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Introduction

Let Σ = Γ\H 2 be a complete hyperbolic surface of finite area. Recall that a geodesic current is a Γ-invariant and flip invariant Radon measure on the space (∂H 2 ) (2) of distinct pairs of points in the boundary of H 2 . Geodesic currents occur in many different contexts. For instance geodesic currents play a fundamental role in the study of hyperbolic structures [START_REF] Bonahon | Geodesic laminations on surfaces[END_REF], negatively curved metrics [START_REF] Otal | Le spectre marqué des longueurs des surfaces à courbure négative[END_REF], singular flat structures [START_REF] Duchin | Length spectra and degeneration of flat metrics[END_REF], Hitchin and maximal representations [MZ].
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Our motivation comes form the study of various compactifications of maximal character varieties; we will present a simple application in this article. The aim of this paper is to exhibit a canonical decomposition of a general geodesic current where either each component is associated to a measured lamination or it has a behavior comparable to the one of a Liouville current. In a forthcoming paper, continuing the study initiated in [START_REF] Burger | Maximal representations, non Archimedean Siegel spaces, and buildings[END_REF] of maximally framed representations of surface groups into Sp(2n, F), where F is a non-Archimedean real closed field, we will show how to associate to such a representation a geodesic current whose intersection function on closed geodesics gives the length function. Together with the results of this paper, this will lead to information concerning the real spectrum compactification of maximal character varieties.

Given a geodesic current µ, we consider the set E µ of special closed geodesics, namely

(1.1) E µ := {c ⊂ Σ : c is a closed geodesic such that i(µ, c) = 0 and i(µ, c ′ ) > 0 for every closed geodesic c ′ with i(c, c ′ ) > 0} .

Here i denotes the Bonahon intersection pairing on the set of geodesic currents, which extends the geometric intersection number of closed geodesics and in fact the notation i(µ, c) really refers to the intersection number of µ and the geodesic current δ c associated to the closed geodesic c (see Section 2 for more details).

Observe that E µ consists of pairwise disjoint simple closed curves that decompose the surface into a union of subsurfaces with geodesic boundary

(1.2) Σ = v∈Vµ Σ v .
For such a subsurface Σ v let G v ⊂ (∂H 2 ) (2) be the set of geodesics whose projection lies in the interior Σv of Σ v , and, for a geodesic current ν let Syst Σv (ν) = inf{i(ν, c)| c ⊂ Σv closed geodesic } , while Syst(ν) refers to the analogous quantity with the infimum taken over all the geodesics in Σ.

Theorem 1.1. Let µ be a geodesic current on a complete hyperbolic surface of finite area Σ = Γ\H 2 , and let E µ and V µ as in (1.1) and (1.2). We have

µ = v∈V µ v + c∈E λ c δ c ,
where µ v is supported in G v and δ c is the geodesic current associated to the closed geodesic c. Furthermore, for every v ∈ V µ for which µ v = 0 precisely one of the following holds:

(1) either Syst Σv (µ v ) > 0,

(2) or µ v is the geodesic current associated to a measured lamination compactly supported in Σv and intersecting every curve in Σ v .

A similar result, in the specific case of currents µ associated to degenerations of singular flat structures on surfaces, was proven by Duchin, Leininger and Rafi [DLR10, Theorem 5]. Note, however, that our definition of systole doesn't coincide with the one used in the proof of [START_REF] Duchin | Length spectra and degeneration of flat metrics[END_REF]Theorem 5].

The second case of the dichotomy in Theorem 1.1 admits equivalent interesting characterizations, in particular using the new concept of µ-somewhat short geodesics, a generalization of the concept of closed geodesic with vanishing µ-intersection: a geodesic σ ⊂ H 2 is µ-somewhat short if it doesn't intersect any geodesic in the support of µ (see Section 3.1 for more details). We state here the new characterization in the simpler case in which the decomposition of Theorem 1.1 is trivial, and refer to Theorem 3.17 for a more general statement.

Theorem 1.2. Let µ be a geodesic current with positive intersection with every simple closed curve. Then the following are equivalent:

(1) Syst(µ) = 0;

(2) There exists a recurrent geodesic (a, b) that is µ-somewhat short;

(3) The support of µ is a Γ-invariant lamination in H 2 whose projection on Σ is compactly supported, minimal and surface filling.

Recall that a lamination is surface filling if it intersects every simple closed curve. We say that a geodesic (a, b) is recurrent if at least one among a and b does not correspond to a cusp.

The next result explains to which extent currents with positive systole behave like a Liouville current, that is a current whose intersection computes the length in a hyperbolic structure (see Example 2.1(2)). To this end recall that the space of geodesic currents C(Σ) is endowed with the weak*-topology as topological dual of the space of continuous functions with compact support on (∂H 2 ) (2) . The quotient PC(Σ) of C(Σ) * , the space of non-zero currents, by the positive scalar multiplication is then compact (see [START_REF] Bonahon | The geometry of Teichmüller space via geodesic currents[END_REF]).

Choose c 1 , . . . , c n any collection of closed geodesics in Σ such that n i=1 c i cuts Σ into discs containing at most one cusp, and let us consider the geodesic current λ = i δ c i . Then λ is surface filling and we may represent points [µ] ∈ PC(Σ) by the corresponding representative µ with i(µ, λ) = 1.

Theorem 1.3. The set Ω = {[µ]| Syst(µ) > 0} ⊂ PC(Σ) is open. Moreover for every [µ] ∈ Ω, and for every K ⊂ Σ compact, there exist a neighborhood V [µ] of µ and constants 0 < C 1 ≤ C 2 such that for every [ν] ∈ V [µ]
and every geodesic c contained in K we have

C 1 ℓ(c) ≤ i(ν, c) ≤ C 2 ℓ(c).
Here ℓ(c) denotes the hyperbolic length of the geodesic c. This theorem is a consequence of a new characterization of currents with vanishing systole in term of their intersection with measured laminations (see Theorem 4.1 for a precise statement).

An immediate consequence of Theorem 1.3 and the fact that the mapping class group acts properly discontinuously on the Teichmüller space is the following:

Corollary 1.4. The mapping class group of Σ acts properly discontinuously on Ω.

In a forthcoming paper we will use the results of this paper to show that, for a general surface of finite type Σ, the mapping class group of Σ acts properly discontinuously on the character variety of maximal representations.

We turn now to the applications to the length spectrum compactifications of maximal and Hitchin character varieties. We assume from now on that Σ = Γ\H 2 is compact. The extension of these results to the case in which Σ is not compact requires additional tools and will be presented in a forthcoming paper.

Recall that a representation ρ : π 1 (Σ) → Sp(2n, R) is maximal if its Toledo invariant achieves its maximal value n(2g -2); see [START_REF] Burger | Maximal representations of surface groups: symplectic Anosov structures[END_REF] for details. The space Max(Σ, n) of Sp(2n, R)-conjugacy classes of maximal representations forms a union of connected components of the character variety of

π 1 (Σ) in Sp(2n, R). The Hitchin component Hit(Σ, n) is the connected compo- nent of the character variety of π 1 (Σ) in PSL(n, R) containing i n • h, where i n : PSL(2, R) → PSL(n, R) is the n-dimensional irreducible representation of PSL(2, R) and h : π 1 (Σ) → PSL(2, R
) is an orientation preserving hyperbolization. In the sequel X (Σ, n) will refer either to Max(Σ, n) or to Hit(Σ, n).

In the spirit of Thurston and following Parreau [START_REF] Parreau | Compactification d'espaces de représentations de groupes de type fini[END_REF], the space X (Σ, n) can be compactified using length functions and in turn, length functions in the boundary come from certain isometric actions on affine buildings. We now define these length functions in their proper context. Let F be a real closed field containing R, which in the case in which F = R, we assume endowed with a non-Archimedean valuation. We let G n (F) be either Sp(2n, F) or SL(n, F), and let X R n be the associated symmetric space if F = R or the associated Bruhat-Tits building if F is non-Archimdean. Let ν : G n (F) → a + be the Weyl chamber valued translation vector (see [START_REF] Parreau | Compactification d'espaces de représentations de groupes de type fini[END_REF]p. 3]) and let be the Weyl group invariant norm on a defined as follows: • in the case of the symplectic group,

a + = {(x 1 , . . . , x n ) ∈ R n : x 1 ≥ • • • ≥ x n ≥ 0} and (x 1 , . . . , x n ) := n i=1 x i ;
• in the case of the special linear group,

a + = {(x 1 , . . . , x n ) ∈ R n : x 1 ≥ • • • ≥ x n and x 1 + • • • + x n = 0} and (x 1 , . . . , x n ) := x 1 -x n .
Then for g ∈ G n (F) we define

L(g) = ν(g) .
Given a representation ρ of π 1 (Σ) into G n (F), if C denotes the set of conjugacy classes of non-trivial elements of π 1 (Σ), we define

L ρ : C → R by L ρ (c) := L(ρ(γ)) , where γ ∈ π 1 (Σ) represents c ∈ C. Endowing R C
≥0 with the product topology and P(R C ≥0 ) with the quotient topology, we now consider the continuous map L :

X (Σ, n) → P(R C ≥0 ) induced by ρ → [L ρ ].
Here and in the sequel, [L] ∈ P(R C ≥0 ) denotes the equivalence class of a non-zero length function L up to multiplication by positive scalars. The boundary of X (Σ, n) in the length compactification is

∂L(Σ, n) := ∩ K L(X (Σ, n) -K)
where the intersection is taken over all compact subsets K ⊂ X (Σ, n). It is a compact subset of P(R C ≥0 ). This compactification can be equivalently described as the closure of X regarded as a subspace of the product of the Alexandrov compactification X and Then E [L] consists of pairwise disjoint simple closed geodesics that decompose the surface into a union of subsurfaces with geodesic boundary

P(R C ≥0 ). Given [L] ∈ P(R C ≥0 ),
(1.4) Σ = v∈V [L] Σ v . Let Syst Σv (L) := inf{L(c) : c ⊂ Σ • v is closed} and Syst(L) := inf{L(c) : c ⊂ Σ is closed} . Corollary 1.5. Let [L] be in ∂L(Σ, n) and let E [L] and V [L] be as in (1.3)
and (1.4). Then one of the following holds for Σ v :

(1) L vanishes on π 1 (Σ v );

(2) L(c) > 0 for every closed geodesic c ⊂ Σ • v and L is the length function associated to a measured lamination compactly supported in Σ

• v ; (3) Syst Σv (L) > 0.
Observe that ∂L Max (Σ, 1) = ∂L Hit (Σ, 2) is the Thurston boundary of Teichmüller space and consequently the third case of the trichotomy does not occur in this case.

However, as we will show in a forthcoming paper, for n ≥ 2 the third case of the trichotomy can occur for length functions in ∂L Max (Σ, n). To state the corollary concerning these length functions it will be convenient to choose preferred representatives for elements in ∂L(Σ, n). Let {c 1 , c 2 , . . . , c 6g-6 } be a surface filling family of simple closed geodesics. We will see that any

[L] ∈ L(Σ, n) satisfies 6g-6
i=1 L(c i ) > 0 and will henceforth represent a class [L] by the representative satisfying 6g-6 i=1 L(c i ) = 1. Let then

Ω(Σ, n) := {[L] ∈ ∂L(Σ, n) : Syst(L) > 0} .
The mapping class group acts on P(R C ≥0 ) preserving ∂L(Σ, n) and Ω(Σ, n). Let ℓ be the length function for the hyperbolic metric on Σ = Γ\H 2 .

Corollary 1.6. The set Ω(Σ, n) is an open subset of ∂L(Σ, n) on which the mapping class group acts properly discontinuously. In fact for every

[L] ∈ Ω(Σ, n) there is a neighborhood V [L] of [L] in Ω(Σ, n) and constants 0 < C 1 ≤ C 2 such that for every [L ′ ] ∈ V [L] C 1 ℓ(c) ≤ L ′ (c) ≤ C 2 ℓ(c) .
The above results have also direct applications to the actions of π 1 (Σ) on asymptotic cone actions built from sequences of maximal or Hitchin representations. Let (ρ k ) k∈N be a sequence of representations of π 1 (Σ) into G n (R) that are either Hitchin or maximal, ω a non-principal ultrafilter on N and S a finite generating set of π 1 (Σ). Let d denote the Riemannian distance on X R n , let (x k ) k∈N be a sequence of points in X R n and set λ k := max γ∈S d(ρ k (γ)x k , x k ). Then the asymptotic cone ω X λ of the sequence (X R n , x k , d λ k ) can be identified with the building associated to G n ( ω R λ ), where ω R λ is the Robinson field associated to ω and the sequence λ = (λ k ) k∈N . The π 1 (Σ)-action by isometries comes from a representation ω ρ λ : π 1 (Σ) → G n ( ω R λ ) canonically associated to (ρ k ) k∈N , ω and λ. Then the length function Lω ρ λ (γ) := L( ω ρ λ (γ)) , for γ ∈ π 1 (Σ) , belongs to ∂L(Σ, n), [START_REF] Parreau | Compactification d'espaces de représentations de groupes de type fini[END_REF]; this, together with Corollaries 1.5 and 1.6, the main theorem of [START_REF] Parreau | Sous-groupes elliptiques de groupes linéaires sur un corps valué[END_REF] as well as [DGLM11, Proposition 2.2.1 and Lemma 2.0.1], imply then the following refinement of the decomposition theorem in [BP15]:

Corollary 1.7. Let ω ρ λ be the action of π 1 (Σ) on the asymptotic cone ω X λ associated as above to a sequence of Hitchin or maximal representations and let Σ = v∈V [l] Σ v be the decomposition associated to the length function Lω ρ λ .

A. Then one of the following holds for Σ v :

(1) ω ρ λ (π 1 (Σ v )) has a global fixed point in ω X λ .

(2) Lω ρ λ (c) > 0 for every closed geodesic c ⊂ Σ • v and Lω ρ λ is the length function of a compactly supported measured lamination on Σ

• v . (3) Syst Σv (Lω ρ λ ) > 0 B.
In the case in which the decomposition is trivial, that is Lω ρ λ (c) > 0 for every geodesic c ⊂ Σ, we have the following dichotomy:

(1) Either Lω ρ λ is the length function of a minimal surface filling measured lamination, (2) or the action ω ρ λ of π 1 (Σ) on ω X λ is displacing. In particular orbit maps are quasi-isometric embeddings.

1.1. Outline of the paper. In Section 2 we recall fundamental results of Bonahon recast in our setting. Section 3 is the bulk of the paper. Given a geodesic current µ, we introduce the concept of µ-somewhat short geodesic and establish in Section 3.1 some basic properties with which we prove in Section 3.2 the first part of Theorem 1.1. This allows us to define the notion of basic geodesic current (Definition 3.10). In Section 3.3 we show how a µ-somewhat short geodesic leads to a lamination consisting of µ-somewhat short geodesics (Proposition 3.15). In Section 3.4 we then use a dynamical argument to show that the lamination obtained is surface filling. In Section 3.5 we establish a link between vanishing systole and somewhat short geodesics, using some results of Martone and Zhang, and conclude the proof of Theorem 1.2 in Section 3.7 (see Theorem 3.17). The case of a thrice punctured sphere requires special treatment in Section 3.6. In Section 4 we establish Theorem 1.3 in the introduction; again, this uses in a crucial way the concept of µ-somewhat short geodesic. In Section 5 we prove Corollaries 1.5 and 1.6.

Preliminaries on geodesic currents

Let Σ = Γ\H 2 be a complete hyperbolic surface of finite area. We let ∂H 2 be the boundary of H 2 which is a circle endowed with its orientation and corresponding cyclic ordering of triples of points. We identify the space of oriented geodesics in H 2 with the space (∂H 2 ) (2) of pairs of distinct points. A geodesic current is a Γ-invariant and flip-invariant positive Radon measure on the locally compact space (∂H 2 ) (2) . The set C(Σ) of geodesic currents is then a convex cone in the dual of the space of compactly supported functions on (∂H 2 ) (2) ; the latter is provided with the topology of inductive limit of Banach spaces and C(Σ) will be equipped with the corresponding weak* topology. For µ ∈ C(Σ) we denote by supp(µ) ⊆ (∂H 2 ) (2) its support and call carrier of µ, carr(µ) ⊂ Σ, the closed subset of Σ which is the union of all geodesics g ⊂ Σ such that any lift g ⊂ H 2 lies in supp(µ). We denote by C cc (Σ) the set of geodesic currents with compact carrier, and by C K cc (Σ) the set of those currents with carrier contained in a given compact subset K ⊂ Σ. For γ ∈ Γ hyperbolic let γ -(resp. γ + ) denote the repulsive (resp. attractive) fixed point of γ in ∂H 2 .

Example 2.1. The following examples of geodesic currents will play an important role in the rest of the paper:

(1) For γ ∈ Γ hyperbolic, we set

δ γ := η∈Γ/ γ δ η(γ -,γ + ) .
Then δ γ is a geodesic current whose carrier is the closed geodesic c ⊂ Σ associated to γ. We will sometimes denote δ γ by δ c .

(2) The Liouville current L is the unique (up to positive scaling) PSL(2, R)invariant Radon measure on (∂H 2 ) (2) . This is Γ invariant for every lattice Γ.

The intersection pairing i(µ, λ) of a current µ with a current λ with compact carrier is defined as follows (see [START_REF] Bonahon | Geodesic laminations on surfaces[END_REF] for more details): the subspace

D ⊆ (∂H 2 ) (2) × (∂H 2 ) (2)
consisting of pairs of geodesics intersecting in one point is open and PSL(2, R) acts properly on it: indeed the map that associate to a pair (g, h) in D the intersection g ∩ h gives a PSL(2, R)-invariant projection of D to H 2 . We restrict the product µ × λ to D and define i(µ, λ) as the (µ × λ)-measure of any Borel fundamental domain for the Γ-action on D.

Example 2.2.

(1) Given hyperbolic elements γ, η ∈ Γ representing the closed geodesics g, h in Σ, the intersection i(δ γ , δ η ) is the minimal geometric intersection number between closed curves in the free homotopy class represented by g and h. We will often denote it by i(g, h).

(2) For an appropriate normalization of the Liouville current L we have i(L, δ γ ) = ℓ(γ) where ℓ(γ) is the hyperbolic length of the closed geodesic represented by γ.

For a general current µ we will need a formula for the intersection i(µ, δ γ ). The following formula for the intersection of µ with δ γ , if γ ∈ Γ is a hyperbolic element is well known. A proof can be found in [MZ] for a compact surface Σ and goes over verbatim in the case in which Σ has finite area.

Lemma 2.3 ([MZ, Lemma 4.5]). If γ ∈ Γ is hyperbolic with repulsive and attractive fixed points γ

-, γ + and z ∈ I (γ -,γ + ) , then i(µ, δ γ ) = µ(I (γ + ,γ -) × I [z,γz) ) .
In particular i(µ, δ γ ) is always finite.

One of the most fundamental facts concerning the intersection is the following continuity property due to Bonahon:

Theorem 2.4 ([Bon86, Section 4.2]). For every compact subset K ⊂ Σ, the intersection i : C(Σ) × C K cc (Σ) → R ≥0 is continuous.
This continuity property implies a certain number of compactness criteria which will be useful in Section 4. Recall that a current µ is surface filling if every geodesic intersects some geodesic in the support of µ. The Liouville current is surface filling. For an example with compact carrier take

λ = 3g-3+p i=1 δ c i + 3g-3+p i=1 δ h i
where {c 1 , . . . , c 3g-3+p } and {h 1 , . . . , h 3g-3+p } are the simple closed geodesics corresponding to two dual decompositions of Σ into pairs of pants. The arguments in [Bon88, Proposition 4] then imply: Lemma 2.5. Let K ⊂ Σ be compact, and λ ∈ C cc (Σ) be a surface filling current with compact support. Then the following sets are compact:

(1)

C(Σ) λ = {µ ∈ C(Σ)| i(µ, λ) = 1}; (2) C K cc (Σ) L = {ν ∈ C K cc (Σ)| i(L, ν) = 1}.
Here L, as in Example 2.1(2) denotes the Liouville current.

As a corollary one obtains ([Bon88]):

Proposition 2.6. The quotient space PC(Σ) of C(Σ) * by positive scalar multiplication is compact.

Recall that a measured lamination on the surface Σ is the datum (Λ, m) of a closed subset Λ of Σ foliated by geodesics and a measure m on arcs transverse to Λ that is invariant under transverse homotopy. Let then (Λ, m) be a measured lamination with compact support in Σ, and let ( Λ, m) be its lift to a measured geodesic Γ-invariant lamination in H 2 . Given any two intervals [START_REF] Bonahon | The geometry of Teichmüller space via geodesic currents[END_REF] this establishes a bijection between measured geodesic laminations with compact support and geodesic currents with compact carrier and vanishing self-intersection. We will denote

I (a,b) , I (c,d) with disjoint closure, there is an open geodesic arc k ⊂ H 2 such that {λ ⊂ Λ| |λ ∩ k| = 1} = {λ ⊂ Λ| λ ∈ I (a,b) × I (c,d) }. Setting µ(I (a,b) × I (c,d) ) = m(k) one obtains a geodesic current with carr(µ) ⊂ Λ. As explained in
ML c (Σ) = {α ∈ C cc (Σ)| i(α, α) = 0}
this subspace of currents. We have Lemma 2.7.

(1) There is a compact subset K ⊂ Σ such that ML c (Σ) ⊂ C K cc (Σ) and consequently ML c (Σ) is a closed subset.

(2) For a surface filling current λ with compact support

ML c (Σ) λ := ML c (Σ) ∩ C(Σ) λ is compact. Definition 2.8. The systole of the geodesic current µ is Syst(µ) := inf{i(µ, δ γ ) : γ ∈ Γ is hyperbolic} .

Structure of geodesic currents with vanishing systole

The aim of this chapter is to prove Theorem 3.17, a refined version of the decomposition theorem for geodesic currents announced in the introduction (Theorem 1.1). We fix a geodesic current µ. Motivated by the characterization of closed geodesics c whose intersection with a current µ is trivial (Lemma 3.1), we introduce in § 3.1 the key notion of µ-somewhat short geodesics, and establish basic properties about the structure of µ-somewhat short geodesics. These results allow us in § 3.2 to prove Theorem 3.9 a generalization to the setting of geodesic currents of [BP15, Theorem 1.1]. In § 3.3 we establish that if there is a µ-somewhat short geodesic, there is also a µ-somewhat short geodesic that is simple, namely whose projection to the surface Σ if not self-intersecting. The closure of the Γ orbit of a µ-somewhat short geodesic is then a lamination consisting of µ-somewhat short geodesics. In § 3.4 we analyse the structure of the lamination obtained in § 3.3 and prove the implication (2)⇒(3) in Theorem 3.17. In Proposition 3.25 we adapt certain results of [MZ] to our context and prove the implication (1)⇒(2). We also show there that (3) implies (1), which is elementary and well known (cfr. for example [Mor16, Section 6.4]).

3.1. Somewhat short geodesics. From Lemma 2.3 we deduce the following useful characterization of the closed curves γ ⊆ Σ that have vanishing intersection with the current µ:

Lemma 3.1. The intersection i(µ, δ γ ) vanishes if and only if µ(I (γ -,γ + ) × I (γ + ,γ -) ) = 0. Proof. We have that i(µ, δ γ ) = µ(I (γ + ,γ -) × I (z,γz] ) = µ(I (γ + ,γ -) × I (γ n z,γ n+1 z] )
for every n ∈ Z. The lemma follows then from the σ-additivity of µ:

µ(I (γ -,γ + ) × I (γ + ,γ -) ) = n∈Z µ(I (γ -,γ + ) × I (γ n z,γ n+1 z] ) .
A key tool for this paper is the concept of µ-somewhat short geodesic:

Definition 3.2. Let µ be a geodesic current. A geodesic (a, b) ∈ (∂H 2 ) (2) is µ-somewhat short if µ(I (a,b) × I (b,a) ) = 0 .
Remark 3.3. It follows from Lemma 3.1 that the axis (γ -, γ + ) of an hyperbolic element is µ-somewhat short if and only if i(µ, δ γ ) = 0.

Lemma 3.4. Let µ be a geodesic current. The subset of (∂H 2 ) (2) of µsomewhat short geodesics is closed. In particular, if γ is hyperbolic and Lemma 3.5. Let µ be a geodesic current. Let (x 1 , x 2 , x 3 , x 4 ) ∈ (∂H 2 ) 4 be positively oriented, and let us assume that (x 1 , x 3 ) and (x 2 , x 4 ) are µsomewhat short. Then (x 1 , x 2 ), (x 2 , x 3 ), (x 3 , x 4 ) and (x 4 , x 1 ) are all µsomewhat short.

(γ -, b) is µ-somewhat short, then (γ -, γ + ) is µ-somewhat short. Proof. Assume that (a n , b n ) is a sequence of µ-somewhat
Proof. We show the assertion for (x 1 , x 2 ), the others are analogous. There are the following relations between intervals:

I (x 1 ,x 2 ) = I (x 1 ,x 3 ) ∩ I (x 4 ,x 2 ) I (x 2 ,x 1 ) = I (x 2 ,x 4 ) ∪ I (x 3 ,x 1 ) x 1 x 2 x 3 x 4 so that I (x 1 ,x 2 ) × I (x 2 ,x 1 ) ⊂ (I (x 1 ,x 3 ) × I (x 3 ,x 1 ) ) ∪ (I (x 4 ,x 2 ) × I (x 2 ,x 4 ) ) ,
which implies the claim. Lemma 3.7. Let µ be a geodesic current. Let (g k ) be a sequence of µsomewhat short geodesics and assume that g k ⋔ g k+1 for 0 ≤ k ≤ r. Let (x k , y k ) be the endpoints of the geodesics g k chosen in such a way that the quadruple (x k , x k+1 , y k , y k+1 ) has the positive orientation for all 0 ≤ k ≤ r.

Then

(1) (x 0 , x k ) and (x 0 , y k ) are µ-somewhat short for all the indices 0 ≤ k ≤ r + 1 for which they are defined. (2) Likewise, (y 0 , x k ) and (y 0 , y k ) are µ-somewhat short for all the indices 0 ≤ k ≤ r + 1 for which they are defined.

Proof.

(1) We prove the assertion by induction on ℓ.

Let us assume that ℓ = 0. Then, since (x 0 , y 0 ) ⋔ (x 1 , y 1 ), and (x 0 , y 0 ) and (x 1 , y 1 ) are µ-somewhat short, it follows from Lemma 3.5 that (x 0 , x 1 ) and (x 0 , y 1 ) are µ-somewhat short.

For the induction step we assume that (x 0 , x k ) and (x 0 , y k ) are µ-somewhat short for all the 0 ≤ k ≤ ℓ ≤ r and that either one of the following three cases holds:

(i) x 0 = x ℓ and (x 0 , y ℓ ) is defined and µ-somewhat short;

(ii) x 0 = y ℓ and (x 0 , x ℓ ) is defined and µ-somewhat short;

(iii) (x 0 , x ℓ ) and (x 0 , y ℓ ) are both defined and µ-somewhat short.

Notice that (i) and (ii) cannot occur at the same time, as the geodesic g ℓ has x ℓ and y ℓ as endpoints, which therefore must be different from each other. Notice moreover that if g ℓ ⋔ g ℓ+1 , the points x ℓ , x ℓ+1 , y ℓ and y ℓ+1 must all be distinct.

(i) We apply Lemma 3.6 to (a, b, c, d) = (x ℓ , y ℓ , x ℓ+1 , y ℓ+1 ) and e = x 0 , to obtain that (x 0 , x ℓ+1 ) and (x 0 , y ℓ+1 ) are µ-somewhat short. Moreover now (x 0 , x ℓ+1 ) and (x 0 , y ℓ+1 ) are defined.

(ii) The same argument as in (i) shows the assertion.

(iii) Assume now that (x 0 , x ℓ ) and (x 0 , y ℓ ) are both defined and µ-somewhat short. We remarked already that the points x ℓ , x ℓ+1 , y ℓ and y ℓ+1 must all be distinct and we claim that we may assume that the points x 0 , x ℓ , x ℓ+1 , y ℓ and y ℓ+1 are also all distinct. In fact, by hypothesis x 0 = x ℓ and x 0 = y ℓ . If x ℓ+1 = x 0 then (x 0 , y ℓ+1 ) = (x ℓ+1 , y ℓ+1 ) is µ-somewhat short and (x 0 , x ℓ+1 ) is not defined. Analogously if y ℓ+1 = x 0 then (x 0 , x ℓ+1 ) = (y ℓ+1 , x ℓ+1 ) is µ-somewhat short and (x 0 , y ℓ+1 ) is not defined.

Hence if finally the points x 0 , x ℓ , x ℓ+1 , y ℓ and y ℓ+1 are all distinct we can apply Lemma 3.6 with (a, c, b, d) = (x ℓ , x ℓ+1 , y ℓ , y ℓ+1 ) and e = x 0 to conclude that (x 0 , x ℓ+1 ) and (x 0 , y ℓ+1 ) are µ-somewhat short.

The proof of (2) is completely analogous.

Proposition 3.8. Let γ ∈ π 1 (Σ) be a hyperbolic element and let us assume that it is represented by a closed loop c in Σ that is the concatenation of segments belonging to µ-somewhat short geodesics. Then (γ -, γ + ) is µsomewhat short.

Proof. Let c be the lift in Σ of c preserved by γ and let . . . , I -1 , I 0 , I 1 , I 2 , . . . , I n = γ(I 0 ), I n+1 = γ(I 1 ), . . . be the periodic sequence of oriented geodesic segments in c such that γ(I j ) = I n+j for all j. We define (x j , y j ) to be the supporting geodesic of the oriented segment I j in such a way that (x j , x j+1 , y j , y j+1 ) is positively oriented. By construction (x j , y j ) ⋔ (x j+1 , y j+1 ) and by hypothesis all (x j , y j ) are µ-somewhat short.

If any of the (x j , y j ) or (y j , x j ) equals (γ -, γ + ) we are done. We hence assume now that {γ -, γ + } = {x j , y j } for all j. In particular we have that either x 0 / ∈ {γ -, γ + } or y 0 / ∈ {γ -, γ + }. We assume without loss of generality that x 0 / ∈ {γ -, γ + }. Then by Lemma 3.7 (1) we have that (x 0 , x i ) is µ-somewhat short whenever is defined, which in particular is the case for all (x 0 , γ k x 0 ) for k ≥ 1. Hence (γ ℓ x 0 , γ k+ℓ x 0 ) is µ-somewhat short for all ℓ and all k ≥ 1.

Either (γ -, x 0 , γ + ) or (γ + , x 0 , γ -) is maximal. We will only consider the first case, since the second is entirely analogous. Pick x, y so that (γ -, x, y, γ + ) is maximal and let ℓ and k ≥ 1 be integers such that the 6-tuple (γ -, γ ℓ x 0 , x, y, γ ℓ+k x 0 , γ + ) is maximal. Since (γ ℓ x 0 , γ ℓ+k x 0 ) is µ-somewhat short, then µ(I (γ -,γ + ) × I (x,y) ) = 0 Since x and y were arbitrary, we deduce that (γ -, γ + ) is µ-somewhat short.

3.2.

A decomposition theorem for geodesic currents. Let µ ∈ C(Σ) be a geodesic current, where Σ = Γ\H 2 is a finite area hyperbolic surface. We consider

G µ (0) = {c ⊂ Σ closed geodesic | i(µ, c) = 0}.
On G µ (0) we put the graph structure c 1 ≡ c 2 if i(c 1 , c 2 ) > 0. Notice that there is a loop at c ∈ G µ (0) if and only if c is self-intersecting. Let C ⊂ G µ (0) be a connected component which is not reduced to a single simple closed curve. Let c 1 , c 2 , . . . be an enumeration of the vertices of C such that c i ≡ c i+1 for every i ≥ 1, and choose x ∈ c 1 a basepoint.

Let X n = n i=1 c i . Then X n is a connected graph. Let Γ n be the image of the morphism π 1 (X n , x) → π 1 (Σ, x).

Then by Proposition 3.8 every hyperbolic γ ∈ Γ n satisfies i(µ, δ γ ) = 0. Let Σ n be the totally geodesic subsurface obtained by taking a regular neighbourhood of X n , adding to it the connected components of the complement that are either simply connected or containing a single cusp, and straightening the boundary components. In fact Σ n is the projection of the closet convex hull of the limit set of Γ n and Γ n = π 1 (Σ n , x). Since Σ and Σ n are of finite topological type, the sequence Γ n ⊆ Γ n+1 stabilizes, and we set Σ C := Σ n for n large enough.

Clearly each boundary component c ⊂ ∂Σ C has the property that if a closed geodesic c ′ ⊂ Σ is such that i(c, c ′ ) > 0 then i(µ, c ′ ) > 0. Thus we have a decomposition

Σ = v∈Vµ Σ v = v∈V µ,S Σ v ∪ v∈V µ,P Σ v such that if v ∈ V µ,S , then every closed curve c ⊂ Σ v is µ-somewhat short,
and if v ∈ V µ,P then every c ⊂ Σ v not boundary parallel has i(µ, c) > 0, namely it has positive intersection (therefore the choice of the indices, S for µ-somewhat short, P for positive intersection). Let E be the set of boundary components of all the subsurfaces. Observe that E coincides with the set of special geodesics defined in the introduction, namely those geodesics c that are µ-somewhat short and have the additional property that i(µ, c ′ ) > 0 if i(c, c ′ ) > 0. Now let g ⊂ H 2 be a geodesic such that p Σ (g) intersects Σv , where v ∈ V µ,S . We choose a connected component Σ v of p -1 Σ (Σ v ) such that g intersects ˚ Σ v . There are two cases: either g intersects a boundary component of Σ v and hence g does not belong to the support of µ or g ⊆ Σ v . In this case g cannot be a boundary component of Σ v and hence must intersect transversely some axis of an element in π 1 (Σ v , x). This implies that g doesn't belong to the support of µ. Thus, if g ⊂ H 2 is in the support of µ, then there is v ∈ V µ,P with p Σ (g) ⊆ Σ v .

For each v ∈ V µ,P , define

G v = {g ⊂ H 2 | p Σ (g) ⊂ Σv }. Then G v ⊂ (∂H 2 ) (2) is a Γ-invariant Borel subset and supp(µ) ⊂ v∈V P G v ∪ c∈E {g| p Σ (g) = c}.
Let χ v be the characteristic function of G v and set µ v := µ • χ v . Then µ v ∈ C(Σ) and we have proven:

Theorem 3.9. There are numbers λ c ∈ R with

µ = v∈Vµ µ v + c∈Eµ λ c δ c ,
where µ v is supported in G v and δ c is the geodesic current associated to the closed geodesic c.

Theorem 3.9 motivates the following definition:

Definition 3.10. A geodesic current µ is basic if there exists a subsurface with totally geodesic boundary Σ µ ⊆ Σ such that (1) carr(µ) ⊆ Σ µ ;

(2) for every closed geodesic c ⊂ Σµ . i(µ, δ c ) > 0;

(3) for all γ ∈ Γ representing a boundary component of Σ µ , µ({(γ -, γ + )}) = 0.

Remark 3.11. Observe that if the geodesic current µ is basic then for all γ ∈ Γ representing a boundary component of Σ µ , (γ -, γ + ) is µ-somewhat short, since no geodesic in the support of µ can intersect the lift (γ -, γ + ) of a boundary component.

Observe that if µ is a basic current, then the supporting surface Σ µ of µ is the smallest subsurface of Σ with totally geodesic boundary that contains carr(µ).

We fix a component Σ µ of p -1 Σ (Σ µ ) and denote by Γ µ the stabilizer in Γ of Σ µ . We say that an element γ ∈ Γ µ is peripheral if either γ is parabolic or it corresponds to a boundary component of Σ µ . As a refinement of Definition 2.8, we set Definition 3.12. The systole of a basic geodesic current µ restricted to its supporting subsurface is Syst Σµ (µ) := inf{i(µ, δ γ ) : γ ∈ Γ µ not peripheral}.

3.3.

From somewhat short geodesics to laminations. We say that a geodesic (a, b) is simple if p Σ ((a, b)) is not self-intersecting. In this subsection we focus on a basic geodesic current µ, and show that, if there exists a µ-somewhat short geodesic (a, b), then there exists a lamination Λ consisting of µ-somewhat short geodesics. This is achieved in two steps: in Proposition 3.13 we show that we can assume that (a, b) is simple, in Proposition 3.15 we show that the closure of a simple somewhat short geodesic is a lamination consisting of somewhat short geodesics and with at most two minimal sublaminations.

Let (a, b) be µ-somewhat short and consider p Σ ((a, b)) ⊂ Σ as a pathwise connected subspace. Fix * ∈ p Σ ((a, b)) and observe that every element in π 1 (p Σ ((a, b)) , * ) can be represented by a concatenation of geodesic segments whose lifts lie on a µ-somewhat short geodesic. Proposition 3.13. Let µ be a basic geodesic current and let (a, b) be a µ-somewhat short geodesic whose projection is contained in the supporting surface Σ µ . Then:

(1) either the image of π 1 (p Σ ((a, b)), * ) → π 1 (Σ, * ) is {e}, in which case (a, b) is simple, or (2) its image is γ , where γ is peripheral. In either case neither a nor b are fixed by γ and there is k ∈ Z such that (γ k a, b) is µ-somewhat short and simple.

Proof. It follows from Proposition 3.8 that the image p Σ ((a, b)) ⊂ Σ does not contain any non-peripheral element. Hence is must be either {e} or γ with γ peripheral. In the first case Σ ((a, b)) cannot self-intersect since a geodesic monogon is always π 1 -non-trivial. This proves (1).

In the second case, let ∞ be a fixed point of γ. Since (a, b) is self intersecting, neither a nor b are fixed points of γ, and, if γ is hyperbolic, (a, b) doesn't intersect the axis of γ. In particular, up to switching γ with γ -1 we can assume that (a, γa, b, γb) is positively oriented.

Let k ≥ 1 be maximal such that (a, γ k a, b, γ k b) is positively oriented. By Lemma 3.5 (γ k a, b) is µ-somewhat short. We will prove by contradiction that p Σ (γ k a, b) is simple. We denote by η ∈ Γ an element η = e such that (i) γ k a < ηb < b, and hence η -1 γ k is a bigger power of γ with the same defining property of γ k or (ii) γ k a < ηγ k a < b and ηγ k is a bigger power of γ with the same defining property of γ k .

γ k a ηγ k a b ηb (γ k a , γ k b) ( a , b ) ( η γ k a , η γ k b ) ( η a , η b ) T ηT Since (γ k a, b) ⋔ η(γ k a,
The following example illustrates the geometric content of Proposition 3.13: Example 3.14. This is a biinfinite geodesic connecting the cusps c 1 , c 2 with a subpath homotopic to the cusp c 3 . The corresponding simple geodesic just connects c 1 to c 2 . Observe that, in general, the lamination Λ might be very degenerate: if (a, b) is µ-somewhat short and both a and b are cusps, then the geodesic λ = p Σ ((a, b)) is asymptotic to two cusps. In this case the µ-somewhat short and simple geodesic (a, b ′ ) provided by Proposition 3.13 projects then to a non-self-intersecting geodesic λ ′ that is asymptotic to λ. Thus λ ′ is a properly embedded copy of R, hence a closed subset. In order to avoid this case, we have the following definition: Definition 3.16. A geodesic (a, b) is recurrent in Σ µ if at least one between a and b is not a fixed point of a peripheral element in Γ µ .

Observe that a geodesic (a, b) is recurrent if and only if it is recurrent in the open surface Σµ , namely if there are compact subsets in the interior of Σ µ that are visited infinitely often.

The aim of the rest of the chapter is to prove the following refinement of Theorem 1.1 from the introduction: Theorem 3.17. Let µ be a basic geodesic current. Then the following are equivalent:

(1) Syst Σµ (µ) = 0;

(2) There exists a recurrent geodesic (a, b) that is µ-somewhat short;

(3) The support of µ is a Γ-invariant lamination in H 2 whose on Σµ is compactly supported, minimal and surface filling.

We say that a lamination is surface filling if the complementary regions in Σ µ are only ideal polygons, ideal polygons containing one cusp and ideal polygons containing one boundary component.

We will also establish that, under the equivalent conditions of Theorem 3.17, the function

(a, b, c, d) → µ(I (a,b) × I (c,d) ) is continuous, provided I [a,b] and I [c,d] are disjoint.
Remark. It is possible to show, using Lemma 3.7 and Lemma 3.4 that if µ is a basic geodesic current, then there cannot exist a µ-somewhat short geodesic (a, b) connecting two boundary components of the supporting surface Σ v : otherwise the boundary components of the pair of pants determined by (a, b) would be µ-somewhat short.

Minimal laminations and complementary regions. Recall that if

Λ ⊂ Σ = Γ\H 2 is a compactly supported geodesic lamination in a complete finite area hyperbolic surface, the complement Σ Λ is a finite union of components of the following types [CEG06, Theorem I.4.2.8]:

(1) an ideal polygon;

(2) an ideal polygon containing one cusp;

(3) a totally geodesic subsurface with geodesic boundary to which one has added a crown for each boundary geodesic (such a subsurface can possibly be reduced to a single geodesic). A crown is an infinite cylinder bounded by finitely many ideal sides. A compactly supported geodesic lamination Λ ⊂ Σ fills a subsurface Σ ′ ⊆ Σ with totally geodesic boundary if, for every closed curve c ⊂ Σ′ , c intersects some leaf of Λ. Observe that a measured geodesic lamination (Λ, m), when regarded as a geodesic current, never fills a surface Σ, not even when the lamination Λ does fill. A geodesic lamination Λ is minimal if every half ray of a geodesic belonging to Λ is dense in Λ.

A crucial step in the proof of the implication (2) ⇒ (3) in Theorem 3.17 consists of showing that any geodesic bounding a crown of a µ-somewhat short lamination Λ is itself µ-somewhat short (Proposition 3.20 below). A necessary condition for this to be true is expressed in the following lemma: Lemma 3.18. Let µ be a geodesic current and assume that there exists a Γ-invariant lamination Λ consisting of µ-somewhat short geodesics without isolated leaves. Let a, b, c be consecutive vertices of a complementary region R of Λ labelled in such a way that (c, b, a) is positively oriented. Then

µ({b} × I [a,c] ) = 0 .
Proof. Let γ ∈ Γ be an hyperbolic element whose axis (γ -, γ + ) crosses (a, b) and (b, c) and (γ -, a, c, γ + , b) is positively oriented. Denote by p 0 the intersection (γ -, γ + ) ∩ (a, b) and focus on the subsegment I of the axis of γ with endpoints γ -1 p 0 , p 0 . Denote by L the hyperbolic distance L = d(γ -1 p 0 , p 0 ) and choose a point p far enough in the ray from p 0 to b so that its distance from any side of R different from Since Λ has no isolated leaves, p Σ (r) is dense in a minimal component of Λ := p Σ ( Λ) and in particular meets the transversal p Σ (I) in infinitely many points. Thus, moving to the universal covering H 2 and choosing appropriate representatives, we find a sequence of points p n ∈ r and a sequence of elements γ n ∈ Γ such that γ n (p n ) ∈ I for every n ≥ 1.

Since any point p n in r has distance more than 2L from any side of R different from (a, b) or (b, c) and γ n R∩I is contained in I, we get that γ n R∩I is an interval bounded by γ n (p n ) and γ n (q n ) for some q n in (b, c). Observe that the γ n R are pairwise distinct: indeed for all γ ∈ Γ, the intersection γR ∩ I is connected, if not empty. This implies that, if γ n R = γ m R then γ n b = γ m b which implies that γ n = γ m since Λ has no isolated leaves, and hence its endpoint at infinity have trivial stabilizer.

Using the natural ordering on I, we have for each n, either

γ n (p n ) < γ n (q n ) or γ n (q n ) < γ n (p n ) .
Passing to a subsequence we may assume that γ n (p n ) < γ n (q n ) for all n ≥ 1. 

T := µ{g ∈ (∂H 2 ) (2) : g ∩ I = ∅} = i(µ, δ γ ) .
Assume by contradiction that K > 0 and choose M ≥ 1 with M K > T .

Then we can find M elements in (γ n ) n≥1 , that we rename η 1 , . . . , η M , and that have the properties that the intervals

I η 1 (a),η 1 (c) , I η 2 (a),η 2 (c) , . . . , I η M (a),η M (c)
are consecutive in ∂H 2 , and have pairwise disjoint closures. Then it follows that

µ M i=1 ({η i (b)} × I [η i (a),η i (c)] ) = M i=1 µ({η i (b)} × I [η i (a),η i (c)] ) = M K > T ,
while on the other hand we clearly have

M i=1 ({η i (b)} × I [η i (a),η i (c)] ) ⊂ {g ∈ (∂H 2 ) (2) : g ∩ I = ∅} .
This leads to a contradiction and proves the lemma.

As a corollary we obtain the following:

Corollary 3.19. Let x 0 , . . . , x n be a sequence of consecutive vertices of a complementary region R labelled in such a way that (x n , . . . , x 0 ) is positively oriented. Then (x 0 , x n ) is µ-somewhat short.

Proof. The proof proceeds by recurrence. For n = 1 the statement holds.

Let us now suppose n ≥ 2. We have the following equalities

I (xn,x 0 ) = I (xn,x n-1 ] ∪ I (x n-1 ,x 0 ) I (x 0 ,xn) = I (x n-1 ,xn) ∩ I (x n-2 ,xn) ∩ I (x 0 ,x n-1 ) . Thus I (xn,x 0 ) × I (x 0 ,xn) ⊂(I (xn,x n-1 ) × I (x n-1 ,xn) ) ∪ {x n-1 } × I (x n-2 ,xn) ∪ I (x n-1 ,x 0 ) × I (x 0 ,x n-1 ) .
Using that (x n-1 , x n ) is µ-somewhat short, the induction hypothesis that (x 0 , x n-1 ) is µ-somewhat short and Lemma 3.18 we get to the conclusion that (x 0 , x n-1 ) is µ-somewhat short.

We can now complete the proof of the following result, announced at the beginning of the section: Proposition 3.20. Let µ be a geodesic current, Λ be a Γ-invariant lamination consisting of µ-somewhat short geodesics without isolated leaves. Then any geodesic corresponding to a crown is µ-somewhat short.

Proof. Let C ⊂ Σ be a crown in the complement of the lamination Λ, and let γ ∈ Γ be a geodesic bounding C. We chose lifts to H 2 in such a way that the half plane to the left of (γ

+ , γ -) contains a lift C of the crown C. C γ γ + γ - x i+k x i+k-1 xi x i-k γ -1 p p γp C γ -1 C
Then C has consecutive ideal sides (x i , x i+1 ), i ∈ Z, labelled in such a way that (x i , x i+1 , x i+2 ) is positively oriented. Now observe that

(γ -, γ + ) = lim n→∞ (x -n , x n ) .
By Corollary 3.19 (x -n , x n ) is µ-somewhat short, so that Lemma 3.4 implies that (γ -, γ + ) is µ-somewhat short, which concludes the proof.

We can fully understand the support of a basic geodesic current µ for which there exists a lamination Λ of µ-somewhat short geodesic without isolated leaves: Proposition 3.21. Let µ be a basic geodesic current, and assume that there exists a lamination Λ consisting of µ-somewhat short geodesics without isolated leaves. Then the support of the geodesic current µ coincides with Λ.

Proof. Observe first that the lamination Λ fills the supporting subsurface Σ µ of µ: indeed Λ is contained in Σ µ , and the totally geodesic subsurface filled by Λ is bounded by the closed geodesics bounding the crowns, that are somewhat short. Since, by definition of a basic geodesic current, the only somewhat short closed geodesic contained in Σ µ are its boundary components, we get our first claims. In particular this implies that Λ is minimal.

Since µ is basic, if a geodesic g belongs to supp(µ), then p Σ (g) is contained in the interior of the supporting surface Σ µ . First we show that supp(µ) ⊂ Λ. By contradiction let us assume that there is g ∈ supp(µ), but g / ∈ Λ. Observe that since g ∈ supp(µ), it cannot intersect transversally a µ-somewhat short geodesic. Together with g / ∈ Λ, this implies that g is contained in a complementary region R. As g cannot be a "side" of R, the region R has at least four vertices and g is either a diagonal of R or connects a vertex of R to a cusp or to an endpoint of a boundary geodesic γ of Σ µ . In any case we can find a diagonal, say δ, of R intersecting g transversally. By Corollary 3.19 δ is µ-somewhat short, which leads to a contradiction. Thus supp(µ) ⊂ Λ is a Γ-invariant sublamination of Λ and hence it coincides with Λ by minimality of Λ.

We finish this subsection by establishing two lemmas that will imply the continuity statement alluded to after Theorem 3.17. Lemma 3.22. Let Λ ⊂ Σ be a minimal geodesic lamination that is not a closed geodesic and let Λ H 2 be its lift to H 2 .

(1) For every 3.5. Inequalities on intersections, systoles. Let, as usual, Σ = Γ\H 2 be a complete finite area hyperbolic surface, Γ < PSL(2, R).

In order to conclude the proof of Theorem 3.17 we will need a good understanding of the behaviour of the intersection function i(µ, c) under certain surgeries consisting in reducing the self-intersection number of a closed geodesic c. Let p ∈ c be a self-intersection point of the geodesic c.

Let γ ∈ π 1 (Σ, p) be a representative of c. Let us parametrize γ by g : S 1 → Σ. Then g -1 (p) = {t 1 , . . . , t ℓ } with ℓ ≥ 2, where we assume that t 1 , . . . , t ℓ are positively oriented in S 1 . Define γ 2 = g| I [t 1 ,t 2 ] and γ 3 = g|

I [t 2 ,t 1 ] ; let γ 1 := γ -1 2 γ 3 . γ 2 γ 3 γ 1 = γ -1 2 γ 3 γ = γ 2 γ 3 < < < < Figure 1.
The three curves obtained from c resolving the self intersection at p.

We have:

Proposition 3.25. If Σ is not the thrice punctured sphere, then one of γ 1 , γ 2 or γ 3 must be hyperbolic. For such a γ i we have:

(1) i(µ, δ γ i ) ≤ i(µ, δ γ );

(2) The self-intersection number of any γ i is strictly smaller than the one of γ.

For the proof see [START_REF] Martone | Positively ratioed representations[END_REF]Proposition 4.6]. We use this to draw the following conclusion concerning the systole of µ.

Corollary 3.26. If Σ is not the thrice punctured sphere, then Syst(µ) = inf{i(µ, δ γ ) : γ ∈ Γ, γ is hyperbolic and simple} .

Proof. Indeed, given any γ hyperbolic with self-intersection, by iterating Proposition 3.25 we can find η hyperbolic and simple with i(µ, δ η ) ≤ i(µ, δ γ ).

From this we deduce: Proposition 3.27. Let µ be a basic geodesic current. Assume that the supporting surface Σ µ is not the thrice-punctured sphere and Syst Σµ (µ) = 0. Then there exists (a, b) ∈ (∂H 2 ) (2) which is simple, µ-somewhat short and recurrent.

Proof. By Corollary 3.26, there is a sequence (γ k ) k≥1 of hyperbolic elements in Γ representing simple closed geodesics and such that

lim k i(µ, δ γ k ) = 0 .
Since i(µ, δ γ k ) > 0 for every k > 1, we must have for the sequence of hyperbolic lengths ℓ(γ k ), that lim k ℓ(γ k ) = ∞. Passing to a subsequence, and possibly conjugating the elements γ k so that their axis intersect a fixed fundamental region, we may assume that

lim k (γ k,-, γ k,+ ) = (a, b) ,
where (a, b) is simple as well, non-isolated, and hence neither a nor b can be cusps or fixed points of boundary elements. We now show that (a, b) is µsomewhat short. Let (x, a, y, z, b, w) be positive. Let V a and V b be closed neighbourhoods respectively of a and b, such that {x, y, z, w}

∩ (V a ∪ V b ) = ∅ . For k large enough we have that γ k,-∈ V a and γ k,+ ∈ V b . x y z w V a V b a γ k,- b γ k,+ Since lim k ℓ(γ k ) = ∞, this implies that γ k y ∈ I (z,w)
for k large enough, and hence, again for large k,

µ(I (w,x) × I (y,z) ) ≤ µ(I (γ k,+ ,γ k,-) × I (y,γ k y] ) = i(µ, δ γ k ) .
This implies that µ(I (w,x) × I (y,z) ) = 0, and hence (a, b) is µ-somewhat short.

3.6. The thrice punctured sphere case. The first step in the proof of Theorem 3.17 consists of the specific case of subsurfaces isomorphic to pairs of pants. It is well known that such subsurfaces do not support any nontrivial compactly supported measured lamination. However there are many interesting geodesic currents on pairs of pants: for example the theory of maximal and Hitchin representations on a pair of pants is quite rich. The aim of this section is to prove the following restatement of Theorem 3.17 in the case of 3-punctured spheres:

Proposition 3.28. Let Σ = Σ 0,3 be a 3-punctured sphere. For every nonvanishing geodesic current µ on Σ, Syst(µ) is positive.

In the whole section we let Γ be the fundamental group of the 3-punctured sphere, Γ := π 1 (Σ 0,3 ), with presentation

Γ = a, b, c : abc = e . An element γ ∈ Γ is peripheral if it is conjugated to either a k , b k or c k for some k ∈ Z, k = 0. Lemma 3.29. Let γ 1 , γ 2 ∈ Γ. Assume that γ 1 γ 2 is not peripheral, but γ 1 , γ 2 and γ 1 γ -1 2 are. Then γ 1 , γ 2 and γ 1 γ -1 2
represent distinct primitive boundary components and γ 1 γ 2 is conjugated to one of the following: (ab -1 ) ±1 , (bc -1 ) ±1 , (ca -1 ) ±1 .

Proof. Without loss of generality we can assume that γ 1 = a k and that, applying if necessary an automorphism fixing a and exchanging b and c, either we have γ 2 = wb l w -1 or γ 2 = wa l w -1 for some word w in a and b.

We focus on the first case first. Since γ 1 γ -1 2 is peripheral, and k and l are non zero, we deduce, projecting to the abelianization Z 2 of Γ, that k = -l and γ 1 γ -1 2 = a k wb k w -1 is conjugated to (ab) k . This implies that the cyclically reduced expression for γ 1 γ -1 2 is (ab) k . We write w = a s w 0 b t where w 0 is either trivial or begins with a power of b and ends with a power of a. The expression γ 1 γ -1 2 = a k w 0 b k w -1 0 is cyclically reduced. Hence k = ±1 which means that γ 1 γ 2 is conjugated to (ab -1 ) ±1 .

We conclude the proof by showing that the second case cannot happen. We argue by contradiction. Looking, once more, at the abelianization, we would deduce that γ 1 γ -1 2 is conjugated to a k-l . The word w cannot be a power of a, since otherwise γ 1 γ 2 = a k+l would be peripheral. Hence we can write w as a m w 0 a n with w 0 beginning and ending with a power of b. However this implies that γ 1 γ -1 2 = a k w 0 a -l w -1 0 . This is absurd since such an expression is cyclically reduced, but we know that γ 1 γ -1 2 is conjugated to a power of a.

Proof of Proposition 3.28. Assume that Syst(µ) = 0. If there exists γ ∈ Γ non peripheral with i(µ, δ γ ) = 0, it follows from Proposition 3.8 that for every γ ∈ Γ, i(µ, δ γ ) = 0 and we are done.

Let us then assume by contradiction that no non-peripheral element has i(µ, δ γ ) = 0, but there is a sequence {γ n } n∈N of non-peripheral elements with i(µ, γ n ) < 1/n. Combining Lemma 3.29 and Proposition 3.25 we can assume that γ n has a single self-intersection: since γ n is by assumption nonperipheral, γ n cannot be simple, if it has more than one self intersection points, we can choose one such a self-intersection point p and deduce from Lemma 3.29 that at least one of the three loops obtained resolving the intersection at p is non-peripheral. Moreover it follows from Proposition 3.25 that the intersection of such a loop with the geodesic current µ is not bigger than the one of γ n .

The contradiction follows from the fact that every loop in Σ 0,3 with a single self-intersection is conjugated to one of (ab -1 ) ±1 , (bc -1 ) ±1 , or (ca -1 ) ±1 , and therefore the sequence is eventually constant. 3.7. Completion of the proof of Theorem 3.17. As a consequence of Proposition 3.28 we can and will assume that Σ µ is not a trice punctured sphere.

(1)⇒(2). This is a consequence of Proposition 3.27.

(2)⇒(3). Let us assume that (a, b) is µ-somewhat short and recurrent. We can apply Proposition 3.13 and find (a ′ , b ′ ) µ-somewhat short, simple and recurrent. The closure of p Σ ((a ′ , b ′ )) in Σ contains then a maximal sublamination Λ that is not a closed geodesic. Finally we deduce from Proposition 3.20 that Λ is surface filling and from Proposition 3.21 that the support of µ coincides with Λ.

(3)⇒(1). Let Λ be this minimal lamination and m the transverse invariant measure defined by µ. Since the lamination is minimal and not reduced to a closed geodesic, there is, for each ǫ > 0, a geodesic segment σ ǫ ⊂ Σ transverse to Λ with λ(σ ǫ ) < ǫ. Given x ∈ σ ǫ , the concatenation of the subsegment of Λ between x and the first return to σ ǫ gives a closed loop and an element γ ∈ Γ with i(µ, δ γ ) < ǫ.

Currents with positive systole

The main objective of this section is to prove Theorem 1.3 in the introduction. This rests on the following characterization of currents with vanishing systole. Recall that ML c (Σ) is the space of currents with compact carrier and vanishing self intersection, and C K cc (Σ) is the space of currents with carrier in a compact subset K ⊂ Σ.

Theorem 4.1. Let K ⊂ Σ be a compact subset such that ML c (Σ) ⊂ C K cc (Σ). For a current µ ∈ C(Σ) the following are equivalent (1) Syst(µ) = 0;

(2) the function λ → i(µ, λ) admits a zero on ML c (Σ) \ {0};

(3) the function λ → i(µ, λ) admits a zero on C K cc (Σ) \ {0};

Proof. We may assume that µ = 0.

(1)⇒(2). If i(µ, δ γ ) = 0 for some γ ∈ Γ hyperbolic, then (see Corollary 3.26) there is η ∈ Γ representing a simple closed geodesic with i(µ, δ η ) = 0 and (2) holds. If, instead, i(µ, δ γ ) > 0 for every hyperbolic γ ∈ Γ, then it follows from Theorem 3.17 that i(µ, µ) = 0, which, again, shows (2).

(2)⇒(3). This is clear by the choice of K.

(3)⇒(1). Let λ 0 ∈ C K cc (Σ) \ {0} with i(µ, λ 0 ) = 0, and fix (a, b) ∈ supp(λ 0 ). Since p Σ ((a, b)) ⊂ K this implies in particular that the geodesic (a, b) is recurrent. Let x, y, z, t ∈ ∂H 2 be such that (x, a, y, z, b, t) is positively oriented. Then I (x,y) × I (z,t) is a neighbourhood of (a, b) hence λ 0 (I (x,y) × I (z,t) ) > 0. But then it follows from i(µ, λ 0 ) = 0 that µ(I (y,z) × I (t,x) ) = 0. This implies that µ(I (a,b) × I (b,a) ) = 0 hence (a, b) is a µ-somewhat short geodesic which implies Syst(µ) = 0 by Theorem 3.17. Proof. Assume that µ n ∈ Syst(0) is a convergent sequence with limit µ ∈ C(Σ). By Theorem 4.1 there is λ n ∈ ML c (Σ) >0 with i(µ n , λ n ) = 0. Passing to a subsequence we may assume that λ n converges to λ ∈ ML c (Σ) λ 0 . By the continuity of the intersection this implies that i(µ, λ) = lim i(µ n , λ n ) = 0 and since λ = 0, Theorem 4.1 implies Syst(µ) = 0.

Let PSyst(0) denote the image of Syst(0) \ {0} in P(C(Σ)) and let Ω be its complement, which is open by Corollary 4.2. When denoting elements of P(C(Σ)) we will always assume that ν ∈ C(Σ) λ 0 . Proof. We prove the lower bound; the proof of the upper bound is completely analogous. Assume by contradiction that there exists a sequence ν n converging to µ and a sequence of γ n ∈ Γ with δ γn ∈ C K cc (Σ) with lim i(ν n , δ γn ) ℓ(γ n ) = 0.

Recall that if L denotes the Liouville current, C K cc (Σ) L := {λ ∈ C K cc (Σ)| i(L, λ) = 1} is compact. Since δ γn /ℓ(γ n ) ∈ C K cc (Σ) L , we may assume, passing to a subsequence, that δ γn /ℓ(γ n ) converges to λ ∈ C K cc (Σ) L . But then i(µ, λ) = 0 and hence Syst(µ) = 0 by Theorem 4.1. This is a contradiction.

An application to the length spectrum compactification

Consider the map C(Σ) → R C ≥0 that to a current µ associates the function c → i(µ, c). It descends to a well defined continuous map I : PC(Σ) -→ P(R C ≥0 ) . It follows from [MZ] that both L(Max(Σ, n)) and L(Hit(Σ, n)) are in the image of I, that is L(Σ, n) := L(X (Σ, n)) is in the image of I. Since I is continuous and PC(Σ) is compact, we deduce that L(Σ, n) is in the image of I. In particular for [L] ∈ ∂L(Σ, n) there is a geodesic current µ ∈ C(Σ) such that L(c) = i(µ, c) for every c ∈ C. Then Theorem 1.1 applied to µ implies immediately Corollary 1.5.

To show Corollary 1.6 we use Otal's result that I is a homeomorphism onto its image, [START_REF] Otal | Le spectre marqué des longueurs des surfaces à courbure négative[END_REF]. As a result we have that

Ω(Σ, n) = I(Ω) ∩ ∂L(Σ, n) ,
where Ω is as in Theorem 1.3. Thus Ω(Σ, n) is open in ∂L(Σ, n) and the statements about the length functions in Ω(Σ, n) follow from the corresponding ones in Theorem 1.3.

  we consider in analogy with (1.1) the set E [L] of special geodesics (1.3) E [L] := {c ⊂ Σ : c is a closed geodesic such that L(c) = 0 and L(c ′ ) > 0 for every closed geodesic c ′ that intersects c} .

  Given a, b points in ∂H 2 , let I (a,b) denote the open interval determined by a, b, that is (2.1) I (a,b) := {x ∈ ∂H 2 : (a, x, b) is positively oriented}. The intervals I [a,b) , I (a,b] and I [a,b] are defined accordingly, so for example I [a,b) := {a} ∪ I (a,b) .

>

  short geodesics converging to the geodesic (a, b). Let x, y, z, t ∈ ∂H 2 be such that (x, a, y, z, b, t) is positively oriented. Then for n large enough we have that a n ∈ I (x,y) and b n ∈ I (z,t) . This implies that µ(I (y,z) × I (t,x) ) ≤ µ(I (an,bn) × I (bn,an) ) = 0 , that is µ(I (a,b) × I (b,a) ) = 0, by regularity of µ.

  Lemma 3.6. Let µ be a geodesic current. Let a, b, c, d, e be distinct points on ∂H 2 and assume that • (a, b) ⋔ (c, d). • (a, b), (c, d), (e, a) and (e, b) are µ-somewhat short. Then (e, c) and (e, d) are µ-somewhat short. Proof. Consider the ideal triangle with vertices a, b and e. We can assume without loss of generality that (a, d, b, c) is positively oriented. If the triple (d, e, c) is positively oriented, by Pasch's axiom of geometry the geodesic (c, d) must cross the geodesic (e, a). Then Lemma 3.5 applied to the four points a, d, e, c implies that (e, c) and (e, d) are µ-somewhat short. Likewise, if the triple (d, c, e) is positively oriented, the geodesic (c, d) must cross the geodesic (e, b). Lemma 3.5 applied now to the four points b, c, e, d implies that (e, c) and (e, d) are µ-somewhat short.

  (3.1) η(γ k a, b) ⋔ (γ k a, b) , and we denote by T the triangle bounded by the geodesics (γ k a, b), (γ k a, γ k b) and (a, b).

  b), the geodesic (γ k a, b) intersects one of the sides of the triangle ηT . By Pasch's theorem, (γ k a, b) must intersect also another of the geodesic sides of ηT , call it ℓ. But this means that ℓ intersects one of the sides of T . Thus, again by Pasch's theorem, it must intersect one of the other sides, in particular either η(a, b) or η(γ k a, γ k b) intersects either (a, b) or (γ k a, γ k b). This implies that η ∈ γ , which contradicts the maximality of k. Indeed, since (γ k a, b) ⋔ η(γ k a, b), either

c 1 c 2 c 3

 3 Proposition 3.15. Let µ be a basic geodesic current. If (a, b) is µ-somewhat short and simple, then Λ := Γ(a, b) is a Γ-invariant geodesic lamination on H 2 consisting of µ-somewhat short geodesics. Its projection Λ has at most one isolated leaf, which is p Σ ((a, b)), and at most two minimal sublaminations. Proof. Let us set Λ := Γ(a, b), which is clearly a closed subset of H 2 . Since for two geodesics to intersect in H 2 is an open condition, Λ is disjoint union of geodesics and hence, by definition, a lamination.The fact that Λ has at most one isolated leaf and almost two minimal components follows from the general structure theory of laminations. Since (a, b) is µ-somewhat short, it follows from Lemma 3.4 that every geodesic in Λ is µ-somewhat short.

  (a, b) or (b, c) is bigger than 2L. Denote by r the ray from p to b.

R

  Let K := µ({b} × I [a,c] ) and let

  (a, b) ∈ Λ there exists a sequence (a n , b n ) ∈ Λ with lim n (a n , b n ) = (a, b), a n = a and b n = b for every n = 1. (2) For every positively oriented (a, c, d) ∈ (∂H 2 ) 3 , the intersection {a}× I (c,d) ∩ Λ is either empty or it consists of one leaf or of two leaves that are the consecutive sides of a complementary region of Λ. Proof. (1) Pick a leaf λ = (e, f ) in Λ such that neither e nor f is Γ-equivalent to a or b. Since the projection of λ is dense in Λ, there exists a sequence γ n ∈ Γ with lim n γ n (e, f ) = (a, b) . Now set a n = γ n e and β n = γ n f .(2) Assume that {a} × I (c,d) ∩ Λ contains three leaves, sayλ i = (a, c i ), for i = 1, 2, 3 with c 2 ∈ I (c 1 ,c 3 ) . Now pick a sequence (a n , b n ) as in (1) with lim n (a n , b n ) = (a, c 2 ).For n large enough we will have b n ∈ I (c 1 ,c 3 ) and a n ∈ I (c 3 ,c 1 ) while a n = a for all n ≥ 1. But this implies for such an n that (a n , b n ) crosses either (a, c 1 ) or (a, c 3 ), that is a contradiction. Lemma 3.23. Let µ be a basic geodesic current whose support is a lamination Λ. Let a ∈ ∂H 2 and I ⊂ ∂H 2 be an interval such that a / ∈ I. Then µ({a} × I) = 0 . Proof. We start out observing that since Λ is minimal and not a closed geodesic, then µ({λ}) = 0 for every λ ∈ Λ. Next, let c, d ∈ ∂H 2 with I ⊂ I (c,d) and a / ∈ I [c,d] . Then µ({a} × I) ≤ µ({a} × I (c,d) ) . Now apply the preceding lemma. Since {a} × I (c,d) ∩ Λ consists of at most two leaves, and the support of the geodesic current µ coincides with Λ, we get the desired result. We deduce immediately the following: Corollary 3.24. Under the hypothesis of Lemma 3.23 the map (a, b, c, d) → µ(I [a,b] × I [c,d] ) is continuous on the set of positive 4-tuples of points in ∂H 2 .

  Let now λ 0 ∈ C K cc (Σ) be a surface filling current with compact support. Then C(Σ)λ 0 := {µ ∈ C(Σ)| i(µ, λ 0 ) = 1}is compact and so isML c (Σ) λ 0 = ML c (Σ) ∩ C(Σ) λ 0 .Corollary 4.2. The subsetSyst(0) = {µ ∈ C(Σ)| Syst(µ) = 0}is closed.

  Corollary 4.3. Let K ⊂ Σ be compact with ML c (Σ) ⊂ C K cc (Σ) and [µ] ∈ Ω. Then there is an open neighbourhood V [µ] of [µ] and constants constants 0 < c 1 ≤ c 2 such that for every [ν] ∈ V [µ] and every geodesic c contained in K we have c 1 ℓ(c) ≤ i(ν, δ c ) ≤ c 2 ℓ(c).