and by hypothesis Z¥ = ulim, Z] is distinct from 00,0, —1. Hence by
Proposition 5.4 taking ultralimits, the line Df is distinct from the three
lines Dy, Dy, and pi/py;, so the triple of flags (F}°, Fy, F}Y) is generic, and
T‘ri(Fl-‘",F]‘-",Fw = b(D‘,;’j,p‘,jp;‘;, v, DY) = 2%, O

Lemma 5.7. Let 7 be a marked triangle in T with ordered vertices (1,7, k),
and 7" = (k,£,j) be the adjacent triangle. Suppose that the triple of flags
F“(7) is generic. Then F“(7’) is generic and

b(Dy, pi'vs, iR, vi (Dy N DY) = S¢
b(Dy, e pipi, pi (DY N DY) = S .
O

Proof. Denote p* = ulim(D} N D). Then p* € D} and p¥ € D§. Since
Fy, F}? and F}’ are in generic position, we have Dy N DY = ulim(Dy N DY),
Dg 0 (pf @pf) = ulim(Dy N (p} ©p7)) and these two points are distinct and
distinct from p%. It follows then from Proposition 5.4 that the cross ratio
b(Dy N Dy, DY N (pf ©pY), vy, p”) is the ultralimit of b(DF N DY, DR N (p} &
p?),pz,ng) = S, which is S¥. Since S¥ # 0, 00, it follows that the point
p* (which is on the line DY) is distinct from the two points pf, DY N Dy.

Similarly the three lines pp?, pyp and Dy are paiwise distinct, hence
the ultralimit A of the line ppj satisfies b(ppy, pppy, Di, A¥) = S¢. The
line A% passes through p¢ and is distinct from the lines Dy and p§py, since
S¢ #£0,00. In particular py ¢ A%, so pf # pf.

We have three pairwise distinct lines Dy ,p¥'p} and py'p®, hence the cross

')
ratio b(Dy, py py, pi’p*, py pf) is the ultralimit of b(DY', pi'pi, pi'Pre. Pi'PY) =
Z7,, which is Z%. Since Z¥ # oo, we have pf ¢ Dy. Since Z% # —1, we have
Py # pipt, so pf ¢ Dy, in particular pf # p*, and pfy ¢ pYp}. So F{¥ F}
and p} are in generic position. Since py,p~ € Dy and pj # p“, we have
Dy = pyp”. Since Z¥, # 0, we have p¥’py # pi'p”, so the line Dy = p7'p” do
not contain p’. We also have p ¢ Dy (since p¥ # pf) and D} do not pass
through DY N D} (since p* # DY N DY). The triple of flags (F, Fy, F}°)
is then generic and of triple ratio b(DY, p¥'py, pi (DY N DY), p¥pf) = Z% as
p¥ =Dy N Dy. O

We may now conclude the proof of Proposition 5.5. Let v € I'. Then
pn(7) sends the canonical projective frame Fi, Fy, ps3 to the frame F"(vo1),
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F"(yo2), p"(vo3) whose ultralimit is F“(vyo1), F¥(y02), p*(v03), which is
generic hence a projective frame in P(K2). Then by Proposition 5.3 p,,(7) is
w-bounded and its ultralimit p, () = ulim,, p,(7y) sends the canonical frame
FY, Fy,p8 to F¥(yo01), F*“(vo2), p*(vo3) hence the flags F*“ (1) to F¥(y7o)
(since they have the same triple ratio). So py,(v) = pzw s« () as wanted. O

5.4. Main result. We suppose now that K is either equal to R or C or
ultrametric. We are now able to describe a large family of degenerations of
representations of I' in PGL(K?®) as (length spectra of) As-complexes of the
form K, ,) using degenerations of FG-parameters.

We denote by X the CAT(0) metric space (symmetric space or Euclidean
building) associated with PGL3(K).

Theorem 5.8. Let (Z",5™)nen be a sequence in K;O,—l XKEO' Let py, : T —
PGL3(K) be the representation of FG-parameter (Z™,S™) = ((Z2)+, (S2)e).

Let 27 = log|Z?|, st = log|SY| and 2" = (22);, s" = (sV)e. Consider
a sequence of real numbers A\, > 1 going to +oo, such that the sequence

%(z”, s") converges to a nonzero (z,s) in RT x RE . Suppose that:

(FT’) For each triangle 7 of T, liminf ﬁ log|Z!+1] >0 ;
(FE’) For each oriented edge e in T, liminf ﬁ log|SI+1] >0 ;
(L) (z,s) is left-shifting,
(S) (z,s) is edge-separating.

Let K be the Ay-complex of FG-parameter (z,s). Then the renormalized
C-length spectrum of p, converges to the C-length spectrum of K: for all
v €T we have
5 (pu(7) = (3, K)

n
in €.
In particular, the usual Fuclidean length spectrum of p, converges to the
Euclidean norm of the €-length spectrum of K :
lim < Leuelpn(1)) = £, )|
n

n—oo

and the analogous claim holds for the Hilbert length:
, 1
Jim 5= (pa() = Ny (¢5(, K))
for allveT.

Remark. The hypotheses (FT’) and (FE’) are automatic for K = R (and
more generally for K ordered) and positive FG-parameters (since for positive
a € K we then have |a + 1| > |1| = 1).

Proof of Theorem 5.8. The idea of the proof is first to pass to the ultra-
limit in an appropriate asymptotic cone associated with the scaling sequence
(An)n, and then to apply Theorem 4.2 to show that the ultralimit represen-
tation preserves a €-geodesic copy of the As-complex K in the associated
Euclidean building, hence has same marked €-length spectrum, and to use
the continuity properties of €-length spectrum with respect to asymptotic
cones of [Parll] to conclude.
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Let (Ky,| |“) be the asymptotic cone of the valued field K with respect
to the scaling sequence (A,), (see Section 5.1). We first check that the
ultralimits behave well. For all 7 € T, by hypothesis lim,, ﬁlog |Z7 =
2y < 400, hence the ultralimit Z% of the sequence Z” in K, is well defined,
and lim,, i log|Z"| = 2 > —oo hence Z¥ # 0. Similarly, the ultralimit S¥
of the sequence SI in K, is well defined and non zero as |S¥|* = exp s.. For
all triangle 7, we also have |Z% + 1| = lim,, |Z" 4+ 1|'/** > 1, in particular
Z¥ # —1. Then by Proposition 5.5 the ultralimit p, : I' — PGL(K?) of
the sequence of representations p,, is well defined and is the representation
pzw s associated with the FG-parameter (2, 5%) = ((Z¥)+, (5¢).).

The FG-parameter (Z%,5%) clearly satisfies the hypotheses of Theorem
4.2. Hence Theorem 4.2 applies, and p,,, acting on the Euclidean build-
ing X, associated with PGL3(KK,), preserves an equivariant €-geodesically

embedded copy of the As-complex K, hence the length spectra coincide:
% (pu (7)) =5(y, K) forallyinT .

Now fix v in I'. Since X, is the asymptotic cone of the metric space X for
the rescaling sequence A, (see Theorem 3.21 of [Parll]) and by continuity
properties of the €-length with respect to asymptotic cones (by Theorem
3.21 and Proposition 4.4 of [Parl1]), the sequence ﬁﬁc(pn (7)) has ultralimit
((pu(7)) in €.

This proves that the sequence /\inﬁc(pn(fy)) converges (in the usual sense)
to £%(v, K) in €, since every subsequence of the sequence iée(pn(’y)) has
(%(~, K) as cluster value in €. O

We now suppose that K = R and we apply this result to describe a
part of the compactification of the moduli space of representations con-
structed in [Parll]. We first recall briefly the compactification. Denote
G = PGL3(R). Let X(I',G) = Hom(I',G)//G be the biggest Hausdorff
quotient of Hom(T", G) under G, which identifies with the locally compact
subspace of Hom(T', G)/G consisting of completely reducible (i.e. semisim-
ple) representations (see Section 5.1 of [Parll] for more details). The space
@ of functions from I to € is endowed with the product topology, and let
PE denote the quotient space of [ {0} by Rs¢. In [Parll] we constructed
a metrizable compactification X (I, G) of X (I, @), with boundary contained
in P€ and endowed with a natural action of the modular group Out(T),
with following sequential characterization: a sequence [py,], in X (T, G) con-
verges in X(I',G) to a boundary point [w] in PE if and only if the two
following conditions are satisfied

(i) [pn]n eventually gets out of any compact subset of X(T', G) ;
(ii) [¢ o pp] converges to [w] in PE .
(see Section 5.3 of [Parll] for more details).

Let M=TU E and denote by PTRM the space of rays in RM, that is
the quotient of RM — {0} by R, which is the standard sphere of dimen-
sion 8|x(X)| — 1, and let P+ : RM — {0} — PTRM be the corresponding
projection. The FG-parameters space RM is endowed with the standard
compactification as a closed ball RM with boundary dssRM = PTRM.
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Denote by Op € RM the subset of left-shifting (z,s), and by Ors C O,
the subset of left-shifting and edge-separating (z,s), which are non empty
open cones.

Since, for all left-shifting (z, s), the €-length spectrum (% : v — (%(v, K)

of the As-complex K is not identically zero (that is differs from 0 € EF),
Theorem 5.8 above implies the following result.

Corollary 5.9. The FG-parametrization map

o: RM - X(I,G)
('Z78) — [pexp(z),exp(s)]

extends continuously to the open subset PTOrg of OssRM by the restriction
of the map

PtO;, — PC
[(z,8)] — [0%]. O

Note that the image by ¢ of the open cone Opg is contained in the space

P(X) of convex projective structures on ¥ with principal geodesic boundary
(see [G090, FoGoO0T]).
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