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Schauder estimates for drifted fractional operators in
the supercritical case

Paul-Eric Chaudru de Raynal’ Stéphane Menozzi' and Enrico Priola
February 13, 2019

Abstract

We consider a non-local operator L, which is the sum of a fractional Laplacian A%/?, o € (0,1), plus
a first order term which is measurable in the time variable and locally S-Hoélder continuous in the space
variables. Importantly, the fractional Laplacian A%? does not dominate the first order term. We show
that global parabolic Schauder estimates hold even in this case under the natural condition o + 5 > 1.
Thus, the constant appearing in the Schauder estimates is in fact independent of the L*-norm of the first
order term. In our approach we do not use the so-called extension property and we can replace N2
with other operators of a-stable type which are somehow close, including the relativistic a-stable operator.
Moreover, when « € (1/2, 1), we can prove Schauder estimates for more general a-stable type operators like
the singular cylindrical one, i.e., when A2 s replaced by a sum of one dimensional fractional Laplacians

ZZ:I(aﬂ%kzk)a/Q'

1 Statement of the problem and main results

We are interested in establishing global Schauder estimates for the following parabolic integro-partial differential
equation (IPDE):

dwu(t,z) + Lou(t,z) + F(t,z) - Dyu(t,z) = —f(t,z), on[0,T)x R%,
uw(T,z) = g(z), onR% (1.1)

where T' > 0 is a fixed final time horizon.
The operator L, can be the fractional Laplacian A®/2, i.e., for regular functions ¢ : R* — R,
dy

Ap(x) =pov. /]Rd [p(z 4+ y) — o(x)]va(dy), where v, (dy) = Ca’dW, (1.2)

or a more general symmetric non-local a-stable operator with symbol comparable to —|\|* but associated with
a wider class of Lévy measures v, (see Section 1.1 for our precise assumptions). We can also consider some

non-symmetric stable operators like the relativistic stable one with symbol —(|)\|2 + m%) 3 +m, m > 0.

In (1.1), the source f :[0,7] x RY — R and terminal condition g : R¢ — R are assumed to belong to some
suitable Holder spaces and to be bounded.

The drift term F' can be unbounded. It is only assumed to be (locally) S-Holder continuous, 8 € (0, 1), i.e.
F:[0,T] x R* — R? is Borel measurable, locally bounded and there exists Ky > 0 such that

|F(t7$) - F(tay)| < K0|$ - y|ﬁa (&S [OvT]a T,y € Rd s.t. |‘T - y| < 1. (13)

In particular, we concentrate on the so-called super-critical case, i.e., « € (0,1), although our estimates can
be extended to the simpler case o € [1,2). The difficulty is quite clear: in the Fourier space, L, is of order «
and does not dominate, when « € (0, 1), the drift term which is roughly speaking of order one (see also Remark
3.5 in [Pril12] for related issues).
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In order to compensate the low smoothing effect of L,,, it is natural to ask more on the Holder exponent
of the drift. Namely, we need that the gradient D,u(t, ) in (1.1) exists in the classical sense. To this end, since
the smoothing effect of L, on the S-Holder source f is expected to be of order (o + ) in space, it is natural
to consider aw + 8 > 1. This condition also appears from a probabilistic viewpoint; it had indeed already been
observed in the scalar case by Tanaka et al. [TTW74] that uniqueness might fail for the corresponding SDE
when a + 8 < 1.

In the previously described framework, we obtain estimates like

HUHLoo([o_,T]ycgﬁ) < C(Hg”c;+ﬁ + ”f”Loo([o,T],cf))v (1-4)

with usual notations for Holder spaces, where C' is independent of u, f and g.
An interesting example covered by our assumptions is the non-local Ornstein-Uhlenbeck operator

£°P2p(x) + Az - Dyp(a), (L5)

when F(t,z) = Az and A is any d X d real matrix (in this case assumption (1.3) holds for any g € (0,1)).
If @ = 2 Schauder estimates where first proved by Da Prato and Lunardi [DPL95]. After that paper the OU
operator has been much investigated as a prototype of operator with unbounded coefficients.

Related results. Schauder estimates in the a-stable non-local framework have been addressed by several
authors, always assuming that the drift term is globally bounded and mainly assuming that o > 1. In some
papers, the Lévy measure v, may also depend on ¢ and x. We mention for instance the so-called stable-like
setting, corresponding to time-inhomogeneous operators of the form

d
Lt‘p(‘r) = /Rd [(P(x + y) - (p(x) - ]Iae[l,Q)DwQD(x) 'y]m(tvxvy)M% + F(t,l’) : Dwu(tax)ﬂae[l,ma (16)

where the diffusion coefficient m is bounded from above and below, Hoélder continuous in the spatial variable,
and even in the y variable for @ = 1. In that framework, Mikulevicius and Pragarauskas [MP14] obtained
parabolic Schauder type bounds on the whole space and derived from those estimates the well-posedness of the
corresponding martingale problem. Observe that, in (1.6), in the super-critical case a € (0,1), the drift term
is set to 0. Again, this is mainly due to the fact that, in that case, the drift cannot be viewed anymore as a
lower order perturbation of the fractional operator.

In the driftless framework, the (elliptic)-Schauder type estimates for stable-like operators were first derived
by Bass [Bas09]. We can refer as well to the recent work of Imbert et al. [IJS16] concerning Schauder estimates
for a driftless stable like operator of type (1.6) for & = 1 and some non-standard diffusion coefficients m with
applications to a non-local Burgers type equation. Eventually, still for F' = 0, in the general non-degenerate
symmetric a-stable setting, for which v, writes in polar coordinates y = ps, (p,s) € Ry x S9! as

va(dy) = p~' =% dp (ds), (L.7)

where /i is a non-degenerate symmetric measure on the sphere S?~!, we can also mention the works of Ros-Oton
and Serra [ROS16] for interior and boundary elliptic-regularity and Fernandez-Real and Ros-Oton [FRRO17]
for parabolic equations. We can also refer to Kim and Kim [KK15] for results on the whole space involving
more general, but rotationally invariant, Lévy measures, or to Dong and Kim [DK13] for stable like measures
that might be non-symmetric and non-regular w.r.t the jump parameter.

In the elliptic setting, when a € [1,2) and L, is a non-degenerate symmetric a-stable operator and for
bounded Holder drifts, global Schauder estimates were obtained by Priola, see e.g. Section 3 in [Pril2] and
[Pril8] with respective applications to the strong well-posedness and Davie’s uniqueness for the corresponding
SDE. Also, when « € [1,2), elliptic Schauder estimates can be proved for more general Lévy-type generators
invariant for translations, see Section 6 in [Pril8] and Remark 5.

For a non trivial, and potentially rough, drift, there is a rather large literature concerning the regularity of
(1.1) when the drift (possibly depending on the solution) is divergence free, i.e., V - F(t,2)=0, in connection
with the quasi-geostrophic equation even for a € (0,1). We can mention the seminal work of Caffarelli and
Vasseur [CV10] and the work of Silvestre et al. [SVZ13] which exhibits counter-examples to regularity of (1.1)
when the terminal condition lacks good integrability properties or when the condition a+ 8 > 1 is not met (see
Theorem 1.1 therein). Conditions on divergence free drifts F' in Morrey-Campanato or Besov spaces giving the
Holder continuity of (1.1) are discussed in [CM16] and [CM18].



When, a € (0,1) and F is Holder continous and bounded (but not necessarily divergence free), Silvestre
obtained in [Sil12] sharp Schauder estimates on balls for the fractional Laplacian. His approach heavily relies
on the so-called extension property, see [CS07] or [MOG9] for a more probabilistic approach, and therefore
seems rather delicate to extend to more general operators of stable type or with varying coefficients. Also,
it seems that our result when L, = A®/? and F satisfying (1.3) cannot be obtained from the estimates by
Silvestre using a standard covering argument; indeed the Schauder constant in [Sil12] also depends on the global
boundedness of F. We can mention as well the recent work of Zhang and Zhao [ZZ18] who address through
probabilistic arguments the parabolic Dirichlet problem in the super-critical case for stable-like operators of
the form (1.6) with a non trivial bounded drift, i.e., getting rid of the indicator function for the drift. They
also obtain interior Schauder estimates and some boundary decay estimates (see e.g. Theorem 1.5 therein).

Outline for Schauder estimates through perturbative approach. In this work we will establish global
Schauder estimates for the solution of (1.1) inspired by the perturbative approach first introduced in [CHM18]
to derive such estimates in anisotropic Holder spaces for degenerate Kolmogorov equations.

Roughly speaking, the main steps of our perturbative approach are the following: choose first a suitable
proxzy for the main equation (i.e., an integro-partial differential operator whose associated semi-group and
heat kernel are known and close enough to the original one), exhibit then suitable regularization properties
associated with the proxy, expand consequently the solution of the IPDE of interest around the proxy (Duhamel
type formula or variation of constants formula) and eventually use such a representation to obtain Schauder
estimates. Let us emphasize that the derivation of a robust Duhamel representation for the IPDE is crucial in
this approach.

More precisely, the perturbative argument takes here the following form: first choose a flow 6, ,(§) =
&+ [7 F(v,0,,(£))dv depending on parameters £ € R? and 7 € [0, 7] to be chosen carefully and introduce then
the time inhomogeneous drift F'(t,0; ()) frozen along the considered flow. Rewrite then (1.1) as

atu(ta x) + Lau(ta x) + F(t, 91&,7’(5)) : Dmu(tax) = —f(t,.%‘) + [F(t, 915,7'(5)) - F(ta x)] : Dwu(t,x),
u(T,z) = g(z), onR% (1.8)

This system reflects more or less the main ingredients needed for our perturbative approach: the integro-partial
differential operator in the above L.h.s. will be our proxy which is hence a frozen version of the operator in
(1.1), where the freezing is done along the chosen flow, and the second term in the r.h.s. is precisely the error
made when expanding the solution around the proxy. Roughly speaking, by the Duhamel principle we get a
representation formula for the solution u and we can perform estimates by choosing the proxy parameters 7
and £. In this respect it is useful to look at the proof of Proposition 8 and in particular to the derivation of
estimates (2.30) and (2.31). On the other hand, a more general Duhamel formula is needed in Section 2.4.2 to
complete the proof of Schauder estimates.

At this stage, let us eventually mention that when dealing with unbounded first order coefficients, the
previous associated flow is a rather natural object to consider in order to establish Schauder estimates and was
already used by Krylov and Priola [KP10] in the diffusive setting.

In comparison with [CHM18], where the main difficulties encountered consisted in handling the degeneracy
of the operator and its associated anisotropic behavior (while the derivation of a Duhamel representation as
well as the existence of a solution were the easier parts), we here face different problems, especially when trying
to obtain a suitable Duhamel representation or when dealing with the existence part. Such difficulties come
from two main features of our framework: the stable operator L, induces major integrability issues and we
consider drift terms that are only locally Holder continuous (see again (1.3)).

To overcome these particularities, we introduce a localized version of (1.8). The point is to multiply u
by a suitable localizing test function n,¢ where (7,§) are freezing parameters and to establish a Duhamel
type representation formula for un, ¢ (cf. equation (2.25)). We point out that, in our current setting, this
localization is not simply motivated by the fact to get weaker assumptions on F' (i.e., from global to local
Holder continuity). Indeed, even when L, = A% for o € (0,1/2), it is also needed to give a proper meaning
to the Duhamel representation of the solution because of the low integrability properties of the underlying
heat-kernel (see again Proposition 8 and its proof). Let us also emphasize that, the key to perform our analysis
comnsists in having good controls on the heat kernel (or density) p, associated with L, and some of its spatial
derivatives (cf. (NDDb) in Section 1.1.1).

This will for instance be the case when the spherical measure fi in (1.7) has a smooth density w.r.t. the
Lebesgue measure of S?~1, following the work of Kolkoltsov [Kol00]. Roughly speaking, in that framework,
the heat-kernel p, associated with L, and its first two derivatives, will behave similarly to the rotationally
invariant density of A% for which we have precise pointwise controls. In this framework we establish Schauder
estimates for any o € (0,1) and 5 € (0,1) s.t. 8+ a > 1 for the potentially unbounded drift satisfying (1.3).



On the other hand, in the case of more general, and possibly singular, fractional operators of symmetric
stable type, following the approach initiated by Watanabe [Wat07] and also used in Huang et al. [HMP19]
consisting in treating separately the small and large jumps for the considered characteristic time scale, we have
an additional constraint. We are only able to derive that the spatial derivatives of the heat kernel p, (¢, z) (which
have the expected additional time singularity associated with the derivation order), can integrate z + [z|?,
ie., [pa |2|2|DEpa(t, 2)|dz < oo, k € {1,2}, provided 8 < «, t > 0. The constraint o + 3 > 1 then gives that
we can handle in this general super-critical case, indexes o € (1/2,1). The difference between the previous
two cases can be intuitively explained as follows: for the fractional Laplacian the derivation of p,(t,-) induces
a concentration gain at infinity, see e.g. Bogdan and Jakubowicz [BJ07], which precisely permits to get rid of
the integrability constraints that we have to face; for operators whose symbol is equivalent to |£]|* but whose
Lévy measure v, has a very singular spherical part, we do not have such concentration gain (cf. Remark 4).

Eventually, our approach will also allow to handle stable fractional truncated operators viewing the differ-
ence between the truncated and the non-truncated operators as a bounded perturbative term under control.

Organization of this paper. The article is organized as follows. We state our precise framework and give
our main results at the end of the current section. Section 2 is then dedicated to the perturbative approach
which is the central point to derive our estimates. In particular, we obtain therein some Schauder estimates
for drifted operators along the inhomogeneous flow as well as the key Duhamel representation for solutions.
We establish in Section 3 existence results. Eventually, Section 4 is devoted to the derivation in the previously
described cases, i.e., stable-like and general stable operator for a € (1/2,1), of the properties required to obtain
our main estimates. The proof of some technical results concerning the stability properties of non-Lipschitz
flows are postponed to Appendix A.

1.1 Setting

1.1.1 Operators considered

We consider a Lévy generator L such that for ¢ € C5°(R?), where C§°(R?) stands for the space of real-valued
infinitely differentiable functions with compact support one has:

Lo(w) = [ (6la+9) — d()uldy). xR (1.9

where v is a Borel measure on R? such that [,.(1 A |z|)v(dz) < oo, and v({0}) = 0 (v is an example of Lévy
measure). It is well known (see e.g. Sato [Sat99]) that there exists a convolution Markov semigroup (F;)
associated with L:

Pih(z) = / h(x +y)ue(dy), h e By(RY), t>0, zecRY, (1.10)
Rd

Py = I, where (u) is a family of Borel probability measures on R? and By(R?) stands for the set of real-valued
bounded measurable functions. The function v(t,x) = Pip(x) provides the classical solution to the Cauchy
problem

dw(t,z) = Lu(t,z) = Lu(t,-)(z), t>0, v(0,z) = ¢(z) on R (1.11)
In probabilistic term, p; is the distribution at time ¢ > 0 of a purely jump Lévy process (Z¢)¢>o.
(NDa) We assume that p; has a C?-density p(t, ), t > 0, and that there exists o € (0, 1) such that if 0 < v < a

/ yp(t,y)dy < ct?/*, te(0,1]. (1.12)
Rd

for some ¢ = ¢(7, ) > 0.
In the sequel we write L = L, v = v, P, = P® and p = p, in order to explicitly emphasize the dependence
of these objects w.r.t. the parameter a.

(NDb) To prove Schauder estimates with Holder index 3 € (0, 1), beside the condition « + 5 > 1, we need
the following smoothing effect: there exists a constant ¢ = ¢(a, ) > 0 such that

B pk ¢ _
[ Dhpatenlay < 1l te 0, k=12 (25)
where D} pa(t,y) = Dypa(t,y) and DZpa(t,y) denote the first and second derivatives in the y-variable. O



Remark 1. It is known that in the case of the fractional Laplacian Lo = A®/? assumption (P3) is always
verified for any § € (0,1) and « € (0,1). On the other hand, in the more general class of non-degenerate
symmetric stable operators, (£?3) holds only if 0 < 8 < « (see Proposition 1). This condition together with
a+ 8 > 1 imposes a > 1/2. We also manage to establish (%), 8 € (0,1) for the non-symmetric relativistic
stable operator.

Remark 2. We mention that (NDb) is specifically needed to handle the remainder perturbative term in the
r.hs. of (1.8) and can be viewed as a sufficient condition to cope with the supercritical case.

1.1.2 Non-degenerate symmetric stable operators

We now introduce a class of operators L, which verify (NDa) and (NDb). These operators L, will be the
generators of non-degenerate symmetric stable processes, i.e., L, can be represented by (1.9) where v = v,
is a symmetric stable Lévy measure of order « € (0,1). If we now write in polar coordinates y = ps, (p, s) €
R, x S9!, the previous measure v, decomposes as

dpji(ds)

Va(dy) = e (1.13)
where /i is a symmetric measure on the S¢~! which is a spherical part of v,. Again, if i is precisely the
Lebsegue measure on the sphere, then L, = A2. It is easy to verify that [o,(1 A |2|)va(dz) < co.

The Lévy symbol associated with L, is given by the Lévy-Khintchine formula

W(\) = /}R ("™ — Da(dy), N eRY, (1.14)

where (-, -) denotes the Euclidean scalar product on R (see, for instance Jacob [Jac05] or Sato [Sat99]). In the
current symmetric setting, Theorem 14.10 in [Sat99] then yields:

V) == [ I las) (1.15)

where p = Cy qft for a positive constant Cy, 4. The spherical measure p is called the spectral measure associated
with v,. We suppose that j is non-degenerate, i.e., there exists n > 1 s.t. for all A € RY,

TS [ IS < a e 0.1) (1.16)

We carefully point out that condition (1.16) is fulfilled by many types of spherical measures u, from measure
equivalent to the Lebesgue measure on S~ (a stable-like case) to very singular ones, like sum of Dirac masses
along the canonical directions, which would correspond to the pure cylindrical case (or equivalently to the sum

of scalar fractional Laplacians):
d

D (02,0 (1.17)
k=1
For symmetric stable operators under (1.16), it is well known (see e.g. [Kol00]) that the associated convolution
Markov semigroup (Pf) (see (1.10)) has a C*°-smooth density p,(t,-). Through Fourier inversion, we get for
allt >0,y € R%:

Pa(t,y) = # /Rd exp (— (y, \)) exp ( - t/SCH |<A78>|au(d8))dk- (1.18)

From (1.18) and (1.16) we derive directly (NDa). Indeed we have the following scaling property: p,(t,y) =
t= o, (1,t7y), t > 0, y € R™

Moreover, we have the following global upper bound for the derivatives of the heat-kernel: there exists
C = C(n) s.t. for all k € {0,1,2} and for all t > 0, y € R,

|Dipalt,y)| < t>0. (1.19)

d+k
o

t

which in turns yields with the notations of (1.10): V¢ > 0, x € R? |DFPh(x)| < Ct= @R/« h| o, t > 0.
The validity of (NDb) for general symmetric non-degenerate stable operators follows by the next result
(note that in this case we have the property for any ¢ > 0 and not only for ¢ € (0, 1]).



Proposition 1. Let a € (0,1). Assume (1.16) holds, then for any 0 < v < «, there exists C := C(n,7) s.t.
for all € € {1,2},

C
¥ 4
W DGl dy < e e 0 (1.20)

This proposition can be proved following the arguments of Lemma 4.2 in [HMP19]. A complete proof is
provided in Section 4 for the sake of completeness. Importantly, it gives for 8 = v with a+ 3 > 1 the constraint
a > 1/2 in Schauder estimates for any non-degenerate symmetric stable operator.

For a class of more regular non-degenerate symmetric stable operators including the fractional Laplacian
we have the following better result.

Proposition 2. Let a € (0,1). Assume (1.16) holds and that the spectral measure p has a smooth density
equivalent to the Lebesgue on S*=1. Then for any v € [0,1], there exists C := C(n,v,p) s.t. for all £ € {1,2},

c
4
/Rd " 1Dypa(t, y)ldy < sy ¢ > 0. (1.21)

This result can be derived using the estimates of Kolokoltsov [Kol00]. It extends to a wider class of spectral
measure what was already known for the fractional Laplacian itself. Namely, since the derivatives of the
associated heat-kernel exhibit a decay improvement at infinity, see e.g. Bogdan and Jakubowicz [BJO7], then
(1.21) holds for any v € [0,1]. We prove this in Section 4.

Thus for g = v with a + 8 > 1 we can prove Schauder estimates for operators L, as in Proposition 2 for
any o € (0,1).

Remark 3. We will be also able to treat a non-degenerate symmetric stable operator perturbed by a bounded
term after proving Schauder estimates for the non-degenerate symmetric stable operator; this is why we can
also consider truncated stable operators. Namely, for a given truncation threshold K > 0, we can consider as
well, with the notations of (1.13), a Lévy measure of the form

dpp(ds
Va,k (dy) = %HpG(O,K]- (1.22)

Remark 4. We believe that formula (1.21) with v € [0, 1] may hold for other class of stable operators. Indeed
estimates on the derivatives of densities of stable-like operators which could be useful to establish (1.21) are
already given in [Penl7].

On the other hand, one can check that (1.20) does not hold for v = « in the case of a cylindrical fractional
Laplacian zizl(agkxk)a/? Indeed in such case the density po (¢, 2) = ga(t, £1)qa (t, x2) (qa(t,r) is the density
of a one-dimensional fractional Laplacian) and so, for ¢ > 0,

/2 |y|*|Dpa(t,y)|dy is not finite.
R

1.1.3 Relativistic Stable Operators

Let us consider here L, corresponding to the relativistic stable operator with symbol
TN =— (A2 +m=)? +m, (1.23)

for some m > 0, a € (0,1), A € RZ. It appears to be an important object in the study of relativistic Schrédinger

operators (see [Ryz02] and also the references therein).

The operator L, can be represented by (1.9) with v = v, which has density Cy 4z|~%"2 e lal
cp(mY |z)),  # 0, with 0 < B(s) < Caam(s ™2~ +1), s > 0 (see Lemma 2 in [Ryz02]). It is clear that
Jra (LA |z (dz) < oo.

Let us fix @ € (0,1). The heat-kernel p, ., of such operator is given in formula (7) of [Ryz02] at page 4

(with the correspondence 25 = «):

2

Da.m (t, ) :emt/ g(u,z)efmau On (t,u)du, (1.24)
0



where g(u,z) = (4mu)~%2e~121*/4u is the Gaussian kernel. Moreover f4(t, u), u > 0, is the density function

of the strictly «/2-stable subordinator at time t (see (4) in the indicated reference). It is well know that
Pm(t,-) € C®(RY), t > 0. In the limit case m = 0, one gets the density of A%/2:

Pa(t, ) = pao(t,x) = /000 g(u,x) O,(t,u)du, = #0, (1.25)

which is also considered in the proof of Lemma 5 in [BJ07]; note that 0, (¢,u) < ¢ tu™'"%. We obtain easily
that, for ¢t € (0,1],  # 0,
Pa,m(t,x) < e"pao(t, ) (1.26)

and so (NDa) holds. It will be shown in Section 4.3 that (#?g) holds even in this non-symmetric case.

1.1.4 Holder spaces and smoothness assumptions

In the following, for a fixed terminal time T and a Borel function 1 : [0,7] x R? — R*, ¢ € {1,...,d} which is
~v-Hoélder continuous in the space variable, vy € (0, 1), uniformly in ¢ € [0,7] we denote by
()7 = inf{K > 0:V(t,z,2") € [0,T] x (RY)?, [¢(t,x) — ¥(t,2)| < K|z — 2|7} (1.27)

We write that ¢ € L*([0,T],C7 (R4, R¥)) as soon as [¢)],,r < cc.
If additionally the function 1 is bounded, we write that 1 € L"O([O, T],C) (Rd,Re)), where the subscript
precisely emphasizes the boundedness, and introduce the corresponding norm:

[0l cqy = 1¥lloo + [l = [¥lloo + [y 1lloo = sup — [9(t,2)]. (1.28)
(t,z)€[0,T] x R4

Again, C} (R%,RY) is the usual Holder space of index 7.
We also naturally define, accordingly the spaces L> ([0, T7, Cg JW(Rd,]Re)) and C’; TT(RY, RY) respectively
endowed with the norms:

ol e qomcitny = Illoe + D%l + [Delyr, € L2(0,7],C4*);

Iellor = lplloo + 1Dl + (D
Do(x) — Do(x!
— suwp lp@)| 4+ sup Do)+ sup P TP g o)
T€R4 zER? (z,x")E(R?)2,x#2’ |‘T - |V

RS C’,} TY(R?, RY). With these notations at hand, for a fixed stability index a € (0,1), and given final horizon
T > 0 our assumptions concerning the smoothness of the coefficients in (1.1) are the following:

(S) There exists 3 € (0,1) s.t. a+ 3 > 1 and the source f € L> ([0, 7], C’f(Rd,R)), g€ C’?Jrﬁ(Rd,R).
(D) The drift/transport term F' verifies (1.3) with 5 as in (S) for some Ky > 0.

We will say that assumption (A) is in force as soon as the above conditions (S), (D), (NDa) and (NDb)
hold. In particular under (A) we have that property (£3) holds.

1.2 Main Results

The solutions of (1.1) will be sought in function spaces which are the natural extension in the current stable
framework of those considered in the diffusive setting by Krylov and Priola [KP10]. Namely, we introduce
‘K?Jrﬁ([O,T] x R?) the set of functions (¢, z) defined on [0, 7] x R? such that:

(i) The function 1 is continuous on [0, 7] x R
(ii) For any ¢ € [0, 7] the function ¥ (¢,-) € Cba+ﬂ (R4) and the norm (¢, .)||C;+5 is bounded w.r.t ¢t € [0, 7],
ie., ¥ e L>([0,T],Cy P (RY)).

(iii) There exists a function ¢y : [0,7] x R — R s.t. for any smooth and compactly supported function
n € C§°([0,T] x RY), the product (pyn)(t,z) is bounded and B + « — 1-Holder continuous in space
uniformly in ¢ € [0, 7] and for any € R?, 0 <t < s < T, it holds that:

(s, ) — (t, 7) = /t " (0, 2) .

For ¢ € %?Hﬂ ([0, 7] x RY), we write 9,90 = ¢,, which is actually the generalized derivative w.r.t. the
time variable of the function .



Accordingly, having a solution to (1.1) in ‘gbaJrﬁ([O, T] x R9) is equivalent to say that for 0 <t < s < T, z € R?,

u(t,x) = u(s,z) + /S drf(r,x) — /S dT(La + F(r,x) - D)u(r, x). (1.30)

t t
Theorem 3 (Schauder Estimates). Leta € (0,1) be fized. Under (A) there exists a constant C := C'((A), T, Ko)
s.t. for any solution u € CgbaJrﬁ([O, T] x RY) of (1.1), it holds that:
H“HLoc([o,TchW) < C(HchgH" + ||f||Loo([o7T],cf))- (1.31)

In particular, the previous control provides uniqueness in the considered function space. Associated with
an existence result developed in Section 3, we eventually derive the following theorem.

Theorem 4 (Existence and Uniqueness). Let o € (0,1) be fized. Under the assumptions of the previous
theorem there exists a unique solution u € %baJrﬁ([O,T] x R%) to (1.1) which also satisfies the estimate (1.31).

We finish the section with some comments on the case o € [1,2).

Remark 5. When « € [1,2), a quite general class of generators of Lévy processes such that elliptic Schauder
estimates hold is the one considered in Section 6 of [Pril8]. To introduce such class we define the Lévy generator

L(b(l‘) = /]Rd (QZ/)(SC + y) - ¢($) - 1{|y|§1} Dd)(x) ' y) V(dy)v VS Rda (b S Cgo(Rd)

We assume that the Blumenthal-Getoor exponent ag = ag(v), ag = inf {0 > 0 : f{‘m‘<1}|y|"u(dy) < oo}

belongs to (0,2). Moreover, we require that the associated convolution semigroup (P;) verifies: P;(Cy(R%)) C
CHRY), t > 0, and, further, there exists cq, = Cay(v) > 0 such that

sup |DPyf(z)| < cagt 70 - sup |f(x)], te (0,1], f € Ch(RY). (1.32)
rERD rERI

Non-degenerate symmetric a-stable operators, relativistic a-stable operators, temperate a-stable operators
verify the previous two assumptions with a = «p.
According to Theorem 6.7 in [Pril8] we have, for ag > 1, § € (0,1) and 8+ ap > 1,

Allwx oo + [Dw/\]CSUJrBfl(Rd) < Gol]Aw — Lw —b- Dw”cf(Rd)a A>1, (1.33)

assuming b € C’,’f (R, R?). Such elliptic estimates could be extended to the parabolic setting without difficulties.

2 Proof of the main results through a perturbative approach

2.1 Frozen semi-group and associated smoothing effects

The key idea in our approach consists in considering a suitable prory IPDE, for which we have good controls
along which to expand a solution u € #*+7([0,T] x R?) to (1.1). Under (A), which involves potentially
unbounded drifts, we will use for the proxy IPDE a non zero first order term which involves a flow associated
with the drift coefficient F' (which in the current setting exists from the Peano theorem). This flow is, for given
freezing parameters (7,€) € [0,T] x R%, defined as:

0., (6) = ¢ +/ F(0,00.0(€))dv, s>, (2.1)
0s,.(€) =& for s < 7. For f and ¢ as in Theorem 3 we then introduce our proxy IPDE:
atﬂ(ta :L') =+ Laa(ta ZL') + F(tv ot,‘r(g)) ' Dxﬁ(tv :C) = 7f(t7 $), on [05 T) X Rda
w(T,z) = g(z), onRY (2.2)

Under (A), it is clear that the time-dependent operator Ly, + F'(t,0; - (§)) - D, generates a family of transition

probability (or two parameter transition semi-group) (155(;’2)09931 For fixed 0 <t < s < T, the associated
heat-kernel writes:

ﬁgam&mykﬂmG*ty*mga@ﬂ,m$®@%1$+/mFm@m@DM, (2:3)
t



(we remark that, for fixed (t,2) € [0,7] x R? and s € [t,T], the corresponding process with frozen drift is
X =gx+ j: F(v,0,,(&))dv + Zs_;) with generator L,. Observe that from the above definition of the shift

mgjt’g)(x) we have the important property

mi @)= (tr) = s(2). (2.4)
Let us now state the smoothing effect of the semi-group associated with (2.2).

Lemma 5 (Smoothing effects of the derivatives of the frozen semi-group). Assume (NDa) and (NDb) (so
property (P3) holds). There exists C > 1 s.t. for any p € CP(R%,R), any freezing couple (1,€), £ € {1,2} and
al0<t<s<T, zcRe:

DL () < — s

5toz — ¢ 2.5
: (s—1)%" 7

olw

Proof. We recall that, with the notation of (2.3), m (T 5)( )=z + [ F(v,0,,(&))dv. Again, if (7,¢) = (t,z)

then mi tE (x) = 0s.4(x) but this will not be the only case to be considered. Let us prove (2.5). We use a

cancellation argument (recall that [, dyp(T E)(t, s,x,y) = 1) and property (£3) to write:

DL P ()| = ‘/ dyDp (t,s,2,9)[(y) — so(mgf)(x)ﬂ‘
= | [ tuDapats =ty = mTE @) [ota) = o(m G (@)]|
gwméﬁwaaw%w—mQW@nw—mSW@w

i .. C
< [90]5/ dj|Dapals —t,9)] 5]° < Lﬁ_
R (#5) (s —t)=

This proves the result for £ = 1. The case £ = 2 is dealt similarly. O

We point out that, if we restrict to bounded functions ¢ € Cf (R?,R), the above result can also be derived
directly from standard interpolation arguments provided (1.16) holds and without the integrability constraints
of (#3) (see e.g. the proof of Theorem 3.3 in [Pril2]).

We now define our candidate to be the solution of the proxy IPDE. This candidate appears to be (if it exists
and is smooth enough) the representation of the solution of (2.2) obtained through the Duhamel principle.
Hence, we call it the Duhamel representation associated with (2.2). As it will appear, such a representation is
robust enough to satisfy Schauder estimates under the assumptions of Theorem 3. It then indeed provides a
solution to (2.2).

Definition 1 (Duhamel representation associated with (2.2)). For any freezing couple (7,€) € [0,T] x R?, we
call Duhamel representation associated with (2.2), and we denote it by W™ the map

A9 10, T) x RY 3 (t,2) = P g(a )+/ ds(PGS) f(s,)) (@), (t2) € 0,T] x R (2.6)

Proposition 6 (Schauder estimate for the frozen semi-group). Under (A), for any freezing couple (7,§) €
[0,T] x R?, the following Schauder estimate holds for the map @\™%) defined by (2.6). There exists a constant
C:=C((A)) s.t

59 ooy < Cllallozes + 1oz ) @)

Proof. We focus on the proof of (2.7) and proceed in three steps: control of the supremum norm of the function,
of its gradient, of the Holder modulus of the gradient.

(1) Supremum norm of the solution.
The control for the supremum norm readily follows from (2.6). Indeed, for a fixed frozen couple (7,§) €
[0,7] x R? and any (t,2) € [0,T] x R%:

w“@wmrfP%2m>+/“m(éﬁﬁ@fﬂuﬂgnwm+Tww» (2.8)

t



(i) Supremum norm of the gradient.
Let us now give a global bound for the gradient. Differentiating (2.6) yields:

T
D™ (t,0)] = ]DIP}T;F;g(zH / asD. (P73 f(5,)) ()]

IN
?
a

Paw)] +| [ aspa(P106,) )] (29)
From (2.3) write for g € Cf?(R%) recalling that o 4 3 > 1:
D Py g(@) = D, / dyp T (8, T, 2,9)9(y) = D / dypa(T — t.y — mi (2))g(y)
= D, / dypa t,y(:c+/tTF(v,9v,T(§))dv))g(y)
T
- D, Rddzpa(T—t,z)g(z—i—(x—i-/t F(0,0,-(6))dv) )
DP9 < | Dglls- (2.10)

Let us now turn to control of the source in (2.9). From Lemma 5 we derive

Clfls.r

(s—t)aa

1D, (PGS f(s,)) ()] <

Since a+ 3 > 1 we thus get that 1/a— 5/a < 1 so that the above singularity is integrable in time. We therefore
derive:

||| aspo(PEQ 6@ < CUlar | =y < CUlaar(r - =5 (211)

Plugging (2.11) and (2.10) into (2.9) gives the following bound for the gradient:

at+B—1
(3

D2 "(t, )| < || Dyl +C(T 1) [f1g.1- (2.12)

(#i7) Holder modulus of the solution.

It now remains to control the a + g — 1 Holder modulus of the gradient of the solution. To this end we
introduce for a given time ¢ € [0, 7] and given spatial points x, 2’ € R%, the notion of diagonal and off-diagonal
regime.

For the frozen semi-group, we say that the off-diagonal regime (resp. diagonal) holds when T'—t < ¢g|lx—a'|*
(resp. T —t > colz — a’|*). We use here a constant ¢g, which will be for our further perturbative analysis
meant to be small for circular type arguments to work. Anyhow, for the frozen semi-group this constant could
be arbitrary, for instance 1.

We first investigate the Holder continuity in space of = +— D P(Ttgo)tg( ).

(7it) — (a) Off-diagonal regime. Let T —t < cpla — a’|*. Observe from (2.3) that DmﬁgT’E)(t,T,x,y) =
—Dyﬁg’g) (t,T,z,y). We therefore write:

D, P g(x) — Do P g(a)

= | [ o temngi - [ #rowr sty

[ 9T )Dats) ~ Dot o)l

+Dgm{7 @) = DymZ @] = [ 3 (70" ) Dota) = DytomiF )l

10



recalling that p& (t,T,z,-), p 5 )(t T,a’,-) are probability densities for the last equality. Since Dg is a+3—1-
Hoélder continuous and a+ 8 — 1 < a, we therefore get:

1D P g(x) — Do PIS) g(a)]

Dslassa( [ dupa(T =ty = mF D @)ly = miF @)+

IN

Hmi 3 () = my i @) / dypa(T =ty —mif) @)y = miT, @)+

a+[~3 1 o _
< Dglars1 (CT - )5 4o —a/|*+771),

using property (NDa) and recalling that the mapping z +— m(T ’5)( ) is affine for the last inequality. On the

considered off-diagonal regime, the previous bound eventually ylelds.

at+pB—1

1D Py g(x) — Do P g(a!)| < [Dglats—1(Cey = +1)|a —a'[*FF1, (2.13)

which is the expected bound.
(iii) — (b) Diagonal regime. If T —t > colx — 2’|, we directly write for all (1,&) € [0,T] x R%:

1D Py g(x) — Do P g(a)]

< | / BT T, ) — O T, 2!, )| Da(y)dy|
< | / i / DapTO( T, 2! + plz — '), ) - (& — o) Dyly)dy]

| / dy / DapalT — toy = (o' + e — ")) - (& — )| Dy y)dy|.

This contribution is again dealt through usual cancellation techniques recalling that since fRd 5 (t, T2+ pu(z —
2'),y)dy = 1 then for ¢ € {1,2}, D’ fde t T, + p(x — 2'),y)dy = 0. We get from the above estimate
that denoting as well as in (2.3) by m(T &) (2 +p(x—2) =o'+ p(x —2') + ftT F(v,0y,..(£))dv, we obtain:

DP9 9(x) = DP9 (2.14)
_ m(Té) M - (r — 2’ ( €) v
< ‘/du/Rd (T — g = m (@) — pla — ) - (@ — )] [Da(y) — Da(miT (&) + (e )] do.
< [Delars- / d“/ |Dapa(T =ty —mT (@) — plx — 2))) - (z = 2)| [y = mT) (@) — plw — &) |2+ dy,

since g € Cba+’8 (RY). From Lemma 5, we obtain

1D P g(w) — Do P g(a >|

atp—
(3

< ODglgora (T = ) 55 o —&'| < C[Dglasp o — |70, (2.15)

where the above constant C' also depends on c¢p: since colz — 2'|* < (T'—t) and o + S < 2, we indeed have
(T —t) &+ |z —2/| < (co|x —2/|) "5+ |z — 2/| < Clo — 2/|°FF=1. Then, from equations (2.15) and
(2.13) we get that, for all 2,2’ € RY:

1D, Py %) g(x) — Do P g(a')| < ClDglasp—1le — ! |°47L, (2.16)

which gives the expected control.

Let us now turn to the mapping = ftT dsD, (PS i)f(s, )) (x). For separate points, i.e., |z —z'| > 0, while
integrating in s € [t, T] we have that, accordingly with the previous terminology if s € [t, (t + colx — 2/|*) AT
then the off-diagonal regime holds for the analysis of

D, (PGS £(5.9)) (@) = Do (PGS £(5.9)) (&) (2.17)

11



and similarly, if s € [(t 4+ colz — 2'|*) AT, T] then the diagonal regime holds.
We now introduce the transition time ¢y defined as follows:

to = (t + colz — 2'|*) AT, (2.18)
i.e., to precisely corresponds to the critical time at which a change of regime occurs. Observe that, if tg =T

the contribution (2.17) is in the off-diagonal regime along the whole time interval.
Introduce the following family of Green kernels.

VO<wv<r<T, G(Tf)ftx = /ds/ dyp O (t, s, 2,y) f(s,y). (2.19)
Rd

The off-diagonal contribution associated with the difference (2.17) now writes:

‘Dzég(‘::tg,)af(tax) D Gg:tg)af t .Z' ‘/ dSD sta H‘/ dSD Pstaf( ))(ZE)

using equation (2.5) of Lemma 5 for the last but one inequality.
For the diagonal regime, which appears if {5 < T and corresponds in that case to the difference

D.GY) f(t,x) — DG f(tal),

we have to be more subtle and perform a Taylor expansion of D, (P* o t.0f(5,7)) similarly to what we did in
(2.14). Namely:

T 1
D600, 10.0)=D.GFS st < [ as] [ auD2 (PG5 ) @ + e =) (2 =)
< x—:c|/ ds/ cl,u‘D2 Ps(Tti) ))(Jc’—i—u(x—x’))‘
< f]57T|:cf:c/|/ ds(s —t)"%Fa
to

using again Lemma 5, equation (2.5) for the last inequality. This finally yields, recalling that to = (¢t + colz —
x/|°‘) ANT:

Clflpr | —2|(lz — x’|a)1*§+§

< Clflpr |z —2/|*P=1 (2.21)

|D ng—tgg)af(ta ) ng—ti)af(tvxl)‘

IN

Gathering (2.20) and (2.21) gives the stated estimate for the Holder modulus of the gradient of the Green
kernel. We eventually derive:

|D, ™) (t, 2) — D, a9 (t,2")| < C([Dglatp—1 + [flp7r)z — 2/ [*TF71). (2.22)

The estimate (2.7) of the proposition follows from (2.8), (2.12) and (2.22).

Proposition 7. Let @ be the map defined in (2.6). Then,

(i) if property (25) holds, for any freezing couple (1,€) € [0, T] x R the function @(™%) defined in (2.6) belongs
to €°18([0,T) x RY) and solves (2.2);

(ii) “conversely”, if for any freezing couple (1,€) € [0,T] x R%, 5(7€) is a solution to (2.2) in €*+P([0,T] x R?)
with bounded support, i.e., there exists a compact set K C R? such that

Supp(@ (¢, ) C K, te[0,T]. (2.23)

then 978 = a(™8) defined by (2.6).

12



Proof. Assertion (i) is rather direct in view of Proposition 6: first, it follows from this result that for all
(1,€) the map @™ belongs to L*>([0,T],Cy' *5). Secondly, we have from the proof of the aforementioned
proposition that for all z in R?, the mapping s € (t,T] — (D, + La)[ﬁ(T’g)(f(s, N](z) is controlled by an

s,t,a
integrable quantity on (¢,7]. From the very definition of e (fundamental solution of (2.2)) one can hence
invert the (time) differentiation and integral operator in second term in the r.h.s. of (2.6). Similar arguments

apply for the first term P( T O)Lg() in (2.6). This proves, on the one hand, that for all (7,&) the map (7%

indeed belongs to €°+3([0,T] x R%). On the other hand, using again the fact that the kernel py ) in P75
is a fundamental solution of (2.2) we obtain (inverting again differentiation and integration operator) that
@™ solves (2.2). The previous arguments are detailed in the diffusive setting in Lemma 3.3 in [KP10]. This
concludes the proof of the first point.

Concerning (i), we first fix 7 and £ and set b(t) = F(¢,0;,(€)), t € [0,T]. We define

h(t,z) =u(t,x —/t b(v)dv).

Note that, a.e. in t, d:h(t,x) + Loh(t,z) = — ft h(T,z) = g(z), * € R% Set I(t,z) =

T — ftT b(v)dv

We can apply the (partial) Fourier transform in the xz-variable to Oih(t, z) + Loh(t, ) and obtain, a.e. in ¢,
Opv(t, ) + F(Lah(t,-))(A),

where v(t,\) = Fh(t,-)(\). Note that, for each ¢t € [0,7], Loh(t,:) = fly|<1[h(t,- + y) — h(t,)|va(dy)
+ f\y\>1[h(t7 -+ y) — h(t,)]va(dy) belongs to LP(RY), for any p > 1.
Now we use the symbol ¥(\) = U, (A\) of L, given in (1.14). We find (cf. Section 3.3.2 in [App09])

v(s,A) — v(t, A) + T(N) /t v(r, \dr = — /t I(r,\), NeRY t<s<T, (2.24)

where FI(t,-)(A) = I(t, ) with the condition v(T,\) = F(g)(A) = g(\). The solution is given by

T
v(t,A) = eT=DY) g()) + / er=YN(r \)dr.

t

Using the stable convolution semigroup P, = P associated with L, and the anti-Fourier transform we get

h(t,x) = Pr_ig(x) + /t P l(r,-)(x)dr.

Itfollowsthatﬂ(t,szth(v ) Pr_ig(x +ft Py f(r f b(v)dv)dr. Smcef b(v)dv *ft v)dv—

J; b(v)dv, we arrive at

T T r
ﬁ(t,y) = PT,tg(er/t b(v)dv) +/t P._y f(r, )(y+/t b(v)dv)dr.

which gives (2.6). O

2.2 Duhamel type formulas

The central point is that we will use the auxiliary prozy IPDE (2.2) in order to derive appropriate quantitative
controls on a solution v € €*+A([0,T] x R?) of (1.1). The parameters (,¢) are set free and will be chosen in
function of the control we aim to establish.

Importantly, we can exploit equation (2.2) in the following proposition which gives a Duhamel type repre-
sentation of the solution of (1.1) involving precisely the prozy IPDE (2.2).

Proposition 8 (A first Duhamel type representation). Let (A) hold. For a smooth non-negative spatial test
function p which is equal to 1 on the ball B(0,1/2) and vanishes outside B(0,1), we introduce using the proxy
parameters (1,€) the following cut-off function

Nre(s,y) = ply — 05,-(€), y R, s€(0,T],
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which precisely localizes around the frozen flow.
For u € €A ([0, T] x RY) solving (1.1) the function v, ¢ = un, ¢ solves the equation

Orvre(t, ) + Lavrg(t,x) + F(t, 04,7 (§)) - Dovre(t,z) = — [(nr,gf)(taw) +Rre(t,z)|, (t,2) €[0,T) x R,
vre(T,x) = gl@)nre(T,x), on R (2.25)
where, Vv = Vg,
Ree(t,a) = [((F(t2) = F(t 00 ()] - Dault,2))nre(t, )]
— [t 2) Lo (2, 2) + / (ult,w+y) = ult. ) (et +y) = nrglt ) v(dy)|

= R.¢(t,x) +Sre(t, ), (2.26)

and for u € €°+P([0,T] x RY) solving (1.1), S, ¢ € LOO([O,T],CI?(RCI,R)).
Importantly, the following representations also hold:

T
vre(t,r) = a™9(tz) + / asP7) (Reels,)) (@),
t
T ~
Dyvre(t,x) = Dzﬂ(T’g)(t, x) + DI/ dsPS(;’i) (RT,g(s, )) (x) (2.27)
t
where the function @€ solves
0, a8, 2) + Lo ™ (t,2) + F(t,0,.+(€)) - Do ™9 (t, ) = —(nT,ff + 8775) (t,z), (t,x) €[0,T) x RY,
amNT,2) = g(a)nee(T,x), onRY, (2.28)
Eventually,

(parest) ot | [P (o))

= Dyu(t,z) = (D, a ™9 (¢, x
(m,€)=(t,x) (t.@) ( ( ))

(r.)=(t2)’

(2.29)
Remark 6. The above representation formulas (2.27) are crucial in the sense that they allow to write any
solution u € €**+2([0,T] x R?) of (1.1) localized with a cut-off along the flow in terms of the solution @(7¢)
to equation (2.2) with modified source and terminal condition, namely —(n, ¢ f) + Sr¢ and gn- (T, -) respec-
tively, and the remainder term j;T ds]ss(Tti) (RT@ (s, )) Roughly speaking, the regularity of @(™¢ follows from
Proposition 6 whereas the control of the remainder will precisely be the difficult remaining part of the work
for which we will also need to specify, in the representations, the appropriate values of the freezing parameters
(1,6) € 0,T] x R

Proof. Let a solution u € €“*#([0, 7] x RY) of (1.1) be given and let us prove that v, ¢ = un, ¢ satisfies (2.25).
Observe that:

Ore(t,z) = Owu(t,x)nre(t,x) +ult,x)0mre(t, x)
= (%’U,(t, :C)UT,S (tv :C) - u(tv :C)Dp(l‘ - 91&,7(5)) ’ F(ta et,'r(g));
F(t,0:+(&)) - Dvre(t,z) = (F(t, 01.+(&)) - Dult, x))nﬁg(t, x) +ult,z)F(t,0:.-(§)) - Dp(x — 0,.-(£)),
La(v‘ﬁf(t’z)) = (Lau(tﬂz))n‘r,ﬁ(tvx) + (Lan‘ﬂf(tvx))u(tﬂz)

[ () = ut,2)) (et + 9) = et + ) ()

= (Lou(t,z))nre(t,z) — Sre(t, x).
Summing the above terms yields:

Ovre(t, @) + F(t,04,7(S)) - Dre(t, x) + La(vrg(t, z))
= (atu + F(ta 915,7'(6)) ’ Du(ta x) + Lau(ta x))nr,ﬁ(ta x) - S‘F,ﬁ(ta x)

= (Gt F(t,2) - Dult,2) + Lau(t, 2)nre(t,2) + ((F(L,007(€)) = F(t,2)) - Du(t, @) )nr.(t,2) = Srelt, @)

= —(FE2)re(t ) + Reglt,2) + Sp(t.2)) = = (F () + Ree) (8,2),
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which precisely gives equation (2.25). In the above right-hand side it is clear that frn, ¢ € L™ ([O, 7], C’f (R, R))
Also, the mapping

Rre:(t,z) € 0,T] x RY ((F(t,em(«s)) ~ F(t,7)) -Du(t,x)))nﬂg(t,x)

belongs to L> ([0, 77, C’O‘Jrﬁ "R, R)).

The lower regularity is precisely due to the fact that Du € LOO([O 7], C’O‘Jrﬁ 1(]Rd R)) Anyhow, this is
not a problem here since we are, for the moment, simply interested in ﬁndlng the representation formulas in
(2.27) which will in turn allow to investigate quantitative bounds related to the smoothness of u (gradient
bounds and Hélder moduli). Let us now show similarly to the proof of Theorem 3.4 in [Pril2] that S, ¢ €

Lo ([0,T7, CbB (R4, R)). In the quoted reference, the previous smoothness property is obtained for a = 1.
Introduce the non-local operator 7, ¢ defined for f € C}(R%,R) as:

Tof@) = [ (Fat )= @) (rela+ 9) ~ ne(w) i)

It is direct to check that 7 ¢ is continuous from C} (R4 R) to Cp(R% R). Observe now that for a function
f e CotP (R, R):

DT e f(x)] < ‘ » (Df(x+y)— Df(x)) (nr,g(fc+y)—nr,g(w))V(dy)‘
#| [ (a4 9) = @) (Dol +) — Die(a)) o)
1 athy, v
< (IDSlgenslmrley /|y|<1'y' (dy) + 4 Df / (dy)
1D el el /y<1|y| v(dy) + 411 ool Ditrlloc /y>1u<dy>)
<

Cllnrell ezl fll go+s-

Hence, .7 is also continuous from Cj}' (R4 R) into CHRY,R). We also recall the following interpolation
equality between Holder spaces:

(GR.R),CFPRYR)) = CTOTETARLR),

B,00

see e.g. Chapter 1 in Lunardi [Lun09].Therefore the operator .7 is also continuous from C (1=F)+A(ath )(Rd R)

into Cf (R4, R) (see Theorem 1.1.6 in [Lun09]). Recall that, since a + 8 > 1, we indeed have (1 — 3) +
5(04 + 8) < a+ B. To derive the stated smoothness of S;¢ we want to apply Zr¢ to u(t,) where u €

0, T Co‘Jrﬂ R? R)). From the above computations and since Co‘Jrﬂ R?. R) C C(A=A+hlath) R R) we
b
readlly derive that 7, cu € L ([0, T7, Cf (R%,R)). The other term in S: ¢, namely Lon; ¢(t, z)u(t, z) is handled

without difficulties. This concludes the proof of the statement that Sy ¢ € L> ([0, 7], CbB (R4, R)).
It now follows from Proposition 7 that

vrelta) = P (gmrelT, ) () + / asPE) (ref + Srels.)) (@) + / asPE) (Rre(s, ) (@)

= ﬁ(T’g)(t,z)Jr/ dS(PSt’i)R e(s, ))(:c),

where

@O (t,) = PTE) (gnre(T,)) (@) + / asPyE) (ref +Srels. ) (@).

t

Also, from Definition 2.6, Proposition 6 and 7, @™ is the unique solution in %ba+6([O,T] x RY) of (2.28).
Therefore the first Duhamel representation formula in (2.27) holds.
Since both D, ¢(t,z) and D8 (¢, x) exist (recall indeed that ¥, ¢ = un,¢), we deduce that

D, / ds(PE Rrs(s.)) (@)
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is also meaningful. This proves the second assertions of (2.27). Eventually, recall now that under (£’3), one
has for (7,¢) = (t,z):

(1D (P79 Rre(s, ) ()1

(m:6)=(t,2)

< / dy(ID POt 5,2, y) (F(s,y) *F(s,95,7(5)))DU(8,y)m,g(y)l)‘

Rd (m,.8)=(t,2)
<  Ko|Dulleo | dy(|D.pm5(t,s,x, — 0.,
< KolDul [ | dy(IDTE sl =00 @F)|
< K Duoo/d D.pa(s —t, m(Tg) — 0, -(6)|° ’

ol Dullss [ dy(1Dapa(s ~ .y = m{TGO@)lly — 0o @F)|
< KollDulo [ dylDupa(s 1) 1y~ Bel))”

Rd z=y—0s,(x)
CKy||Dul| oo
1_B8 (230)

<
(Ps)  (s—t)a =

recalling from (2.4) that m( g)( T)|(r.6)=(t,e) = Os,t(x) for the last but one inequality. Hence, we derive the
following important control

(Dx/t ds (P Ry e (s, ))(x)) .
= gg%g_l(/tTdS/]Rd dy[ﬁa(s —ty— (ac—l—a—i—/: F(v,0,,(£))dv))

pals =ty ot [P0 {Fl6.0) = Fl5,0.(€) ) Duts, el

= lime™ /ds/ dypas—ty— x—i—a—i—/Fveét
e—0 Rd

))dv) )
—Pa(s —ty—(z+ / F(v, 987t(x))dv))} {F(s7 y) — F(s,05.(x }Du S, Y) N,z (S, y))

(m:8)=(t,2)

= /ds/Rddyhms pa(sty(z+s+/:F(v,95,t(z))dv))

e—0

oty (o4 /ts Flo, 957t($))dv)):| {F(s, y) — F(s, 95,t(x))}Du(s, Y)Mex(8, y))
_ /tTds( (PGS Ree(5,) ()

where (2.30) allowed to use the bounded convergence theorem in the last but one equality. Equation (2.31) in
turn yields (2.29). Indeed, D,v.¢(t, x) = Dyu(t, x)nre(t, ) + w(t, £)Deny o (x) and for (1,€ = (t,)) one has
(166, 2) (1 0)=(1.0) = 1 (Datir (6:2)) (rig)=(ta) = 0-

(2.31)

(r,&)=(t,z)

O

Remark 7 (About the localization in the Duhamel formula). We mention that the localization with the cut-off
7Nr¢ is precisely needed because we imposed in (1.3) a local Hélder continuity condition. Anyhow, even if we
had assumed a global Hélder assumption, such a localization would still be needed to give a meaning to the
first identity in (2.27) when o < 1/2 (recall that (2?3) involves the derivatives of the heat-kernel). For o > 1/2
and 8 < « such a localization could have been avoided for a globally g-Holder continuous drift F'.

2.3 Derivation of the main a prior: estimates
From the representations (2.27) and (2.29) in Proposition 8 we see that, since we also know from Proposition 6
that @(7€) is itself smooth, the main term which remains to be investigated is the remainder ftT ds (PS(Tt R(s, 7)) ().

In the following, we first give bounds for the solution u € L>([0,7], C’O‘Jrﬂ (R%,R)). Estimates for the
supremum norm of the solution and its gradient are given in Lemma 9 and the control of the Hélder modulus
of the gradient are stated in Lemma 10. Then, we eventually prove Theorem 3 in paragraph 2.3.2.
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We emphasize that as the proof of Lemma 10 requires a thorough analysis (namely a refinement of Propo-
sition 8, in order to consider different freezing points in function of the diagonal and off-diagonal regimes
introduced in the proof of Proposition 6), it will be postponed to the next subsection 2.4.

2.3.1 Control of the supremum norms for the solution and its gradient and associated Holder
modulus

As an important corollary of Proposition 8, we get the next estimates for the supremum norm of u and its
gradient.

Lemma 9 (Control of the supremum norm of the solution and the gradient). Assume (A) (thus property
(25) holds). Let u € €°*P([0,T] x RY) be a solution of (1.1). There exists a constant C := C((A)) s.t. for
all (t,x) € [0,T] x R<:

Ju(t, )| 1glloc + T flloo + Kol Dul|oo T, (2.32)
a+B—1
Du(t,2)] < [Dgllee + T~ )5 ((flsr + lull ooz, cos) + Kol Dulloc)
(17152 + 0l e oy ey (1 + o)) (2.33)

Proof. Equation (2.32) readily follows from (2.27) taking (7, ) = (t,x) and observing that v, ¢y (t, 2)|(r.e)=(t,2) =
u(t, x)ne»(t, ) = u(t,x). To derive (2.33) we start from (2.29) to write:

IN

at+pB—1

< Dgllec + C(T — 1)

(r:6)=(tz)

From equation (2.28) and the proof of Proposition 6 (see equation (2.12)) and (2.30) we thus derive, recalling
that 1/a— 8/a < 1:

T
Dou(t,z)| < |Dya' ™9 (¢, x } + / ds| D ]35(T’§1)R s, ))(x
Deu(t, )] < DO 2)| ] [ ds(D(PGERG ) @)

at+B—1

Dpu(t, )] < IDglloo + C((T = )57 ([ + Srelar)|

T
ds
+KolDull [ —)
(‘r,&):(t,z) t ( T a

s—t)a
+ Koll Dulc ) (2.34)

at+pB—1

IN

1Dgllc + €T = )57 ([ + Srelar)|

(r:6)=(t,2)

< ([fnrelpr + [Srelsr)

It therefore remains to precise the quantity ([fn:¢ + ST,f]ﬂ,T)’ ()
7,8£)=(t,x

We have,
firelsr < [flpr + Cllflloe < Clfll oo o,17,08)
[Srelsr < [(Lanrg)ulpr + [Trelpr < C(IIUIIOO + |1 Duflo + ||U||Loo([oj],célfmm@w))
< G+ e (lulloo + 1 Dulloo) + ellull e 0,177,004 ) (2.35)

(r:6)=(t,2)

for any ¢ € (0,1) using for the last inequality that for all ¢ € [0, T, the usual interpolation inequality

s/(a 1—s/(x
[t Na-py+ oty < Lt NG e, ™,
for s = (1 —B) + Bla+ 5) — 1 (see eg. [Kry96], p. 40, (3.3.7)) then yields from the Young inequality
[w(t, Na-p)+sa+s) < Caaleult, Nats + e Hu(t,-)]1). Plugging (2.35) with e = 1/2 into (2.34) gives (2.33).
This completes the proof. O

Remark 8 (On the S-Holder modulus of Sy ¢). We eventually mention that equation (2.35) will also be crucial,
for a parameter ¢ sufficiently small, when investigating the Holder modulus of the gradient, in order to make
the circular argument working.

Concerning the Holder modulus of the gradient of the solution we have the following control whose proof
is presented in the next section.

Lemma 10 (Hélder modulus of the gradient). Assume (A). Let u € €°+8([0,T] x RY) be a solution of (1.1).
There exists two constant Cy := C((A)) > 0 and Cy := C((A)) > 0 such that

atB-1 a+B-1

Dulprarr < C{((+a)lglegrs + (o * Ulor+ T Wl pmqomcp))

+B8-1

1+E arp—2
+Koley” © +ep = )| Dulle }

a+B—-1

1
+(Z +Chcy ® (14 KO)) lll o 0.1y, - (2.36)
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2.3.2 Final derivation of Theorem 3: Schauder estimate for the solution of (1.1)

Observe carefully from the above Lemmas that the norm of w appears in the r.h.s of the previous controls.
However, those contributions are multiplied either by a constant ¢, either by a function of 7" or a small constant.
Provided these quantities can be chosen small enough, we can conclude the proof of our main estimates through
a circular argument, i.e., the norms in the r.h.s. will be absorbed by those on the l.h.s. When doing so, we end
up with Schauder estimates in small time only. To extend it to an arbitrary fixed horizon T', we eventually use
the fact that Schauder estimates precisely provide a kind of stability result in the class €*+#(]0,T] x R9) so
that the final bound follows by inductive application of the estimate in small time.

Note now that thanks to (2.32), (2.33) we have from (2.36) that
[ullzee + [[DullLe + [Dulgra—1,7

a+B8—-1

14 8=2
< O{(@ et Kol +eo )+ KoT) gl gpes

at+B—1 +

atB—1 148=2 atpf—1 atB-1
+(Co “ flar+ (L+Koleg = +¢g © )+ KoT)T —t) = ”f”L”([O,TLCf))}
+\I/(Ko,co,04,57(A))||U||Loo([o,T],c§+‘3)

up to a modification of C7 and where

—2 atp—1
(1+K0)(1+K0T+01K0(C(1J+ < +CO < ))

atf-1 atpB—1
(3

1
\I/(Ko,CO,a,ﬁ, (A)) = Z+CQCO & (1+K0)+C(T—t)

at+p
We can hence choose ¢y small enough so that Cacy, = (1 4+ Kp) < 1/4 and then T small enough so that
atB_1 B—2 atp—1

C(T —t)" =« (1+ Kyp) (1 + KoT + ClKO(cé+T +c © )) < 1/4. This eventually yields that there exists
C:=C((A),co) s.t.

IN

~ 3
C(Hg”cgﬂg + HfHLoc([o_,T]ycf)) + ZHUHLOO([O_’TLC?‘FB)
1€ (Ilgllggss + 1f e o,y )- (2.37)

Equation (2.37) provides the control of Theorem 3 for 7' small enough, i.e., for T' < Ty((A),(Z3)). The
result is extended to an arbitrary time T considering N subintervals of [0,7] s.t. T/N < Ty and applying
inductively (2.37) going backwards in time on the time intervals [(i — 1)T/N,¢T'/N], i € [1, N] considering as
final condition on the current time interval the function g;(x) := u(iT/n, ) which precisely belongs to C}' +h
from the previous application of the Schauder estimate (2.37) if i < N or by (1.1) if ¢ = N. This proves
Theorem 3 is complete provided Lemma 10 holds. |

el o o7, c+)

IN

2.4 Proof of Lemma 10

Let t € [0, 7] be fixed. For this part of the analysis, we distinguish two cases, either the given points (z,2’) € R?
are for a fixed t € [0,T) in a globally off-diagonal regime, i.e., co|lr — 2'|* > (T 