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ALMOST AUTOMORPHIC SOLUTIONS FOR
NONAUTONOMOUS PARABOLIC EVOLUTION EQUATIONS

January 29, 2019

Mahmoud Baroun!, Khalil Ezzinbi!, Kamal Khalil! and Lahcen Maniar!

! Cadi Ayyad University, Faculty of Sciences Semlalia, Departement of Mathematics, Marrakesh B.P. 2390-40000, Mo-
rocco.

Abstract. In this work, we study the existence and uniqueness of an almost automorphic solution to
semilinear nonautonomous parabolic evolution equations with inhomogeneous boundary conditions us-
ing the exponential dichotomy. We assume that the homogeneous problem satisfies the "Acquistapace-Terreni"
conditions and that the forcing terms are Stepanov-like almost automorphic. An example is given for il-
lustration.

Keywords. Parabolic evolution equations, Stepanov almost automorphic functions, Evolution family,
Extrapolation and interpolation spaces, exponential dichotomy, y-pseudo almost automorphic functions.

1 Introduction

In this work, we study the existence and uniqueness of a y-pseudo almost automorphic mild solutions of
the following semilinear parabolic evolution equation with inhomogeneous boundary conditions:

u'(t) = Am(t)u(t) + f(tu(t)), t € R, @)
B(H)u(t) = g(t,u(t)), t € R. '
Where (A (t), D(An(t))), t € Ris a family of linear operators defined in a Banach space X, for t € R,
B(t) : D(Anu(t)) — 90X is a boundary linear operator, where 0X is a boundary space (see Section 6 for
an example of such spaces). It is assumed that, A, (-), B(-) are Stepanov-like almost automorphic and that
A(t) t € R satisfy the "Acquistapace-Terreni" conditions and has an exponential dichotomy on R, where
A(t) := Ap(t)| ker(B(t)), t € R. The functions f : R x st — Xand g : R x X;} — 90X are Stepanov-

like y-pseudo almost automorphic, where Xé, 0 < B < 1 are some continuous interpolation spaces with
respect to the linear operators A(t), t € R.

The concept of almost automorphy was introduced by S. Bochner [7] as a generalisation of the well
known almost perdioc functions. Due to its applications in differential equations, almost automorphic
functions have undergone several interesting generalizations in different settings. In [26], ]. M. N’Guerekata
and A. A. Pankov introduced a new concept of almost automorphy defined on average of measurable func-
tions which are locally integrable, namely, Stepanov-like almost automorphy. Another generalization, this
time is in term of perturbation, the so-called pseudo almost automorphy due to J. Liang et al. in [31]. A
pseudo almost automorphic function is a perturbation of an almost automorphic fonction by an ergodic
term (see Section 2). In [13], T. Diagana gave a generalisation of the concept of pseudo almost automorphic
functions by introducing a more general definition of the ergodic perturbation of Zhang [32], namely, the
weighted pseudo almsot automorphic functions. After that, in [11], K. Ezzinbi et al. introduced a new
concept of pseudo almost automorphic functions called y-pseudo almost automorphic functions. More
precisely, a y-pseudo almost automorphic function is a perturbation of an almost automorphic function by
an ergodic term as in the two previous concepts, but here the authors gave a more general definition of the
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ergodicity in the mean of positive measures in which the other previous definitions are just simple partic-
ular cases. Finally, by combining the previous notions we obtain a more general concept of Stepanov-like
p-pseudo almost automorphy introduced by B. Es-sebbar and K. Ezzinbi in [3].

In the litterature, we found several works. In [33], the authors established the existence of weighted
pseudo almost automorphic a mild solution to equation (1.1) in the particular case where ¢ = 0. Un-
der assumptions that (A(t)):cr satisfy "Aquistapace-Terreni" conditions (2.1), (2.2) on a Banach space X,
the evolution family (U(t,s))¢>s generated by (A(t));er has an exponential dichotomy on R. The Green
function I'(+, -) is bi-almost automorphic and the function f is Stepanov-like weighted pseudo almost au-
tomorphic. In [19], the authors established the existence of pseudo almost automorphic a mild solution to
equation (1.1) in the particular case where ¢ = 0. Under assumptions that (A(t));cr generates an evolu-
tion family (U(t,s))¢>s which has an exponential dichotomy on R. The Green function I'(-, -) is bi-almost
automorphic and the function f is Stepanov-like pseudo almost automorphic.

In this work, we use the approach developed in [5]. We prove the results for the following equivalent
evolution equation associated to equation (1.1):

u'(t) = Ag1(Hu(t) + f(t,ut)) + (w — Ay_1(t))D(t)g(t, u(t)) forallt € R, (1.2)
ftu(t)

in the continuous extrapolation spaces Xi—l/ associated to the sectorial operators A,_; (t),teR, 0<
a < 1, where, D(t) := (B(t)|ker(w — Am(t))) !, t € R are the Dirichlet maps for w large enough.
We begin by introducing the fact that, if R(w, A(+)) € AASP(R, £(X)) itholds thatT'(-,-) € bAA(R, L(X)),
see Theorem 4.1, this is a generalisation to the result introduced in [10] where the authors proved that
I'(-,-) € bPAA(R,L(X)) if R(w, A(+)) € AA(R, £(X)) which is strong as hypothesis than ours. Therefore,
we prove the existence and uniqueness of a p-pseudo almost automorphic mild solution to the following
linear evolution equation:
u'(t) = Ag_1(H)u(t) + h(t) forallt € R, (1.3)

in the spaces X!, where h is Stepanov-like p-pseudo almost automorphic, see Theorems 4.2 and 4.3.
Using contraction mapping Theorem, we prove the existence of a unique y-pseudo almost automorphic
mild solution to the following semilinear evolution equation:

u'(t) = Ag_1(t)u(t) + f(t,u(t)) forallt€ R, (1.4)
in the spaces X! |, under the assumption that f is Stepanov-like y-pseudo almost automorphic and Lips-
chitzian with respect to the second argument, see Theorem 4.4. Finally, under Greiner’s assumptions [20],
we prove the result to equation (1.1), see Theorem 5.1.

The organization of this paper is as follows, in Section 2, we recall some results in the interpolation and
the extrapolation theory of a family of linear operators, then we introduce some dichotomy estimates in
the extrapolated spaces X,,_1, which are a key fact to prove our main results. After that, we give important
properties of p-pseudo almost automorphic functions in Bochner and Stepanov senses respectively. Section
3 is devoted to a new composition result of p-pseudo almost automorphic functions in Stepanov sense. In
Section 4, we prove the existence and uniqueness of a y-pseudo almost automorphic mild solution to equa-
tion (1.4), under assumptions that f is y-pseudo almost automorphic in Stepanov sense and R(w, A(+)) is
Stepanov-like almost automorphic. In Section 5, we show the existence of a unique y-pseudo almost au-
tomorphic mild solution to equation (1.1) under Greiner’s assumptions and that A, (+), B(-) are Stepanov-
like almost automorphic and the functions f and g are p-pseudo almost automorphic in Stepanov sense.
In Section 6, for illustration, we provide an application for some diffusion problems.

2 Preliminaries

In this section, we recall some definitions and notations as we introduce some results needed in the fol-
lowing. Throughout this work, (X, || - ||) and (Y, || - ||y) are two Banach spaces. BC(R, X) equipped with
the supremum norm, the Banach space of bounded continuous functions f from R into X. Moreover, for
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2.1 Evolution families and intermediate spaces 2 PRELIMINARIES

1 < p < oo, g denotes its conjugate exponent defined by ; + ; =1lifp#landg = 0 if p = 1. By
Lfo (R, X) (resp. L*(RR, X)), we designate the space (resp. the Banach space) of all equivalence classes of
measurable functions f from R into X such that ||f(+)||? is locally integrable (resp. integrable). We de-
note by B(IR), the Lebesgue o-field of R and by M the set of all positive measures i on B(R) satisfying
#(R) = 400 and p([a,b]) < +oo, foralla,b € R witha < b.

2.1 Evolution families and intermediate spaces

We provide results on interpolation and extrapolation spaces for A(t), t € R. For more details, we refer to
[2, 18, 23].

Let (A(t), D(A(t))), t € R be a family of linear closed operators on a Banach space X that satisfies the con-
ditions introduced by P. Acquistapace and B. Terrini in [1], i.e., there exist constants w € R, 6 € (7, 7), M >
0and 7,v € (0,1] with 7 +v > 1 such that

[AR(A, A(t) = w)llgx) < L, 1)

1CA() — @)R(A, AF) — ) [R(w, A(1)) — R(ew, As))]ll ) < Mt{|” 22)

forallt >s,t,s e Rand A € X, p:={z€C:2#0,|arg(z) |[< 0} C p(A(t) — w). The domains D(A(t))
of the operators A(t) may change with t and not required to be dense in X.

By the condition (2.1), each operator A(t) generates a bounded analytic semigroup (T;(s))s>0 where
the domains D(A(t)) may change with respect to t and not dense in X, so that the semigroups may be
not strongly continuous at 0. The condition (2.2) provides some regularity in the dependence on ¢ of the
operators A(t). Hence, the conditions (2.1) and (2.2) implies that the operators A(t) generates an evolution
family U(t,s) for t,s € R with t > s. More precisely, for t > s the map (t,5) — U(t,s) € L(X) is

ou(t,s)

continuous and continuously differentiable in ¢, U(t,s) maps X into D(A(t)) and it holds =

A(t)U(t,s). Moreover, U(t,s) and (t —s)A(t)U(t,s) are exponentially bounded. We further have

U(t,s)U(s,r) =U(t,r) and U(tt)=1 for t>s>r.

Finally, for s € R and x € D(A(s)) (s)), the function t — u(t) = U(f,s)x is continuous at t = s and u is the
unique solution in C([s, o), X) N C!((s, %), X) of the Cauchy problem:

u'(t) = A(t)u(t), t>s, u(s)=nx
For more details, we refer to [1, 2, 23].

We introduce the interpolation and extrapolation spaces for the operators A(t), t € R. Let A be a sec-
torial operator, i.e., A satisfy (2.1) in place of A(t) (it is well known that A generates an analytic semigroup
(Ta(t))r>0 on X). For a € (0,1), we use the real interpolation spaces:

Xy = D(A)H'H“, where ||x]|y :=sup [[A*(A —w)x| forall x € D(A).
A>0

Then, (X4, || - ||«) are Banach spaces. Let X := X, X; := D(A) and ||x|o = [|x||, [|x]1 = ||(A — w)x]| be the
corresponding norms respectively. We also take the closed subspace . X := D(A) of X. Furthermore, we
define the extrapolation space denoted by X 1 as the completion of X with respect to the norm ||x||_; =
|R(w, A)x||, for x € X. This implies that A has a unique continuous extension A_; : X — X_1. Since for
every t > 0, T(t) commutes with the operator resolvent R(w, A) := (A — w) !, the extensions of T4(t) to
X_1 exist and define an analytic semigroup (T4 ,(t))r>0 generated by A_4 with D(A_1) = X. We define
the spaces:

Sl a1

Xy-1:= (X1)a = X where  [x[la—1 = sup [A*R(A, Ay — w)x]].
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The restriction Ay_1 : Xo — X,—1 of A_; generates the analytic semigroup (T4, ,(t))¢>0 on X,_1 which
is the extension of T4 () on X,_1. Observe that w — A,_1 : Xy — X,_1 is an isometric isomorphism. We
frequently use the continuous embeddings:

D(A)<—>Xﬁ<—>Xa<—>X
X — X,B_l — Xy1 —> X1 (23)

forall0 <a < p<1.
Let A(t), t € R which satisfies (2.1), we set

X=X, X ,:=X'_, and X':=X

where A(t) is taken instead of A in the definition of the spaces X5, 0 < 6 < 1, X and the corresponding
norms. Then, the embeddings in (2.3) hold and the norms of the embeddings are uniformly bounded in
teR.

Exponential dichotomy is another important tool in our study.

Definition 2.1 [3] An evolution family (U(t,s))s<; on a Banach space X is called has an exponential di-
chotomy (or hyperbolic) in R if there exists a family of projections P(t) € L(X), t € R, being strongly
continuous with respect to t, and constants 4, N > 0 such that

(@) U(t,s)P(s) = P(t)U(t,s).

(i) U(t,s): Q(s)X — Q(t)X is invertible with the inverse U(t,s).
(iii) ||U(t,s)P(s)| < Ne=®(t=5) and ||T(s, t)Q(t)|| < Ne9(t=9)
forallt,s € Rwiths < t, where, Q(t) := I — P(t).

Definition 2.2 [3] Given a hyperbolic evolution family (U(t, s))s<¢, we define the Green function by:

T(ts) = U(t,s)P(s), t,seR, s<t, ”
(ts) = —U(t,5)Q(s), ts€R, s>t @4)

Now, we give some dichotomy estimates of the extension evolution family (U,_1(t,s))s<¢ of (U(t,5))s<¢
to the extrapolated spaces X! |, 0 <a < 1.

x—1’
Theorem 2.1 [5] Let 1 — ¢ < a < 1. Assume that (2.1) and (2.2) hold. Then, the following holds for
s<t<s+tyand ity > 0:
The operators U(t,s) have continuous extension U,_1(t,s) : X _; — X satisfying

IUa—1(ts)xllp < N(a,to)(t—5)" P xllam1, (2.5)
and U, (t,s)x = U,—1(t,s)xforl —p<y<a<1,0>p>1landx € X;_,.

Theorem 2.2 [5] Assume that (2.1) and (2.2) hold and that U has an exponential dichotomy on R. Let
1—u < a < 1. Then, the operators P(t) and Q(t) have continuous extensions P, 1 (¢) : X! , — X!

a—1 a—1
and Q,_1(f) : X,i,l — X respectively, for t € R, which are uniformly bounded. Moreover, the following

assertions hold for t,s € R with t > s:
() Qu1(H)X,_; = Q(HX.
(i) Uy—1(f,8)Py—1(s) = Pu—1(H)Up-1(t,5).
(i) Up—1(ts) : Qu-1(s)X5_; — Qu_1(f) X! _; is invertible with the inverse U,_1(t,s).
@iv) Lett,s € R, t > s. Then,
[Un—1(t,5) Pa—1(s)x]| m(a) max{(t —s)* "1, 1} |xllyq, x € X5, (2.6)
1Te1(t,5)Qu1 (x| < c(@)e T lx]lpr, x € X] (2.7)

a—1"

NN
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Theorem 2.3 Letx € X,_1,0<a <1,0< B <1and0 < B < a. Then, the following hold:

(i) There exists a constant c(«, 8), such that
1Ta1(ts)Qu-1(D)x]lp < cla,Ble*||x[lyq fort <s. (2.8)
(ii) There exists a constant m(«a, B), such that
IUar(t,5)Poa(s)xllp < m(a, ) (t =) P le ") |x]y oy fort >s. (2.9)

Proof. Letx € X} ;,0<a<1,0<B<1land0<p <a.
(i) As X is a space of class Jp, see [23, Definition 1.1.1], there exists a constant 7() such that

Ixllp < n(B)lxlI'Pll(w — A()x]|, x € D(A(t)). (2.10)

Hence, from (2.7), we obtain that

1Ta—1(t,5)Qa—1(Dxllp < n(B) [Tt (t,5) Qur (1) x| PU(A(E) = @) Unr (£, 8) Qur (H)]|°
< n(B) | Ua1 (t,5) Qa1 () x["PI(A() — w)QUE) 1P T (£, 8) Qa1 (1) x1P
< n(B)eP||Un1(t,5)Qu-1(t)x]l
< c(a, B)e 9)||x||puq fort <s.

(ii) Let t — s > 1. Then, from the estimate (2.6), we obtain that
1Ua—1(t,8)Pua(s)xllp - < [IUCEE = D)l g, xp) 1 Ua—1(F = 1,8) Pas (5) ]|

my (o, B) (£ — )" 1e=009) | x|, 4
(o, B) (¢ — s)Pe3079) (£ — )8 B 13 (25) | || .

IN

IN

Since he— 5T — 0as T — oo. Then
_B—1 —9(t—
[Us—1(t,5)Pac1(s)xllg < ma(e, B)(t—5)* P e 20 lx[or.

Now, if 0 < t — s < 1, it follows from (2.5) that

IUaca(t8)Paca()xlls < N 1)(E = )" P Paca(8)x]acr
< N, 1)e ) (t = 5)* P ]y g
< my(a, B)(t—s) P 1e2-||x||,_; forall x € XS_,.

Therefore, there exist m(a, 8) = max{m(a, B), mz(a, )} > 0and y := § such that:

po1 (i
[Us—1(t,8)Pu—1(s)xllg < m(a,B)(t—s)" P=1e=2(t=9) || x|,y fort>s.

2.2 Almost automorphic functions

In this section, we recall some properties of almost automorphic functions in the classical sense and in
Stepanov sense.

Definition 2.3 (H. Bohr) [9] A continuous function f : R — X is said to be almost periodic if for every
e > 0, there exists I, > 0, such that for every a € R, there exists T € [a,a + [¢] satisfying:

If(t+7)—f(t)|]| <e forallteR.

The space of all such functions is denoted by AP(RR, X).
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Definition 2.4 (S. Bochner) [8] A continuous function f : R — X is called almost automorphic if for
every sequence (0y),>0 of real numbers, there exist a subsequence (s,),>0 C (0%)n>0 and a measurable
function ¢ : R — X, such that

g(t) =: lirrlnf(t +s,) and f(t) = lirrlng(t —sy) forallt € R.

The space of all such functions is denoted by AA(RR, X).

Then, we have the following inclusions:

AP(R,X) C AA(R,X) C BC(R, X). 2.11)

Definition 2.5 A continuous function F : R x R — X is said to be bi-almost automorphic if for every
sequence (0y,),>0 of real numbers, there exist a subsequence (s,),>0 C (0%),>0 and a measurable function
G:R xR — X, such that

G(t,s) =: lirrlnF(t +5u,s+s,) and F(t,s) = lilgnG(t —5u,8—5,) forallt,s € R.

The space of all such functions is denoted by bAA(R, X).

Proposition 2.1 [25] Let f1, f>, f € AA(R, X) and A € R. Then, the following are true:
G Afi + fr € AAR, X).
(ii) Theset {f(t) : t € R} is relatively compact in X.

(iii) The space AA(RR, X) is translation invariant, i.e., forall T € R, f € AA(R, X) implies f(- +7) €
AA(R, X).

(iv) The space AA(R, X) equipped with the supnorm is a Banach space.
(v) fisboundedie., sup | f(t)| < oco.
teR

Remark 2.1

(i) The function g in Definition 2.4 is measurable not necessarily continuous. Using the characterization of
S. Bochner of almost periodicity one can claim easily that, if the convergence in Definition 2.4 is uniform
int € R, then necessarily f belongs to AP(IR, X).

(ii) An almost automorphic function may not be uniformly continuous. Indeed, the real function f(t) =

1
sin for t € R, belong to AA(R,R), but is not uniformly continuous. Hence, f
2 + cos(t) + cos(v/2t)

does not belongs to AP(R, R).

Definition 2.6 [17] Let 1 < p < oo. A function f € Llp ».(R, X) is said to be bounded in the sense of

Stepanov if

1
14 P
Pd = t+ ”d) < o0,
fg(ﬁmwmws) f£<@ﬁm s )’ < oo

The space of all such functions is denoted by BSP(RR, X) and is provided with the following norm:

1
P
= Pd
Iflos = sup ([ IFe)as)

= sup |[|f(t+)llLr(o1),x)-
teR

Then, the following inclusions hold:

BC(R,X) € BSP(R,X) C L!

loc

(R, X). (2.12)
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Definition 2.7 (Bochner transform) [17] Let f € L! (R, X) for 1 < p < co. The Bochner transform of f is

loc

the function f” : R — LP([0,1], X) defined for all t € R by

(f(t))(s) = f(t+s) fors € [0,1].
Remark 2.2 [6] Let f,g € L] (R,X) for1 < p < co. Then, the following hold:
Q) (F+8)°=fr+4g"
(ii) forall A € R, (Af)? = AfP.
(iii) forallt € R, (T.f W =T, f b where Ty is the translation map.
Now, we give the definition of almost automorphy in the sense of Stepanov.

Definition 2.8 [16] Let 1 < p < oo. A function f € L! (R, X) is said to be almost automorphic in the

loc
sense of Stepanov (or SP-almost automorphic), if for every sequence (0y,),>¢ of real numbers, there exists

a subsequence (s),>0 C (0%)u>0 and a measurable function g € LZ (R, X), such that

t+1 5 t+1 5
lim </ | f(s+sn) — g(s)||pds> =0 and li}gn </ llg(s —sn) — f(s)|7”ds> forallt € R.
no \Jt t

The space of all such functions is denoted by AASP(R, X).
Theorem 2.4 [16] The following are equivalent:
(i) f is SP-almost automorphic in the sense of Definition 2.8.

(ii) For every sequence (0y),>0 of real numbers, there exists a subsequence (s,),>0 C (0%)n>0

==

lim (/tt“ LF (T 4+ 50 — 5m) —f(T)|pdT) o,

n,m

forallt € R.

Remark 2.3 [6]

(i) Every almost automorphic function is S”-almost automorphic for 1 < p < oo.

(ii) For all 1 < p; < py < o0, if f is SP2-almost automorphic, then f is SP1-almost automorphic.

(iii) The Bochner transform of an X-valued functionisa L? ([0, 1], X)-valued function. Moreover, a function
f is SP-almost automorphic if and only if f? is (Bochner) almost automorphic.

(iv) A function ¢(t,s) for t € R,s € [0,1] is the Bochner transform of a function f (i.e., 3 f : R — X such
that (f2(t))(s) = ¢(t,s), t € R,s € [0,1]) if and only if ¢(t + 7,5 — T) = @(t,s) forall t € R,s € [0,1] and
TE[s—1,s].

Proposition 2.2 [16] Forall1 < p < oo, (AASP(RR, X), || - || s) is a Banach space.

2.3 p-pseudo almost automorphic functions

This section is provided to properties of p-ergodic and p-pseudo almost automorphic functions. In the
sequel, we denote by B(IR) the Lebesgue o-field of R and by M the set of all positive measures i on B(IR)
satisfying #(R) = +oo and p([a,b]) < +oo for all 4,b € R with (a2 < b), we denote also by Y any other
Banach space. We assume the following hypothesis.

(H2) For all T € IR, there exist f > 0 and a bounded interval I such that

u{a+t:aec A}) <pu(A) where A € B(R) and ANI = Q.
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2.3 pu-pseudo almost automorphic functions 2 PRELIMINARIES

Definition 2.9 [12] Let p € M. A continuous bounded function f : R — X is called p-ergodic, if

. 1 B
lim oy S Ol =0

rotoo p([=r,1])
The space of all such functions is denoted by £(R, X, u).

Proposition 2.3 [12] Let u € M. Then,
@) (E(R, X, 1), - |l) is a Banach space.
(ii) If p satisfies (H2), then £(R, X, p) is translation invariant.

Examples 2.1

(1) An ergodic function in the sense of Zhang [32] is a p-ergodic function in the particular case where the
measure y is the Lebesgue measure.

(2) Let p : R — [0, +o0) be a B(IR)-measurable function. We define the positive measure i on B(RR) by

;mQ:LﬁMﬂ for A € B(R),

where dt denotes the Lebesgue measure on B(IR). The measure j is absolutely continuous with respect to
dt and the function p is called the Radon-Nikodym derivative of y with respect to dt. In this case y € M if
and only if the function p is locally Lebesgue-integrable on R and it satisfies

Apmm:+m.

(3) In [21], the authors considered the space of bounded continuous functions f : R — X satisfying

1 . 1§ _
hmng”NﬂOWLJ)mﬂ st L el =o.

r—+o0 21 | —

This space coincides with the space of p-ergodic functions where y is defined in B(IR) by the sum p(A) =
#1(A) + up(A) with yq is the Lebesgue measure on (R, B(R)) and

(4) = card(ANZ) if ANZ is finite
Pl i) = % if ANZ is infinite.

Definition 2.10 [11] Let » € M. A continuous function f : R — X is said to be pu-pseudo almost
automorphic if f is written in the form:

f=8+e¢
where ¢ € AA(R, X) and ¢ € E(R, X, u).
The space of all such functions is denoted by PAA(R, X, ).

Proposition 2.4 [11] Let u € M satisfy (H2). Then the following are true:

(i) The decomposition of a pi-pseudo almost automorphic in the form f = ¢ + ¢ where g € AA(RR, X) and
¢ € E(R, X, ), is unique.

(ii) PAA(R, X, u) equipped with the supnorm is a Banach space.

(iii) PAA(RR, X, p) is invariant by translation, that is:

f € PAA(R,X,u) implies fr € PAA(R,X,u) forallt € R.
Now, we give the definition and the important properties of y-SP-pseudo almost automorphic functions.

Definition 2.11 [17] Let 4 € M. A function f € BSP(IR, X) is said to be y-ergodic in the sense of Stepanov
(or p-SP-ergodic) if

. 1 s ) b )
1m1A%ﬂ(AH”U@NmQ dMQ—1m1—————A%HW(QMXmMQ—Q(ZB)

r—too y([—r,7]) . rtoo u([—r,7])

The space of all such functions is denoted by £7 (R, X, pt).
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3 NEW COMPOSITION RESULTS OF u-S”-PSEUDO ALMOST AUTOMORPHIC FUNCTIONS

Remark 2.4 Using (2.13) we obtain that, f € (R, X, ) if and only if ¥ € £(R,LF([0,1],X), 1)
Proposition 2.5 [6] Let 1 € M. Then, forall1 < p < oo, (EP(R, X, 1), | - ||gsr) is a Banach space.

Proposition 2.6 [17] Let u € M satisfy (H2). Then, the following hold:
(i) £P(R, X, p) is translation invariant.
() E(R, X, 1) C EP(R, X, ).

Example 2.1 Let f : R — R defined by:

flt) =

1 1

— <t < — wi *

p kitik+2kw1thk€]N,
0 otherwise.

The function f is not continuous in R, which implies that f ¢ £(R,R, ). But, f € £ IR, R, #). In fact, let

r > 1. Then, we have
1 r t+1
Elivﬂ F(s)ds dt

IN

1 [t i+l
E?A [ flsas at

1 +o0 [t]+2
< 5/[ A] F(s)ds dt

1 1 2
< =) w=—=0 — H-o0.
- 2rk;k2 12r as7 — +

In the next, we give a sufficient condition for a u-SP-ergodic function to be p-ergodic.

Proposition 2.7 [17] Let 4 € M satisfy (H2) and f : R — X be bounded, uniformly continuous and
u-SP-ergodic. Then, f is p-ergodic.

Definition 2.12 [17] Let u € M. A function f € BSP(R, X) is said to be y-pseudo almost automorphic in
the sense of Stepanov (or y-SP-pseudo almost automorphic) if:

f=Ff+eo

where f € AASP(R,X) and ¢ € EP(R, X, ).
The space of all such functions will be denoted PAAS? (R, X, u).

Definition 2.13 [12] Let u € M. A continuous function f : R x X — Y is said to be p-pseudo almost
automorphic if f is written in the form:

f=st¢
where g € AAU(R X X,Y),and ¢ € EUR x X, Y, u).
The space of all such functions is denoted by PAAU(R x X, Y, u).

Definition 2.14 Let p € M and f : R x X — Y be such that f(-,x) € BSP(R,Y) for each x € X. The
function f is y-SP-almost automorphic if f is written as:

f=8+eo

where g € AASPUR x X,Y),and ¢ € EPU(R x X, Y, u).
The space of all such functions will be denoted PAASPU (R, X, u).

3 New composition results of y-SP-pseudo almost automorphic func-
tions

In this section, we prove a new composition result of y-SP-pseudo almost automorphic functions using the
uniform continuity property.
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3 NEW COMPOSITION RESULTS OF u-S”-PSEUDO ALMOST AUTOMORPHIC FUNCTIONS

Lemma3.1 Letl < p < 400 and f : R x X — Y be a function such that f(-,x) € Llpoc(]R, Y) for each
x € X.Then, f € AASPU(R x X, Y) if and only if the following hold:

(i) Foreachx € X, f(-,x) € AASP(R,Y).

(ii) f is SP-uniformly continuous with respect to the second argument on each compact subset K in X,
namely: for all € > 0 there exists Jx . such that for all x1, x, € K, we have

t+1
lx1 — x2|| < ke = (/ | f(s,x1) —f(s,x2)||€ds> ’ <e forallteR. (3.1)
t

Proof. Let f € AASPU(R x X,Y) and f* : R x X — LP([0,1],Y) be the Bochner transform associated to
f. It follows in view of [11, Proposition 5.5], that (i) is clearly satisfied and that: for each compact subset K
in X, for all £ > 0 there exists Jg . such that for all x1, x, € K, we have

lxg) — x2|| < ke = ||fb(t,x1) —fb(t,X2)||y,p <g¢ forallt € R.

Since

I =l = (f) 106006 = () ds)

t+1 %
</t Ilf(s,x1) —f(S,xz)|§7,ds) forallt € R.

It follows that (3.1) holds and then (ii) is achieved.

Conversely, let f : R x X — Y be a function such that f(-,x) € Lf »o(R,Y) for each x € X. Assume that

f satisfies (i)-(ii). Let us fix a compact subset K in X and £ > 0. Since K is compact, it follows that there

n
exists a finite subset {x1, ..., x,} C K (n € IN*) such that K C U B(x;, 0k ¢ ). Therefore, for x € K, there exist
i=1
i =1,..,nsatisfying ||x — x;|| < k.. Let (04),>0 be a sequence of real numbers and let (s,),>0 C (0n)n>0
be a subsequence such that:

1
p

([t s s = sisotias) < ([ s - st -t

+ (/:H [1f (s + s1 = sk, xi) —f(s,xi)li’(ds) g (/tt+1 £ (s, x:) —f(s,x)lids> ’ forall t € R. (3.2)

From @), f(-,x;) € AASP(RR,Y). Hence, for k, I large enough

t+1
</t | f(s+s; — s, xi) —f(s,xi)||€ds) ’ < g forallt € R. (3.3)

Otherwise, since ||x — x;|| < k. and by using (ii) we claim that

t+1
(/ ||f(s+sl—sk,x)—f(s+sl—sk,xi)||€ds>p g% forallt € Rand k,I € N (3:4)
t

and

1 e
</t | f(s,x) —f(s,xi)||§’/ds> < 3 forall f € R. (3.5)

Consequently, we replace (3.3), (3.4) and (3.5) in (3.2), we obtain, for k, [ large enough, that

1
b1 1
sup (/ || f(s+s; — sk, x) —f(s,x)||§ds) ! <e forallt € R.
Jt

xeK
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3 NEW COMPOSITION RESULTS OF u-S”-PSEUDO ALMOST AUTOMORPHIC FUNCTIONS

By Lemma 3.1, we deduce the following result.
Proposition 3.1 Let y € M and f € PAASPU(R x X, Y, u), for1 < p < +o0. Then, the following hold:
(i) Foreachx € X, f(-,x) € AASP(R,Y, ).

(ii) f is SP-uniformly continuous with respect to the second argument on each compact subset K in X in
the following sense: for all € > 0 there exists Jk . such that for all x1, x, € K, one has:

1
t+1 i
lxg — 22| < g = (/ lf(s,x1) —f(s,x2)||’;ds> ’ <e¢ forallt € R. (3.6)
t

Theorem 3.1 Let1 < p < +coand f € AASPU(R x X,Y). Assume that u € AA(R, X).
Then, f(-,u(-)) € AASP(R,Y).

Proof. Let (0y,),>0 be a sequence of real numbers, since f € AASPU(R x X,Y), then for each x € X there
exists a subsequence (s,,),>0 such that

1

t+1 P
(/t ||f(s+sl—sk,x)—f(s,x)||§ds> —0ask,] — oo (3.7)

for all £ € R. On the other hand, we have

1
P

t+1
([ 14— suuts 51— 50) = flsuten s ) <

1 v
(7 17645 = s uts5-51=50) = Fs 41 = () s )

+ (/tt+1 1F (s + 51— s () —f(s,u(s))n@ds)” forall f € R.

Moreover, given K := {u(t) : t € R} a compact subset of X and ¢ > 0. Using Lemma 3.1-(ii) it follows
that there exists . x > 0 such that (3.1) holds. Since u € AA(R, X). Then, u(s) € K for all s € R and for
k, 1 large enough, |[u(s+s; —sg) — u(s)|| < ¢ for each s € R which implies that

1
p

t+1
(/t ||f(s+sl—sk,u(s+sl—sk))—f(s—i—sl—sk,u(s))H@ds) < 2 forall f € R. (3.8)

n
Since K is compact, there exist a finite subset {uy, ..., uy} C K (n € IN*) such that K C U B(u;, 0k e).
i=1
Then, forall t € R, there exists i(t) = 1, ..., n such that [[u(t) — u;()|| < dk,. Thus

t+1 p n €
(7 176+ = (6D = fls 5= sim) s ) < § 69)
and
1 ) e
(7 1766 = s mlis) " < 5. 310)
Using 3.1-(i), we get that
1 ) Poe
(7 16+ =semig) = Fs s ) < 5. @)
Consequently, by (3.8), (3.9), (3.10) and (3.11), we obtain for [, k large enough, that
t+1 e e e e
</t Ilf(s+s; — sk, u(s+s; —sk)) —f(s,u(s))”f,ds) < 1 + 1 + i + 1=¢ forall t € R.
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3 NEW COMPOSITION RESULTS OF u-S”-PSEUDO ALMOST AUTOMORPHIC FUNCTIONS

Theorem 3.2 Let p € M. If u € BSP(R, X) with K = {u(t) : t € R} is compact in X and f € EPU(R x
X,Y,u). Then, f(-,u(-)) € EP(R,Y, ).

Proof. Let f € EPU(R x X, Y, ) and K = {u(t) : t € R} be fixed. Then for all ¢ > 0 there exists J, x > 0
such that (3.1) holds. Since K is compact, then there exists a finite subset {ul, . un} C K (n € N*) such

n
that K C [ B(u;, 6k ¢). Therefore, for all t € R, there exists i(t) = 1,...,n such that ||u(t) — il < Oke-
i=1

1 1

([ iruenigas) < ([ 1o - o itas) + ([ e igas)
< s+é</tt+l ||f(s,ui)||§ds>’l’. (3.12)

Since fori =1,...,n, f(-,x;) € EPF(R,Y, u). Then, for r > 0, we have

1

Consequently,

r
lim sup

gL [ ([ ot a < . 619

Since formula (3.13) holds for all ¢ > 0, we obtain that

tim s ([ s o e ) dnto =0 614

Remark 3.1 From (3.15), we can deduce that forall 1 < p < oo, f(-,u(-)) € BSP(R,Y).

Corollary 3.1 Let 4 € M. Assume that u € AA(R,X) and f € EPU(R x X, Y, u). Then, f(-,u(-)) €
EP(R,Y, u).

Proof. From u € AA(R, X), we deduce that u € APSP(R, X) and that K = {u(t) : t € R} is compact in X.
Hence, conditions and hypotheses of Theorem 3.2 are satisfied.

Lemma 3.2 [12] Let € M and f € BC(R, X). Then, f € £(R, X, ) if and only if for alle > 0

where M, (f) := {t € [—r,r] : ||[f(£)]| > €}

The proof of our result of composition of y-SP-pseudo almost automorphic functions is based on the
following Lemma due to Schwartz [28, p. 109].

Lemma 3.3 Let ® € C(X,Y). Then, for each compact K C X and for all ¢ > 0, there exists dx, > 0, such
that for any x1, x € X, one has

x1 €K and |x1 —xf <0=[|P(x1) — P(x2)[y < e

Theorem 3.3 Let y € M and f : R x X — Y. Assume that:

G) f = f+¢ € PAASPU(R x X, Y, 1) with f € AASPU(R x X,Y) and ¢ € EPU(R x X, Y, ).
(ii) u = uy + up € PAA(R, X, ), where u; € AA(R,X) and up € E(R, X, ).

(iii) For every bounded subset B C X the set A := {f(-,x) : x € B} isbounded in BSP(R, X).
Then, f(-,u(-)) € PAASP(R,Y, u).
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3 NEW COMPOSITION RESULTS OF u-S”-PSEUDO ALMOST AUTOMORPHIC FUNCTIONS

Remark 3.2
The condition (iii) is needed only to prove that f(-,u(-)) € BSP(R,Y).

Proof of Theorem 3.3. By definition of f and u, we obtain the following decomposition:

flu(t)) = f(t,un () + [f(u(t) = f(t,u1(1)] + @(t, w1 (1)) -

—_——
F(t) E(t) ()

Using Theorem 3.1, it follows that F € AASP(IR, Y) and from Corollary 3.1, we deduce that ¥ € EF(R, Y, ).
Now, it suffices to prove that F € E7(RR, Y, i). In view of Lemma 3.2, we have for all ¢ > 0,

V(MS,V(uZ)) =0. (316)

ST

Lete > 0. Then, for r > 0, we have

A ([ i) e

1 L 7 1 HL e b
< ) In 18 a0 [ (1 IFae) )
y(MSV(MZ)) ! . S,u(s)) — S, U1\S S %
< WPl S e [ (T W) = fls (el ) e 67

Let K = {uy(t) : t € R}. Since u; € AA(R, X), then K is a compact subset of X. Hence, we define the
function:
®: X — PAASP(R,Y); x — f(-x).

Since f € PAASPU(R x X,Y, u), then, from Proposition 3.1, we deduce that the restriction of ® on all
compact K of X is uniformly continuous, which is equivalent to say that the function @ is continuous on
X. From Lemma 3.3 applied to ®, we deduce that for € > 0, there exists § > 0 such that, for all §1,¢» € X,
we have

1

1 v
& ek and ||51¢2||S6:»(./f+ ||f<s,51>f<s,¢z>||€ds) <e forallt€ R

Then, from u(t) = uq(t) + up(t) and u;(t) € K for t € R, we have

teR and |jux(s)|| <d forseltt+1] = (/tt 1||f(s u(s)) — f(s,uq(s ||5ds>§s

Therefore, by the fact that u, € £(R, X, i), we have

: # (Mg, (u2))
S W) T

Hence, using (3.17), we obtain that

gy (o) o <

for all € > 0. Consequently,

1

s ([ ) -
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4 u-PSEUDO ALMOST AUTOMORPHIC SOLUTIONS FOR EQUATION (??)

4 u-pseudo almost automorphic solutions for equation (1.4)

In this section, we study the following semilinear nonautonomous evolution equations:
u'(t) = Ag_1(t)u(t) + f(t,u(t)) fortecR. 4.1)

We assume that A(f), t € R are linear operators on a Banach space X satisfying the conditions (2.1) and
(2.2). Denote by (U(t,s))s>s the evolution family generated by A(t), t € R on X and by (U,_1(t,5))¢>s its

extrapolated evolution family defined in Proposition 2.1 for each 0 < a < 1. The function f : R x Xé —
X! | is locally integragble with respect to the first variable and Lipschitzian with respect to the second
one.

Firstly, we prove the existence of a y-pseudo almost automorphic solution to the following ihomoge-
neous linear equation associated to (4.1):

u'(t) = Ay_1(t)u(t) + h(t) forte R (4.2)

Definition 4.1 A continuous function # : R — Xé is called a mild solution of equation (4.2) if it satisfies

the following variation of constants formula:

u(t) =U(t,o)u(o) + /t Uy_1(t,s)h(s)ds  forallt >0, (4.3)

where h: R — ng is locally integrable.

Hence, we list the following hypotheses:

(H1) The operators A(t), t € R satisfy the assumptions (2.1) and (2.2).

(H2) the evolution family (U(t,s)):>s generated by A(t), t € R has an exponential dichotomy on R with
constants N, 6 > 0, projections P(t),t € R, and Green's function I'.

(H3) For all 1 < p < oo, the function R(w, A(+)) € AASP(R, L(X)).

(H4) There exist 0 < & < B < 1such that X} = X, and X;s = Xg for every t € R with uniformly equivalent
norms.

(H5) For all T € IR, there exist f > 0 and a bounded interval I such that

p{a+7t:ae A}) < Bu(A), where A € B(R) and ANI = Q.

Now, we introduce some preliminary results. Let us define the Yosida approximations A, (t) = nA(t)R(n, A(t))
of A(t) forn > w and t € R. For each 1, the operator A, generates an evolution family (U (t,s))¢>s on
X. It has been shown in [24, Lemma 3.1, Proposition 3.3, Corollary 3.4] that assumptions (H1) and (H2) are
satisfied by A, with the same constants for every n > ng (with ny > w).

Lemma 4.1 Let (H1) and (H3) be satisfied. Then, there exists 11 > ng such that
R(w,An(+)) € AASP(R, L(X)) forall n > ny.

Proof. Let (07);>( be a sequence of real numbers, since R(w, A(-)) € AASP(R, L(X)), there exists a subse-
quence (s;);>0 such that

p

</tt+1 IR(w, A(s+s; —s¢)) — R(w,A(s))V’ds) —0ask,l — oo (4.4)

forallt € R.Lett € Rands € [t,t +1]. If n > ng and | arg(A — w)| < 6, then
R(w, Au(s + 51— s1)) = R(w, An(s))

- (n ) ()

n? w? -1
— mR(cu,A(s + 81— sx)) {I ~oak (w,A(s +5 —Sk))}
n? W2 -1
_WR(‘U/A(S)) [I—ernR(w,A(s))] . (4.5)

Page 14



4 u-PSEUDO ALMOST AUTOMORPHIC SOLUTIONS FOR EQUATION (??)

Otherwise, we have

2 wlL wL 1
| D R(w,A(s)) ] < PR < W < 3 for n > ny = max{ng, 2wL}.
Therefore,
w? !
II{1— ” nR (w, A(s)) I <2. (4.6)

Hence, from (4.5), we obtain that

IR(w, An(s + 51 = s5)) = R(w, An(s))[| < 2| (R(w, A(s + 5 = s¢)) — R (w, A(s))) ||

w2 2
bl = R (@ AG s —s0)) = 1= SR (w0, A)] L
Now, using (4.6), we obtain that
2 ) w2 )
1= R (@, A5+ 51— 50)) ' = [ =~ R (@, A(s))] |
2 2
<4l = SR (w,Als 51— 5))] = [ = —“— R (w, A@))]|

< 4wl| (R (w, A(s + 51 = 5¢)) = R (w, A(s))) [|.
Consequently,
| (R(w,An(s+s;—sk)) — R(w, Au(s))) || < (24 4K)|| (R (w, A(s+s; —sk)) — R(w, A(s))) || forn > ny.(4.7)

By integrating in both sides of (4.7) from ¢ to t + 1, we obtain by (4.9) that

1
t+1
(/ IR(w, Au(s+ s —s)) — R(w,An(s))H”ds) —0ask,] — o
t
forallt € R.

Lemma 4.2 Assume that (H1)- (H3) are satisfied. Then, for every sequence (07);>( of real numbers, there
exists a subsequence (s;);>( such that for every 7 > 0 and ¢,s € R, there exists I(1,t,5) > 0 satisfying

Ty (t+s; — sk, s+ 51— k) — Tyt s)|| < cn217 4.8)
foralargenand I,k > I(n,t,s).

Proof. Let (07);>0 be a sequence of real numbers. Since R(w, A(-)) € AASP(R, L(X)) there exists a subse-
quence (s;);>0 such that

)

t+1
</ IR(w, A(s+s; —sx)) — R(w, A(s)) |pds)l —0ask,] — o0 4.9)
t
forallt € R. Let t,s € R. Arguing as in [24], we obtain that

Ty(t4s;— sk, s+s—sk) — Tul(t,s) /Fnta V(An(0) —w) [R(w, Ap(c+ 51 —s¢)) — R(w, Au(0))]
X(An(o+s;—sk) —w)Tp(0+ s, — Sk, s+ 51 — sg)do (4.10)
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4 u-PSEUDO ALMOST AUTOMORPHIC SOLUTIONS FOR EQUATION (??)

for [,k € IN and large n. From (4.10), (4.7), [24, Corollary 3.4] and Holder inequality, we claim that

||Fn(t+sl — Sk, S+ — Sk) — Fn(t,S)H

< on? [ eI EIR (@, An(o + 51 = 51)) = R (0, An(@) | do
< n2(2+4K)/ e 110le= 351501 [R (w, A(0 + 51 — 5¢)) — R (w, A(0))] dor
R
l 1
< an@erak) ([ e Flae) " ([ e B TIR @, Al 5 - 50) - R (w,A0)) e )

1

= n?(2+44K) (;’Z) ! </]Rei§” IR (w, A(c +s; —s¢)) — R (w, A(c)) ||r’da> ' (4.11)

(1Y)

we develop the formula (I), we obtain that
S
[ e ¥R (@, A+ 51— 510) = R, A@) [Pde = [ e DR (@, Ao +5 = 50)) = R (@, A0)) |IPdo
R —0o0

+o00
[ HECNR @, Ao+~ 5) ~ R (w0, A0)) |de
s
= L+1 (4.12)

Using (4.9) and the Lebesgue’s Dominated Convergence Theorem, we get that

0 s—m+1 _31( —0)
ho= 3[R R (@ A s - )~ R (@, A(0)) [
m=1v°"
0 737,,("171) s—m+1
< Y e / IR (0, A0+ 51— 5¢)) — R (0, A(0)) ||Pdo — O as k,I — co, (4.13)
m=1 S—m
and
o0 s+m+1 _a
b= X[ e EEIR @AW 5 —50) ~ R (w,A@)) o
0; p s+m+1
= Z o / IR (w, Al +s; —s¢)) — R(w, A(0)) ||Pdo — 0 ask, I — 0. (4.14)
m=0 +m

Hence, for every 17 > 0, there exists I(77,t,s) > 0 such that
T (t+ 51 — sg,5 4+ 51 — s¢) — Tu(t,s)|| < en’y (4.15)
foralargenand I,k > I(n,t,s).

In the next Theorem, we show that, to have I' almost automorphic, we only need that R(w, A(+)) to be
SP-almost automorphic.

Theorem 4.1 Let (H1)- (H3) be satisfied. Then, I' € bAA(R, X).
Proof. It suffices to use Lemma 4.2 and arguing as the same as in the proof of [10, Proposition 3.3 |.

Now, we prove the existence of a unique y-pseudo almost automorphic mild solution to (4.2).

Theorem 4.2 Let1 < p < oo, 0 < B <a <1landh € BS’(R,X,_1). Assume that (H1)-(H4) are satisfied.
Then, the following hold:

(i) The equation (4.2) has a unique bounded mild solution u : R — Xg given by

£ = /}R To_1(t,s)h(s)ds forallt € R. (4.16)
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4 u-PSEUDO ALMOST AUTOMORPHIC SOLUTIONS FOR EQUATION (??)

(i) Ifh e AASP(R, X, 1), thenu € AA(R, Xp).

Proof. Let1 <p < oo, 0 <B<a<landh € BSP(R, X,_1).
(i) Firstly, let us prove that formula (4.16) is well-defined. Indeed, we take

S(t) == /_:O Uy 1(t,8)Py_1(s)h(s)ds and u"(t):= — /tJroo Uy 1(t,5)Qa_1(t)h(s)ds for all t € R.(4.17)

Using Theorem 2.3 and Hoélder’s inequality, we obtain that

t
[l < [ U (9P (5)h(s) ds

t

< e ) [ eI (P ) s

< o) [ [ e et V| [ e ) }

= mwp) (2) e g vrtate—p -1} [ /. e””%”|h<s>r|§_1ds]’l’

= mwp) (2) g Drtate—p -1 [é/ikkﬂewnhun” ds];

< mwp) (2) [q(a—ﬁ—l)f(q(a—ﬁ—l))ﬁ[r<q<a—ﬁ>>ﬁL:ile—””ﬁ” [ e
< wiep) (2) e -t [y ] il forall € R

Arguing as above, we obtain that

IN

[ = 9@ 1 (1h6) s
cwp) [ I h()]ads

1 1
+oo gat—s) 17 [ [+ poti-s
o) [ ][ e

1
2Na [ o1 7
< C(ﬂé, IB) q? 7 Hh”Bsp . forallt € R. (419)
-2 a—

1—e

[ ()l

IN

IN

Thus, the integrals given by u° and u* are both defined. Moreover,

sup [[u()[[p < oo,

teR

which proves that u is bounded.
Now, we show that u defined by (4.3) is the unique mild solution of (4.2). In fact, let ii be the mild solution
of the equation (4.2) given by (4.3). Then, by using the uniqueness of the decomposition of Xé, we claim

that i1 = @° + 1%, where
t
B5(8) = Uy_1(t, 0)P(0)u(o) + / Uy_1(t,5)Py_1(s)h(s)ds forallt > o (4.20)
a

and

24(t) = Uy—1(t, ) Qur( +/ Ty 1(t,5)Qu_1(D)h(s)ds forall {0 € R. 421)
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4 u-PSEUDO ALMOST AUTOMORPHIC SOLUTIONS FOR EQUATION (??)

From the estimates given in Proposition 2.3, (4.33) and (4.33) we claim that #° and #* are bounded respec-
tively and by letting ¢ — —co in (4.20) and ¢ — 400 in (4.21) respectively, we obtain that

t
- / Uy 1(t,5)Pe1(s)h(s)ds forall t € R, 4.22)
and
+oo
a(t) = — / Uy 1(t5)Qu_1(Dh(s)ds forall t € R. (4.23)
t

Therefore, we have u(t) = ii(t) for all t € R, which prove the uniqueness.
(ii) Let h € AASP(R, X,_1). For each k € IN, we define:

t—k
Dp(t) = /HH Uyp_1(t,0)Py_1(0)h(0)do fort € R

and

Tk(t) = /tt;kl C[“,l(t, O')Q,Xfl(t)h(g)d(?' fort € R.

Let k € IN. Then, we have

t—k
9l < [ Uaa (5P a () s
—k
< @) [ e = () ads
t—k—1
1 1
t=k _gy(t-s) [ Y L o ()
< 2 t— Q(“ﬁl)d] {/ 2 his)II? d
SN e L Y B e IO
1
q7 (1—a+p) too g1 "
< m(wp) (T) | st as| e il
(1-a+p) 1 —Jk
= m(wp) (T) " laa—p-1T(gla—B=1)]7 [hzg e forallteR
and
tk+1 i
Il < / |, <t $)Qu-1(H)h(s) |ds
< / 59| (s) |1
1 1
t+k+1 qét s) q t+k+1 pot s) P
N M B T
< [ = ds} s
q % —ok 11
= 0} ||h||Bsp ez forallteRR.
. =gk 1
Since Z e? = < o0, for ¢ := 1,9, it follows from Weierstrass Theorem that the series Z D (¢
k>0 1—e2 k>0
and ) | ¥y(t) are uniformly convergent on R. Then, we define
k>0
)i=Y @(t) and ¥(t):= ) ¥i(t) forallteR.

k>0 k>0
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4 u-PSEUDO ALMOST AUTOMORPHIC SOLUTIONS FOR EQUATION (??)

In addition, we have
u(t) =o(t) +¥(t) forallt € R,

+oo
where ®(t / Uy_1(t,s)Py_1(s)h(s)ds and ¥(t) = Uy—1(t,5)Qq—1(f)h(s)ds fort e R.
t
In fact, let n € IN. Then,
t t—k
(t) Z<Dk - ||/ Uy_1(t,5) P (s)h(s)ds — Z/t - Uet(£,0) P (0)h(0)do]
- k>0 "

I\Ua 1(t,0) Py (0) (o) ||dor

IN
™
\

m<,>C?)““”Hwa—ﬁ—nrww—ﬁ—lm%wmwilz:e%ﬁ%o a5 oo

k>n+1

IN
8
)

uniformly in t € R.

By the same way, we prove the result for ¥. To conclude, it suffices to prove that for each k € IN, &; and
Y belong to AA(R, Xg). Let (¢4)n C R be a sequence of real numbers. Since i € AASP(RR, X, 1), and
I' € bAA(R, X) it follows that:

(A) there exist a subsequence (s;,), C (0%), and a measurable function § : R — X,,_; such that

1 1
hm/ ||g S+ 8y) —g(s)HZ_lds) P =0and hm/ ||g S —Sn) —g(s)|\§_1ds> —] (4.24)

forallt € R. )
(B) there exist a subsequence (s,,), C (¢,), and a measurable function T : R? — X such that

lim |[T(t+s,,5 + 5,)x — T(t,5)x|| = 0 and lim |IT(¢ — 5,5 —Sy)x —T(t,8)x| =0 (4.25)
n

for all/ilf,s R a/nd x € X. /
Let (0,,)n C (0,)n, (0n)n be a subsequence of the sequences (0,,), and (0y,), respectively. Then, for each
k € N, we have

t—k

@t +om) = [ Taa(tis)i(s)ds]
k+1 " " " ~
- ||/k [Taa(t+ 03t + 0 = )h(t+ 0, —)ds — Ty a (£ — )it —5)] s

IN

k+l " " ~ ~
A I [Faca(t+0p, e 0 =) = Taoa(tt = 5)| Rt —5)lla1ds

—

k+1 " " " ~
+ [ et oyt =) [h( 4 =) =Rt =5)] s

IN

k+1 " " ~ ~
/k ” |:r0671(t + Ot oy — S) Ty (f,t - S)} h(t - S) ”ocflds

k+1 .
+ m(a, B) {/k e“’”ssq(“‘ﬂ‘g‘l)ds]

k+1 " " ~ ~
< [ [Tt +an 40y =) = Faca(tyt = )] Bt =5) faads

=

k+1 , y ) 5
Uk Ih(t+ 0" — ) — it — s)|a1ds}

k+1 " - p P
[/k h(t+ 0" — ) — it — s)||a_1ds]

Q=

+ m(a, B) (g7) " P [g(a — B~ DT (q(x — B — 1))]
= 1+

By using (A), [, —+ 0asn — oo for all t € IR. From (B) and since

| [Tt +0m,t+ 0y =) = Tty t =) it = 5) a1 < 2m(a, Ble™ s P a(t = 5)]an
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4 u-PSEUDO ALMOST AUTOMORPHIC SOLUTIONS FOR EQUATION (??)

it follows in view of the dominated convergence Theorem, that J; — 0 as n — oo for all t € R. Hence
” t—k
lim ||y (t + o)) — / To1(t,s)i(s)ds|| =0 forallf € R.
n t—k—1

Analogously, we prove that
k+1 ~ " " ~ "
lim | /k Toi(t—0ot—0h —s)i(t— 0 —s)ds — D(t)]| =0 forallt € R,

Therefore, for each k € N, @ € AA(R, Xg). We recall that the series ) ®(t) is uniformly convergent on
k>0

R, which implies that ® € AA(R, Xp).

Similarly, we prove that ¥ € AA(R, Xp).

Consequently, u € AA(R, Xp).

In the next Theorem, we show that to have a p-pseudo almost automorphic mild solution, we only need
h to be u-pseudo almost automorphic in the sense of Stepanov. To get that purpose, we need the following
Lemma.

Lemma 4.3 Lety € Mand f € EP(R, X, ). Then,

1

Proof. Let f € EP(R, X, u). Then, for every r > 0

D Joon Jopo 1PN st < VS s [ (L If(s)II”ds)'ljdu(t). @.27)

By the fact that f € EP(R, X, jt), the right hand side in (4.27) — 0 as r — co. Hence, (4.26) holds.
g

Theorem4.3 Let t € Mand 0 < B < a < 1. Assume that (H1)-(H5) are satisfied and that h €
PAASP(R, X,—1,#). Then, equation (4.2) has a unique mild solution u € PAA(R, Xg, 1) given by the
formula (4.16).

Proof. Leth := i+ ¢ € PAPSP(R, X, _1,1) where h € AASP(R, X, 1) and ¢ € EP(R, X,_1, ). Then, the
mild solution of (4.2) has the unique decomposition:

U =u +uy,

/IR T, 1(ts)i(s)ds
/ Ty_1(t,s)p(s)ds

()+u§‘()

where, for all t € R, we have

and

where

5 t) = /;:o Ua_l(t,s)Pa_1(s)q0(s)ds and Mg(f) = _/tJroo aa—l(tls)Qa—l(t)q)(S)ds'
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4 u-PSEUDO ALMOST AUTOMORPHIC SOLUTIONS FOR EQUATION (??)

Using Theorem 4.2, we obtain that u; € AA(R, X,_1). Let us prove that u, € £(R, X,_1, ). It suffices to
show that 13, uy € £(R, Xy—1,¢). In fact, let r > 0, then

M /H,r] [[u3(s) || pdsdp(t)

= :u(lrr/ [=r1] /t ”uﬂ*l(t’S)P"‘*l(S)hz(s)”aflde}l(t)
/rr]/ T (= 5) @ P i (s) || a-adsdp (1)

m(a, B) t TR t—k+1 p3(—s) . . 7
quﬂ%;ﬁﬁwqf(tﬂ }[Z[ fuumi@]ww
(am(z)“ﬁﬂ[mﬁ1wwwﬁ1méﬂkiﬂ%/”4§;ﬂ“j“ﬂmwmwwrdMQ

m(a Ty (et a—B—1I'(gla —B—1 }71[ we*p%k o hy(s —k)||Pdsd r)
<o) () o= p =l p 0 g | [ Vet [ e =Pt

P

m(a, 5)( )(1 uc+ﬁ)[ (zx—ﬁ—l)l"(q(oc—ﬁ—l))]% iepgkm /H’r] /tt+1 |h2(s — k) ||Pdsdu(t)

k=0

(I1D)

Using Proposition 2.4-(iii) and Lemma 4.3, we deduce for each k € IN, that

1 t+1
. L _ P _
Am y([—?’,r])/[—r,r]/t Iha(s = b dsdu(t)

Since,
am < Y e P ps,
k=0

it holds that the series in (III) is uniformly convergent in r. Therefore, in view of the dominated conver-
gence Theorem, we obtain that

: 1 . B
Jdim ey [ a0 lu) o (4.29)

By the same way, we obtain that

1
lim —————~ B(H)||du(t) = 0. 4.29

e u([=r,r]) /[*r,r] [Jug (£) |dp(£) (4.29)
From (4.28) and (4.29), we claim that

1
lim ————~ up (t)||du(t) =
/., )

r=too p([—r,7])
Hence, u; € E(R, X, u).

Now, we return to the semilinear evolution equation (4.1). We need the following additional assumption:
(He6) For all p > 1, there exists a nonegative function L f(> € BS?(R,R) such that

1F(t,%) = F(t )t < LBl x —yllp forallt € R, x,y € Xg. (4:30)
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4 u-PSEUDO ALMOST AUTOMORPHIC SOLUTIONS FOR EQUATION (??)

Definition 4.2 A continuous function u : R — X pis called a mild solution of equation (4.2) if it satisfies
the following variation of constants formula:

u(t) =U(t,o)u —i—/ U, 1(t,8)f(s,u(s))ds  forallt > o. (4.31)

Remark 4.1 The hypothesis (H5) implies the condition (C’) in Theorem 3.3. In fact, let B be a bounded
subset of Xﬁ, i.e., there exists M > 0 such that

|x||g <M forall x € B.

Since f satisfies (H5), it follows for all x € B, that

</tt+l |f(s,x)||fj_1ds> g (/tt+1 L(s)pds); %]l + </tt+1 If(s,0)|5_1d5> %

ILlpsr M + 1 £(-,0)l|psr forall t € R.

IN

IN

Therefore,
1 ) : N
sup ([ 17615 ) < Lo+ 17,0 sy <
te
Consequently, the set A := {f(-,x) : x € B} is bounded in BSP(R, X,_1).
From Remark 4.1, for p € M, if we consider u € PAA(R, Xg, ) and f € PAASPU(R x X, 1, Xg, )

satisfies (H3), then by Theorem 3.3, the function h(-) := f(-,u(-)) belongs to PAASP (R, X, _1, u). Therefore,
we have the following main result:

Theorem4.4 Let1 < p < 00, 0 < B < a < 1and p € M. Assume that (H1)-(H5) hold and f S
PAASPU(R x Xg, X, 1, 1) satisfies (H6) with:

ILplas < [m(w B(2) " e p-vr—p- 1)} | — | +ewp) (5)' [ 1 1 ]

1—e 2 1—e" 7
Then, equation (4.1) has a unique mild solution u € PAA(R, Xg, ).
Proof. Consider the mapping F : PAA(R, Xg, ) — PAA(R, X, i) defined by

+0c0

/ Un-1 () Paca($)(s)ds = | Uoa (£5)Qucr (Dh(3)ds
= (Fu)(t)+ (F*u)(t) forall te IR (4.32)
where
t ~ +oo ~
) :/_oo Uy_1(t,5)Py_1(5)f(s,u(s))ds and (F'u)(t) := —/t U1 (t,5) Qa1 (E)f(s,u(s))ds, t € R,

It is clear that, F(PAA(R, Xg, 1)) C PAA(R, Xg, ). Moreover, we have

10O~ FEo) Wl < [ Uar(5)Pe1(5) [Flo,u(s)) — Fls,0(5))] s
< mlap) [N ) P Fs u(s))  Fls,0(5) aads
< o )| [ e - oot D] % e s ) = Fs o) :
= ) ()" e p-vrga - -0 [ [ e 1 u06) - Fls ol ds}l
= e ) () - p-Drlgla - p- 1)) Li /tf_—kkﬂe_”%“m(s)ds} " = ol
< ltglasmte ) (22) " e p-1rGate - - 01t [ ] e vl
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5 u-PSEUDO ALMOST AUTOMORPHIC SOLUTIONS FOR EQUATION (??)

Arguing as above, we have also

[~ POl < [ 1Tt = Qe (t) [fls,u(s)) — Fls,005)] lgds
< e ) [ I uls))  Fs,0ls)) o 1ds
< ety | [ e | [T s )~ Fls o) s
N [ 1 )
< Mglawelo ) () L_] = ol

Consequently, we have

IFu=Follo < ILlsr [m(«,m(‘g)“”ﬁ) e e e (;){ 1” ol

Thus, F has a unique fixed point belongs to PAA(R, Xg, ). This proves the result.

5 u-pseudo almost automorphic solutions for equation (1.1)

Consider now the nonautonomous semilinear boundary differential equation:

u'(t) = Ap(t)u(t) + f(t,u(t)) forteR,
B(t)u(t) = g(tu(t)) forteR,

where (A (t), D(An(t)))ter are linear operators on a Banach space X, B(t) : D(A;,(t)) — 90X, is a linear
boundary operatorand f : R x Xz — X and g : R x X;3 — 0X are locally integrable with resoect to first
variable and Lipschitzian in the seconde one. We use the following assumptions:

(A1) There are Banach spaces Z which are continuously embedded in X and 0X respectively such that
Ap(t) € L(Z,X) and B(t) € L(Z,0X) with: ?16,1]1}: ||Am(t)||£(Z,X>,?161]I}: B(t) |l £(z,ax) < oo

(A2) The restriction operators A(t) := A, (t)|ker(B(t)) for t € R, satisfy the conditions (2.1) and (2.2) with
constants w, 8, K, L, u, v. Hence, there is an evolution family (U(t,s)) s<t on X solving the equation (1.3) for
f = ¢ = 0. Moreover, denote by X!, := (D(A(t)),]| - | acry) where [| - [| 4 is the graph norm of A(t). Then,
| - [l a+) and the norm of Z are equivalent with constants being uniform in t € R.

(A3) The operator B(t) : Z — 0X is surjective, i.e. im(B(t)) = 0X for each t € R.

(A4) For some 0 < & < 1, Z is continuously embedded in X} for each t € R with uniformly bounded
embedding constants and sup [|D(t)|| z(z,x) < .

teR

where D(t) := (B(t)|ker(w — Am(t))) "}, t € R are the Dirichlet maps given in [20, Lemma 1.2].

Note that the above assumptions are introduced the first time by G. Greiner in [20] in the autonomous
case. By taking f(t,x) := f(t,x) + (w — Ax_1(t))D(t)g(t, x), it follows from [5, Section 5], that equation
(1.1) is equivalent to (4.1). Hence, a mild solution of equation (1.1) is a continuous function u : R — Xp
satisfying the following variation of constants formula:

u(t) =U(t,o)u +/ Uy—1(t,s) [f(s,u(s)) + (w—Ax—1(s))D(s)g(s,u(s))] ds forallt >o. (5.1)
Lemma 5.1 Let1 < p < co. Assume that (A1)-(A4) without the condition (2.2). Let Ay, (-) € AASP(R, L(Z, X))
and B(-) € AASP(R, E(Z 0X)). Then, the following statements hold:

(@) D(-) € AASP(R, L(Z,9X)).
(ii) R(w, A(-)) € AA L(Z,X)).

L
SP(R,
(iii) (w — Ay—1(-))D(-)§ € AASP(R, X,_1) forevery § € AASP(R,0X) and 0 <o < & < 1.
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5 u-PSEUDO ALMOST AUTOMORPHIC SOLUTIONS FOR EQUATION (??)

Proof. Let (0,),>0 be asequence of real numbers, since A, (-) € AASP(R, £(Z,X))and B(-) € AASP(R, L(Z,9X)).
Then, there exists a subsequence (s, ),>0 such that:

t+1
(/ |Am(a+sl—sk)—Am(a)|pds)p ~0askl o (5.2)
t

forallt € R and

1
t+1 7
(/t ||B(o'+sl—sk)—B(U)||pds>p S 0askl — oo (5.3)

forallt € R.
(i) Let y € 90X and t € R. By definition of D(t), it follows for s € [t, t + 1] that:

(W= An(s))(D(s +s = sp)y — D(s)y) = (Am(s + 51 —sx) — Am(s))D(s + 5 — sp)y =: P(s),
B(t)(D(s +s; —sp)y — D(s)y) = —(B(s +s; — sx) — B(s))D(s + 51 — sp)y =: ¥ (s).

Hence

D(s + s = sp)y — D(s)y = R(w, A(s))¢(s) + D(s)i(s)-

By assumptions, it holds that

1
r

</ttﬂ D (s + s —sp)y — D(S)y|§>; (/ttﬂ [R(w, A(s))p(s) + D(S)lp(s)Hp)

C [I9* I3 + 1¥° )l r(ox)|

IN

1
p

IN

C

t+1
(/t | (Am(s+s; —sx) — Am(s)”'Z(Z,X))

p

+ </tt+1 |(B(s +s; — si) _B(s))HZ(z,ax)) ] Iylax-

Therefore, from the limits in (5.2) and (5.3), we obtain that:

t+1 7
(106 +51-50 = DO ) =025t

forallt € R.
(ii) Letx € Xand t € R. Fors € [t,t + 1], take y = R(w, A(s +s; — s¢))x — R(w, A(s))x, Then:

(w—An(s))y = (Am(s+s; —sk) — Am(s))R(w, A(s +s; — s¢))x q3~(s),

) =:
B(t)y = —(B(s +s; — s5c) — B(s))R(w, A(s 451 — s¢) )x =: P(s).

Hence,
y = R(w, A(s))¢(s) + D(s)i(s).
Therefore, arguing as in (i), we obtain that:

1
t41 7
(/t IR (w, A(s + 51 — s¢)) — R(w,A(s))HZ(Z,X)) " L 0askl oo

forallt € R.
(iii) To prove this statement, we need to introduce the following spaces:
For1 < p <ooand0 < a < 1, we set E(R) = BS?(IR, X) and we define:

AASY (R) := {f € E,_1(RR) there exist (fu)n C AASP(RR, X) converging to f in E,_1(R)},
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5 u-PSEUDO ALMOST AUTOMORPHIC SOLUTIONS FOR EQUATION (??)

where the extrapolated spaces E,_1(RR) are defined as in [5, Section 2], with the associated norms:

t+1 P

oy i=supsup ([ 11RO, (w0 = Aca DS )
r>0 tcR \J/t

and Eg(R) = E(R), E1(R) = D(A(")).

Under the assumptions (2.1), (H3) and (H4) it holds that

E, 1(R) 2 BSP(R,X, 1) and AAS’ | (R)= AASP(R, X, 1).

Furthermore, from (i) and (ii) and since Z — X, the functions D(-)h and f, := nR(n, A(-))D(-)§ €
AASP(R,X) for n > w. Then, A(:)fy = (n?R(n, A(-)) —n)D(-)§ € AASP(R, X). Moreover, by (2.1) and
(A3), we claim that f; is uniformly bounded in the norm of E<(R). Since f, — D(-)¢ in BS?(R, X), we con-
clude by interpolation that f, — D(-)¢ in E,(R). As a consequence, (w — A(-))fu = (w — Ay—1(-))D(-)8
in E,_1(RR). Hence, the result follows from the definition of AAS? | (RR).

Lemma5.2 Let1 < p < coand y € M. Assume that (H5) and (A1)-(A4) without the condition (2.2).
Let Ay(-) € AASP(R,L(Z,X)), B(-) € AASP(R, L(Z,9X)) and the functions f € PAASP(R, X, u), § €
PAASP(R,9X, ). Then, h:= f + (w — Ay_1(-))D(-)§ € PAASP(R, X,_1, 1) forevery 0 < a < & < 1.

Proof. Let f = fo+ & € PAASP(R, X, ), where fy € AASP(R,X) and & € EP(R,X, ) and let § =
S0+ ¢ € PAASP(R,0X, 1), where § € AASP(R,0X) and ¢ € EP(R,9X, u). Hence

h=fot (0= Ar1(:))D()go+E+ (w—Ax1(-)D(-)g.
ho Y

Since X — X,_1, fo € AASP(R,X) and §y € AASP(RR,0X), it follows in view of Lemma 5.1 that iy €
AASP(R,X,—1) forevery 0 < a < & < 1. It suffices to prove that y € EP(R, X,_1, ) forevery 0 < a <
& < 1.Letr > 0, then we have

M /[_M] (/ttﬂ ||l/ﬂ(s)||§lds> % dp(t) M _/[_m (/:H ||g(s)||§lds> / dy(t)

" ﬂ([Mr,T’]) /[7r,r} (/ttH ||<P(S)H§de) : du(t) — 0asr — oo,

IN

where M := sup; [|(w = Ae-1(8))D()) || £(ox,x, 1) < o0

Theorems 4.2, 4.3 and Lemmas 5.1, 5.2 imply the following main result of this section on the existence
of a p-pseudo almost automorphic mild solution to equation (1.1).

Theorem 5.1 Let1 < p < o0, 0 < B < a < land y € M. Assume that A, (-) € AASP(R, L(Z, X)),
B() € AASP(R,L(Z,0X)) and f € PAASPU(R x Xg, X, u), § € PAASPU(R x Xg,0X, ) satisfy (H6)
with small constants ||L¢||psr and | Lg||psr. Furthermore, if the hypotheses (A1)-(A4) and (H2), (H4)-(H5)
hold. Then, equation (1.1) has a unique mild solution u € PAA(IR, X4, i) given by:

u(t) = /]Rl"a_l(t,s) [f(s,u(s)) 4+ (w— Ax—1(s))D(s)g(s,u(s))]ds forall t € R. (54)

Proof. Define f(t,x) = f(t,x)+ (w — Ay—1(-))D(-)g(t, x) where f € PAPSPU(R x Xg, X, ) and g €
PAASPU(R x Xg,0X, ). Since M = sup;cg [[(w — Ax—1(t))D(t)[| (ax,x, ;) < 0and Z — X < X, 1,
it follows from Lemma 5.2 that f € PAASPU(R x Xg, Xo—1,1). Furthermore, the function f satisfies
(H6) with constant of Lipschitz L 7 < Ly + MLg. Hence, by a particular choice of Ly and Ly we can
obtain ||L ];H gsr small enough. Hence, by Theorem 4.4, we deduce that there exists a unique mild solution
u € PAA(R, Xg, u) of equation of (1.1) satisfying the formula (5.4).
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6 APPLICATION: DIFFUSION EQUATION WITH INHOMOGENEOUS BOUNDARY CONDITIONS

6 Application: Diffusion equation with inhomogeneous boundary con-
ditions

Let u be a measure with a Radon-Nikodym derivative p defined by:

el fort <0,
t) = - 6.1
p(t) {lfort>0. (61)

From [11, Example 3.6.], i satisfies the hypothesis (H5).
In this section, we study the following diffusion equation with inhomogeneous boundary conditions:

u X 21/[ X
) (atl: ) _ 9 85:2’ ) +b(tu(t,x), (tx)€Rx(0,m), 62)
caﬁg&gzﬂzz¢aﬁdnmy (%) ER xT,

whereT = {0} U{rt},b € L°(R), c € BS(R,C!(T')) N L*(RR, C!(T)) are given. The function g : R x X —
0X defined by
a(t)

8t 9)(x) = ®(t, ¢(x)) = T e

where a(t) 1= a1 (t) + (arctan(t) - g), with

ar(t) = Y Bul(t),

n>1

such that, for every n > 1

Bu(t) = 3 H(n*(t—1)),

i€ePy

with P, = 3"(2Z + 1) and H € CF(R, R) with support in (3}, 1) such that

By the proof in [11, Section 5.], t — arctan(t) — g belongs to £(R, R, ). Otherwise, from [17] and refer-
ences therein, a1 € C*(R,R), but a1 ¢ AA(RR,R) since it is not bounded. However, a; € AAS! (R,R).

In order to rewrite equation (1.1) as an abstract differential equation, we take the spaces X := L?((0, ), R),

Z := H%((0,7),R) and 90X := H 2 ((0, ), R) equipped with there usual norms. Moreover, we consider the
following statement:

2
{ M@z%ﬁMW:M+W)M%R
D(An(t)) = D(An) = H*((0,71),R) fort € R,
where b(t) := b(t,-) € AAS'(R, X) and the boundary operator

B(t): H*(0,7),R) — H2(T,R)

0o o )

Hence, we define A(t) := Ay (t)| ker(B(t)) where ker(B(t)) = H?((0,7),R) N H}((0, r),R). Since ¢ €

L®(R x I), it follows in view of the Trace Theorem [22, Theorem 9.4] that B(t) is surjective and bounded

uniformly in t € R. Moeover, X! = H?*((0, ), R) with uniformly equivalent norms, for « € (3, 3) and

that the Dirichlet map D(t) : Z — 09X is uniformly bounded for t € R, see [4, Example IV.2.6.3 ]. It
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is well known that the graph norm of A(t) is uniformly equivalent the norm of Z and that the operator
A = A, | ker(B(t)) is a generator of an analytic semigroup (T(t));>o on X. Moreover, we have

tf=3 o2 fren >p20en forallt €R, f€X,
=0

where {e, ; n > 0} is the family of eigenvectors associated to the egeinvalues {—n?7%; n > 0}.
Take v(t)(-) := u(t,-), hence the equation (1.1) has the following abstract form:

v'(t) = Ap(t)o(t) fort € R,
B(t)v(t) = g(t,v(t)) forte R.

The operators (A(t));er generate an evolution family (U(t,s))¢>s on X given by:

ut,s)f = 2 NGRS dT<fen >12[0,7] €n forallt >s, f € X,
n=0

which satisfies (2.1) and (2.2). Furthermore, we have

Ut s)fI> = <U(ts)f,U(ts)f >ppq
— 20 Z ej nZnZ]d'rej:[b(T)*mznﬂdr < f/ e >L2[O/T[]< f/ em >L2[0/7-[}< en, em >L2[0/7-[]

< Z 62‘[; [b(r)—nznﬂdTHfHZ
n=0

oo 2
= <Z ejst[b(T)nZ;-[Z]dT||f|) forallt > s, f € X. (63)

n=0
Hence,
[U(ts)f|| = Y el B2 ) forall ¢ > s, f € X.
n=0

Consequently, the hypotheses (A1)-(A4) and (H4) are satisfied.
Let us prove that (U(t,s))¢>s has an exponential dichotomy on R. Indeed, the series given in (6.3) is uni-

formly convergent which implies that the sequence (efst[b (O)-r2rldry goestoOasn — 0. Let N > 1 large
enough, since b € AAS! (R, X), it follows that:

[H]+1
) /kk+1 b(t)dt — n®m%(t —s)

i 'b(7)—n2n2)dT < iek:[s]

n=0
< M Z e(|blgst —n ) (t 5), with M = ¢2/blgst
n=0
N )
= M Z e(Iblgst — n*m) (t—s) +M Z elIblpst — n*m(t —s)
n=0 n=N+1

Therefore, there exist §, M > 0 and the projections P(t) := P and Q(t) :=
Rank(Q) = N and Rank(P) = oo, since it can be seen as Q = diag(1, ..., 1,
diagonal. Then, we have the following decomposition:

Q=1I1—-P, fort € R defined as
0,0,...) with N numbers 1 at the

|U(t,s)P(s)|| < Me°t%), tseR, s<t,
IU(s, Q)| < Me %G1, tseR, s>t

Lemma 6.1 The function g satisfies the condition (H6) for p = 1 and L, := |m|e|a(-)| € BS}(R,R).

Page 27
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Proof. Let ¢1, 92 € X. Then,

1 1
t, x) — ¢(t, x)Pdx = atz/ — 2 dx
. 8 p(0) =5t g)x) WP [, e~ T
< P [ o) —galx) P
J[0,7]

< [a(®)]?||¢1 — @2||* forallt € R.

Hence
18(t, @1) — g(t, 1) || < la(®)[ll@1 — @2l forall £ € R,
The result follows from the fact that a € PAAS' (R, R, ).
Lemma 6.2 Letb € AAS'(R,R) and ¢ € AAS!(RR,C!(T)). Then, the following hold
(1) Ap(t) € L(Z,X) with sup | Am ()|l £(z,x) < 0o. Moreover, Ay(-) € AASH(R, L(Z, X)).
(i) B(t) € L(Z,0X) with sup [B(t)ll£(zax) < oo Moreover, B(-) € AASP(R, L(Z,0X)).
teR
Proof. Letb € AAS'(R,R) N L®(R) and c € AAS'(R,CY(T')) N L*(RR,CY(T)).
(i) Let ¢ € X. Since Z — X, it holds that,
[An(Bell < [[Amell + [b(2) ]|l
< N Anllezxllellz +Clo®lll¢llz
= [lnlezx +Clb®)] Illz ter.
Hence,
lAnBllezyy < [IAnlczx +Clb@)l] (6.4
< [Mnllezx +Clels|, teR.

Then,

sup [[Am(t) [l £(z,x) < oo
teR

Now, we show that A, () € AASY(R,L(Z,X)). Let (07);>0 be a sequence of real numbers, since b €
AAS'(R,R), there exists a subsequence (s;);> such that

t+1
/ Ib(s + 51— s.) — b(s)|ds — O as k,I — co. 6.5)
t

forallt € R.
Therefore, from (6.4), we obtain that

t+1 t+1
[ 1Anls 51 =50 = Au(®)llezxds <C [ bl +51 =50 = b(s)lds, kleNteR.
t t

Then, by (6.5), we deduce the result.
(ii) We follow the proof as in (i).

Then, we have the following main result.

Theorem 6.1 Let 0 < B < a < 1. Assume that b € AAS'(R,R) NL®(R), ¢ € AASY(R,CY(T)) N
L®(R,CHT)). If we take ||Lg| gg1 small enough. Then equation (6.2) has a unique mild solution u €
PAA(R, X4, t).
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