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ADAPTIVE TEST OF INDEPENDENCE BASED ON HSIC
MEASURES.

Mélisande Albert*!, Béatrice Laurent’!, Amandine Marrel*?, and Anouar Meynaoui$:!?

Hnstitut de Mathématiques de Toulouse ; UMRS5219, Université de Toulouse ; CNRS, INSA, F-31077
Toulouse, France.
2CEA, DEN, DER, F-13108 Saint-Paul-lez-Durance, France.

Abstract: The Hilbert-Schmidt Independence Criterion (HSIC) is a dependence measure based on
reproducing kernel Hilbert spaces that is widely used to test independence between two random vectors.
Remains the delicate choice of the kernel. In this work, we develop a new HSIC-based aggregated procedure
which avoids such a kernel choice, and provide theoretical guarantees for this procedure. To achieve this, on
the one hand, we introduce non-asymptotic single tests based on Gaussian kernels with a given bandwidth,
which are of prescribed level. Then, we aggregate several single tests with different bandwidths, and prove
sharp upper bounds for the uniform separation rate of the aggregated procedure over Sobolev balls. On the
other hand, we provide a lower bound for the non-asymptotic minimax separation rate of testing over Sobolev
balls, and deduce that the aggregated procedure is adaptive in the minimax sense over such regularity spaces.
Finally, from a practical point of view, we perform numerical studies in order to assess the efficiency of our
aggregated procedure and compare it to existing tests in the literature.

Mathematics Subject Classification: Primary: 62G10; secondary: 62G09

Keywords: nonparametric test of independence, Hilbert-Schmidt Independence Criterion, permutation
methods, uniform separation rates, aggregated tests, non-asymptotic minimax and adaptive tests

1 Introduction to independence testing

Many nonparametric approaches to test independence between two continuous random vectors
have been explored in the last few decades. Among them, [Hoeffding, 1948] introduces a test
based on the difference between the joint distribution function and the product of the marginal
distribution functions. This test has good properties in the asymptotic framework since it is con-
sistent. Yet, it only applies to univariate random variables. Lately, [Weihs et al., 2018] extend
Hoeffding’s test to the case of multivariate random variables, but still in an asymptotic frame-
work. Another classical method for testing independence is based on comparing the joint density
and the product of the marginal densities [Rosenblatt, 1975, Ahmad and Li, 1997]. For this, an
intermediate step is to estimate these densities using, e.g., the kernel-based method of Parzen-
Rosenblatt [Parzen, 1962]. More recently, many approaches based on reproducing kernel Hilbert
spaces (RKHS) have been developed (see [Aronszajn, 1950] for more details). One of the first
RKHS measures is the kernel canonical correlation (KCC) [Bach and Jordan, 2002]. Yet, the es-
timation of the KCC is not practical since it requires an extra regularization which has to be
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adjusted. Other dependence measures, easier to estimate have been studied later. For instance,
the kernel mutual information (KMI) [Gretton et al., 2003, Gretton et al., 2005b] and the con-
strained covariance (COCO) [Gretton et al., 2005¢, Gretton et al., 2005b] are widely used, since
they are relatively easy to interpret and to implement. Finally, one of the most interesting kernel
dependence measure is the Hilbert-Schmidt independence criterion (HSIC) [Gretton et al., 2005a).
The HSIC has a very low computational cost and seems to numerically outperform all previous
RKHS measures [Gretton et al., 2005a]. A first independence test based on the HSIC is devel-
oped using large deviation inequalities [Gretton et al., 2005a]. Then, other tests are constructed
in [Gretton et al., 2008, Li and Yuan, 2019] using an approximation of the null distribution of the
HSIC estimator either by an asymptotic Gamma distribution or by a permutation approach. A
generalization to joint and mutual independence testing is presented in [Pfister et al., 2018]. We
also mention the RKHS-based test [P6czos et al., 2012], using the copula-based kernel dependency
measure. Yet, this test is more conservative than the test of [Gretton et al., 2008], since it is based
on large deviation inequalities. Lately, based on characteristic functions, [Székely et al., 2007] in-
troduce the distance covariance which has good properties and can be used in high dimensional
frameworks [Székely and Rizzo, 2013, Yao et al., 2018]. Furthermore, it has been shown that the
distance covariance coincides with the HSIC for a specific choice of kernels. Other tests have
emerged based for instance on a sample space partitioning [Heller et al., 2016] or based on binary
expansion [Zhang, 2019] and very recently extended to any arbitrary dimension [Lee et al., 2019].
Finally, the authors of [Berrett and Samworth, 2019] introduce a new test based on nearest neigh-
bour methods and kernel mutual information which seems to achieve comparable results with the
classical tests based on HSIC. In this paper, we focus on HSIC measures to test independence.

1.1 Adaptive independence tests

To study the non-asymptotic performances of testing, we consider the uniform separation rate as
defined in [Baraud, 2002]. For any a-level test A, with values in {0, 1}, which rejects independence
when A, = 1, the uniform separation rate p (A, Cs, 8) of A,, over a class Cs of regular alternatives
f (such that the difference between the density f and the product of its marginals fi ® fy satisfies
smoothness assumptions), with respect to (w.r.t.) the Lg-norm, is defined for all £ in (0,1) by

p(Aa,Cs, B) = inf {p>0; sup Py (Aq =0) Sﬁ}, (1.1)
FEFH(C5)

where F,(Cs) = {f; f— 1 ® f2€Cs, || f — f1 ® fall, > p} and |||, designates the usual Lyp-norm.
The uniform separation rate is then the smallest value in the sense of the Lo-norm of f — f1 ® fo
allowing to control the second kind error of the test by 5. A test of level o having the optimal
performances, should then have a uniform separation rate as small as possible over Cs. To quantify
this, let us define, as in [Baraud, 2002|, the non-asymptotic minimaz rate of testing by

p(657a76) :iAnfp(Aa,Cg,ﬁ), (12)

where the infimum is taken over all a-level tests. If the uniform separation rate of a test
is upper bounded up to a constant by the non-asymptotic minimax rate of testing, then
this test is said to be optimal in the minimax sense. The problem of non-asymptotic min-
imax rate of testing was raised in many papers over the past years. Among them, we



mention for example [Ingster and Suslina, 1998, Laurent et al., 2012] for minimax signal detec-
tion testing. Concerning independence testing, optimality in the minimax sense defined as
above is closely related to the asymptotic minimax rate as introduced in the notable works
of Ingster [Ingster, 1989, Ingster, 1993b], of Yodé [Yodé, 2004, Yodé, 2011] or very recently of
[Li and Yuan, 2019]. Lately, [Berrett and Samworth, 2019] study upper bounds w.r.t. mutual in-
formation, and [Ramdas et al., 2016] obtain minimax lower bounds for linear independence testing.
In the non-asymptotic framework considered in this paper, [Albert, 2015] obtains upper bounds
w.r.t. the Ly distance over weak Besov spaces. Concurrent with our work, and independently,
[Berrett et al., 2020] and [Kim et al., 2020] also obtain minimax separation rates for independence
tests based on permuted U-statistics.

Furthermore, beyond the problem of minimax optimality, the straightforward practical con-
struction of a minimax test usually depends on the unknown smoothness parameter § of the
regularity space Cs. The objective is then to construct a minimax test which does not need
any smoothness assumption to be implemented. These tests are called minimax adaptive. The
problem of adaptivity has received a great attention in the literature. We mention for instance
the works of [Baraud et al., 2003] for linear regression model testing with Gaussian noise and of
[Ingster, 2000, Fromont et al., 2006, Balakrishnan et al., 2019] for goodness-of-fit testing. The au-
thors of [Fromont et al., 2013] consider an interesting approach for testing the equality of two
Poisson processes intensities, which consists in aggregating several single kernel-based tests, and
prove that it is adaptive over several regularity spaces. This paper lies in the lineage of these works.

1.2 Mathematical framework and notation

In this work, we study the problem of testing the independence between two continuous real random
vectors X = (XM X®Yyand Y = (YD, ... V@), The couple (X,Y) is assumed to have a
joint density f w.r.t. Lebesgue measure on RP x R?, with marginal density functions f; and f. To
avoid any misunderstanding, let us highlight that f; and fo are assumed to be unknown and are
not fixed a priori. We denote by f1® fa : (z,y) € RP xR? — fi(z)f2(y) the product of the marginal
densities. We also assume that we observe a n-sample (X1,Y7),...,(X,,Y,) of independent and
identically distributed (i.i.d.) random variables with common density f. The probability measure
associated to this n-sample is denoted P;. By analogy, Py g, designates the probability measure
associated to a nm-sample with common density f; ® fa.

We address here the question of testing the null hypothesis (Hp): “X and Y are independent”
against the alternative (H1): “X and Y are dependent”. That is equivalent to test

(Ho): “f = f1® f2” against  (Hi): “f # /1 ® f2"

Throughout this document, we consider the following assumption:

A; : the density f, and its marginal densities f; and fo are bounded,
and denote My = max {[| f[| , [l /1l » I /2l } -

Moreover, the generic notation C(a,b,...) denotes a positive constant depending only on its
arguments (a,b,...) and that may vary from line to line. Finally, the dimensions p and ¢ are
assumed to be fixed, and do not depend on the sample size.



1.3 Review on HSIC measures

The definition of the HSIC is derived from the notion of cross-covariance operator [Baker, 1973,
Fukumizu et al., 2004], which can be seen as a generalization of the classical covariance, measuring
many forms of dependence between X and Y (not only linear ones). For this, [Gretton et al., 2005a]
associate to X an RKHS F composed of functions mapping from R? to R (F is a set of transforma-
tions for X ), and characterized by a scalar product (-,-) 7. The same operation is carried out for Y,
considering an RKHS denoted G and a scalar product (-,-)g. The cross-covariance operator Cx y
associated to F and G is the operator mapping from G to F and verifying for all (F,G) € F x G,

(F, Cx v (G)) 5 = Cov (F(X),G(Y)).

Designating by (u;); and (v;); respectively orthonormal bases of F and G, the HSIC between X and
Y is the square Hilbert-Schmidt norm of the operator Cx y defined as in [Gretton et al., 2005a] by

HSIC(X,Y) = |Cx,y g = > (ui Cx,y (v;))F = D Cov (w;(X), v;(Y))?.

1,7 2y
The fundamental idea behind this definition is that HSIC(X,Y) equals zero if and only if
Cov (F(X),G(Y)) = 0 for all (F,G) in F x G. Furthermore, X and Y are independent
if and only if Cov(F(X),G(Y)) = 0 for all bounded and continuous functions F and G
(see e.g. [Jacod and Protter, 2012]). It follows that, for well chosen RKHS, the nullity of
the HSIC characterizes independence. Authors of [Gretton et al., 2005¢c] show that a sufficient
condition so that the nullity of the associated HSIC characterizes independence is that the
RKHS F (resp. G) induced by a kernel k (resp. [) is dense in the space of bounded and
continuous functions mapping from R?P (resp. R?) to R. Such kernels are called universal
[Micchelli et al., 2006]. However, the universality is a very limiting condition and only adapted
to compact domains. Recently, a wider class of kernels called characteristic kernels has been
introduced in [Fukumizu et al., 2008, Sriperumbudur et al., 2010]. These kernels characterize in-
dependence on compact as well as non-compact sets. Among them, one of the most commonly used
is the Gaussian kernel [Steinwart, 2001], which we consider in this paper. It is defined as follows.
Let g4 be the density of the standard Gaussian distribution on R¢ defined for all z = (a:(l), ces ,l‘(d))
in R by

i=1
For any bandwidths A = (Aq,...,Ap) in (0,400)? and pr = (p1, ..., fq) in (0,400)?, we denote for
any z in RP and y in RY,

1 2L 7P 1 y y(@
r)=—"— —_— ., — ], = — e B 14
ea(z) A ”)\pgp ( M N Pu(y) - ”'quq i g (1.4)

Finally, the Gaussian kernels are defined for z, 2’ in R? and y, %’ in R? by

ga(x) = (27r1)d/2 exp (—; Z [x(i)}2> . (1.3)

ka(z,2) = ea(e —2'), and Lu(y,y') = duly —y).
A very convenient form of HSIC(X,Y") is expressed in [Gretton et al., 2005a] using kernels k
and [ respectively associated to F and G,

HSIC(X,Y) = E[k(X, X")(Y,Y")] + E[k (X, X) | E[l (Y,Y")]
—2E[E[k (X, X') | X]E[L(v,Y") | Y]], (1.5)



where (X', Y”) is an i.i.d. copy of (X,Y). Note that HSIC(X,Y) only depends on the density f
of (X,Y). Hence, in the following, we denote by HSIC) ,(f) the HSIC measure defined in (1.5),
where the kernels k and [ are respectively the Gaussian kernels ky and [,.

Given an i.i.d. n-sample (X;,Y;)1<i<, with common density f, an estimator of HSIC} ,,(f) can
be obtained by estimating each expectation of Equation (1.5). For this, we introduce the following
U-statistics, respectively of order 2, 3 and 4,

——(2) 1

HSIC),, = ——— > k(X X;) 1, (Y,Y)),

’ n(n—1) 4.

(3,5)€iy

AsIcy) = ! S k(X X)) L (Y3, V)

A n(n—l)(n—2) . . A iy <xj) by \Lgy, Lr),

(4.,r)€iy

Asic, = ! ST k(X X)L (Y, V)

M7 pn—1)(n—2)(n—3) 4= AR AT ts )

(27]»7'75)612
where i is the set of all r-tuples drawn without replacement from {1,...,n}. We estimate

HSIC) ,(f) by the U-statistic

®3)

) (4)
) At

I_I/SI\C)\7MZI_I/SI\C)\M+I'I/S-I\C>\7M—2I_I/S'I\C (16)

Similar estimators have been used to construct independence tests (see e.g.
[Gretton et al., 2008]). Yet, only a heuristic choice of the bandwidths A\ and g is considered
with no theoretical guarantees. To avoid this choice, following the work of [Fromont et al., 2013],
we introduce in this paper an aggregated procedure based on Gaussian kernel HSIC measures
and prove that it is minimax adaptive over Sobolev balls. Note that in the continuity of our
work, [Kim et al., 2020] obtain minimax adaptive results over Holder spaces for two-sample and
independence tests based on permutations.

The structure of this paper is as follows. In Section 2, we first present a theoretical non-
asymptotic HSIC-based test of prescribed level a as well as a permutation-based HSIC-test that is
implemented in practice. We then provide theoretical conditions based on concentration inequalities
for U-statistics, allowing to control the second kind error of the theoretical test by a given fS.
This last step leads us to sharp upper bounds of the uniform separation rate over Sobolev balls,
and an optimal bandwidth choice (depending on the regularity parameter) in order to obtain a
minimax optimal test. In Section 3, we introduce an aggregated procedure avoiding the bandwidth
choice. We prove both an oracle-type inequality and sharp upper bounds for the uniform separation
rate over Sobolev balls. Lower bounds over Sobolev spaces are obtained in Section 4. Finally, a
comparison of the permutation-based test with the theoretical test first, and then with other existing
tests, is presented in a simulation study in Section 5.

2 Single HSIC-based tests of independence

The aim of this section is to sharply upper bound the (non-asymptotic) uniform separation rate
of HSIC-based tests over Sobolev balls which are well adapted to kernel-based tests. For this,
theoretical conditions allowing to control the second kind error are first given in terms of HSIC) ,(f)
and then in terms of the Lo-norm of f— f; ® fo. In this section, we consider fixed bandwidths (A, p).



2.1 The testing procedures

Consider the notations introduced in Sections 1.2 and 1.3.

A theoretical test of independence Since Gaussian kernels are characteristic, testing the
independence between X and Y is equivalent to testing

(Ho) : HSICy ,(f) = 0 against (H1) : HSICy ,(f) > 0.

The statistic HSIC A defined in Equation (1.6) is then a natural test statistic since it is an unbiased
estimator of HSIC, ,(f). For a prescribed level a in (0, 1), we consider the theoretical statistical
test AM* defined by

AN = (2.1)

Iiste, >ty

where ¢7*,, M denotes the (1 — a)-quantile of HSIC,\,/L under Py g, We reject (Ho) if Ay# = 1. By
definition of the quantile, this theoretical test is of non-asymptotic level «, that is for all denmtles
f1 and fo, Pfl®f2(A # = 1) < a. Note that the analytical computation of the quantile q1

not possible since its value depends on the unknown marginal densities f; and fo. In pract1ce,
this quantile is approached by permutation with a Monte Carlo approximation as described in the
following paragraph.

A permutation-based test of independence Let Z, = (X;,Y;)i<i<n denote the original
sample and compute the test statistic HSIC apu (Zy) defined by Equation (1.6). Then, let 71,...,75
be B i.i.d. random permutations of {1,...,n}, independent of Z,,. We define for each permutation
Ty the corresponding permuted sample Z7b = (Xiyy‘rb(i))lgiﬁn and compute the permuted test
statistic on this new sample -

H3b, = HSIC) , (Z7) .

Under Py g, each permuted sample Z? has the same distribution as the original sample Z,,.
Hence, the random variables {ﬁif’u}lgbg B, have the same distribution as HSIC Apu- We apply a
trick, based on [Romano and Wolf, 2005, Lemma 1], which consists in adding the original sample
to the Monte Carlo sample in order to obtain a test of non-asymptotic level a. To do so, denote

By BSICy, and 0 < B3O < < 0D

the order statistic. Then, the permuted quantile with Monte Carlo approximation Qi‘fa is thus

defined as N
qi\fa — H/*\’(AE(BH)(l_am. (2.2)

where [-] denotes the ceiling function. The permuted test with Monte Carlo approximation zé“

performed in practice is then defined as

AN
A7 ]IHSICM>41* " (2.3)

Proposition 1. Let o in (0,1) and consider the permuted test with Monte Carlo approzimation
AM defined by Equation (2.3). Then, for all B, Pt ot (A = 1)

Hence, both the theoretical test Af‘l’“ and the permuted test Aé’“ are of prescribed non-
asymptotic level a. A comparison in terms of power is done on simulated data in Section B.1
justifying the restriction of the following theoretical study to the theoretical test.



2.2 Control of the second kind error in terms of HSIC

For an arbitrarily small § given in (0,1), Lemma 1 provides a first non-asymptotic condition on
the alternative f ensuring that the probability under Py of second kind error of the theoretical
test AV defined in Equation (2.1) is at most equal to 3. This condition is given for the value of

HSIC) ,(f). It involves the variance of the estimator HSIC) , which is finite since this estimator
is bounded.

Lemma 1. Let o, B in (0,1) and (X;,Y;)1<i<n be an i.i.d. sample with distribution Py. Consider
the test statistic HSIC) ,, defined by (1.6) and denote q{\;"a its (1 — a)-quantile under Py gg,. Then
Py(HSIC) , < qf"_“a) < fB as soon as

HSIC
HSIC)\JJ‘(f) Z \/Varf( ; CA’M) + qi\lua

Lemma 1 gives a threshold for HSICy ,(f) from which the dependence between X and Y is
detectable with probability greater than 1 — 5. In order to express the order of magnitude of this

threshold w.r.t. n, A and u, we establish sharp upper bounds for both the variance Var f(H/SI\C )
and the quantile qi\;"a. Proposition 2 gives an upper bound for the variance.
Proposition 2. Let f be a density satisfying Assumption A;, and (X;,Y;)1<i<n be an i.i.d. sample
with distribution Py. Consider the test statistic H/SI\CML defined by (1.6). Then,

)
pH1 - - ,uan '

— 1
Varf(HSICA#) < C(Mf,p, q) {n + " h

Propostion 3 provides an upper bound for the quantiles. It requires the following assumptions
on the bandwidths (A, p):

P

: 1
Az (a) : max{ )‘“H“J} <1 and ny/A1...Apu1...pg > log (a) > 1.
=1

J=1

Note that larger sample sizes allow for smaller bandwidths.

Proposition 3. Let « in (0,1). Let f be a density satisfying A1 and (X;,Y:)i<i<n be an i.i.d.
sample with distribution Py. Consider bandwidths (X, ) satisfy Assumptions Agz(a). Denote
HSIC) ,, the test statistic defined by (1.6) and qi\’_“a its (1 — a)-quantile under Py g ,. Then,

A C (M yDy 4 1
ql’_“a < ( ! ) log <> .
N/ AL Aplia - flg !
Combining Lemma 1 with Propositions 2 and 3, Corollary 1 provides a sufficient condition on
HSIC) ,(f) depending on the bandwidths A, ;¢ and the sample size n in order to control the second
kind error rate by .

Corollary 1. Under the assumptions of Lemma 1, Propositions 2 and 3, one has Pf(Ag’“ =0)<g
as soon as

1 1 1
HSIC), ,(f) > C (M, p,q, B) {\/ﬁJrn\//\l 8 (a)}
Al - g

Note that the right-hand side term given in Corollary 1 depends on the unknown density f.
However, this dependence is weak since it only involves the infinite norm of f and its marginals.



2.3 Control of the second kind error in terms of Ls;-norm

For the sake of interpretation, and in order to upper bound the non-asymptotic uniform separation
rates w.r.t. the Lo-norm, we now want to express the condition on HSIC, ,(f) obtained in Corollary
1 in terms of the Ly norm of the difference f — f1 ® fo. To do so, we first give in Lemma 2 a link
between HSIC), ,(f) and ||f — fi ® fal3.

Lemma 2. Let ¢ = f — f1 ® fa. The HSIC measure of f associated to kernels ky and 1, and
defined in Equation (1.5) can be written as

HSIC) ,(f) = (1,9 * (px @ ¢p))e2,

where @y and ¢, are the functions defined in Equation (1.4), and (-,-)2 denotes the usual scalar
product in the Lo space. One can easily deduce that

HSIC, (1) = 5 (1013 + 1 (ox @ 612 ~ [0~ s (or @ 9013 ) (24)

Theorem 1 gives a sufficient condition on ||f — fi; ® fo||3, for the second kind error of the test
AM* to be upper bounded by 3.

Theorem 1. Let o, 3 in (0,1) and consider the test AN defined by (2.1). Assume that the density
f satisfies Ay and that the bandwidths (X, 1) satisfy Aa(a). Then, Pr(AM* = 0) < 3 as soon as

C (Mg, p, q, 1
613 > 19— (o2 @ )13 + Wf L2 (). (25)
p

where 1 = f — f1 ® fa, and C(-) denotes a positive constant depending only on its arguments.

In Condition (2.5) appears a compromise between a bias term, namely [|¢) — ¢ * (p\ ® ¢>“)H§,

and a term induced by the square root of the variance of the estimator HSIC) ,. Note that, due to
Proposition 3, this variance term also controls the quantile term. Comparing the conditions on the
HSIC given in Corollary 1 and on the Ly-norm || f — f1 ® fo||3 given in Theorem 1, the meticulous
reader may notice that the term in 1/4/n has been removed. This suppression seems to be necessary
to obtain optimal separation rates according to the literature in other testing frameworks. This
derives from quite tricky computations that we point out here and that directly prove Theorem 1.
By combining Lemmas 1 and 2, direct computations lead to the condition

Var (HSIC), )

+ 29" 2.6
3 q1 ( )

2 2 2

19113 > 1Y =¥+ (ex @ @u)ll5 — Hi/)*(w®¢u)\|2+2\/ o
If one directly considers the upper bound of the variance Vary (H/SRT ) given in Proposition

2, one would get the unwanted 1/v/n term. The idea is to take advantage of the negative term

—||Y * (or ® qbu)Hg to compensate such term. To do so, we need a more refined control of the

variance given in the technical Proposition 4.

Proposition 4. Let f be a density satisfying Assumption Az, and (X;,Y;)1<i<n be an i.i.d. sample
with distribution Py. Consider the test statistic HSIC) ,, defined by (1.6). Then,

9 * (o2 @ B3 C (My,p,q)
+ — .
n n/\l...)\p,ul...uq

Varf(HSIC)\#) S C(Mf)



Finally, using standard inequalities such as va +b < /a + Vb or such as 2vab < ca + b/c for
all positive a, b and ¢, one can prove that

\/Varf(H/SR?A )
S

n n\/)\l Apli1 - - - g

which leads to Theorem 1 when combined with Equation (2.6) and Proposition 3. Notice that such
trick is already present in [Fromont et al., 2013].

< ¢ * (o2 @ P12 +

9

2.4 Uniform separation rate over Sobolev balls

The bias term in Theorem 1 comes from the fact that we do not estimate ||f — f1 ® f2||g but
HSIC) ,(f). In order to have a control of the bias term w.r.t A and y, we assume that f — f1 ® fo
belongs to some class of regular functions.

The Sobolev ball S3(R) in dimension d in N*, with regularity parameter § > 0 and radius R > 0,
is defined by

S3(R) = {5 ‘RY 5 R; seLi(RY)N Lg(Rd),/d lul|? |8(w)|? du < (27r)dR2} , (2.7)

R
where ||| denotes the Euclidean norm associated to the usual scalar product (-,-) in R and §
denotes the Fourier transform of s, defined on R by 3( = Jras( ’<”"7“> dx. Lemma 3 gives an

upper bound for the bias term in the case where f — f; ® fo belongs to particular Sobolev balls.

Lemma 3. Assume that Y = f— f1® fa belongs to the Sobolev ball S£+Q(R) with positive parameters
d and R, defined in (2.7). Let @y and ¢, be the functions defined in (1.4). Then, there exists Ty

in [0,1] such that

I — = (ox @ d)ll3 < (1= e T872) |¢]l3 + C(p, ¢. 6, R)

P q
D AT
i=1 j=1
Moreover, if § belongs to (0,2], then Ts = 0 and the term with ||¢||, vanishes.

In the following, we study optimality over Sg +q(R, ') defined by

Sprg(B R) = Sy y(R) N { fymax {[|f o s | filloo s I felloc} < B} (2.8)

One can deduce from Theorem 1 upper bounds for the uniform separation rates, defined in (1.1),
of the test A} over Sobolev balls.

Theorem 2. Let o, 5 in (0,1), and positive parameters 6, R and R'. Consider bandwidths (X, u)
satisfying Assumptions Az(ca) and denote AN the test defined by (2.1). Then, the uniform sep-
aration rate defined in (1.1) of the test AM over the Sobolev ball 85+q(R R') defined in Equation
(2.8) can be upper bounded as follows

[ (Aéﬂu’sg-i-q(R’ R/)vlﬁ)}z < C(pa q, 67 R)

p q
S ]
i=1 j=1

C(R,p,q,pB) 1
TL\/)\1 ST log <a), (2.9)

where C(-) denote positive constants depending only on their arguments.



One can now determine optimal bandwidths (\*, #*) which minimize the right-hand side of
Equation (2.9). To do so, the idea is to find for which (A, 1) both terms in the right-hand side of
(2.9) are of the same order w.r.t. n. We also provide an upper bound for the uniform separation
rate of the optimized test A)™*" over Sobolev balls.

Corollary 2. Let « in (0,1/€), B in (0,1), and §, R, R' > 0. Define for all i in {1,...,p} and for
all j in {1,...,q},

sz _ ,u;‘f _ n—2/(46+p+q)_
If n > (log(1/a)) T ®FD/ED ypen (X 1*) satisfy Az(a) and the uniform separation rate of the
optimized test AN " over the Sobolev ball Sg+q(R, R') is controlled as follows

p (AN, 80 (R,R),B) < C (p,q,0, 8,0, R, ') n~/(400+a),

Note that, in the definition of the Sobolev ball Sg +q(R, R'), we have the same regularity param-
eter 6 > 0 for all directions in RP™4. This corresponds to an isotropic regularity condition. Similar
results over anisotropic Nikol’skii regularities are obtained in Appendix A in the supplementary
material.

Moreover, the test Ag‘é*’“* with the optimized bandwidths depends on the regularity parameter
0 and cannot be computed in practice. In the next section, for the purpose of adaptivity, we build
an aggregated testing procedure taking into account a collection of bandwidths. In particular, this
avoids the delicate choice of arbitrary bandwidths. We then prove an oracle-type inequality and
show that the uniform separation rate of this aggregated procedure is of the same order as the
smallest uniform separation rate of the tests in the chosen collection, up to a logarithmic term.

Finally, note that subsequently, [Kim et al., 2020] generalize Theorem 2 to the permuted tests.
However, they obtain a polynomial dependence in «, that is 1//« instead of log(1/«), which leads
to minimax optimal tests for an optimized bandwidth choice, as in Corollary 2. Yet, the dependence
in « is not sharp enough to provide adaptive tests by aggregating.

3 Aggregated HSIC-based test of independence

In Section 2, we consider single tests based on Gaussian kernels associated to given bandwidths
(A, ). However, there is as yet no justified method to choose A and p with theoretical guaran-
tees. In many cases, authors choose these parameters w.r.t the available data (X;,Y;)i<i<n by
taking for example A\ (resp. ) as the empirical median (see [Zhang et al., 2011]) or the empiri-
cal mean (see, e.g., [De Lozzo and Marrel, 2017, Marrel et al., 2020]) of (|| X; — Xj|)1<i<j<n (vesp.
(IIY: = Yj|)i<i<j<n).- To avoid this arbitrary choice, we consider in this section an aggregated
testing procedure combining a collection of single tests based on different bandwithds.

3.1 The aggregated testing procedure

Consider now a finite or countable collection W C (0, +00)? x (0,400)? of bandwidths (A, u) and
a collection of positive weights {w,\’#}(/\ L)EW such that 3y ey e M < 1.

For a given « in (0, 1), the aggregated test rejects (Ho) if there is at least one (A, 1) in W such
that the corresponding single test with corrected level u, exp(—wy ;) rejects (Ho), that is

A\ p) EW ; H/SI\CM > ot

l—uge “Xn’
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where u,, is the less conservative value such that the aggregated test is of level a. More precisely,
this level correction is defined by

U = SUP {u >0; Prof ( sup {H/SI\C)W — qi\_“ _ww} > 0) < Oz} . (3.1)
AmeW e

We should mention here that the supremum in Equation (3.1) exists since the function

u— Pfrgs( sup {HSICy , — q’\’_”u

>0
(A ) EW L }>0)

e_w)\nu

is well defined for u in the interval (0,inf( ,yew {exp(wx ,)}), non-decreasing, and converges to 0

and 1 respectively at the boundaries of this interval. Moreover, we can choose weights such that

Z( apmew e A =1. Yet, in practice, it just changes the value of u, and leads to the same test.
The (theoretical) aggregated test A, is then defined by

Ay =1 3.2
{ (3.2)

sup

— )
HSIC) ,—q™"  _ }>0
(A R)EW Ho g A

and rejects (Hp) if A, = 1. By definition of uy, the test A, is of level a.

For computational limitations, the collection W is finite in practice. Moreover, as for the
quantile, the correction u, of the level is not analytically computable since it depends on the
unknown marginal densities f; and fo. In practice, it can also be approached by a permutation
method with Monte Carlo approximation, as done in [Albert, 2015]. More precisely, consider
the notations of Section 2.1. First, generate B; independent and uniformly distributed random

permutations of {1,...,n}, denoted 7,...,7p,, independent of Z,, and compute for each (A, ) in
W and each u > 0 the permuted quantile with Monte Carlo approximation (ji\’_”ue,L,JA , as defined in
(2.2). Second, in order to estimate the probabilities under Py gy, in (3.1), generate By independent
and uniformly distributed random permutations of {1,...,n}, denoted k1,...,xp,, independent of
Zy, and of 1y,...,7p,. Denote for all permutation ky, the corresponding permuted statistic

H’;”# = HSIC, , (Z}?)
Then, the correction u,, is approached by Monte Carlo as follows:

Ly
o =supqu>0; — » 1 SN <a,. (3.3)
B2 b=1 (kfﬁ?gw {HA’”'_ql—uue_w)‘n“ }>0

In the end, the permuted aggregated test Aa with Monte Carlo approximation is defined by

A, =1 3.4
{ (3.4)

max

HSIC, ,, —¢M* }>0'
op)ew hed ey

l—tge

As for the single tests, a comparison in terms of power is done on simulated data in Section 5.1
justifying the restriction of the following theoretical study to the theoretical aggregated test.

11



3.2 Oracle-type conditions for the uniform separation rate over Sobolev balls

As a reminder, our goal is to construct a testing procedure with a uniform separation rate as small
as possible and whose implementation does not require any information about the regularity of the
difference f — f1 ® fo.

The main advantage of the aggregated procedure is that its second kind error is upper bounded
by the smallest error of the single tests (with corrected levels) in the collection. The main argument
is highlighted in Lemma 4.

Lemma 4. Let o, §in (0,1), and consider the aggregated test A, defined in Equation (3.2). Then,
Uy > @ and
Pr(Aa=0)< inf {Pp(aM, =0)}.

T (ApEW A

According to Lemma 4, if there exists at least one single test AN with a probability of

_WA
second kind error at most equal to 3, then the same control holds for the aggregated test A,.
Theorem 3 gives an oracle-type inequality for the uniform separation rate of the aggregated testing

procedure A, showing the interest of this procedure.

Theorem 3. Let a, 8 in (0,1). Consider a finite or countable collection W C (0, +00)P x (0, +00)?
of bandwidths (A, 1) and a collection of positive weights {CU)\’/L}(A ew Such that 35y ey e™ e < 1

and such that all (A, ) in W verifies Assumption Ag(cve™“*n). Then, the uniform separation rate
over Sobolev balls S5+q(R R') with positive parameters §, R and R’ of the aggregated test A, defined
in Equation (3.2) can be upper bounded as follows

[0 (8083 g(R.R).B)]” < C (pa, 8,6, R.R) x

25
uiﬂiw{lD o

- Wy, )
n\/)\l M1 .- g o !

Ap
where C(-) is a positive constant depending only on its arguments.

Theorem 3 can be interpreted as an oracle-type condition for the uniform separation rate of
the test A,. Indeed, without knowing the regularity of f — fi ® fa, we prove that the uniform
separation rate of A, is of the same order as the smallest uniform separation rate of the single tests
corresponding to bandwidths (A, ) in W, up to an additional term w) , due to the correction of
the individual levels.

3.3 Uniform separation rate over Sobolev balls

In this section, we consider the aggregated test for a particular choice of bandwidths collection W
defined by

W= {(2—m1p+q, mel,... ,M;;vq}}, (3.5)

where 1,1, = (1,1,...,1) € RP™? and, denoting |-| the floor function,

MP9 = {log2 (hogrzn)} piq)J .



In addition, we associate to every (A, ) = 271,14 in W the positive weight

wy,u = 2log (m X \7/r€> , (3.6)

so that -y ey e < 1. Corollary 3 justifies that this particular choice of bandwidths collection
and associated weights is well adapted to Sobolev regularities.

Corollary 3. Let «, 5 in (0,1). Consider the aggregated test A, defined in (3.2), with the particular
choice of the collection W and the weights (OJA,M)()\ L)EW defined in (3.5) and (3.6). Assume that
loglog(n) > 1. Under the assumptions of Theorem 3, for any §, R, R' > 0, there exists a positive

constant C(p, q, «, d) such that for alln > C(p,q, a, ), the uniform separation rate over the Sobolev

ball Sg+q(R, R’) of A, can be upper bounded as follows:

771 .

(B, Sl R, 5) < C (p.,0,8.6, 1K) (3.7)

According to Corollary 3, the uniform separation rate of the aggregated procedure over Sobolev
balls is of the same order as the one of the optimized test A)*" (given in Corollary 2), up to a
loglog(n) factor. Note that this logarithmic loss is usually the price to pay for aggregated tests (see,
e.g., [Spokoiny, 1996, Ingster, 2000]). Similar results over Nikol’skii-Besov spaces are also obtained
in the supplementary material.

4 Lower bound for the non-asymptotic minimax rate over Sobolev
balls

In this section, we present a general method based on a Bayesian approach to lower bound the
non-asymptotic minimax rate of testing as defined in (1.2). The general idea of this method is due
to [Ingster, 1993a] and relies on Lemma 5.

Lemma 5. Let o, B,m in (0,1) such that o« + f+n < 1. Let Cs denote some regularity space, and
recall that for all positive p, the set F,(Cs) is defined by

FolCs) =S5 F—h&faeC5 |f =& fally = p}

Let us denote

B[]—“p(C(;)] =inf sup P;(A,=0),
Ba feF,(Cs)

where the infimum is taken over all a-level tests of (Ho) against (H1).

Let p, > 0 and consider a probability measure v,, defined on the set of densities in Lo(RP x RY)
such that vy, (Fp,(Cs)) > 1 —n. Define the associated probability measure P, for all measurable
set A in R"PT9) py

P ()= [ P ()

Assume there exists a density fo that satisfies (Ho) such that the probability measure P, is
absolutely continuous w.r.t. Py, and verifies

Ep, L2, (Zn)] <1+4(1—a -3 -n)?, (4.1)
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where the likelihood ratio L, is defined by L,, = dP,, [dPs,. Then, for all p < p. we have that
/8[.7'—[;(65)] > B. It follows that

p(Cs; ) = inf p (A, Cs, 5) 2 pu.

We aim at proving that

pl = Cn~20/40+p+a)
is a lower bound for the non-asymptotic minimax rate of testing, defined in (1.2), over Sobolev balls
Sngq(R, R'), for some positive constant C, that is, p (Sgﬂ(R, R, a, B) > pl. According to Lemma
5, it is sufficient to find a probability distribution v, such that v, (Fps (S5, (R, R'))) > 1 —n and

p+q
such that Condition (4.1) holds.

To do so, we generalize the construction of [Butucea, 2007] to our multidimensional framework.
The idea is to construct a finite set of alternatives (fg)p by perturbing the uniform density on
[0,1]” x [0,1]9, and define v,x as a uniform mixture of these alternatives. For this, consider the
function G defined for all ¢t in R by

G(t) = e71/[17(“%)2}]1(71,71/2) (t) — @71/[17(4”1)2]]1(71/2,0) (t). (4.2)

One may notice that G is continuous, with support in [—1,0] and that [ G(t)dt = 0. The function
G together with its Fourier transform has valuable properties for our study.
Let h, be in (0, 1] to be specified later such that M, := 1/h,, in an integer. Denote I, p, =
p q . Mp+q .
{10, M} x {1,..., My }?. For all 0 = (0;1)) (el ,, 0 {—1,1}7" , define for all (z,y) in
R? x RY,

gl

f@(wv y) = ]1[0,1]p+q (QZ, y)

P q
+ Cohf, TP N 0G0 T1 G e = drhn) T G (ys = 1shn),  (4.3)
(jzl)eln,p,q r=1 s=1

where for all h > 0, Gp,(-) = (1/h) G(-/h) and Cy is a constant depending on (p, q,d, R, R',n) that
will be specified later. One may notice that for all 6, the alternative fy is supported in [0, 1]P9.
Moreover, since the integral of G' over R equals 0, the marginals fg 1 and fg 2 of fg are respectively
the uniform densities on [0, 1]” and [0, 1]9. Lemmas 6 and 7 justify the choice of these alternatives.
Lemma 6. Let 6 >0, R > 0 and R’ > 1. Consider hy, in (0,1] such that My, := 1/h,, is an integer.
Then, for all = (0¢;1)) j.1)el, pqg 11, 1}M5+q, the function fy defined in Equation (4.3) satisfies
the following properties.

1. If Co < min{1, R’ — 1}eP*9, then the function fg is a density function and
max{||folloo . 1 o1l - [fo2ll o} < R
2. The function fy is such that ||fo — fo1 ® fozll, = Co |Gl RS,

Let us now consider a uniform mixture v,: of the alternatives (fy), for 0 in {1, 1}M5+q. Note
that this is equivalent to considering a random alternative fo where © = (©;1))(jer, ., With i.i.d.
Rademacher components © ;). The aim of Lemma 7 is to prove that, for a well chosen constant Co,
the random function fg — fo 1 ® fe 2 belongs to the Sobolev ball Sg +q( R R') with high probability.
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Lemma 7. Let 6 > 0, R > 0 and R > 1. Let © be the random vector © = (O 1))(j)eln g
with i.i.d. Rademacher components O ;. Consider fo defined by (4.3), where the vector 6 is
replaced by the random vector ©. Then, there exists a positive constant C(p,q,0,n) such that, if
C? < (2m)PH4R?/[2C(p, q,9,n)], we have that

P(fo — fo1 ® for € Sy (R)) > 1—n.

Following Lemma 5, let Pl,p* be the probability measure defined for all measurable set A in
R™(P+9) 1y

1
Pl’ﬂi} (A) = /{171}1\/15*‘1 Pfe (A)?T(de) = Z Pfg(A)7 (4.4)

2M71;+q
ge{—1,1}Mh
where 7 is the distribution of a (MEP+9)-sample of i.i.d. Rademacher random variables. Proposition
5 justifies the use of these alternatives and this probability measure to prove the lower bound.

Proposition 5. Let o, 3,71 in (0,1) such that a + 8 +n <1, and let 6, R > 0 and R' > 1. Denote
fo the uniform density on [0,1]PT9. Assume that Cy = Co(p,q,d, R, R',n) satisfies the assumptions
of Lemmas 6 and 7. There exists some positive constant C(p,q, o, 3,0, R, R',n) such that, if we set

1 1
Mn a IVC(Z%CLO%/B, 5, R, R’,n)n—Q/(45+p+q)—‘ and hn - Ev (45)

we have vy (Fpx (Sg+q(R, R'))) > 1 —mn. Furthermore, if we define P, . by Equations (4.3) and

(4.4), then we have, for n large enough,

dPl/p* 2
™ (Z
dPy, (Zn)
Finally, combining Lemmas 5, 6 and 7 with Proposition 5 leads to a lower bound for the non-
asymptotic minimax rate of testing in Theorem 4.

Epy, <144(1—a—n—p)>

Theorem 4. Consider «,3,n in (0,1) such that « + 3 +n < 1. Let 6 >0, R > 0 and R > 1.
Then, there exists a positive constant C(p,q, o, 3,8, R, R',n) such that, for n large enough,

p(S)i4(R,R)),0,8) > Clp,q,0, 8,6, R, R, ) n~ 2/ 050 Fa),

Theorem 4 proves that the optimized test AN“#" introduced in Corollary 2 is optimal in the
minimax sense over Sobolev balls since the upper and lower bounds coincide up to constants.
Moreover, the aggregated testing procedure defined in Corollary 3 is optimal up to a loglog(n)
term over Sobolev balls. Note that this logarithmic term obtained in the upper bound (3.7) is
sometimes unavoidable for adaptivity (c.f. [Ingster, 2000] for the test of uniformity on [0, 1]). It
seems reasonable to conjecture that it is also the case for independence testing. Hence, since the
aggregated testing procedure does not depend on the prior knowledge of the regularity parameter
6, we may conclude that it is adaptive.
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5 Numerical simulations

In this section, numerical simulations are performed in order to study the practical validity of our
testing procedures. More precisely, we first compare the theoretical aggregated test A, defined in
(3.2) (studied in theory) and the permuted aggregated test A, defined in (3.4) (applied in practice)
in terms of power. A similar verification for the single tests, together with a comparison of the
power for different bandwidth collections and weights choices, are also carried out in Appendix
B.1 in the supplementary material. Then, we compare the permuted aggregated test with existing
nonparametric independence tests on simulated data.

5.1 Comparison between the theoretical and the permuted aggregated tests

In this section, we numerically illustrate that the power of the permuted aggregated HSIC test ap-
proximates very well the power of the theoretical aggregated test, as soon as enough permutations
are used to estimate the quantile under the null hypothesis.

All along this section, we rely on the following data generating mechanism inspired from the
Ishigami function [Ishigami and Homma, 1990]. Let

X =U; and Y =sin(U;) + 4sin?(Us) + 0.5 Ug sin(U7). (5.1)
where Uy, Us and Us are independent uniform random variables on [0, 1].

The practical implementation of the theoretical and permuted aggregated testing procedures
are described in Algorithms 1 and 2. They both require the estimation of the value of u, defined
in Equation (3.1). A very straightforward approach to do so is to proceed by dichotomy on the
interval [, M|, where M = inf() ) ey {€“*#} (uq belonging to this interval as mentioned in Section
3.1). More precisely, we need to estimate for different values of w, the probability

P(u) = Ppor, ( sup {HSICA,# - qffue_w} > 0) . (5.2)
(A m)ew

In the theoretical case, this probability is approached by Monte Carlo independently on the obser-
vation (provided that we can simulate under the null hypothesis) whereas in the permuted case, it is
based on samples obtained by permuting the observation. The algorithmic complexity of Algorithm
21is O ((B1 + Ba) |W|n?), corresponding to the estimation of the HSIC for all the permutations in
Step 1, and all the windows in the collection W.

Theoretical power For a given sample size n and a given collection of bandwidths W with
associated weights, we estimate the power of the theoretical aggregated test as follows. Since the
approximation of the value of u, and of the quantiles can be done independently of the observation,
we run Steps 1 to 4 of Algorithm 1 only once. Then, we generate 1000 i.i.d. samples (observations)
and for each one, we apply Step 5 of Algorithm 1. Finally, we estimate the theoretical power by
7t (n, ) which is the proportion of times the aggregated procedure rejects the null hypothesis.
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Algorithm 1 Theoretical aggregated procedure
Input: The observed n-sample, a prescribed level «a, a collection of bandwidths W and a family

of weights (wx ) (A, u)ew-

1. Simulate a first set, denoted set (A), of 500.000 n-samples under the null hypothesis (to
estimate the quantiles) and a second set, denoted (B) of 1000 n-samples also under the null
hypothesis (to estimate the probabilities P(u) defined in Equation (5.2) for different values
of u).

2. Set Umin = @ and Upmar = M, where M = inf(y ey {0}
3. While (tmaz — Umin) > 107 3Upn, Tepeat the following steps.

(a) Set u = (Umin + Umaz)/2.
(b) For all (A, 1) in W, compute the Monte Carlo estimator Qi‘fn
q)"“ using the 500.000 samples of set (A).

1—ue “M\p

(c) Estimate the probability P(u) by Monte Carlo using the 1000 samples of set (B). More

precisely, consider P, as the ratio of times at least one HSIC A,u 18 greater than
"’A’/J‘
ql—ue_w)‘vﬂ ’

of the quantile

e A

(d) If ﬁu < «, then set Uy, = u. Else set umq: = v and repeat Step 3.

4. Set i, = u and the quantiles with corrected levels (cj)"“

lfuaefw*’“>(>\,u)ew'

5. Finally, compute the observed statistics (H/SRJ Au)(\uyew (on the given observation) and
reject the null hypothesis if there is at least one (A, ) such that

I’TSI\C)\’H > Qi\fa

&67WA7H :

Permuted power Unlike the theoretical case, we do not assume we are able to simulate under
the null hypothesis to estimate the quantiles and to compute the correction u,. Note that for the
permuted test, Step 3 of Algorithm 2 depends on the observation and needs to be done for each new
observation. Hence, for a given sample size n, a given collection of bandwidths VW and associated
weights, we generate 1000 i.i.d. samples and for each one, we apply Steps 1 to 5 of Algorithm 2.
Finally, we estimate the power of the permuted aggregated test by 7#(n, a, B1, Bs) which is the ratio
of times the null hypothesis is rejected.

Numerical results In all the following, the prescribed level of the tests is set to a = 0.05 and
we consider sample sizes n in {50,100,200}. We consider six different collections of bandwidths

(Wr)a<,<7, defined for all r by

W= {1,1/2,...,1/27"1}%. (5.3)
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Algorithm 2 Permuted aggregated procedure
Input: The observed n-sample Z,,, a prescribed level «, a collection of bandwidths W and a
family of weights (w )\ u)ew-

1. Generate a first set, say (A’), of By i.i.d. random permutations of {1,...,n} (to estimate
the quantiles), and independently generate a second set, denoted (B’), of Bj i.i.d. random
permutations of {1,...,n} (to estimate the probabilities P(u) defined in Equation (5.2)), all
independent of Z,,.

2. Set Umin = @ and Upmar = M, where M = inf(y ey {0}
3. While (tmaz — Umin) > 107 3Upn, repeat the following steps.

(a) Set u = (Umin + Umaz)/2-
(b) For all (A, 1) in W, compute the permuted quantile with Monte Carlo approximation
AL , as defined in (2.2) using the set (A”).

1—ue” “X
(c) Estimate P(u) by permutation with Monte Carlo approximation using the set (B’).
More precisely, consider

. 1 &
PYZy) = =S 1
u n K JON 9
B2 172::1 maX(A»H)GW{H)\,buiq # w>\”u}>0

1—ue

where (kp)1<p<B, denote the permutations of set (B’) and f{\f”# is the statistic
computed on the bth permuted sample Z[*, namely HSIC ap (Zge)
(d) If PJ(Zn) < «, then set umin = u. Else set u;mq = u and repeat Step 3.

4. Set 1, = u and the quantiles with corrected levels (gi‘vuﬁ o M)(}\ o'
—Ua ’ )€

5. Finally, compute the observed statistics (H/SI\C Au)(apew (on the given observation) and
reject the null hypothesis if there is at least one (A, i) such that

H/SR})\“M > Cji\’_uﬁ

e_w/\n“ '

Note that, the case r = 1 would correspond to the single test with A = u = 1. Moreover, for each
r, we consider uniform weights defined for all (A, ) in the collection W, by

wy = log(r?). (5.4)

For the permuted aggregated procedure, the number B of permutations used to estimate the
quantiles varies in {100, 200, 500, 1000, ...,5000} and the number of permutations used to estimate
the probabilities P(u) is set to By = 500.

For each triplet (r,n, By), the empirical power of both the theoretical and the permuted ag-
gregated testing procedures, respectively denoted 7y, (n, ) and #(n, o, By, Bz), are obtained from
1000 different samples as described above. To compare them, we consider the relative absolute
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Figure 1: Absolute relative error between the empirical power of the theoretical and the permuted
aggregated HSIC procedures w.r.t. the number B; of permutations, estimated from 1000 samples
of sizes n = 50,100 and 200, with By = 500, the bandwidth collections W, and associated weights
resp. defined in (5.3) and (5.4) and prescribed level a = 0.05.

error defined by
|t (n, a, B, B2) — (0, )|
fen(n, o)

Results are given in Figure 1. Notice that, regardless of the sample size n, the required number By
of permutations to well approximate the theoretical power increases with r. In fact, the supremum
in Equation (3.3) becomes more difficult to estimate as the number r? of aggregated tests increases.
Unsurprisingly, for a given Bj, the accuracy of the power estimation increases with n as in the case
of single tests. In particular, we observe that for n = 50, the largest error becomes less than 10%
from By = 3500, while this threshold seems to be achieved from By = 3000 for » = 4,5,6 and
from By = 500 for r = 2, 3. For larger sample sizes n = 100 and 200, a good approximation of the
theoretical test seems to be achieved from small values of By, even for a relatively large number

of aggregated tests. In particular, for n = 200, an error smaller than 10% is reached for all values
of Bl.

Err(n,a, By, By) =

All these results show that both theoretical and permuted tests have comparable powers provided
that the sample size and the number of permutations are large enough. In the following, we
numerically study the power of the permuted tests, which are used in practice.

5.2 Comparison with existing tests

To complete this simulation study, we compare our aggregated procedure with some existing refer-
ence tests of independence. For this, we simulate accordingly to the data generating mechanisms
of [Berrett and Samworth, 2019], and a basic Gaussian model.

(i) For [ in {1,...,10}, define the joint density fj of (X,Y’) for all (z,y) in [~7, 7] by

fy(@,y) = [1 + sin(lz) sin(ly)] /(47?).
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(ii) For [ in {1,...,10}, let X = Lcos©® +¢1/4 and Y = Lsin© + e2/4, where L, ©, 1 and e
are independent, with L is uniformly distributed on {1,...,[}, © is uniformly distributed on
[0,27] and €1, €2 are standard normal random variables.

(iii) For pin {0.1,0.2,...,1}, let X be a uniform random variable on [—1, 1] and define Y = | X |’ ¢,
where ¢ is a standard normal random variable independent with X.

(iv) For p in {0,0.1,...,0.9}, let (X,Y) be a centered Gaussian vector such that Var(X) =
Var(Y) =1 and Cov(X,Y) =p

We also consider the bivariate case X = (X1, X®)) and Y = (Y1), Y?)) where (XM, Y1) is
generated according to mechanisms (i), (ii) or (iii), while X(?)| Y are independent uniform ran-
dom variables on [0,1] and independent from (X1, Y1),

The numerical study of the impact of the bandwidth collection and the associated weights
on the power of the aggregated procedure done in Appendix B.2 of the supplementary material

suggests the following methodological choices. Inspired by usual heuristic bandwidths (see, e.g.,
[De Lozzo and Marrel, 2017]), define

~ 1 1
No= oy 2 X=Xl and B = omm—s 30 Y=Yl (655)
2n(n=1) iz, 2n(n =1 Zen
where ||| denotes the Euclidean norm. Note that, in the univariate case (p = ¢ = 1), X and [i are

the empirical standard deviation of X and Y respectively. In the univariate case, we consider the
collections defined by - B
w={27"(\]i);0<m<6}. (5.6)

Similarly, in the bivariate case, the bandwidth collections are defined by
W= {Q—m (X,X,ﬁ,ﬁ);ogmgta}. (5.7)

We also consider exponential weights, that are defined, by analogy with Equation (3.6), for all
bandwidths 27 (X, i) or 27™(\, X, [i, [i) as

6
W) = 2log (m + 1) 4 log < > (m’-lH)2> : (5.8)

m'=0

Note that the last term in (5.8) ensures that Z e © T =1,

In Figure 2, we compare our permution-based aggregated HSIC test with the mu-
tual information test (MINT) of [Berrett and Samworth, 2019] implemented in the R package
IndepTest, the permutation-based HSIC single test (HSIC) implemented in the R package dHSIC
[Pfister et al., 2018] with B = 1000 permutations, the distance covariance of [Székely et al., 2007]
implemented in the R package energy, the test of [Heller et al., 2016] (HHG), the D-test of
[Hoeffding, 1948] implemented in the R package Hmisc and the binary expansion test (BET) of
[Zhang, 2019].

For each example, we simulate samples with size n = 200. In line with the results obtained in
Section 5.1, Algorithm 2 is applied with By = 3000 and By = 500. The power of the different tests
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Figure 2: Power curves of the permuted aggregated HSIC test with B; = 3000 and By = 500,
bandwidth collection W defined in (5.6) or (5.7) and exponential weights (5.8). It is compared to
the MINT, the single HSIC test, the distance covariance, Heller, Heller and Gorfine’s test (HHG),
Hoeffding’s D-test and the BET. The empirical power is estimated from 1000 samples of size
n = 200. The prescribed level is a = 0.05.
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is estimated using 1000 different samples of (X,Y’) and is represented w.r.t [ for simulated data
from (i) and (ii) and w.r.t p for (iii) and (iv).

As expected, no procedure of testing constantly yields the best performances in all cases. Indeed,
it is well known that no uniformly most powerful test exists. However, as for the MINT procedure,
the HSIC aggregated procedure seems to yield competitive results on all examples, contrarily to
other procedures such as the distance covariance or Hoeffding’s D-test which perform very well in
the Gaussian case, but are not very powerfull in the other cases. Moreover, in most cases, the HSIC
aggregated procedure performs better than the single HISC test, which illustrates the benefits of
aggregation.

SUPPLEMENTARY MATERIAL

Supplement to “Adaptive test of independence based on HSIC measures”
This Supplement contains sharp upper bounds for the uniform separation rates over Nikol’skii-Besov
balls, a further numerical study and all the proofs.
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SUPPLEMENT TO
“ADAPTIVE TEST OF INDEPENDENCE BASED ON HSIC MEASURES”

Appendix A contains sharp upper bounds for the uniform separation rates over anisotropic
Nikol’skii-Besov balls of the single and the aggregated HSIC tests developed in the main article. In
Appendix B, further simulations illustrate a comparison in terms of power between the theoretical
and permuted single tests on the one hand, and the impact of the bandwidth collection and the
weights choices on the power on the other hand. Finally, Appendix C is devoted to all the proofs.

The references of Equations, Theorems, Propositions, etc, that use only numbers such as (3.1)
for instance, refer to the main article Adaptive test of independence based on HSIC measures.

A Control of the uniform separation rate over anisotropic Nikol’skii-
Besov balls

In this section, we consider anisotropic Nikol’skii-Besov balls which allow to take into account
different regularity parameters in each direction in RP™4. The anisotropic Nikol’skii-Besov ball
Ngé,d(R) in dimension d in N*, with regularity parameter 6 = (J1,...,dq) in (0, 4+00)? and positive
radius R, is defined by

/\/‘Q(Svd(R) = {s R 5 R; forall1 <i<dandall up,...,ug,v € R,
s has continuous partial derivatives D}M of order |6;| w.r.t u;, and

(3

ot )~ D ], < Rl
where |d; ] denotes the floor function of §; if J; is not integer and [d;| = d; — 1 if J; is an integer.

As in the Sobolev case, we study optimality over ./\/'257 4(R, R') defined by

N3 a(R, R') = N3 (R) 0 { fsmax {|| fllo « [1f1l] o+ 1 f2ll o} < R} - (A1)

As in the Sobolev case, we prove upper bounds for the uniform separation rate of the tests
defined in the main article over these new regularity spaces. Section A.1 is devoted to the single
test AM with fixed bandwidths defined in Equation (2.1), and the study of the aggregated test
A, defined in Equation (3.2) in done in Sections A.2 and A.3.

A.1 Uniform separation rate of the single tests over Nikol’skii-Besov balls

In this section, we consider a fixed bandwidth (A, x). Lemma 8 provides an upper bound of the
bias term, similar to that of Lemma 3, in the case when f — f; ® fo belongs to an anisotropic
Nikol’skii-Besov ball.
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Lemma 8. Let ¥ = f — f1 ® fa and assume that ¢ belongs to ng+q(R), where the regularity
parameter 6 = (V1,...,Vp,V1,...,7q) belongs to (0,2]PT2. Let oy and ¢, be the functions defined
in (1.4). Then, the bias term can be controlled as follows

[ — ¢ % (px @ @) |3 < C(6, R)

p q
PIEEEDY M?”] ~

i=1 j=1

In the Nikol’skii-Besov case, the control of the bias term requires a restriction on the regularity
parameter to (0,2]PT9 which comes from the fact that the Gaussian kernel is of order 2. In
order to extend the range of the upper bound, kernels of higher order should be considered. This
generalization lies beyond the scope of this article and requires further developments. As in Section
2.4, one can deduce from Theorem 1 upper bounds for the uniform separation rates of the single
test AM over Nikol’skii-Besov balls.

Theorem 5. Let a, (3 in (0,1), 6 = (v1,...,Vp,Y1,---:7%) in (0,2]PT7 and R, R > 0. Con-
sider bandwidths (X, i) satisfying Assumptions Az(c) and denote AN the test defined by (2.1).
Then, the uniform separation rate defined in (1.1) of the test AM* over the Nikol’skii-Besov ball

N26,p+q(R’ R') defined in Equation (A.1) can be upper bounded as follows

o (804 N8R 1), 5)] < €6 )

p q
Sl
j=1

=1

! 1
L C&E.pgB) log (7) (A.2)
N/ AL Apfit - flg o'

where C(-) are positive constants depending only on their arguments.

As in Section 2.4, we can deduce optimal bandwidths (A*, #*) which minimize the right-hand
side of Equation (A.2) and compute an upper bound for the uniform separation rate of the optimized
test AN over Nikol’skii-Besov balls.

Corollary 4. Let o in (0,1/e), 8 in (0,1), § = (v1,...,Vp,71,---,7) in (0,2]PT7 and R, R’ > 0.
Define for all i in {1,...,p} and for all j in {1,...,q},

p
N = 2] g e 20/ b (L) where Y — 3
J n 2

If n > (log(l/a))1+1/(4’7), then, (\*,u*) satisfy Az(a) and the uniform separation rate of the
optimized test AN * over the Nikol’skii-Besov ball./\/éierq(R, R') is controlled as follows
p (AN NS, (R R), B) < C (p,q, 0, 8,6, R, R') n 21/ (147), (A.3)

Notice that the upper bound obtained for Nikol’skii-Besov balls in Corollary 4 is analogue to that
obtained for Sobolev balls in Corollary 2. Indeed, if we consider the same regularities in all directions
in the case of Nikol’skii-Besov balls: v1 = ... = v, = 71 = ... = 74, we obtain a similar upper
bound. These upper bounds obtained in Corollaries 2 and 4 coincide with the asymptotic minimax
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separation rate of testing mutual independence w.r.t. the LLo-norm over isotropic Nikol’skii-Besov
spaces [Ingster, 1989]. This suggests that the test AQ*W* with optimal bandwidths is optimal in
the minimax sense over Nikol’skii-Besov balls with regularity parameter § in (0,2]P*9. Yet, as
in the Sobolev case, it cannot be adaptive since the optimal bandwidths (A*, u*) depend on the
regularity 9.

Finally, note that subsequently, [Kim et al., 2020] also generalized Theorem 5 to the permuted
tests, which suggests that the permuted test with bandwidths (A\*, 1*) defined in Corollary 4 is
optimal in the minimax sense. However, as in the Sobolev case, they only obtain a polynomial
dependence in « which is not sharp enough to provide adaptive tests by aggregating as done in
Section A.3.

A.2 Oracle-type conditions for the uniform separation rate over Nikol’skii-
Besov balls

Theorem 6 is equivalent to Theorem 3 over Nikol’skii-Besov balls and provides an oracle-type
inequality for the uniform separation rate of the aggregated testing procedure A,.

Theorem 6. Let o, 5 in (0,1). Consider a finite or countable collection VW C (0, +00)P x (0, +00)?
of bandwidths (X, i) and a collection of positive weights {(,u,\,u}(A L)EW such that 35\ yew e <1

and such that all (X, 1) in W verifies Assumption Az(ae™“*r). Then, the uniform separation rate
over Nikol’skii-Besov balls ./\f2‘57p+q(R, R) with § = (v1,...,vp,71,---,7) in (0,279 and R, R’ >0
of the aggregated test A, defined in Equation (3.2) can be upper bounded as follows

)

p q
[0 (80 N g (R R).B)]” < C (poa. 8.6, R, R nf { [Z YEEDY u?”]
k i=1 j=1

1 ( 1
+ log <) + wj, ) ,
n\/)\l...)\pul...,uq « "

where C(+) is a positive constant depending only on its arguments.

As in the Sobolev case, Theorem 6 can be interpreted as an oracle-type condition for the uniform
separation rate of the aggregated test A, over Nikol’skii-Besov balls. Indeed, without knowing the
regularity ¢ of f — fi ® fo, the uniform separation rate of A, is of the same order as the smallest
uniform separation rate of the single tests corresponding to bandwidths (A, u) in W, up to an
additional term wy , due to the level corrections.

A.3 Control of the uniform separation rate of the aggregated procedure

In this section, we provide an upper bound for the uniform separation rate of the aggregated testing
procedure A, over Nikol’skii-Besov balls for the following specific choice of bandwidth collection
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and weights. Let

W = { (2—m1,1’ — 2—ml,p7 2—m2,1’ o 72—m2,q) :

14 q
* n
(le, Ce. ,mLp, mg,l, Ce ,mg,q) S (N )p-i—q N Z ml,i + Z m27j S 210g2 <17) s <A4)
i=1 j:l Og(n)

In addition, we associate to every bandwidths (A, ) = (27701, ..., 27 27M21 1 27M24) in
W the positive weight

P T a4 T
Wiy = 2 E log (mu X —) +2 E log (mg,j X —) , (A.5)
i=1 V6 V6

J=1
so that >-(\ hewe M+ < 1.

Corollary 5. Let o, 5 in (0,1). Consider the aggregated test A, defined in (3.2), with the particular
choice of the collection W and the weights (wxu)()\’#)gw defined in (A.4) and (A.5). Assume that
loglog(n) > 1. Then, under the assumptions of Theorem 6, for any § = (vi,...,Vp,Y1,---,7q)
in (0,2]PT and positive radii R, R, there exists a positive constant C(p,q,a,d) such that for all
n > C(p,q,q,6), the uniform separation rate over the Nikol’skii-Besov ball NQ‘S,erq(R, R') of A,
can be upper bounded as follows:

log log(n 2n/(1+4n)
p(AaaNQ{p—&-q(RvR/)?B) SC’(p,q,oz,ﬁ,(S,R,R/) <7’L()> )

1
where — =
n

P q
1 1
DD Dot
e
As in the case of Sobolev regularity, according to Corollary 5, the uniform separation rate of the
aggregated procedure over Nikol’skii-Besov balls is of the same order as the one of the optimized

test ANH" (given in Corollary 4), up to a loglog(n) factor which is, once again a usual price to
pay for aggregated tests (see, e.g., [Spokoiny, 1996, Ingster, 2000].)

B Further numerical simulations

B.1 Single tests comparison

Similarly to Section 5.1, the objective here is to check that the permutation approach does not
impact the power of the single HSIC test. To do so, we numerically illustrate that the power of
the permuted single HSIC tests approximates very well the power of the theoretical tests, as soon
as enough permutations are used for the estimation of the quantile under the null hypothesis.

In order to evaluate the accuracy of permuted single HSIC tests, we choose the kernel bandwidth

associated to X (resp. Y)) to be the empirical standard deviation s (resp. s') of X (resp. Y'), which
is a usual choice in the literature on single HSIC-test (see, e.g. [De Lozzo and Marrel, 2017)).
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As in Section 5.1, we rely on the data generating mechanism inspired from the Ishigami function
[Ishigami and Homma, 1990] defined in (5.1). In the following, we illustrate the power for the three
sample sizes n in {50,100, 200} and the two levels « in {0.05,0.001}.

For each sample size n and level «, we first estimate the power of the theoretical test. To achieve
this, we simulate 500.000 n-samples under the null hypothesis/l\and compute the Monte Carlo
estimator, denoted ' g, of the theoretical (1 — a)-quantile of HSIC, o under the null hypothesis.
Then, we generate 1000 different n-samples of (X,Y) under the alternative according to (5.1) and
we estimate the power of the theoretical test by 7y, (n, ) which is the ratio of times that the
observed test statistic H/SI\CM/ exceeds the quantile G7¢.

The second step consists in estimating the power of the permuted tests for several values of the
number of permutations B. The chosen values of B are {10, 20,...,100,200,...,2500}. For each
value of n, a and B, we generate 1000 n-sample of (X,Y") according to (5.1). For each n-sample,
we compute the permuted quantile §;_, defined in Equation (2.2) using B random permutations of
this sample. Thereafter, we estimate the power of the permuted test, by & (n, a, B) which is the ratio

of times the value of HSIC; ¢ exceeds the permuted quantile q“ff; (computed on the corresponding
sample).

As in Section 5.1, to compare the empirical powers of theoretical and permuted tests (resp.
#tn(n, @) and 7 (n, a, B)), we consider the relative absolute error Err(n, «a, B) defined as

‘ﬁ-(na «, B) B 7/:‘-th(nv Oé)|

Err(n,a,B) = o ()

The results obtained for a = 0.05 and different n values are given by Figure 3. We can see
that the accuracy of the permuted approach tends to increase as n increases. This is probably due
to the fact that the power of the theoretical test increases as the sample size increases. Another
explanation may be that, on the one hand, the power of the theoretical test is more difficult to
estimate for small sample sizes, which explains the fluctuations o/bﬁrved for n = 50. On the other
hand, as n increases, the approximation of the distribution of HSIC, ¢ under the null hypothesis
based on B permutations becomes more accurate, and this for any value of B larger than 500.
Hence, the approximation of the quantile by permutation becomes more accurate, and thus, there
are less fluctuations for larger sample sizes.

Generally, the permutation approach allows to obtain the power of the theoretical test with an
acceptable precision, even for small values of B. In particular, we observe for n = 50 that aside
from very small values of B and two outliers, the absolute relative error is always less than 10%.
Moreover, from n = 100 this error is mostly less than 10% and no observed error is greater than
5% for n = 200.

Since the aggregated procedure requires an individual level correction, we also study the impact
of the level on the accuracy of the permutation approximation. We show in Figure 4 the relative
absolute error of the power w.r.t. n and B for the extreme level value o« = 0.001. Contrary to
the case a = 0.05, we observe here much less precision of the power approximation. In particular,
for n = 50, B = 2000 permutations are required to obtain satisfactory accuracy (against B = 30
for o = 0.05). Similar observations are done for n = 100 and 200 with respectively B = 1200 and
B = 500 permutations required (against B = 30 and B = 10 for o = 0.05). This slow convergence

!To generate an independent n-sample of (X,Y) under the null hypothesis, we first generate an independent
2n-sample of (X,Y) according to (5.1). Only the first n elements are used to compute the marginal sample of Y and
the remaining n elements are considered to be the marginal sample of X.
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Figure 3: Absolute relative error between the empirical powers of the theoretical and permuted
HSIC-tests, w.r.t the number B of permutations, for samples generated according to Ishigami’s data
generating mechanism defined in Equation (5.1) with sizes n = 50, 100 and 200. The presumed
level is @ = 0.05. The red (resp. orange) dashed line represents the error threshold of 10% (resp.

5%).

Err(n,a,B)
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Figure 4: Absolute relative error between the empirical powers of the theoretical and the permuted
HSIC-tests, w.r.t the number B of permutations, for samples generated according to Ishigami’s
data generating mechanism defined in Equation 5.1 of Section 5.1 with sizes n = 50, 100 and 200.
The presumed level of tests is @« = 0.001. The red (resp. orange) dashed line represents the error
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results from the difficulty of estimating extreme quantiles. Moreover, this phenomenon seems more
significant for small sample sizes. Indeed, as in the previous case, the lowest the power of the test,
the biggest its sensitivity to the quantile estimation error.

Similar results for the aggregated procedures are illustrated in Section 5.1 of the main article.

B.2 Choice of the collections of bandwidths and the weights

In our aggregated procedure, the collection of bandwidths W, together with the weights have to be
chosen. There is no universal best collection that would ensure optimal test power. To determine
the collection, we first study the impact of the bandwidth choice on single HSIC-based tests. This
leads us to particular forms of collections. Then, we investigate different choices of the collections
W and together with different weights (including the single test case).

B.2.1 Impact of the bandwidths choice on the power of the single tests

The optimal bandwidth depends on the intrinsic characteristics of X and Y and their dependence
structure. Consequently, it seems relevant to consider the possible bandwidths relatively to the
standard deviations of X and Y. Moreover, as already mentioned, the standard deviation is a
usual choice for the bandwidth in the literature on single HSIC-test. We assume here that the
exact values of standard deviations of X and Y, respectively denoted s and s’, are known. In such
a way, we are able to construct collections which do not depend on the observation. In practice,
when only a n-sample of (X,Y) is available, we estimate these standard deviations by the usual
empirical estimators. Practice shows that the effect of this estimation does not significantly impact
the single tests performance. Indeed, standard deviation estimators converge in most cases rapidly
w.r.t. n. More particularly, this estimation error is small compared to the estimation error of the
quantiles.

For this, we consider the univariate mechanism of dependence (ii) with [ = 2 defined in Section
5.2. Moreover, we consider, as possible bandwidths A and p, multiple or dyadic fractions of s and s’
respectively. For each couple (A, ), the power of the permuted single HSIC tests (with B = 1000)
is estimated as explained above. Figure 5 shows the obtained power maps w.r.t. (A, i), for different
sample sizes. First, we can observe that the bandwidths significantly impact the power: in this
case, there is an optimal area around (\, ) = (s/4,s’/4) with a power close to one for n = 200.
The power decreases progressively as we move away from this area, until being null for very high
and very low values of bandwidths. We can also see that the regularity of the maps increases
with the sample size (just like the power for each point). Similar conclusions can be observed for
other values of [ and the other data generating mechanisms (i) and (iii) with one or several areas
with higher power, but are not presented here. These results illustrate that an arbitrary choice of
bandwidths is not relevant and justify the interest of considering several bandwidths through an
aggregation strategy. Note that, according to our experience, it might be appropriate to consider
bandwidths higher than standard deviations. However, in Section B.2.2, we consider aggregating
procedures based on collections Wf’sl of types

W:’S, = {838/2,..-a5/2r_1} X {S,’SI/Z""S//T—I}’ (B.1)

where r belongs to N*. Note that in this univariate case, these collections generalize to other sizes
r, in an anisotropic way, the ones considered in Section 5.2 introduced in Equation (5.6).
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Figure 5: Power map of the permuted single HSIC test w.r.t. to kernel bandwidths A and p
respectively associated to X and Y, for sample generated according to the univariate mechanism
of dependence (ii) with [ = 2 defined in Section 5.2 with sizes n = 50, 100 and 200, B = 1000 and
a = 0.05.

B.2.2 Impact of the weights choice on the power of the aggregated procedure

Following the results of Section B.2.1, we consider bandwidth collections W;?’S, as defined in Equa-
tion (B.1), where s and s are respectively the empirical standard deviations of the X;’s and the
Y;’s. By now, let us compare two possible choices of weights: uniform and exponential weights. On
the one hand, we recall that uniform weights depend only on the cardinalitly of the collection, and
are defined in Equation (5.4) for all (X, x) in W*' by

Wap = log(r2).

On the other hand, in analogy with Equation (A.5), we consider the exponential weights defined
for all bandwidths (s/21,s'/272) in W5 by

Ws/am1 ¢ jom2 = 21og (mq + 1) + 2log (mg + 1) + log ( Z 212> .
1<u,v<r urv

The results obtained with the two types of weights are given in Figure 6, for different values
of r and sample sizes n. In this case, the uniform weights seem to give a better power than the
exponential ones. However, we can observe a different behavior w.r.t. r. For the uniform weights,
the power increases until a specific 7 (r = 3 or 4 w.r.t n), before decreasing with r, to being lower
than the power with exponential weights. On the contrary, the power with exponential weights has
a more robust behavior, since it increases with r until it stabilizes. This is a crucial advantage in
favor of exponential weights, as the optimal r is unknown in practice. It prevents deterioration of
the quality of the test, when too large collection sizes have been chosen. We can also observe that
the two aggregated strategies yield a greater power than the single test (which corresponds to the
case = 1), as soon as the collection W is large enough.

Similar conclusions have been drawn from the other analytical examples, which are not presented

here for the sake of brevity. Thus, from our experience, we recommend in practice the use of the
aggregated procedure with exponential weights with » = 5 or 6.
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Figure 6: Empirical power of the permuted aggregated procedures with uniform and exponential
weights, w.r.t. the number r of aggregated bandwidths in each direction, for samples generated
according to the univariate mechanism of dependence (ii) with { = 2 defined in Section 5.2 of sizes
n = 50, 100 and 200, By = 3000, By = 500 and « = 0.05.

C Proofs

All along the proofs, we set Z = (X,Y) and Z; = (X;,Y;) for all ¢ in {1,...,n}. We also denote by
A, B and C positive universal constants whose values may change from line to line. Moreover, the
generic notation C'(a,b,...) denotes a positive constant depending only on its arguments (a, b, .. .)
and that may vary from line to line.

C.1 Proof of Proposition 1

Let a be in (0,1). In order to prove that the permuted test with Monte Carlo approximation Zg‘é“
defined in Equation (2.3) is of prescribed level o, we use Lemma 1 of [Romano and Wolf, 2005
recalled here.

Lemma 9 ([Romano and Wolf, 2005, Lemma 1]). Let Ry, ..
random variables. Then, for all u in (0,1)

1
[F) -
<B+1
H3b, = HSICy,, (Z) and H;E* = HSICy, (Z,) = HSICy,, (Z7#+),

.» Rp41 be (B + 1) exchangeable

B

1+Z]1RbZRB+1 < u.
b=1

Recall that for all 1 < b < B,

34



where 7541 = id is the identity permutation of {1,...,n} (determlmstlc)
Assume that f = f1 ® fo. Then the random varlables H .. HKB and H *Jiﬂ are exchange-
able. Indeed, let 7 be a (deterministic) permutation of {1,. B + 1} and let us prove that

(H3L, .. H3E HBHY)  ana (H7W,. HTPT 1)) have the same distribution.  (C.1)

Case 1. If 7(B 4+ 1) = B + 1, then, since the permutations (7,)1<p<p are i.i.d., they are
exchangeable. Hence, (Tr(1),.-.,7x(p)) is an i.i.d. sample of uniform permutations of {1,...,n},
independent of Z,, and (C.1) holds by construction.

Case 2. If 7(B+1) # B+ 1, then
o (B . ; o ) ) ]
H;’:L( +1) _ HSIC, ,, (Z; (B+1)) = HSIC),, (Zn) . where Z, = ZiTEHD

In particular, for all b in {1,..., B},

;™ = HSICy, (Z") = BSICy,, ( o "<B+1>> if 7(b) # B + 1,

—~ — — ~idoT
Hy™" = HSIC,, (Zy) = HSICy,, (Zn "(’3*“) if 7(b) = B + 1.
Therefore, in order to prove (C.1), it is sufficient to prove that {7, o 7';(~IB+1), oy Tr(B) © 77:(13+1)}
is an i.i.d. sample of uniform permutations of {1,...,n} independent of Z,,. Let A be a mesurable
set, and o1,...,0p be (fixed) permutations of {1,...,n}. Then
P(Z € A, Tr(1) oT_, (BJrl) =01, .-y Tn(B) 07’7&3+1) = UB)
= P(Z B €A »Tr(1) = 019 Tn(B+1)s- -+ Tn(B) — OB © T7r(B+1))
= E[P(Znﬂ(3+l € A,Tﬂ.(l) =010 Tr(B+1)s+++3Tn(B) = 0B © Tr(B+1) T7T(B+1)):| .
This leads to
IP’(ZL €A, Tr1)o T (B+1) =01, -5 Tr(B) OT7r_(IB+1) = UB)
B
=K P(Zn EA) X H P(Tﬂ.(b) :UboTﬂ(B+l)|Tw(B+l)) X
b¢w—b1:(113+1)

P(ld = 0—71'71(B+1) e} Tﬂ'(B-i—l) T7r(B+1)) ] 5 (CQ)

where (C.2) holds by independence of all permutations 7, and of Z, and since, if f = f; ® fa,
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Z:L”(BJrl) and Z, have the same distribution. Hence,

[P(Z € A, Tﬂ(l)o’r (B+1) =01, ..., TW(B)OT;&S’JA) :o‘B)

- E[P(Z eA)(l

B-1
n,) P(id = 05-1(B41) © Tn(B+1)

Tﬂ'(B+1))‘| )
1 B—-1 L
= P(Zn c A) (ﬁ) P(TTF(B—i-l) = Gﬂ—l(B+1)) ;

— P(Z eA)(l)B,

nl

This ends the proof of the exchangeability of the (ﬁﬁi)lgbg Bil-

Then, by applying Lemma 9 to the (ﬁﬁi)lgbgBH, we obtain

Ppop, (A2 =1) = Ppay, (HSIC, , > G,
= Prap, (FBH > B(B+D0-0))
M

= Praf, H*" <H*B+1 >[(B+1)(1 —Ozﬂ)

B+1
b
B+1
= Pf1®f2 (Z ]IH*? >H*B+1 < { (B + 1”) ’ (C'?’)

where (C.3) comes from the fact that B+1— [(B+1)(1 —«a)| = |a(B +1)]. Then,

B+1
Pf1®f2 (AQVM = 1) = Pf1®f2 (Z ]lH*b >H*B+1 < OZ(B —+ 1)>
b=1

1 B
= Pf1®f2 (B +1 (1 + bz:; ﬂﬁifuzﬁ;ffl) < Oé)
<o, (C4)

where (C.4) is obtained from Lemma 9.

C.2 Proof of Lemma 1

Let o and 3 be in (0,1). We aim here to give a condition on HSIC, ,(f) w.r.t. the variance
Vary(HSIC) ;) and the quantile qi"fa, so that the statistical test A} defined in Equation (2.1) has

a second kind error controlled by 3. For this, we use Chebyshev’s inequality. Since HSIC A IS an
unbiased estimator of HSIC, ,(f),

Varf(H/SI\C)\,#)

Py | |HSIC,, — HSIC), . ( f)) > \/ :

< pB.
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We then have the following inequality:

—— HSIC
P; | HSIC, , < HSIC, (/) — \/ Varf(HSCW) <8

B

Consequently, one has Py (}TS-E Ap S q{"_"a) < 3, as soon as

Var (HSIC
HSIC), (f) > \/ W +ait,
C.3 Proof of Proposition 2

In order to control the variance Var f(}TS-RJ ap) W.r.t. the bandwidths A, 4 and the sample size n,
let us first give the following lemma for a general U-statistic of any order r in {1,...,n}.

Lemma 10. Let h be a symmetric function with r < n inputs, V1,...,V, be independent and
identically distributed random variables and Uy, be the U-statistic defined by

Un: - Z h(Vim---aVir)v

(81,0050 ) EID

where i is the set of all r-tuples drawn without replacement from {1,...,n}. The following in-

equality gives an upper bound of the variance of Uy,

2 2

Var(Uy) < O(r) (" + 5) : (C.5)

n  n2

where 0 = Var (E[h(V4,...,V;) | Vi]) and s? = Var (h(V4,...,V})).

Proof of Lemma 10. First, using Hoeffding’s decomposition (see e.g. [Serfling, 2009, Lemma A, p.
183]), the variance of U,, can be decomposed as

-1 ,
Var(U,,) = (Z) Z (Z) (:L : Z) Ce;
c=1
where Cc = Var(]E[h(Vvla SRR V;“) | Vi,oon, ch])

Let us now prove that, for alln € N*, r € {1,...,n} and c € {1,...,r},

-1
@ () (Z: Z) <O (C.6)
We first write
n -1 r n—r r r! n—r)! n—r)!
(T) <c) <T_C) B (C) . (r—c)! X (n(—i-c—)Qr)! X ( ol ) . (C.7)




Moreover,

nl = m—r)lxn—r+l)x...x(n—r+r)
> (n—r)!xn—-r+1),

and

n—r)l = mn=2r+e)lxn—2r+c+1)x...x(n=2r+c+r—c
< (n=2r+c¢)!x(n—r+1)"°

Then, we have
(n—r)! y (n—r)! < 1
(n+c—2r)! nl T (n—r+1)

Furthemore, using that n > r, one can write
n—r+1 r—1
n n

> 1- = —.

1
This leads to, —— < - Finally, Equation (C.7) leads to Equation (C.6).
n—r+17"n
By upper bounding each term in Hoeffding’s decomposition of the variance of U, according to
Equation (C.6), we obtain

Var(Up) < C(r)> % (C.8)
c=1

On the one hand, ¢; = o2. On the other hand, using the law of total variance (see e.g. [Weiss, 2006]),
(. < s? for all ¢ in {2,..,7}. By injecting this last inequality in Equation (C.8), we obtain for all n
in N*,
o? 52
Var(U,,) < C(r) (; + ﬁ) ,
which achieves the proof of Lemma 10. O

—

Let us now apply Lemma 10 in order to control the variance of HSIC) , w.r.t A, s and n. For

this, we first recall that HSIC A,u can be written as a single U-statistic of order 4 as

1
n(n—1)(n—2)(n —3) Z hijqrs

(ivqu’r) Eiz

fiSIC) , —

where the general term h; ; 4, of HSIC A, is defined as in [Gretton et al., 2008] by

(4,4,a57)
1
hi,j,q,r — I Z |:k')\(Xt7 Xu)l#(}/t, Yu) + k)\(Xt7 Xu)l,u(Yv; Yw) - 2]6‘,\(Xt, Xu)l,u(Y;fa }/v)] .

(t7u’v7w)
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where the sum represents all ordered quadruples (¢, u, v, w) drawn without replacement from (i, 7, g, ).

—

Thus, using Lemma 10, the variance of HSIC) , can be upper bounded as follows:

. 2 2
Var; (HSICy,.) < C (" (2’ b s (22’ “)) , (C.9)

where, recalling that Z; = (X;,Y;) for all i in {1,...,n}, 0?(\,u) = Vary (E[h1234 | Z1]) and
s* (A, u) = Vary (h12,34).
C.3.1 Upper bound of ¢2(\, 1)

By now, we upper bound o2(\, u) = Vary (E[h1234 | Z1]) w.r.t. A and p. For this, we first notice
that in the cases where kx (X4, X3)l,.(Ye, Yq) is independent from Zi, the variance of its expectation
conditionally on Z; equals 0. This corresponds to the cases where a, b, ¢ and d are all different from
1. We then have the following inequality:

a2(\, ) <CZO‘ (A, ),

=1

(A ) = Varg (E[kn(X1, X2)l,(V1,Y2) | Z1]), 03 (A, ) = Vary (E[ka (X1, X2)1, (Y3, Y2) | X1)),
o3 (A 1) = Vary (E[ka (X3, Xa)lu(Y1,Y2) [ V1)), 0F (A, p) = Varg (E[kx(X1, X2)lu(Y1,Y3) | Z1)),
SO\ ) = Vary (E[ka (X2, X1)1u(Y2, Y3) | X1]), 05(A, p) =, Vary (E[kx(X2, X3)lu(Y2, Y1) | 1))

Case 1. Upper bound of o%(\, p1):

E [(E[k(X1, X2)lu(Y1, Y2) | Z1])]

i\ p) <
< E[Ea(X1, Xo)lu(Y1, Y2) kA (X1, X3)1,(Y1,Y3)).

Moreover, we have

E [k)\(Xla X2)k>\(X17 X3)ZN(Y17 YVQ)Z#(YL }/3)]

w

= - Rq)Sk,\(m,xz)k,\(azhasg)l”(yl,yQ w(Y1,y3) H (21, yr)dzpdyg.
X

Since ky and [, are nonnegative, one can upper bound f(z2,42) and f(x3,y3) by || f|,,, and obtain

3

A < W% [, kG ek z)ln. sl ) S o) [T dodg,
(RPxR9)3 k1
2 2
= [ o] [ [ ) s mdndn.
RPxRe LJRP R4
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Finally, using that x)dz = / L,(-,y)dy = 1, we write
ot(A ) < ISl (C.10)
Case 2. Upper bound of o3(),

E [kx(X1, X2) | X1])°] (E [1u(Y3, Ya)])°
< E[ka(X1, Xa)ka(X1, X3)] (E[1,(Ys, Ya)] ).

IN

A )
B < E[(E[a(X, Xo)lu(¥s,Ya) | X1])°]
[(E[ka(

Moreover, it is easy to see that by upper bounding fi(x2) and fi(x3) by || fi]|,,, and recalling that
/ kx(z1,x)dz = 1, we have,
RP

E [k (X1, X2)ka (X1, X3)] = /Rp - kA(ﬂﬂl,ﬂﬂz)fl(%z)d@} [/Rp ka(z1, @3) fi(ws)das| fi(z1)da
<Al
Besides, upper bounding f2(y3) by || f2||., in the integral form of E [[,,(Y3,Ys)] gives
E [1.(Y3,Y0)] < || foll o

By combining these inequalities, we obtain

o3 (A ) < LFll% 11l - (C.11)

Case 3. Upper bound of o3 (), u1): this case is similar to case 2 by exchanging X by Y and k)
by {,. Thus, we have the inequality

o3 (A ) < % 11l - (C.12)

Case 4. Upper bound of o3(\, p1):

E [(E [kea(X1, X2)lu(1, Ya) | Z1])]

ot p) <
< E[ka(X1, Xo)ka (X1, Xa)l, (Y1, Y3)1,(Y1,Y5)).

By upper bounding fi(x2), fi(x

1) by || fill and fa(ys), f2(ys) by || f2]l,, in the integral form of
E [kx(X1, Xo)kx (X1, X4)l, (Y1, Y3)l

1 (Y1,Y5)], we obtain

oz () < |LANZ 102 - (C.13)

Case 5. Upper bound of o2 (), p1):

BOm) < B [(Elk(Xo X0)u(Y2, ¥5) | X1])°]
< E[ka(Xo, X1)ka(Xa, X1)1, (Y2, Y3)1,(Ya, Y5)] .
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By upper bounding f(x2,y2) and f(z4,y4) by ||f||,, in the integral form of the last expectation,
we have

a3\ ) < [IFI1%, - (C.14)

Case 6. Upper bound of o2(\, u1): this case is similar to case 5 by exchanging X by Y and k)
by 1,. We have then the inequality

ag (A ) < [IFI3, - (C.15)

Finally, by combining inequalities (C.10), (C.11), (C.12), (C.13), (C.14) and (C.15), we have the
following inequality

o (A, ) < C(My). (C.16)
C.3.2 Upper bound of s%(\, )

Let us first recall that the general term of the U-statistic HSIC, ,, is written as

(1,2,3,4)
1
h172,374 = ﬁ Z kA(Xu, Xv) [l,u(Yua Yv) + lu(wa }/t) - 2lu(Yu’ Yw)] .

’ (u7’u7w7t)

Moreover, all the terms of the last sum have the same distribution. We then have

s?(A\, ) = Vary (hi234)
C Vary (kx(X1, X2) [1,(Y1,Y2) + 1,(Y3,Ys) — 21,,(Y1,Y3)]) -

A

It follows that,

Varf (h1727374)
< O Vary (kx (X1, X2)1,(Y1, Y2)) 4+ Vary (ka(X1, X2)1,,(Y3, Ya)) 4 Vary (ka (X1, X2)1,(Y1,Y3)) |
< C(E [k3(X1, Xo)l2 (Y1, V)] + B [K3(X1, Xo)l (Va, Ya)] + B [k3 (X1, Xo)5 (Y1, V3)] )-

In order to bring back to multivariate normal densities, we express k?\ and li as

/

ke !

[ - S, W - . T —
(4#)%)\1...)\19 # (4#)%u1...uq
A Iz
where \' = ~= and ¢/ = ‘=.
V2 V2

Consequently, the expectation E [k:f\(Xl,Xg)li(Yl, Y2)] can be expressed as

E ki(Xl,XQ)zi(m,Yg)]

1
= 5q E [kx (X1, X2)l, (Y1, Y2)]
(Am) 2 A A - g
1

(47T)p7+q/\1 C ApH - g /(RPqu)2

kx (w1, 22)l (y1, y2) f (21, 91) f (22, y2)dz1drady 1 dys.
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By upper bounding f(z2,%2) by || f|l. in the last integral, we have

/(Rp Rq)Qk)\/ (1, 22)l (Y1, y2) f (21, y1) f (22, y2 )dz1dzady dys
X

< fllso [ k‘N(fﬂl,m)dl‘Q} / Ly (1, y2)dy2 | f(21, y1)deydy;
RrxRe L/Rp Ra
=1/l -
This leads to,
E [k3 (X1, X2)I% (Y1, Y2)] < 1/l . (C.17)

+
(47r)¥)\1 C Al - g

We can easily show by similar argument that

E [k3 (X1, X2)I% (Y3, Ya)] < ;\qfﬂ\o@ I f2lles . (C.18)
(Am) 2 A At - g

and

E [k (X0, Xa) (Y1, Y)] < — Il | (C.19)
(Am) 2 A Appht - - g

From Equations (C.17), (C.18) and (C.19), we have
C(My)

2
8 (Aau)g + .
(47r)qu/\1...)\p,u1 e Uy

(C.20)

From Equations (C.16) and (C.20), we deduce the following inequality for Var f(H/S-RJ Ap)

—— 1 1
Varf(HSICA,u) < C(Mf,p, q) {n + "2 o p } .
C AT - g

C.4 Proof of Proposition 3

To give an upper bound for the quantile q{\fa w.r.t A and u, we use concentration inequalities for

general U-statistics. Recall that HSIC Au can be written as a U-statistic of order 4,

1
D) 2 [Tidar

(4.5,a,r)€i}

HSIC),, = ~

with general term h; j 4, defined by
1 (Gdar)

Pigar =30 20 [Fa(Xe Xl (Ve Ya) + ka (Ko Xa)ly (Vs Yao) = 260 (X, X )lu(V3, Vo) .

(t1u7’u7w)

where the sum represents all ordered quadruples (¢, u, v, w) drawn without replacement from (i, 7, g, ).

However, sharp upper bounds are obtained only for degenerate U-statistics (see e.g. [Houdré and Reynaud-Bour
We recall that a U-statistic of order r, denoted U, = U,(Vi,...,V;), is degenerate if E[U,, |

42



Vi,...,Vezq] =0. NotethatthlslmphesthatE[U | Vi,...,Vi] =0foralliin {1,...,7—1}. Hence,

the first step to upper bound ¢, M s to write HISIC A,p as a sum of degenerate U-statistics. For this,
we rely on the ANOVA—decomposMon (ANOVA for ANalyse Of VAriance, see e.g. [Sobol, 2001])
of the symmetric function h; ;4. We then write

1 (B3.m) 1 (4,5,q,7) ~
7] q.r Z ht u 3| Z ht,u,v + hi,j,q,ra (021)
: (t,u) T (tu,)

where the first (resp. the second) sum represents all ordered pairs (t,u) (resp. triplets (t,u,v))
drawn without replacement from (4, j, ¢,7) and the terms Ay, hiuo and h; j g, are defined as

ht,u = E[h@jﬂﬂ’ ‘ Zt, ZU]’

(tyu,v)
ht,u,v = E[ %,7,4,T ‘ Zt,Zu, Z Z ht’ u’s
' (t,
~ 1 (B4:a7) wqr)
hi,j,q,r — hi,j,q,r - g Z ' Z htu

©(tu,v)

Hence, by summing all terms h; j 4, for (4, j, ¢, 7) in i} and then dividing by n(n —1)(n—2)(n —3),
we have

—~(2D) —=3D) === (4D)

HSIC,\ u=0 HSIC/\ +4 HSICA + HSIC, o (C.22)
where
_——_(2.D 3,D 1
fsicy” - o 2 i ASIC), = Bia
(7’7])612 n(n B )( ) (Zv 7q)el
_—(4,D 1 -~
HSIC(M - > hijar

n(n—1)(n —2)(n —3) (6,J,q,r) €l

—— (2,D 3,D
Lemma 11. Let us assume that f = fi ® fo. Then, the U-statistics HSIC;’“ ) HSIC&N ) and

HSIC, ,, * are degenerated.

Proof of Lemma 11. According to Theorem 2 of [Gretton et al., 2008, if f = fi ® f2, we have
Elhijqr | Zi] = 0.

—— (2,D
We then easily show that HSIC&M ) is degenerated by writing
Elhij | Zi] = Elhijqr | Zi] = 0. (C.23)

Moreover, to prove that HSIC, , * is degenerated, we have

Elhijq | Zis Z;] = Blhijgr | Zis Z5] = Elhij | Zi, Z5] — Elhig | Zi] — Elhjq | Zj]
= hij—hij (C.24)

= 0’
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where (C.24) holds by definition of h; ; and Equation (C.23). Finally, from previous cases, and by
definition of h; j,, we obtain

Elhijar | 225 Zg) = Elhigar | Zis Zj Z) = higq = hig = hig = hig
= 0,
. ——(4,D) .
which proves that HSIC, , * is degenerated. O

——(r,D
Once we have upper bounds of the (1 — a)-quantiles of HSICS:“ : with r in {2,3,4} under the

assumption Py gf,, an upper bound of the quantile qi"_“a is naturally obtained. In fact, we can
easily show that,
A, A, A, A,
0120 <6 ql—ua/&? +4 ql—uoa/S,B + ql—ua/3,4 (C.25)

AL . . /\(TaD)
where ¢, .. is the (1 — a)-quantiles of HSIC) ,  under P gy,

C.4.1 Upper bound of qi"_“%g

First, [Gretton et al., 2008] page 10 prove that, under the hypothesis f = fi® fa, hi j = E[hi jqr | Zi, Zj]
can be written as follows
hij = hy(Zi, Zj),

where, for all z; = (z,y) and 2/ = (2/,y') in R x RY,
hey(2:2) = & {ka(a,2!)  Efkaa, X)) ~ E[la (X, 2)] + E[ka(X, X')]}
<y 1) ~ Bl V)] - E[1V,1)] + B[00, .
for (X,Y) and (X', Y”) independent random variables with common density f1 ® fo.

To upper bound the quantile qi\’_”ag, we use the concentration inequality for degenerated U-
statistics of order 2 given in [Giné et al., 2000, p.15, Equation (3.5)]. We write for all ¢ > 0,

1 t t 2/3 t 1/2

where A > 1 is an absolute constant,

K= Hh@)Hm, and M2= 3" E[h)(Z,Z)] = n(n - VE[h%)(Z1,2)] .

(i,5)€iy
n

ZE[hé)(Zfi ')} H :

i=1 00

zn:E[hé) (- 2))]

j=1

L? = max

= nJE[1 (20, ]

[e.o]
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t
By setting e = —;, and using Equation (C.26), we obtain
n

1 1 n’e <n25>2/3 <n26>1/2
P 2 E hij| >¢e | < Aexp ( min { 7 )

(i,5)€iy

Therefore, we have for all € > 0,

1 n’e n/3¢2/3 nel/?
P oa| 2 hij|>e SAm&X{GXD(‘w)ve"p<‘ A )P\ Tagin )|

(i.j)€iy

1 —— (2,D

By adjusting the constant A, we can replace in the last inequality — Z hi ; by HSIC; ’ )
n ;

(i,j)€iy

——(2.D) n’e n/3¢2/3 nel/?
P ( HSIC, , ‘ > E) < Amax {exp (_AJW) , €XP (— VEIE , €XP Ak .

)

Hence, if €, is a positive number verifying

n2e, nd/3e2/3 nel/?
a = Amax < exp ~ ) P TTALB , €XP TAKL2 )

then, by definition of the quantile,

A
010 < €a- (C.27)
By now, we upper bound ¢, (and consequently qi\’_"ag), in the 3 cases considered bellow.

Case 1. If o« = Aexp (—n2£a/ [AM]) , then &, is expressed as

€a = % (log <$) + log (A)) .

Since in Az (), we assume that log(1/a) > 1, and since A > 1, we can then bound ¢, as

CM 1
0<eqn < ?log () : (C.28)

o
for some absolute positive constant C'.
Let us upper bound M w.r.t A, 4 and n. First notice that
M? = n(n — 1)E[h) (21, Z2)] < n’E[h3,].
Moreover, by the law of total variance,

E[hi,] = Var(Elhi234 | Z1,20])
Var (h1727374) .

IN
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Furthermore, we have shown in Equation (C.20) (see Section C.3.2) that,

M M
Var (h1,2,3,4) < C( [10f25 P Q) < C( D Q) 7
)\1--->\p,u1---/$q Al---)\pﬂl---/lq

since we work under Py gf,.
Hence, we can upper bound M as follows,

C(Mf b, q )

< . (C.29)
\/)\1 Apli1 - - - Hig
Consequently, by combining Equations (C.28) and (C.29), we obtain
C(My,p, 1
i < g o (1) (C30)
\/>\1 le o

Case 2. If o« = Aexp (—n4/35i/3/ [AL2/3]), then e, verifies

AL2/3 1
2/3 _ -
o T TAr (log (oz) +log (A)> '

Thus, since log(1/a) > 1, g, can be upper bounded as

CL 132
Ea S ﬁ log <a> s (Cgl)
Let us upper bound L w.r.t n, A and p, where

2
=n s {EhEA]}

Yet, for all z = (z,y) € RP x RY,

2
! {k)\(Xl, ) E[k)\(Xl,Xg) ’ Xl] — E[k/\(X?,,l')] +E[l§)\(X3,X2)]}

2
hio)(Z1,2) = 36

2
{1V, 9) ~ Bl Y2) | ¥i] — BIL (V. )] + Ef(Y5, V2l
Therefore, we have the following inequality for h%z)(Zl, z),
Wy (Z1,2) < O{I (X0, 2) + Elka(X1, X2) | X0J? + Blka(Xs, 2)] + Efka(Xs, X))
{20V1,) + BB, Vo) | VPP + Bl ) + Bl (5, V).

Using that (X1,...,X,) and (Y1,...,Y,) are independent, and Jensen’s inequality,

E[hé)(zl,z)] < C{E[ki(xl,x)] +E[k§(X1,X2)]} X {E[li(yl,y)] +E[z§(YI,Y2)]}
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Moreover, by similar arguments as in Section C.3.2, one can prove that for all z in RP,

Cllf1llso - p) 2 Cllf1llso )
Rk} (X, x)] < i and E[ki (X1, Xo)| < ——21—=
(X 2) A Ap (X1, X)) AL Ap
and for all y in R?,
Cllf2lls0 - 9) 2 Cllf2lls0 - 9)
E[1?(Yy,y)] < —=ro0r L/ and E|lZ(Y1,Ys)] < ——=2 222,
[u(ly)]— (1 - - g [u(l 2)] (1 - - flg

Hence, by taking the supremum over z = (z,y) in RP x R?, we obtain

n
Ao Apltl - g
By combining Equations (C.31) and (C.32), we have

M 3/2
o C(My,p,q) [log <1>} _
n3/2\/)\1.../\p,u1...uq o

Moreover, since from Az(a) we have Aj ... Appu1 ... 1y < 1, we obtain

= /A Cﬁi) L o (iﬂw- (€33)

L? < C(My,p,q) (C.32)

Case 3. If o = Aexp (—na}xﬂ/ [AKIDD, then ¢, is expressed as

AKY/? 1
el/2 = — (10g< ) + log (A)) .

a

Using that, from Az (a), log(1/a) > 1, we upper bound &, as

CK 1\1?
Moreover, we can easily show that
C(p,q)
K =|h < C| sup ka(z, 2 sup l,(y,vy) | = d ) C.35
H 2) Hoo - (a:,x’ep]Rp )\( )) (y,y’e%q H(y 4 )> )\1 oo )\p,ul e ,U,q ( )

By combining Equations (C.34) and (C.35), we obtain:
. [ < 1 )} 2
o < log | — . C.36
2L Ap - g s\ ( )

Finally, using Equations (C.27), (C.30), (C.33) and (C.36) and the fact that, from Assumption
Az(a),

1
log () <1,
n\/)\l...)\pul...,uq o}

we have the following inequality

C(M 1
Qg < PP o, (1) (37
’ n\/)\l...)\pul...uq «
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C.4.2 Upper bound of qi"_’flg
In this part, we give an upper bound for the (1 — a))-quantile of

HSIC)\# = 7’L(7’L _ 1)(7’1, — 2) Z h(3)(Zl7 Z]a Zq)7

(4,4,9) €1y

where N3y is define by

1 (4,3,9
2!

)
S hia
" (tu)

h)(Zis Zj, Zg) = hijg = Elhijgr | Zis Zj, Zg) —

For this, we use the concentration inequality (c), page 1501 of [Arcones and Gine, 1993]. We write
for all t > 0,

Bt2/3

—-3/2

P n / ( ;en h(g)(Zqua Zk) >t S AeXP (_M2/3 + K1/2t1/6H_1/4) 5 (038)
%,J,9) €y

where K = Hh(3)H , M? =E[h?,4] and A > 1, B> 0 are absolute constant.
0 2,

t
— 75 and using Equation (C.38), we have

By setting ¢ = 37

1 Bng?/3
P 3 Z hijql >€¢ | < Aexp (_M2/3—|—K1/261/6>'

(1,3,9) €y

Moreover, by adjusting the value of B, we can write

—— (3,D) Bnge?/3
IP’( HSIC, , ‘ > 5) < Aexp <_M2/3 K226 ) (C.39)

Hence, if ¢, is a positive number verifying

Bnel/?
Aexp | — = 7G| =@ (C.40)
M?2/3 + K1/25a

then, we have the following inequality

qi\fa,ii S €a-
In order to upper bound &, in (C.40), we set v, = 5})/6 and we obtain
A A
Byt = K'Y 1og () Yo + M?31og () . (C.41)
« «

The polynomial Equation (C.41) has no explicit solutions. However, it is possible to give an upper
bound of its roots. Indeed,

A
Bn”yé < 2max {K1/2’ya, M2/3} log ( ) .

(%
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Case 1. If K1/2~, > M?/3, then, ~, verifies the following inequality,

5 2K1/? A CK'/? 1
Yo é log — S 1Og >
Bn « n «

since log(1/a)) > 1 in Az(a), one gets log(A/a) < Clog(1/a). Hence,

o s ()

Moreover, once again, one can upper bound K = Hh(g)H by
oo

Cp,q)
K < C| sup ky(z,2 sup L,(y,y = : .
N L,x’ep]RP )\( )] Ly/eﬂ)gq #(y Y )] AL /\p,u1 - g
Hence,
1 2
oz O (1, (1))
NANL . Apld - - - g @
and, since from Assumption Az (o),
! 1 ( 1) <1
og\ — )
n\/)\l Aphi1 - - - g o
we have the following inequality
C 1
< log (—) . (C.42)
n\/)‘l Apl1 - - g o

Case 2. If K1/2~, < M?/3, then,

A 2M3/3 A OM?/3 1
Yo = log{—) < log{—),
(6% «Q

Bn n

since log(1/a) > 1 in Ap(ax). Therefore, e, can be upper bounded as

CM 1\1%/2
ca < o) [log( )] .

Moreover, using the law of total variance, one can upper bound M? = E[h%,%] by
= Var (h1’2,3) S C Var (h1,2’3,4) . (0.43)
Then, according Equation (C.20) (see Section C.3.2), under Py, gs,, M can be upper bounded as

M < C(Mf1®f2>p7 ) < C(Mf7p>Q) .
\/)\1 p,u1 ,u \/Al'--)\p/ﬁl-"ﬂq

3/2
sy SO0 [ (1))
n3/2\ /A1 A - g a

Hence,
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Moreover, since both assumptions in Ay () imply that n=!log(1/a) < 1, we obtain

C(Mf P, q ) 1
N YRR ST log (a) . (C.44)

Finally, both (C.42) and (C.44) lead to

M 1
gt < CMppa) <> (C.45)
n\/)\l ApH1 - - - Hg @

C.4.3 Upper bound of ql a4

In this part, we give an upper bound for the (1 — «)-quantile of

—— (4D) 1

HI = h Z’iaZ'azazT‘v

SO n(n—l)(n—2)(n—3)(.qu - W\ 2 2y 2]
INRERISY:

under Py g, where hy) is define by
_ 1 (@:3a7) 1 (4,4,q,7)
h(4) (Zl7 Z]? ZQ7 ZT) = hi,j,qu = hi7j7qu - i Z Z ht ws

(t,u,v) ! (t,u)

For this, we use the concentration inequality (d), page 1501 of [Arcones and Gine, 1993]. We have

for all ¢t > 0,
1 ~ t
P 2 Z hijgrl >t ] < Aexp| —B %)

(i7j7qu)ei2

where A > 1 and B > 0 are absolute constants and K = Hh(4)H

o
) t
By setting ¢ = —, we have
n
1 ~ €
P ﬁ hi,j,q,’l‘ > € S AeXp —Bn ? .
(17]7(17,’1)612
- /\(47D)
Furthermore, by adjusting the constant B, we can replace —4 Z hi jqr by HSIC, ,  and
n b

(1,5,9,m) €8y

(‘HSIC(A’ )‘ )gAexp <—B \/;> (C.46)

Hence, if ¢, is a positive number verifying
€
A (—B a) = q, C.47
exp ny/ 7 «@ ( )

q1 a4<5a

obtain

then
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By resolving Equation (C.47), we obtain

e ()]
Ea — —5 10g — .
n (07

Therefore, since log(1/a) > 1 in Az(a), we can easily show that

2
n «

Moreover, as above, one can upper bound K = Hh(4)H by
o

_ Cp,9)
)\1...>\p,u1...,uq

K < C[ sup k)\(x,x')l [ sup Lu(y,y)

z,x’ ERP y,y' ERY
Hence,
C(Mjp,p, 11)\?
2 SO (1))
’ Al...)\pul...uqn (%
Consequently, since from Assumption Az (),

1
log (—) <1,
N/ AL Apfit - flg «

one finally obtains

C(M 1
Q< Mpp@) () . (C.48)
S VO NP T TH a

Finally, combining (C.25), (C.37), (C.45) and (C.48) ends the proof of Proposition 3.

C.5 Proof of Corollary 1

The proof of this corollary is immediately obtained from Lemma 1, Proposition 2 and Proposition

3.

C.6 Proof of Lemma 2

Recalling the formulation of HSIC) ,(f) given in Equation (1.5) with & = ky and [ = [,,, we obtain

HSIC\, () = [ k(@) /) (o) ' )dadyda'dy
(RPxR?)2

- 2/ kx(x, x/)lu(y, ?//)f(x’ y) 1 (xl)fz (y,)dxdydaj/dy/
(RPxRR7)?

+ / kx(z, 2 (y, y') f1(x) f2(y) f1(2) fo(y')dadyda’dy’.
(RPxRY)?2

This expression can be factorized using the symmetry of the kernels ky and [, as

HSIOA () = [ laeau(w9) | f(@0) — @) |16 0) — i) 220 | dedyda'ay

(RPxR7)2

= i )y, )@, )¢ (', ) dedyda’dy’,

o1



where Y(z,y) = f(z,y) — fi(z)f2(y).

Thereafter, by replacing ky(z, 2’) with ¢y (z — 2’) and replacing {,,(y,y') with ¢,(y — '), where )
and ¢, are respectively the functions defined in Equation (1.4), one obtains

IO = [ e [ e = oty —)aray | dedy

B /Rpqu b, y) [+ (pr® ¢u)] (z,y) dedy
= (Y, (or ® Pp))e.

C.7 Proof of Proposition 4

First recall that HSIC) , can be written as a U-statistic of order 4, that is

1
n(n—1)(n—2)(n —3) Z Pijars

(ivqu’r) Eiz

fiSIC) , —

where the general term h; j 4, of H/SR) A,u 18 defined by

(7:7j7q7r)
1
hi,j,q,r = @ Z (kt,ult,u + kt,ulv,w - 2k’t,ult,v> . (C49)

) (t,u7ﬂ7w)

where the sum represents all ordered quadruples (¢, u, v, w) drawn without replacement from (i, 7, g, ),
and for all ¢,u in {1,...,n},

kt,u = k)\(Xt, Xu) and lt,u = l#(n, Yu)
According to Equations (C.9) and (C.20), we already proved that

C(Mfapa Q)
AL Aphtd - . pugn?

—— C
Val“f(HSIC)VM) < g\/arf (E[h1727374 | Zl]) + (0.50)

To prove the intended result, we need a sharper control of Vary (E[hi234 | Z1]) in terms of
| * (oA ® ¢u)”§a which is provided in Lemma 12.

Lemma 12. For all A in (0,+00)P and p in (0,+00)9, we have
Varg (E[h 234 | Z1]) < C(My) |4 * (o2 © ¢ 3 -

Finally, both Equation (C.50) and Lemma 12 end the proof of Proposition 4.

Proof of Lemma 12. The first step to upper bound Vary (E[h1234 | Z1]) is to rewrite hi234 by
isolating all the terms depending on 7.
1 (1,2,3,4)
h1,2,3,4 :I Z [kt,ult,u + kt,ulv,w - Zkt,ult,v]
(t,u,v,w)
9 (2,3,4)

=1 Z Ftuliu + k1 ulvw + Eupliw — kwplw — kuiluw — k1ulie]) + R(Z2, Z3, Zy),

(u,v,w)
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where the last sum represents all triplets (u,v,w) drawn without replacement from (2,3,4) and
R(Zs, Z3,Z4) is a random variable depending only on Zs, Z3 and Zy.

Then,
1 (2,3,4)
h1,2,3,4 = ﬁ Z [kl,u(ll,u - ll,v) - ku,l(lu,v - lv,w) - (kw,v - ku,v)ll,w] + R (Z27 Z3; Z4) .
(u,v,w)

The random variable R(Zs, Z3, Z;) being independent from Zp, the variance of its expectation
conditionally to Z; is equal to 0. It is then easy to see that Vary (E[h1 234 | Z1]) can be upper
bounded as follows:

Varf (E[h1,273,4 | Zl]) S C[Varf (E[I{PLQ(ZLQ — l1,3) | Zl]) + Varf (E[kQ’l(lZg — 13,4) ‘ Xl])
+Varf (E[(k’g}g — k‘473)ll,2 | Yi]) ] . (0.51)

By now, we reformulate the function ¥ * (¢ ® ¢,) in a simpler form in order to link its Lo-
norm with the upper bound given in Equation (C.51). For notational convenience, we denote

Gapu =1 * (or ® ¢y). Then
G/\,u(xJI) = / w(x',y')kx(as,x’)l“(y, y/) dx/dy’
RP x R4
= [ @) (W)~ ) SRy
RP xR x R4

= E

ba(e, X) (10, V)~ 1Y) )|
where (X', Y’) and Y” are independent random variables with respective densities f and fs.

Thereafter, the conditional expectations in Equation (C.51) can all be expressed as follows:

Elki2(lig —13) | Z1] = Gxu(X1, Y1),
Elko1(lo3 —l34) | X1] = E[Gyu(X1,Y3) | Xq],
El(k2s —kag)lio | Y1] = E[Gyu(X3,Y1) | Yi].

Thus, using the law of total variance [Weiss, 2006], we have the following upper bound:
Varf (E[h1’27374 ‘ Zl]) <(C Varf (G,\,#(Xl, Y1)) + Varf (G)M“(Xl, Yg)) + Varf (G,\,H(Xg, Yl)) .

On the other hand, it is straightforward to upper bound the three variances in the last equation as

Vary (Gru(X1, Y1) < (| £lloo 1Gall3
Vary (Gyu(X1,Y3)) < [[1® folloo [Gap
Varf(G)\’“(Xg,Yl)) S

A

2
27

2
1 ® falloo 1G5 -

Finally, combining these inequalities with Equation (C.51) allows to upper bound Vars (E[h1,234 | Z1])
as
Varg (Elhi 24 | Z1]) < C(My) [l * (2 © 6,)5

which ends the proof of Lemma 12. O
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C.8 Proof of Lemma 3

Recall that for any bandwidths A = (A1,...,\,) in (0, +00)? and p = (p1, ..., ig) in (0,400)9, @
and ¢, are defined in Equation (1.4) for any x in R? and y in RY,

@) 1 ey () » 1 e Y@
)= ——""" e el K = — e, ],
P2 )\1...)\pgp /\1 )\p (b“ 4 M1 ...,quq M1 Hq

where g, and g, are the standard Gaussian density defined in Equation (1.3). The objective here
is the provide an upper bound of the bias term [|¢) — ¢ * (p\ ® ¢u)Hg w.r.t A and p.

First of all, since ¢ — 1 * (px ® ¢,,) belongs to Lo, by Plancherel’s theorem we obtain that

— |2
@mPY =g (or @ o)l = Hd’ — P (oA ® ¢u)H2
= P(i-weal)l,
[ -meaeof e ae

Moreover, by definition of ¢ and ¢, (see Equation (1.4)),

02 ® Gu(£,C) = gp ® ga(AE, 1C),

where Adé = (A€W, ... ,)\pﬁ(p)) and pu¢ = (¢, ..., qu(q)). Besides, the Gaussian density satisfies
for all (u,v) in RP x RY,

2
—I(w,v
Ip @ gq(u,v) = (27T)(p+q)/29p ® gq(u,v) = exp <‘(2)H> .

Hence, the bias term satisfies

@O = (e @ )l = |

R

_ 2 2 Y
. [1 — exp (H(Ai’MQ' )] ’W&C)’Qdfd(.

In addition, for all § > 0, there exists T in [0, 1] such that

Vo > T, 1 —exp(—2%/2) < . (C.52)

9 is continuous on R, satisfies gs(0) = 0, and for

Indeed, the function gs : © +— 1 —exp(—22/2) —
all z > 1, gs(z) < 0 since

1 —exp (—a:2/2) <1<af.
Note that if § < 2, then Ts = 0 since, in addition, for all z in [0, 1],

2 6
1—exp(—22/2) < = <2 <o,
2 2
Therefore, one can split the integral as
@2m)P [y — 9 * (x ® du)l3 = 1 + Lo, (C.53)
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where

& OIPN] e 2
ho /H(/\E,uC)II<T5 [Fe){p (2)] (€. 0| dgac
(1-e722)" o],
< (1 —e—Tf/Q) (27r)19+q‘|¢||§7 since (1 _e—Tg/Q) <1, (C.50)

IN

and

_ o (OSN30 P
L o= /II(/\&MC)IIZTa [1 exp( 5 )] \w(f,c)\ déd¢

< [ I0enol [ o] dedc.

by Equation (C.52). In addition, since for all 1 < i < p, A2 < (A, 2)|? and for all 1 < j < g,
2
1 < Il

1)
IO 1)) = (ZA% BRI [<<J>]2> < [, I 1€ QI
i=1 j=1

Thus, since ¥ belongs to Sngq(R),
Ip < (2w TR || )7 (C.55)

Thereafter, using Holder’s inequality if § > 1 and fact that ||-[[; ;5 < [I-[|; if 6 <1, it is straightfor-
ward to see that

p q T

|me§cm%&b)?+Zﬁ5, (C.56)
i=1 j=1 |

Finally, combining (C.54), (C.55) and (C.56) in (C.53) leads to

lo == (ex @@l < (1= B2) Wl + Clo,a,0,R) | oA + Zﬁ] -
=1 Jj=1

Note once again that if 6 < 2, then T5 = 0, and one directly obtains that

p q
S S|

i=1 j=1

[ — 2 * (¢x @ dp)|l5 < Clp,q,0, R)

C.9 Proof of Theorem 2

Assume that v belongs to the Sobolev balls Sg+q(R, R’) with 6, R, R" > 0. One may notice that,
by Lemma 3, since, T5 < 1, then

p

q
S
j=1

i=1

1 — 1 (pa @ ¢)ll3 < (1= e V2) 013 + C(p, 4.6, R)
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Thus, since My < R/, one may easily deduce from Theorem 1 that Pf(A)* = 0) < 3 as soon as

C(R,p,q, ﬁ) 1
)\26 + 10 <> )
;1 Z:,u ny/AL . Appia - #\a

e 2 |[9l3 > Clp,a,6, R)

that is, since constants may vary from line to line,

Z)‘%"‘ZN

i=1 =

C(R,p,q, 1
162 > C(p.q.6, R) (F'.p.a, ) — 1og(a).

n\/)‘l Apli1 -

It now follows from the definition (1.1) of the uniform separation rate that

C(R',p,q,p) 1
E )\25 + E ,u log (—) .
= n\/)\l Apli1 - - - g

[ (20", S (R,R’),ﬁ)} < C(p,q,6,R)

a ' Sptq

C.10 Proof of Corollary 2

The objective here is to give the uniform separation rate having the smallest upper bound w.r.t.
the sample size n, when 1) belongs to a Sobolev ball Sg (R, R’). For this, we recall that according
to Theorem 2, we have

[ (AAM 55 (R7 R,)aﬁ)}2 < C(p, q,5,R

a S ptq

ZAQ‘WZM

=1 =

CH.pa.8) | (1
n\/)\l Apii - - Ihq g<a>'

In order to have the smallest behavior of the right side of the last inequality w.r.t. n, one has then
to choose bandwidths A* = (A],..., Ay) and p* = (uf, ..., puy) w.r.t. n in such a way that

1
)\*25 + *20 d
[Z S I /N

*
i—1 j=1 1---Hg

have the same order. Thereafter, it is clear that all A’s and uj’s have the same behavior w.r.t. n.
It follows that for all ¢ in {1,...,p} and all j in {1,...,q}, we have

A== n—2/(45+p+a)

Consequently, the separation rate over S9 (R, R') can be upper bounded as

p+q

p (A, Spg(R,R),B) < Clp, g, v, 8,0, R, R )n~ 2/ twta),

C.11 Proof of Lemma 8

The objective here is to give an upper bound of the bias term ||¢) — 1 * (o) ® qﬁM)Hg w.r.t. Aand pu,
when 1) belongs to a Nikol’skii-Besov ball NQ‘ierq(R), with § = (v1,.. ., Vp, 715+ -, ) in (0,2]PT9.
We first set b = v * (p\ ® ¢,) — ¢ and we write

b(:v,y) = Yx (SO)\ & (Z),u)(xay) - w(%y)
= [ )ena —)ouly - y)da'dy’ — ila.y)
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Moreover, using Equation (1.4), the fonction b can be written in terms of the functions g, and g,
defined in Equation (1.3) as

1 1 — 7 Ty — T Y1 — Y Yg — Yo
b(z, = / z vy Lo P Lo, 1) da'dy’
( y) )\1...)\pu1...,uq d)( y)gp )\1 )\p Ja M1 Hp Y

= /¢(m1 + UL, Ty ApUp, Y1+ 101, - Yg F HgU) Gp(Ut, - Up)ge(Ve, - . ., vg) dudy
Thereafter, using that / 9p = / gq = 1, the function b can be expressed as
RP R4
.’I,' y /gp Uy .5 U gq(Ula---avq> |:w(x1+)\1u17"'7yq+lu’q’UQ)_w(xay) dudv.
Let us from now define for all i in {1,...,p} and j in {1,..., ¢}, the functions by ; and bo ; by
bl,i(xay) /gp ulv'”a gq(’l)l,...,'Uq)WLZ‘(.T,y7'U,1,...,Ui) dUdv7
boj(z,y) = /gp (U1, ..., up)gq(v1, ..., vg)wa (T, Yy, u1, ..., Up, v1,...,v;5) dudv,

where the function wy ; is defined as

wu(az,y, U, ... ,ui) = ¢($1 4+ AMut, ...,z + /\iui,xiﬂ,. . .,.CCp,y)
— (w1 H+ AU, T+ N1 U1, Ty Ty YY),

while the function ws ; is defined as

w?,j('xay)ula ceey Up, VL, .. 7/Uj) = 1/1(351 +)\1u17 s 7$p+>\pup)y1+/~’élvlu HE 7yj+ijjayj+17 HE 7yq)
— (21 + AU, -, Ty ApUp, Y1+ PV, Y1 1051, Y 5 Yg)-

It is then easy to see that the function b is the sum of all the functions by ; and by ;

p q
= bz, y) + Y baj(z,y).
i=1 j=1

One can then deduce that it would be sufficient for the control of the Ly-norm of b, to control the
Lo-normes of all the functions b1 ; and b ;. Using the triangular inequality, we have

p q
1Bl <> " llbwally + > 12,5l - (C.57)
i=1 j=1

By now, let us upper bound ”ble; and ”sz”% for all 4 in {1,...,p} and j in {1,...,q}. We
distinguish two cases.

Case 1. Assume that 0 < v; < 1. We first recall that Hb“Hg can be written as

2
b1 zHg /[/gp (Ui, ..., up)gq(v1, ..., vg)wii(z,y,u1,...,u;) dudv| dady.

We use the following lemma from page 13 of [Tsybakov, 2009].
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Lemma 13. Let p: RY x RY — R be a Borel function, then we have the following inequality:
2 1/2
/</p(9,z)d9> dz < /(/pQ(Q,z)dz) d@}

By applying Lemma 13 to the function

2

((U,’U), (LL‘, y)) = gp(ulv ceey up)gq(vlv o ,'Uq)UJl,i(LU, Yy,uy ..., ui)v

we obtain

1/2

2
Hbqu < {/(/gﬁ(ul, ... ,up)gg(vl, ... ,vq)wii(az,y, Uy ..., u;) dedy dudv}

1/2 2
= [/gp(ul, ceUp) (v, . ,vq)</wii(:n,y,u1, ceey ) da:dy) dudv} . (C.58)

On the other hand, since 1 belongs to the Nikol’skii-Besov ball J\/’gp +q(R), we have

1/2
(/ w%i(:ﬁ,y,ul, e U) dmdy) < R/ |ug|” .

We then have by injecting this last inequation in Equation (C.58), that

b1l < C(vi, RN

Case 2. Now assume that 1 < v; < 2. In this case the function ¥ has continuous first-order
partial derivatives. Using Taylor expansion with integral form of the remainder w.r.t. the 4th
variable of v, we have

1
w (T, Yy, ur, . u) = )\iui/o (1-— T)Dil’l/)(l‘l + AUty ..o+ TAUG T, -, Y)dT,
where D} denotes the first-order partial derivative of ¢ w.r.t. the i*h variable.

Thereafter, by injecting the last equation in the expression of by ;, we obtain

bl,i(%y) = /Aiuigp(ul,-~-,Up)9q(U1,---,vq)

1
[/ (1 — T)Dlliﬂ(.%'l + AUL, e T TAUG, Tt 1y - - ,y)dT} dudv.
0

Furthermore, using the fact that g, is of order 2, we have that /uigp(ul, ...,up)du; = 0. The

function by ; can then be written as
! 1
bii(x,y) = /)\iuigp(ul, ceUp)Gg(v1, -, vg) [/0 (1—7)D;wri(z,y,ut,...,Tu;) dT} dudv.
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We have then the following equation for the Lo-norm of by ;:

2
dzdy.

1
Hbqu = /[/ AittiGp (Ui, . .., Up)gq(vi, ..., vq) (/0 (1—7')Di1w1,i(x,y,u1, ey TUG) dT) dudwv

By now, we use as in Case 1 of Lemma 13 in order to upper bound ||b1l|]§ We then obtain:

lbwal2 < (/[/()\iuigp(ul, e )GVt V)

1 2
/ (1-— T)Dilwu(x,y,ul, ceey TUG) dT)
0

1/2 2
dxdy} dudv)

Then,

Hbl,i”g < (/ Aiuigp(ulv s vup)gq(vlv s ’UQ)

[/(/01(1 — 1)D}w iz, y,u1, - .., TU;) dT)

We apply a second time Lemma 13. For this, consider the function

2 2

1/2
dxdy} dudv)

p: ((xﬂy)vT) = (]‘_T)Dilwl,i(mayaula'”7Tu’i)7

we then have
||b11H§ < (/ AitiGp(Ut, ..., up)gq(vi, ..., vq)

[/01(1 —T) </ (Dilwu(x,y,ul, ce Tui))2 dxdy)

On the other hand, using that 1) belongs to the Nikol’skii-Besov ball N£p+q(R),

1/2 2
dT} dudv) . (C.h9)

1/2
</ (Dgwlyi(xv Y, ug, ... ,TUi))Q d.ﬁUdy) S R)\zl‘ji_l ’Tui’w_l .
We then obtain by injecting this last inequation in Equation (C.59), that
b1l < Cvi, R)AT™.
Besides, for all j in {1,..., ¢}, by similar arguments, one can prove that

2 .
1b2,51l5 < Cvj, R)p; .

Consequently, according to Equation (C.57), we have the following upper bound of Hng
2 z 2u; ! 295
Ibll; < COR) 13N+ ™ |-
i=1 j=1
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C.12 Proof of Theorem 5

This proof is similar to the one of Theorem 2. Assume that 1 belongs to the Sobolev balls
N3 pig(Ry R with 6 = (v1,...,vp, 71, .. ,7g) in (0,2]P79 and R, R’ > 0. Then, since My < R/, one
may easily deduce from Theorem 1 and Lemma 8 that Pr(AM = 0) < 8 as soon as

/ 1
Z)\QVZ + ZIUQ’YJ C(R b, 4, B) log <7) )
i=1 — n\/)\l p,ul :u‘ «Q

One can then conclude from the definition (1.1) of the uniform separation rate that

! 1
s s en] o CRnad o (1).
i=1 j=1 n\//\l Apli1 - @

%]l > C (6, R)

[ (AN N,y q(R, R’),/j‘)] < C(8,R)

C.13 Proof of Corollary 4

We aim here to give the uniform separation rate having the smallest upper bound w.r.t. the sample
size n, when 1 belongs to a Nikol’skii-Besov ball Ny . (R, R'), with § = (v1,...,Vp, 71,...,7,) in
(0, 2]p+q. We first recall that Theorem 5 shows that

p q
SN W+

i=1 j=1

,D+q

[0 (82#, N2, o(R. R, B)]° < C(6,R)

C(R,p,q,B) log (l)
n\/)\l Apli1 - - - Hg

e
Hence, in order to minimize the right side of the last inequality w.r.t. n, we choose bandwidths
A= (A],...,Ap) and p* = (pi, ..., py) wr.t. nsuch that

d 1
)\*2'/1 + 2% and
[Z > Hi NSRS

*
i=1 =1 1---Hq

have the same order. Let us set for all 7 in {1,...,p} and all jin {1,...,q}, A} = n® and W = nbi.

Then, it is clear that for all 7 and all j

1 p q
r=1 s=1

One can first express all a;’s and all b;’s w.r.t a; as
V1 151
a;=a1— and bj =a;—.
v Vi

Thereafter, using Equation (C.60) we have

2a1V1 = _;:7”1 — 1.
-2
Thus, we first write that a; = . We next obtain for all ¢ and for all j that
vi(4n +1)
—2n —2n
a; = and b; = .
EERZICVES) T oyln+1)
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Note that the condition n > (log(1/a))**/“" ensures that (A\*, u*) satisfies Assumption Az (c).
Consequently, the separation rate over Ng » +q(R, R’) can be upper bound as

(AA* a NQP'HI(Ra R/)vﬂ) < C(p?qvaaﬁvéa Ra R/)n_lf—%n.

C.14 Proof of Lemma 4

Let a be in (0,1), we first prove that u, > «. For this, we apply Bonferroni’s inequality

— A, . TTaT A,
Pf1®f2 (()\Sl;.IG)W {HSIC)\“u — ql—'uoce_w%# } > 0) = Pf1®f2 U {HSIC)\’H > ql—'uae_“”v# }
s (Awew
— )\’

< Z Pf1®f2 (HSIC)MN > ql—i@‘““»#)
(Ap)ew

< Z ae”
(Am)ew

< Q.

Then, by definition of u, we have u, > «. Thereafter, we obtain

Pr(Aa=0) = Pr| () {BSICy <¢™ ..}
(Ap)ew :

< fP(HSIC <Ww)
(A,}Bew ! A =4 Mo

< £ P(HSIC <g™ )
(A,Lr)lew ! A= g eonn

= {pr(ate, = 0)} :

which concludes the proof.

C.15 Proof of Theorems 3 and 6

Let o and 8 be in (0,1). According to Lemma 4, Py (A, = 0) < 8 as soon as there exists (A, u) in
W such that

Pp(aM,  =0) <3
Then, according to Theorem 2 if ¥ belongs to S? Jrq(R R’), or Theorem 5 if 1 belongs to
N3 g +q(R R'), one can take the infimum of the upper bounds for the uniform separation rates
over S

p+q(R) (resp. over N . (R, R")) of the single tests over W while replacing log(1/a) by
log(1/a) 4w -

D+4q

C.16 Proof of Corollary 3

Assume that ¢ belongs to Sg +q(R, R’) with regularity parameter 6 > 0 and positive radiuses R, R'.
Let us first verify that Az (ae™“>*#) holds for all (A, u) in W. Let (A, u) in W. Then, by definition

of MP4,

n/ A gt g > 2 M) > og(n).



Moreover,

1 1 m
log<a>+w,\7# < log<a>+210g(Mpq\f>
1 2
s (1) #2108 () o (2 ) < oo
< log{ o5\ 5) e\ 1y, og(logy(n))

This implies that there exists C(p, ¢, @) such that for n > C(p, ¢, ), Az(ae™“*+») holds, and this
for all (A, ) in W. Hence, using Theorem 3, we have the following inequality

P (80,800 (BR).B)] < C 0.0, B0 RR) int

Ly

=1

n\/)q : Pl - g <1og (olz)—kwk’“)}'

p

Let us take (\*, u*) = 2™ 1,,, with m* satisfying the condition

< n >p+q24~45 com <o ( n >P+2+45
log log(n) ~ " \loglog(n) ’

Note that there exists a positive constant C(p, ¢, d) such that for n > C(p, q,0), m* € {1,..., MP1}
which implies that (\*, u*) € W. Noticing that

P q 1 1
AP+ () (log <7) ¥ wye )
[Z( ) Z( ) n\/)\*l‘...)\;,u’{...,u; «o AT

=1 7=1
].Og log(n) >46/(45+p+Q)

n

)

<C(p.g.0.0)

and applying Theorem 3, we obtain the desired result.

C.17 Proof of Corollary 5

Assume that ¢ belongs to N p+q(R, R') with regularity parameter § = (v1,...,Vp,Y1,...,7) in
(0, 2]P*9 and positive radiuses R, R'. Let us first verify that Ag(ae™“*#) holds for all (A, u) in W.
The condition >-7_; my; + Z?Zl maj < 2logy K%)} implies that for all (A, ) in W,

nA/AL. L Appta - - g > log(n).

Moreover, by definition of the weights wy ,, we have that for all (A, ) in W,

1 1
r(2)rone < (2) (3 5t + 5ot

7=1

IN

log (é) +2(p +q) log <\2/6> +2(p + ¢) log(logy(n)).
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This implies that there exists some constant C(p, ¢, «) such that for n > C(p, ¢, ), Az(cxe™“>n)
holds for all (A, p) in W. Hence, using Theorem 6, we have the following inequality

/ 2 / . Vi J
[0 (B0 N iy (R R, ) | sc<p,q,6,6,R,R>(Au;gW{[ZV +Zu2”]

’ i=1

1 { 1
+ log<>+w7} .
\/Al...)\pul...,uqn (6] Aot

Let us take A* = (27™1L1, ..., 27™s) and p* = (27™21,...,27™24), where the integers My g, ,m
mjq,...,mj, are defined by the inequalities

_2n__ _2n__

v; (1+4n ® v;(1+4n

( n ) (+r)<2m1ﬂ_§2< n ) +4m)
loglog(n) log log(n)

2 R —
(L) Y (L+4m) oMby <9 (L) ~; (L) 7
log log(n) log log(n)

where n71 =3P ()71 + Z] 1(75)~. Note that there exists a positive constant C(§) such that
for n > C(9), (A*, u*) belongs to W. Then, we obviously have

k
1,p>

and

p

Z )\* 2v; +i 27]]
7j=1

=1

+ ! (lg(l)-{- )
= —— = (0] — w,\*7* .
VAT AT g o .

By definition of the integers mj y,...,mj,, m3,...,m5 ,, we have

[0 (80 Mg (R R, B)]” < Clo,0, 5.6, . R’){

PR/ B —n

v (1+4n) * n v (1+4n)
% 1/2 _ gmj ;/2 < (n) g d N =1/2 _ om3 /2 ~ 2() j .
() V2 loglog(n) and — (115) V2 loglog(n)

Therefore, we obtain
1
* #\=1/2 ~ o(p+a)/2 (L) (- 61
(A )\p:ul :U’q) = IOg log(n) (C 6 )

Let us now upper bound wyx ,,~. We first write

P q
s s

Wrs = QZlog (m’{Z X ) +QZlog (m;,j X )
i=1 V6 j=1 V6

k * * * ™
= 2log (m},...mj,m3;...mj5,) +2(p+q)log (\/6) .

Moreover, it is easy to see that for n > C(9),

2n 2n

— 1o and <
Vl(l +477) gQ(n) 1 m2,‘] = ’yj(l +477)

*
my; <

logy(n).

63



Then, for n > C(9),
log(m7q...mj,m5;...m5,) < C(0)loglog(n).

Thereafter, wy« ,+ can be upper bound as

was e < C(8,p, q) loglog(n). (C.62)

From Equations (C.61) and (C.62), we have

1
nA/AT AT

4n
1 log1 ( )
(1og <a) +wm,m> < C(a,6,p,9) <()gzg(m) o

(C.63)

We aim now to upper bound >°%_, (A\f)?i+3°7_, (M}f)27j. By definition of the integers mj q,...,mj ,,

M3 1,y M g,
loglog(n) 117277 , log log(n) L%n
AP < | —== and (N;?)QVJ < (=Y )
n n
Therefore, we obtain
u < log log(n T
Z)‘*QVHLZ 27]<p+)< gng( )) "‘ (C.64)
i=1 j=1

Consequently, from Equations (C.63) and (C.64),

2n

loglog(n)\ T4
p(AchQ(S,p-f—q(Ra R/)aﬁ) < C<p7q7a7675a RvR/) (TL()> ’

which ends the proof of Corollary 5

C.18 Proof of Lemma 5

Assume there exists a distribution fy that satisfies (#o) such that the probability measure P,

absolutely continuous w.r.t. Py, and verifies Equation (4.1).
Let us first lower bound §[F), (Cs)] w.r.t. the distributions P, and Py,. We recall that

B[Fp. (Cs)] = mf sup Pp(A,=0).
afe}—l’*(cé)

Using the assumption v, (F,,(Cs)) > 1 —n, we obtain the following inequalities

Po (Ba=0) = [ P80 =0)du,.(f)
Lo (RP xR9)

IN

P(AQZOdV*(f +77
/J-‘p*(c(g) f ) p )

< sup  Pr(Aa=0)+1n.
fe}—ﬂ* (C(;)

This leads to
sup Pr(Aqa=0)>PF, (Aa=0)—1n.
fej:p* (Cé)
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Hence, we have

BlF.(Cs)] > infP, (Aa=0)—17
> 1= Supp”p* (Aa = 1) —-n
Aa
Z l—a_silp|Pl/p*(Aa:1>—Pf0(Aa:1)|_7]

@

We denote by ||P,,, — Py,
We recall that,

HTV the total variation distance between the distributions P, and Pr,.

HPVp* - PfoHTV = Sup ‘Pvp* (E) — Pfo(E)‘ )
Eec€

where £ is the space of measurable sets in R™P+2) . We then obtain

/B[fp*(cz?)] 21_0‘_77_HPVP* — Py,

Iz -
Notice that,

1Py, = Prollgyy = sup [P, (E) = Pp,(E)] = sup [Py, (E) — Py, (E)] .
Bce Bee

It is then straightforward to show that

1
= |LUP* - 1’ deO

17 3
Rn(pt+a)

Vpx

_'fybHJW/

SEr, (1L (Z) — 1]

3 (Br, [, @] -1

where the last inequality holds by applying Cauchy-Schwarz and the fact that E Py, [Ll,p* (Zn)] =1.
Thus,

IN

9

)1/2

817 (C)] = 1= a—n -3 (Br, [12, @] -1)"".

If the condition (4.1) holds, we then obtain
B[Fp.(Cs)] > B.
Furthermore, using that F,, (Cs) C F,(Cs) for all p < p,, we have
B[F,(Cs)] > B

Let us now prove that this implies the lower bound
p(Cs: ) = inf p (A, Cs, 5) 2 pu. (C.65)

Assume B[F,, (Cs)] > 3, then

VA, sup Pr(Aq =0) > 6.
FEFp.(Cs)

In particular, since the family {F, (C5)} . is non increasing for the inclusion,

VAas, p(Aq,Cs,B) = inf {P>0; sup Py (AQZO)Sﬁ} > P
fE]‘—p(C[s)

which directly implies (C.65).
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C.19 Proof of Lemma 6

Proof of 1 Assume that
Co < min{1, R’ — 1}eP*1, (C.66)

Let us first prove that fy is a density function. First, it is obvious from Equation (4.3) that
. folw.y)dady =1,
Rpr+a

since 1, p+q is a probability density function and that / G(z)dz = 0. It remains to check that
R

fo is a non-negative function under Assumption (C.66).

Let j = (ji,...,Jp) in {1,..., My}P and | = (I1,...,l;) in {1,..., M, }?. Knowing that for all
1 <r<pandalll<s <g, the supports of the functions Gy, (- — jrhy) and Gy, (- — lshy,) are
respectively the intervals <(jr — 1)hn,jrhn] and ((ls — 1)hy, lshn], we deduce that the support of
the function

p q
9n,j,l - (xvy) = H Ghn (377‘ - jrhn) H Ghn (ys - lshn) (C.67)
r=1 s=1
is the set
p q
Dy =TT (Gr = Db dohn] < TT (s = D lsha] (C.68)
r=1 s=1

These supports are then disjoint for different multi-indexes (j,1) in I, ,, and have as union set
(0,1]P*t4 (since My,h, = 1). In particular, for all (z,y) in (0, 1]P*9,

p q 1 p+q
Z 0 H Gh, (xr = Jrhn) H Gh, (Ys — lshn)| < e ( sup |G(t)|)
(jvl)el’n,p,q r=1 s=1 n te[*l,o]

1

= (C.69)

Hence, if (z,y) belongs to [0, 174, then since h, <1,

hd Co
fo(z,y) > 1_Coep+q > ~ e >0,

by equation (C.66). Otherwise, if (z,y) ¢ [0,1]PT%, then fy(x,y) = 0. In particular, for all (z,y) in
Rp-i-q’ f@(l',y) > 0.

Remains to prove that max{|| fol., [l fo.1ll.. + [Ifo,2
Lio,1p and fo2 = 1 1)a, we directly obtain

1follo = I fo.2
On the other hand, by (C.69), for all (x,y) in RPT4,

) < R'. On the one hand, since fy1 =

/
L =1<R.

<1+0C fin <14 G0
[folw,y)l <1+ Co—ir < 1+ -0

Hence, assuming (C.66) directly leads to || fy||,, < R, which ends the proof of this point.
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Proof of 2 Let us prove that, for all § in {—1, 1}M£+q, fo satisfies

1 fo = fo1 © foall, = C(p,q, 6, R, R n)hy,.
Since, [p G(t)dt =0, we know that fp; = Lio,1p and fg2 = L 14, thus fo1® fgo = Ljg 1p+e and
fo—fo1 ® foo = CohdT D N" 0 g, (2, y),
(3D €In,p,q

where the functions gy, ;; are defined in (C.67), with disjoint supports.
In particular,

1fo — = CFR2T2Er) N g alls -
(jvl)EIn,p,q
Moreover, for all (4,1) € I, pq,
) P
gnjilly = /Rpﬂ [H G;QM (xy — H G2 )1 dxq...dzpdyr ... dy,

_ [ </ G2, (x, — joh )dxrﬂ x LHl (/R G%n(ys—lshn)dysﬂ,

and for all k in {1,..., M,}, a simple change of variables implies that

1 t—khn> 1 1G]2
2 (¢ — = 2 (2 - = 2 — 2
/RGh"(t hn)dt h2 /G < b at hn/RG (t)dt ha

since G belongs to La(R). We thus deduce that

[te] b

||gn7],l||2 T (C.70)

and that, since the cardinality of I, , equals MP*9, recalling that M,h, =1,

M p+q
I1fo = foa ® foally = CRIGIZY ™ B0+ x S5 = CRIGI"™ 1

C.20 Proof of Lemma 7

Let us prove that there exists a positive constant C(p, g, 6, 1) such that, if C3 < (27)PT4R2/[2C(p, q,6,7)],
then the random function fo — fe,1 ® fe2 belongs to the Sobolev ball Sg Jrq(R) with probability
greater that 1 — n. This point relies on Lemma [Butucea, 2007, Lemma 2] recalled below.

Lemma 14 ([Butucea, 2007]). Let G be the function defined in Equation (4.2). Then G is an
infinitely differentiable function such that / G(z)dx = 0. Its Fourier transform verifies
R

‘é\(u)’ < Cexp <—a\/m> as  |u| — oo,

for some positive constants C and a. Moreover, G is an infinitely differentiable and bounded
function.
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According to the Fourier transform properties, we write, for all § in {—1, 1}M5+q,

o~

J/‘\g(u,v) = ]?\9,1®J?9,2(u, 0)4+CohSHP+a) Z 0, ﬁ exp(iurjrhn)é\(hnur) ﬂ exp(ivglshy, )G (hnvs).
(D) €EIn,p,q r=1 s=1
Then,
Folw, ) = For ® Fon(w,0)|| = Hun(u,0) + Hon(o,0,6), (c.71)
where the functions Hy, and Hs, are respectively defined by

P
Hyp(u,v) = Cg METIR20 20 THa) (H )G(hnur)

r=1

2) (f[ Ghavs) 2) , (C.72)
s=1

H2,n (uv v, 9) = Cgh%§+2(p+q) Z 9j1,l10j2,l2 gjl,l1,j2,l2 (hnuv hnv)v . (0'73)

(jlall)eln,p,q
(42,02)€In,p,q
(41,11)#(d2,12)

and, the function Gj, 1, j, 1, is defined for all indexes jr = (Jr,1,---,Jkp) and Iy = (lg1, .., lkq),

k=1,2, as
2 d . ~ 2
[T exp Givs(ins — 124)) |Glw,)| )
s=1

p
Givlngonls © (U, 0) = (H exp (iU (j1,r — Jo.r)) ‘G(UT)
r=1

(C.74)
By now, our aim is to prove that
~ ~ ~ 2
P (/ N I (u, v)]|% ‘f@(u, v) — fo1 ® fo2(u, v)‘ dudv < (27T)p+qR2> >1—n.
Rp+q
First, by Equation (C.56), we have
26 : 2% % 26
1, ) < Cp g, 8) | D fual™ + 3 Jugl ™ - (C.75)
i=1 j=1

We then obtain from Equations (C.72) and (C.75) the following result,
Lo ) () dudo
Rpr+a
Y 2 Y 2 p+g—1
< (o, g, )00 ([ 12 |G| at) ([ |G| )
R R

~ 2 —~ 2 p+q—1
= .. )G ([ 12 |G ar) ([ @) )
R R
2 2
The functions t s |¢|? ’G(t)‘ and z +— ’G(z)‘ being integrable according to Lemma 14, we have

L o) Hiu, o) dude < C(pua.0)C3(Moha)"*
(27 )PTIR? /2 (C.76)

N
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provided that C(p,q,d)C2 < (2m)PTIR2 /2.

To complete the proof, let us now consider the random part. Starting from the expression of
Hj,, in (C.73), we write

1 §
/ (1, )% Hon (1,0, ©) dudv = CERETT @jl,h@jg,lz/ (s 0)11%° Gyt o (1, v) dus v
Rp+aq . Rp+aq
(J15011)€1n,p.q
(j2712)61n,p,q
(d1,0)#(G2,l2)

Noting that Gy, 1, 1.1, = G 1y ,ja 12> WE get

> 050956G0 b e (U v) = > ©51.19jats (G ot (4, 0) + Gj 1y o ls)

(41,01)€In,p,q (1,01)=(2,12)Elnp,q
(42,12)€In,p,q
(J1,11)#(d2,l2)

where (j1,01) < (j2,l2) means that (ji,{1) is strictly smaller that (ja,l2) in the lexicographic order.
In the following, we prove that there exists some positive constant C(p,q,d,n) such that, with
probability greater that 1 —n, we have

20
> 9j1,11@j2,z2/ (s O (Gt ot (05 0) + Gy 1y o 1) dudv < C(p, g, 6,m) MEH.
. X Rpr+a
(J1,01)=(j2,l2)EIn p.q
(C.77)
Since M, h,, = 1, this implies that

IP’(/ | (u, 0)[|*° Ha (1, v, ©) dudo < (27r)p+qR2/2) >1-n,
Rp+aq
choosing Cy such that C(p, q,d,7)C? < (2m)P*9R?/2, and concludes the proof.

In order to show that (C.77) holds with probability greater that 1 — 1, we use Hoeffding’s
inequality. For the sake of completeness, let us first recall this inequality.

Lemma 15. [Hoeffding, 1963] Let Zy,...,Z, be independent real random variables such that for
alli, a < Z; <b. Then we have, for all x > 0,

P(|Z1+ ...+ Zn| > 7)< 2 ( 22° )
nl > ) <2exp| ———5 | .
! . P n(b—a)?

We apply Hoeffding’s inequality to the variables (Zj1,ll,jz,lz)(j1,ll)eln,p,q,(jz,lz)eln,p,q,(jl,l1)<(j2,lz)>
where

20 s
Zjy tosds = ©i1 11 O /Rm (s )17 (Gt ot (15 0) 4+ Gy 1 ot (1, 0)) dudo.

One easily verifies that the variables (Zjl)llvj%lQ)(jl7ll)EIn,p,qy(]é,l2)€In,p,q7(j17ll)<(j2,l2) are independent.
Furthermore,

p q
Ziangnal <2 [ o) [T G )P [ 1) < Cp.a,0)
s=1

r=1
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by Lemma 14. Hence, we obtain from Hoeffding’s inequality that for all x > 0,

2
T
P Z Zjll1j2l2 >x <2€Xp(— )
Rt - 2 2p+2q
(j1,11)E D prq 2C2(p, q,0) My,
(j21l2)61n,p,q
(J1,11)#2,l2)
We deduce from the above inequality that
P > Zjgais| = Clp.q, 6,mMETT | <,

(jlall)eln,p,q
(42,12)€In,p,q
(J1:11)#(d2,12)

which yields (C.77) and concludes the proof.

C.21 Proof of Proposition 5

Let Zy, = (X;,Yi)1<i<n be an i.i.d sample with common uniform distribution Py, on [0, 1}PT4.
For simplicity, denote for all 1 <i <mn and all (j,1) in I, 4,

P q
aiji = Cohdtrg 1(Xi,Yy) = CohSt®+0) T Ga (X7 = john) TT G, (V) = 15k,
s=1

r=1

where gy, ;; is defined in Equation (C.67), such that fp(X;,Y;) =1 + 220l 0,1 Note that
aij1 # 0 if and only if (X;,Y;) belongs to the set D(;;) defined in Equation (C.68).

Then, since fo = Ljg 1jp+q, the likelihood ratio equals

L,. (Zn) = dPVp:L (Zn) = / ﬁ @(X%Y;)F(de)
Pn deO =1 fU
=Eeo [T 1+ > ©unaiu ||,

where © = (O(;1))(j1)el, ., Das i.i.d. Rademacher components ©; ), and Eg[-] denotes the expec-
tation w.r.t. ©.

Noticing that for all 1 < i < n, there exists a unique (j,1) in I,, 4 such that a; ;; # 0, we obtain

L+ > Ogpai= JI  (+6upnais)-

(3,0 €In,p,q (4:D)€EIn,p,q
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Thus,

Ly, (Zn) = H (1 + 0@ 51)
EIn ,Psq =1
1 1 n
= [2 = Qi) 5 H (14 aiy ] :
) E n,p,q i=1 i=1

Moreover, for € in {—1,1},

n
H (1+caijq) —1+Z€ ( Z ail,j,l‘--a%j,l)‘

k=1 1<i1 <...<ip<n
Hence, by cancelling the odd terms, we obtain

) /2]

n 1 n
S —ay+3 H Itai)=1+> > iy
i=1 i=1

k=1 1<ii<...<igp<n
[n/2]

=14+ > A
k=1

\)

where [-] denotes the integer part, and

Ap i = > Qi Gl - - - Qigg,jl-

1§i1<...<i2k§n

Thus,
) /2] 2
[Ll/p;; (Zn)] = H (1 + Z Ak,ji ) = H (1+ Bj,l) )
(FD€EIn,p,q (3:D)€EIn,p,q
where
[n/2] [n/2]
z—QZAk]er Z Ak 1A -
k,k'=1
Then,
M5+q #

2
[LVP;‘L (Zn)} =1 + Z 7' Z le,ll e Bjme?

m=1 (]17l1)7"'1(]m1lm)

#
where Z means that the indexes are all distinct.

After tedious computations, up to a possible permutation of the indexes (j1,01),...

we can express the product By, ;, ... B; as a sum of terms of the form

m7lm

/2] [n/2]
P , A .
203D Mk X A X X A,
k=1 kY. k" =1
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(C.79)

(C.80)

s (s bm),

(C.81)



or

[n/2] [n/2]

Q .
2 Z Z Akl,]l,llAk'l,jhh X Akg,jg,lé X ... X Akg\,pjgvpl?\/[ (082)
k1,k =1k, kY, =1

where P and @ are integers, M € {m — 1,...,2m — 2} and (j5,05),..., (43, l),) are drawn in
(j2,12), -+, (Jm, lm) such that each (j,, 1) for 2 < r < m appears exactly once or twice. To be more
precise, P and @ count the number of indexes (jy,, )., appearing exactly once in the product.

First note that in Equation (C.81), the index (j1,{1) appears only once. Moreover

Efo |:Ak17,j17ll X Akg,j&,lé X ... X Ak

" 4 !
M 7JM’ZM}

- Z Z T Z Efq [ai1,1,j1711 Koo Xy gpey g, X

il,1<~~<il,2k1 12»1<"'<i2,2k’2’ iM’1<m<iM‘2klICI

X Qg g gy ly X X ai2,2k’2’:jévll2 Koo X iy by X X aiM,kaI’j;VI’l/I\/I]

If 41,1 appears at least twice in the sums, that is there exists 2 <r < M and 1 <s < 2k such that
i1,1 = drs, then, a;, , j 1,0, 4,0, = 0 since Dy, N Dy g = ). Otherwise, if 4;; appears only once,
by independence between the (X;,Y;);, we obtain that

Eys, |:a’51,17j1,l1 X oo X @y gy gy X Gig g jrgn X oo X @

iM,zkyVI 7-]‘;\4’[3\/1
=Ep [ai1,17j1711] x Eg, |:a’i1,27j1711 s X Qg o gl X Qg g gh i X X aiM,Zk/I\%,jﬁWlﬁw =0
Hence,
Efo[Akyjutn X Ay gy X o X Ay o n 1 =0

and thus, all the terms of the form (C.81) have a null expectation.
Let us now consider Equation (C.82) (where the index (j1,11) appears twice).
Efo[Aky i % Ak’1

iy X A gy XX A=

Z Z Z s Z ]Efo [ai1,1,j17l1 XX iy ogy 531,00 X ai’lﬁl,jl,h X

i171<...<’i1 ok 1 <. <! ’i271<...<’i " i1u’1<...<i "
2ky 171 1,2k, 2,2k M2kH
PR i’ ; ; il e ; i . ; 4 / oo ; 5/ /
X X all oK’ J1,01 x a12,1,]2,l2 x X a/7'2,2]€/2/7]2712 X x alM,la]]\/jle X X aZM,2kx[’]M’l1\/I]
K}

If there exists at least one index i . or zﬁ that can be isolated, then by independence,

Efo [ai1,11j1,l1 Kowe e X @iy oy gl X Qi gagy X X Gy

. X
1,01
1,216’1 JL

X gy, gh,ly %o X ai2,2k’2’7jé’l/2 Koo X ROYRR VY Koo X aiM,%xI’j;\/plh] -

Hence, the remaining terms are obtained for k; = &} and iy s = i} , for all 1 < s < 2k;. These
arguments are being valid for any index (j,,[,), we obtain that @ = 0 and
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IEfo [thll .- 'Bj'me]
[n/2]
= Z Z Z Ef |la? ., x...xa> XX
fO 7/1,17]17l1 11,2k:17]17l1
k1yeokm=1141,1<...<i1 2k, im,1<ee <l 2k,
2 2
X Qi 1 Gl <0 X aim,zkm,jm,lm]
[n/2]

= > > Ef,

k1ye.skm=1 ]17---7ImC{17---n}
Card(Iy)=2ky

2 2
H ailJl»ll X ... X H aimyjmvlm] :

1€l imEIm

If the subsets I;- are not pairwise disjoints, the product [[; <, a?l i X X iern a?

im,Jmslm

:0,

since the supports Dy;, ;) are disjoint.
Thus,
[n/2]
_ 2 2
Ef[Bjiy - Bjpdm) = >, >, Ep | IT afjoan %% 11 @, min
klv--wkhn:l Il,...,ImC{l,...n} 7:1611 imGIm
IrNIs=0,Vr#s
Card(Ir)=2k
[n/2]
_ 2 2
= > > II Epla? jon] x> I1 Eglai, g
kiyokm=111,... .1, C{1,..n} 1€l im€Im

IrNIg=0,Vr#s
Card(Ir)=2kyp

by independence of the (X;,Y;)1<i<n.
Besides, for all 1 <i <n,

EfO [a?,j,l] = Cgh7216+2p+2q ”gTL,j,l Hg - C(p7 q, 67 R; Rlv n)h7216+p+q7

since Cy depends on p, ¢,d, R, R’ and 7, and by Equation (C.70). Thus,

[n/2]
Bl = XX (s R R )T

Kiyookim=11I1,... I C{1,..n}
IrNIs=0,Vr#s
Card(Ip)=2kyp

[n/2]

n 2k1+...4+2km

= C 5, R, R ,n)h20trta )
k'l zk: -1 (2k17-.-72km7n_ § :7;1:1 2kr> ( (p’q’ ’ ’ ’77) n )

IEfo [Bj

1,01 -

Moreover, the multinomial coefficient can be upper bounded as follows

n < p2kitt2km
2k, .. 2k, — >0 2k ) T
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Hence,

n/2]  [n/2]

Ey(Bjuis -+ Biptn] < Y o > (Clp,q,8, R, R ,m)n x 2Pt
k1=1 km=1

)2k1+...+2km

in/2 1"
= | > (C(p.q, 6, R, R ym)n x h20+v+a)
k=1

Furthermore, for h,, defined in (4.5) we have
ha < C(p,q, 0, 8,0, R, R =2/ 00H0+0),
and thus, whatever the constant C(p, ¢, a, 8,9, R, R',n) is,
C(p,q,8, R, R',n) n x h2TPT0 < C'(p,q,, 8,8, R, R, p)n~ PT0/(40+0+a) < 7/9

for n large enough. Thus, by property of geometric series, we get

n 2
[Z/%] { [C(p’ 4,0, R, R',n) n x h25+p+q]2}k < [C(p.q,6, R, R',n) n x h22+PH]
- - L - [C(pa q, 6, R, R/,n) n X h%5+p+q}2

4 2
< 5 [C.q.6. R B ) nx mirra]”

We recall that the constants C'(-) may vary from line to line. This being true for all (j,1) in I, p g,
from Equation (C.80), we deduce that

MET
Efo [{Lyp; (Zn)}2i| <1+ Z <M§;‘q) [C(p, 7. (5, R7 R/ﬂ?) n % hi(Herq} 2m

m=1
Merq
<14y {Mﬁ+q [C(p. 4,0, R, R ) n x h2HP+1] }
m=1
M£+q
<1+ Y [C(pg.6, R R ) n? x hpteta) ™
m=1

since (M) < [ME+]™ and Myh, = 1.

Finally, for h,, defined in (4.5), with

1 4(1 —a— B _ ,,7)2 )1/(45+p+Q)

st~
C(p;Q7aa/85 7R7R777) C(pa(L(S?R?R/’n) . 1+4(1_04_5_77)2

)

we directly obtain that

— _ _ 2
C(p,q,6, R, R ,n) n? x h¥+trta < 41—a—pB—n)

1.
T 1+4(1—-a—p—n)? <
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Hence, by property of the geometric series we obtain,

[C(p,q,6, R, R, ) n® x hy?tr+a]
1-— [C’(p,q,é7 R, R, n) n? x h;lL(S—‘rp—’—q]
< 1'}‘4(1—04_5_77)27

EE[QQ%(Z@)ﬁ < 1+

which ends the proof of Proposition 5.
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