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Abstract This paper presents a new approach vali-
dated experimentally to reconstruct with strain gauges
the deformed shape of a straight beam with circular
cross section. It is based on a novel beam-specific strain
gauge model that improves the strain measurement by
taking into account the width of the gauges. These im-
proved strain measurements are used by a 3D finite
strain large displacement beam shape reconstruction
method to recover the deformed shape iteratively. The
whole reconstruction approach has been validated ex-
perimentally with 3D deformations of a beam instru-
mented with strain gauges. Results show that the strain
gauge model developed improves reconstruction accu-
racy and that beam reconstruction can be achieved ef-
fectively.

Keywords Beam monitoring - 3D reconstruction -
Shape reconstruction - Strain sensor - Strain measure-
ment

Pierre-Loup Schaefer
E-mail: pierre-loup.schaefer@univ-grenoble-alpes.fr

Guillaume Barrier
E-mail: barrier.guillaume@gmail.com

Grégory Chagnon
E-mail: gregory.chagnon@univ-grenoble-alpes.fr

Thierry Alonso
E-mail: thierry.alonsoQuniv-grenoble-alpes.fr

Alexandre Moreau-Gaudry
E-mail: alexandre.moreau-gaudry@univ-grenoble-alpes.fr

1 Univ. Grenoble Alpes, CNRS, CHU Grenoble Alpes, In-
stitute of Engineering Univ. Grenoble Alpes, TIMC-IMAG,
F-38000 Grenoble, France

T. Alonso' - A.

1 Introduction

Real-time shape monitoring of a deformed material
structure is an important problem with various domains
of applications, such as in the construction [1, 2, 3] or
the medical field [4, 5, 6]. A simple and straightforward
way to monitor shape consists in measuring directly the
displacement of the material structure by using tech-
nologies based on electronics and optics, such as deflec-
tion gauge, CCD camera or laser scanner [7, 8]. Never-
theless, this type of direct monitoring can be challeng-
ing in some cases due to instrumentation constraints
and hidden or unreachable areas [9]. Structure shape
monitoring can then be achieved indirectly by recon-
structing the shape from the structure characteristics,
such as strain.

The topic of using strain measures for beam shape
monitoring has been widely covered in the litterature
on both theoretical [10, 11, 12, 13, 14] and applied as-
pects, such as needles deflections during medical inter-
vention [4, 5, 15] or bridge deformation over time [16].
The strain measures are acquired through technologies
such as strain gauges [10, 13, 17], or fiber Bragg gratings
[16, 18, 19, 20, 21] and are used to obtain deformations
of the beam. Depending on the orientations of the sen-
sors these measures can be used to recover the different
deformations of the beam such as bending [12], tor-
sion [22] and shearing and elongation [14]. The strain
measures are thus used as inputs in a reconstruction
method to obtain the structure deformed shape. The
reconstruction methods proposed in the literature are
either two dimensional [10, 11, 16, 17, 18, 23] or three
dimensional [12, 14, 19, 20, 21] depending on the defor-
mation hypothesis made.

The goal of this paper is to propose a new approach
to reconstruct the deformed shape of a circular straight
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Fig. 1 Deformation of a beam element
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(a) The plane of bending P, is the osculating plane to the beam’s neutral axis at point O and the section plane
Ps is the plane orthogonal to P, containing O and the center of the osculating circle C.

(b) Section plane Pg: The bending angle 6(s) related to a reference material point on the surface of the cross
section is the angle between this point and the plane of bending P,. The maximum and minimum strains are

noted €,,02 and —€,,42-

(c) Plane of bending Pj: The radius of curvature p(s) is the distance between O and C.

beam undergoing 3D deformations and to qualify ex-
perimentally its accuracy. Section 2 introduces a novel
beam-specific strain gauge model and a 3D beam shape
reconstruction method based on beam theory. Section 3
presents a test bench composed of a beam instrumented
with strain gauges for reconstruction purpose. The pro-
cedures and informations on the deformations experi-
ments are described in Section 4. The reconstructed
shapes are then compared with the real beam shapes.
Section 5 and 6 present and discuss the results of the
reconstruction experiments. Finally, Section 7 provides
conclusion and plans for future work.

2 Models

This section introduces a novel model of strain gauge
taking into account its width and a 3D beam shape
reconstruction method based on Reissner’s finite strain
large displacement beam theory [24].

2.1 Characterization of Beam Deformation from
Strain Gauges

2.1.1 Beam deformation

Let 79 be the radius of the beam and O a point of
the beam’s neutral axis of curvilinear abscissa s. The
deformation characteristics of the beam at point O are
presented in figure 1.

The osculating plane to the beam’s neutral axis at
point O is noted P, and called the plane of bending. The
distance between O and the center of the osculating
circle C' is the radius of curvature p(s) as shown in
figure 1(c). The curvature of the neutral axis at point
O is defined as the inverse of the radius of curvature
and is noted x(s) = 1/p(s). The plane orthogonal to P,
containing O and C' is noted P, and called the section
plane. The intersection of the beam with the section
plane P then defines the cross section of the beam
at point O as illustrated in figure 1(b). The rigid cross
section thus remains orthogonal to the neutral axis, the
shearing deformation is therefore not considered. The
intersection between the surface of the cross section and
the bending plane which does not belong to the segment
OC is noted D. Let M be a reference material point
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Fig. 2 Scheme of a resistance strain gauge whose resis-
tance value changes with the gauge deformation. The
strain measured is the strain in the direction of the
gauge length.

on the surface of the cross section. The angle MOD
associated to M is noted 6(s) and called bending angle.
The axial strain at the surface of the beam at the angle
position « related to M is then noted e(s, ). Under
the hypothesis of linear elastic deformations, the axial
strain (s, &) can be expressed with the curvature (s),
the bending angle 6(s) and d(s) the bias due to other
deformations than bending [5, 25]:

e(s,a) = rok(s)cos(0(s) — a) + (s) (1)

The torsion, tensile and compressive deformations of
the beam are not taken into account. It should be noted
that the value of strain e(s,a) in (1) is independent
from the choice of the material point M.

2.1.2 Finite Width Strain Gauge Model

Beam shape monitoring with strain gauges consists of
reconstructing the shape of the beam from the acquired
data of the strain gauges. A strain gauge is a sensor
which provides a strain measure €* of the strain e of
the surface where it is fixed. This device is composed
of an electrical resistance, as illustrated in figure 2.
The deformation of a gauge has for effect to change
its electrical resistance value which can be measured.
The gauge strain measure €* is the mean of the strain
conditions existing under its surface [26]. In the case of
beam monitoring with strain gauges placed parallel to
the beam, when the length of the strain gauge is small
compared to the length of the beam, the variation of the
axial strain along the length of the gauge is neglected.
Moreover, when the plane of bending is orthogonal to
the gauge the axial strain is constant along the width
of the beam, such as in bridge deformation monitor-
ing [16]. Consequently, as the strain field is supposed
uniform under the strain gauge, the averaging by the
gauge is ignored [16, 17]. For some circular beam shape
monitoring, such as needle shape reconstruction, the
strain sensor width is not taken into account and the
strain measurements are supposed to be point-related
[27, 15, 5]. We name that model Infinitesimal Width
Strain Gauge model (IW). Consequently, the expression

() (b)

Fig. 3 Strain gauge fixed on the surface of the beam. (a)
The segment OC' is the radius between the center of the
cross section of the beam and the center of the gauge.
The segment OM; is the radius between the center of
the cross-section and the side of the gauge. The angle
between OC and OM; is called the semi-angle of the
gauge and is noted .

(b) Sensor triplets composed of strain gauges G1, Ga,
G3 placed on a beam cross section with a 120° angle
between them. The angular position «; of the gauge
G; on the cross section is expressed relatively to the
reference position of the gauge G;. Thus oy =0, as =
27 4m

5 and a3 = 5.

of the strain measure €}y, of a strain gauge located at
angle o, using the IW model is:

SFW(Saag) 25(570‘9) (2)
=rok(s)cos(0(s) — ag) + (s) (3)

Nevertheless, the dependance of ¢ to the variable « in
(1) shows that the axial strain on the surface of the
beam is not constant along the width of the strain
gauge. In order to obtain an accurate gauge model, we
developed the Finite Width Strain Gauge model (FW),
which takes into account the width of the gauges. The
gauge width is then characterized by its semi-angle 3
defined in figure 3a. By using the strain field relation
provided by Schajer [28] with the hypothesis that the
axial strain is constant along the length of the gauge,
the strain measure €}y, with the FW model corre-
sponds to the averaging of the strain field on the width



P.-L. Schaefer?® et al.

of the gauge:

Erw (s, a9) =

ag+B
! / e(s, a)roda (4)

2BTO ag—p

1 ag+pB

=25 arﬁ[ron(s)cos(e(s)—a)+5(5)]da
(5)

_rok(s) [otP _
- /a _ coslt(s) = a)da+ 8(s

. sin(8)
g
= 1o sinc(B)k(s) cos(0(s) — ag) +6(s)  (8)

k(s)cos(0(s) — ay) +d(s) (7)

Consequently, the expression of the strain measure €*
with the IW model (3) and the FW model (8) differs
by the term sinc(3) which results from the hypothesis
of the strain averaging. The estimations of curvature,
bending angle and bias are noted krw, Orw and d;w
using IW model and kpw, Opw and dpw using FW
model. Equations (3) and (8) give the following rela-
tions:

RFpW = Ml{[w, HFW = 9]W7 5FW = 5IW (9)

Thus, the expressions of bending angle 6 and bias §
are identical with both models. On the contrary, the
expression of the curvature is different and its value is
multiplied by a factor of 1/sinc(5) with the FW model.
Consequently, the use of IW model leads to an un-
derassessment of the curvature compared to the FW
model. The percent error of the curvature estimation
between FW and IW models is presented in figure 4.
It should be noted that when 8 — 0, sinc(8) — 1 and
then ey — €7y and kpw — krw. Therefore, the FW
model converges to the IW model when f tends to 0.

2.1.83 Beam Instrumentation with Strain Gauges

The strain € on the surface of a cross section of the beam
depends of the three unknowns which are the curvature
K, the bending angle 6 and the bias § as shown in (8). In
some case, the positions of the loads on a structure are
restricted or can be anticipated. It is then possible to
formulate hypothesis on the direction of deformations
which allow to reduce the number of strain gauges nec-
essary for shape reconstruction [16]. As no restrictive
hypothesis have been formulated on the direction of the
deformation of the beam, it is thus necessary to place
three strain gauges per instrumented cross section. The
strain gauges are placed by groups of three with a 120°
between them [27, 15, 5], as shown in figure 3b. This
configuration is named triplet in the rest of the paper.
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Fy and W strain gauge model (%)
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0 g 10 18 20 25 30
Strain gauge semi-angle B (%)

Fig. 4 Percent error between the curvature values ob-
tained with IW and FW models.

By orienting the strain gauges parallely to the beam,
the axial surface strain can be measured. The sensor
triplet located on the cross section is then composed
of strain sensors G1, G2 and (G3 whose respective local
axial strain measures are €7, €5 and 3. For the three
strain gauges of a triplet, the FW model gives the fol-
lowing system:

€] = rosinc(f)k cos(d) + 6
€5 = 1o sinc(B)k cos(f — 2%) +90 (10)
€3 = 1o sinc(B)k cos(f — 4%) +0

Resolution of (10) gives the following values of curva-
ture k, bending angle 6 and bias d:

1 C

- X —
sinc(B) =~ 3ro
2e] —e5 — €3

cos(f) = — (12)
sin() = L(%C’ ) (13)
5:51+€2+£3 (14)
3
where

[N

C=Va((El -+ G-+ -5)°)" (19)

2.2 Beam Shape Reconstruction

The values of the curvature and the bending angle can
be obtained at each triplet location using (11), (12)
and (13). The interpolation of those values gives the
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curvature estimate x and the bending angle estimate 6
along the whole length of the needle.

Let (T,Nq,N2) be the convected material frame of
the beam with T the row vector of the tangent of the
beam neutral axis and N; and N2 two material row
vectors of the beam. The evolution of the frame along
the length of the beam depends on the curvature x and
the bending angle 6 [29]:

Y'(s) = A(s)Y(s) (16)
Y(0) =Yy (17)
where:

T(s)
Y(s) = | Ny(s) (18)

Na(s)

0 cosf(s) —sind(s)
A(s) =k(s) | —cosf(s) O 0 (19)
sin 6(s) 0 0

The expression of A in (19) shows that the frame
(T, Ny, Ny) satisfies parallel transport properties. Such
frames are called rotation-minimizing frames and are
characterized by their stability and their absence of
singularities compared to other frames such as Serret-
Frenet [30]. Equation (17) will be resolved with the iter-
ative method called Local Coordinates Approach [31].
The iterative step of the method is based on the Mag-
nus expansion [32] which gives an exponential repre-
sentation of the solution of first order matrix differen-
tial equation such as (17). The interval of resolution is
noted [s;, $;4+1] with ;41 = s; + h, h being the step of
the method. The approximation of Y (s;) and Y (s;41)
are noted Y; and Y,;;. The matrix of initial condi-
tion Y contains the coordinates of the moving frame
at length sp and is composed of the row vectors T'(sg),
N1 (s0) and Na(sp). Here the length sy corresponds to
the clamped extremity of the beam.

T(s0)
N]_(S()) (20)
Nz(SO)
The truncation of the Magnus expansion and the ap-

proximation by midpoint rule gives the following itera-
tive step of order 2 [31]:

Yy =

Y11 =exp (hA (SZ + Z)) Y; (21)

Equation (21) contains a matrix exponential. Using
the formula about exponential map in SO(3) [33] gives
the following expression:

h C1 S1C2 —S8182
exp (hA <si + 2>)— —s1C9¢1 + A3 Acasy (22)
8182 AC2S2 €1 —1—)\03

where

e o (e (s 1)) -
o5 1) o
(0o 1)) -
n(oas 1) -

V(s ) -

Thus the set (Y;)i=o,.n is obtained by using (21)
iteratively on the discretization of the beam length
(8:)i=0,..,n- It contains the coordinates of the tangents
of the beam neutral axis (T;);=o,.. . Let (M;);=0,...n, be
the set of points of the neutral axis of the beam for the
discretization (s;);=o,.,» with M, the approximation of
the position of the neutral axis M(s;) for i = 1,..,n
and Mg the coordinates of the beam extremity. This
set can be calculated iteratively using the tangents ob-
tained previously:

Finally (M;)i=o,..» is a set of 3D points representing
the shape of the deformed beam. It should be noted
that the resolution can be generalized to discrete set
with non constant step by using h; = s;4+1 — s; instead
of h in (21) to (28).

3 Materials

This section describes the beam instrumentations used
and the test bench designed.

3.1 Beam Characteristics

The material chosen for beams is fiberglass. The main
reasons for this choice is that fiberglass is flexible, so
that deformations can be done easily, and that it is com-
patible with the imaging modalities used to recover the
deformed shape of the beam. As a non-ferromagnetic
material, fiberglass will not produce any effect during
the computerized tomography (CT) acquisitions. Thus,
the beams considered are fiberglass cylindrical hollow
tubes of 450 mm length with an outer radius of 3 mm
and an inner radius of 1 mm.
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3.2 Beam Instrumentation

The strain gauges are fixed on the beam parallel to
the beam direction, as shown in figure 5, in order to
measure the beam axial surface strain. They have a

Fig. 5 Strain gauge fixed on the beam.

length of 3 mm and a width of 2 mm. Thus, the value
of the strain gauge semi-angle 3, as defined in figure 3a,
is:

B~ 19° (29)

According to figure 4, this means that the curvature
value is underestimated by approximately 2% by the
IW model compared to the FW model. The strain
gauges have a resistance value of 120 ohms and a gauge
factor of 2. The bonding of the strain gauges on the
beam was realized with a glue designed for fiberglass.
An acquisition system was developed to retrieve strain
gauges values in real-time. As this process involves sens-
ing extremely small resistance variations, Wheatstone
bridges are used in order to measure accurately the
resistance changes. The output signals of the Wheat-
stone bridges are then amplified by a signal conditioner
(model Seneca Z-SG Strain Gauge Converter) before
being dispatched to the data acquisition card of a PC.
The experimental set-up of the acquisition system is
presented in figure 6a. The resistance signals are then
processed by the PC which computes the strain of each
gauges in real-time, as shown in figure 6b.

3.3 Test Bench

In order to evaluate the beam shape reconstruction ac-
curacy, a test bench has been designed to compare the
shape of a beam deformed experimentally and its recon-
struction from strain gauges data. The bench is com-
posed of a beam clamped to the side of the box, as
shown in figure 7. The beam has been instrumented
with two strain gauges triplets as illustrated in figure
3b.

Wheatstone Signal Power RS485 cable

bridges conditioners suppl
PW ... C D E =

quectronic box’

Data processing
system

el

Beam

Strain gauges

triplet o —

I —

uss

NN
|

P —

(a) Acquisition process of the strain gauges signals.

(b) Real-time monitoring of the strain gauges resistance values.

Fig. 6 Strain gauges acquisition system

The problem of strain sensor positioning on beams
with circular cross sections has been adressed by Park et
al. [4] and Abayazid et al. [27] in their works on needles.
In these works, Park et al. and Abayazid et al. define
the strain sensor positioning problem as a minimiza-
tion problem whose solutions are the positions minimiz-
ing the errors of reconstruction of the deformed needle
shapes. The deformed needles shapes used are created
from arbitrary load cases. The more general question of
the optimal sensors positions has also been addressed
in the context of continuum robotics by Kim et al. [34]
and Mahoney et al. [35] specifically for concentric-tube
robots. In Kim et al. the sensors are placed to minimize
the reconstruction error of the robot shape which is rep-
resented as a linear combination of spatial functions. In
their work, Mahoney et al. have shown that the shape
reconstruction and sensor positioning are coupled prob-
lems which means that the best position does not only
depend of the parameters chosen for the minimization
but also of the reconstruction method. Consequently,
the optimal position obtained with a certain recon-
struction method can be not legitimate for an other
reconstruction method. For these reasons, the optimal
triplets locations used here are taken from Schaefer et
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Strain gauges triplets

b
2

Beam

Box -

Fixation points

Fig. 7 Beam deformation bench: Deformed position: A
cable is attached to the beam near its extremity and is
fixed to the box. The beam undergoes a deformation.

al. [29] as the reconstruction method in this work is
identical to the method presented here. These locations
refers to optimal locations for strain sensors on needles,
but because it has been computed with the same recon-
struction method from real experimental deformations
we believe that it will give relevant triplets locations.
Fitting the results provided in Schaefer et al. to the
current beam length then gives triplets locations of 45
mm and 200 mm from the beam fixation.

4 Methods

This section describes the specifications of the beam ex-
periment developed to validate the reconstruction pro-
cess. In order to control the deformation applied on the
beam of the test bench, cables are fixed to the beam
and then hooked to one of the several attachment points
disposed on the sides of the box, as shown in figure 7.
For each of the deformation, a CT-scan of the bench
had been realized and the strain gauges data have been
acquired. Deformations 1 and 2 are the results of two
orthogonal loads applied on the beams whereas a sin-
gle load was applied in case of deformations 3 and 4.
Thus, in case of deformations 1 and 2 the beam has a
3D shape whereas the deformations 3 and 4 are pla-
nar. The deformations characteristics of the beams are
presented in table 1. Results show that the beam un-
dergoes large displacements in case of deformations 2,
3 and 4 as the deflections are greater than 10% of the
beam length.

1B Fes AR IREEREEEE . ........ s S [RREEEEE ......... -

Gain in accuracy with the FYY model (%)

0 10 20 30 40 50 50 70 80 90 100
Beam deflection (mm)

Fig. 8 Gain in reconstruction accuracy using the FW
model.

5 Results

The deformed beam shapes have been retrieved from
scanner images by segmentation and registration. The
strain acquisitions from the two triplets were used to
recover the curvature and bending angle values at the
triplet locations. These values were then interpolated
linearly on the whole length of the beam using null
curvature constraint at the end of the beam. From the
resulting curvature and bending angle estimates were
reconstructed the beam shapes with the method pre-
sented in Section 2.2 using a step value h=1 mm. The
beam shapes were reconstructed using both IW and FW
gauge model for comparison purposes.

One of main criteria to evaluate the accuracy of the
reconstruction is the distance between the tip of the
beam shape and the tip of the reconstructed shape of
the beam [13, 19, 15, 4, 5]. This distance is called tip
error. The tip errors results of the reconstructions are
presented in table 2. For the shape reconstruction of
deformation 1 and 2, the tip errors are 4.8 mm and
12.9 mm with the IW model and 4.7 mm and 12.0 mm
with the FW model. For the shape reconstruction of
deformation 3 and 4, the tip errors are 7.9 mm and
8.3 mm with the IW model and 7.0 mm and 7.3 mm
with the FW model. Thus, the tip errors of the four
experimental deformations are smaller when the beam
shape is reconstructed using the FW model instead of
the IW model. The original beam shapes and their re-
constructed shapes with the FW model are presented
conjointly for each deformation in figure 9 and figure
10. For deformations 1 and 2, with respective beam de-
flections of 28.5 mm and 55.0 mm, the gain in accuracy
with the FW model is 3% and 6% and for deformations
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Table 1: Beam characteristics for deformations 1 to 4.

Deformation | Beam length (mm) Beam loads position Deflection (mm)
1 450 250 mm (Oz) / 400 mm (Oy) 28.5
2 450 250 mm (Oz) / 400 mm (Oy) 55.0
3 450 400 mm (Oy) 62.9
1 450 400 mm (Oy) 98.1

Table 2: Beam reconstruction characteristics. Eyy and Epys are the reconstruction tip errors for the strain gauge
models IW and FW. The gain in reconstruction accuracy with the FW strain gauge model is expressed in absolute
terms and relatively to Eyy.

Deformation | Erw (mm) | Epw (mm) | Gain in accuracy (mm) | Gain in accuracy (% of Erw)
1 4.8 4.7 0.1 3%
2 12.9 12.0 0.9 6%
3 7.9 7.0 0.9 11%
4 8.3 7.3 1.0 13%

Table 3: Comparison of beam reconstruction characteristics of the experimental deformations with the results of
Gu et al. [36] and Payo et al. [37]. Deflection and tip error E are given as relative values for comparison purposes.

Experiment Deflection (% of Beam length) | Cross sections instrumented | Strain measures | E (% of Deflection)
Gu et al. 3% 4 16 7%

Payo et al. 3% 4 10 12%
Deformation 1 6% 2 6 16%
Deformation 2 12% 2 6 22%
Deformation 3 14% 2 6 11%
Deformation 4 22% 2 6 7%

3 and 4 whose beam deflections are 62.9 mm and 98.1
mm the gain is 11% and 13%. Therefore the larger the
beam deflection is, the bigger the gain in accuracy is.
The gain in accuracy according to the beam deflection
is presented in figure 8. The tip error of the deforma-
tions increases with the deflection of the beam except
for deformation 2. In fact the tip error of deformation
2 is bigger than the tip error of deformations 3 and 4
who have higher deflections. This can be explained by
the nature of deformation 2 which combines large dis-
placement and 3D aspect. The 3D aspect in particular
seems to play an important role as the the tip errors of
the 3D deformations 1 and 2 represent 16% and 22% of
the beam deflections compared to 11% and 7% for the
2D deformations 3 and 4 as shown in table 3.

6 Discussion

In this study, a novel model taking into account the
width of the gauge was presented. This model is use-
ful when the strain field of the surface on which the
gauge is fixed is not uniform. This is the case for the
deformations of beam structures presented in this pa-
per. Results show that using the FW model improves
the reconstruction accuracy compared to the IW model.
This reconstruction accuracy improvement brought by

the FW model increases with the beam deflection. In
fact, as beams with the largest deflection have also the
bigger curvature value, the larger the deflection is, the
bigger the curvature correction made by the FW model
will be.

The number of sensors and their configurations on
the beam constitute input parameters of the beam
shape monitoring. The configurations of the sensors in-
clude the locations of the triplets on the beam and the
angles where the sensors are positioned around the cross
section. The accuracy with which the sensors are po-
sitioned on the beam can then be a potential source
of error for these input parameters and is then a fac-
tor influencing the accuracy of the shape monitoring.
A sensitivity analysis of circular beams instrumented
with strain sensors has been performed by Henkel et al.
[15] in work concerning needles instrumented with fiber
Bragg gratings. In this work, the instrumented needle
was modelized by a beam with triplets of strain sen-
sors positioned at 120°. Besides the difference of sensor
technology, the results presented are thus still relevant
with our work. Using simulations Henken et al. showed
that the error in the estimate of curvature and bending
angle is linearly related to the angular position inaccu-
racy around the cross section. The maximal error for
an innacurate positioning of 2° is approximately 3% of
the curvature and 2° for the bending angle. Concern-
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(a) Deformation 1 : the beam deflection is 28.5 mm which corresponds to 6% of the beam length.
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(b) Deformation 2 : the beam deflection is 55.0 mm which corresponds to 12% of the beam length.

Fig. 9 Original shape (plain) and reconstructed shape (dotted) of a 3D deformed beam. Loads are located at 250
mm and 400 mm directed towards the (Oz) and (Oy) axis. Units are in millimeters.

ing the impact of triplets locations, simulation results
show that for a number of triplet comprised between
one to five, the maximum error due to triplets position-
ing inaccuracy of 2 mm for a 200 mm needle is 6% of
the reconstruction error. These results were based on
simulated shapes obtained from 2D distributed forces
loads which were also used to evaluate the impact of
the number of triplets on the reconstruction accuracy.
It was shown that unsurprisingly the accuracy of shape
sensing increases when a triplet is added, the effect be-
coming small when used in excess of five triplets. The
combined effect of these inaccuracies in sensor configu-
rations (locations and angular positions) gives a maxi-
mal error in shape estimation of 7.1% of the reconstruc-
tion error. The actual sensitivity of the shape sensing
to the input parameters is hard to assess as it depends
of multiple factors such as beam deformations and can-
not be predicted beforehand. Nevertheless, the results
of Henken et. al. show that the gain in accuracy pro-
vided by the use of the FW model (up to 13%) is not
negligible compared to error caused by sensor position-
ing inaccuracy.

Papers in literature dealing with beam reconstruc-
tion from strain gauges present tip errors results of
experimental reconstructions for beam structures with

different length and deflections. These results can then
be compared by expressing the tip errors as a percent-
age of the deflection. Thus, Gu et al. [36] presents the
reconstruction of a 138 c¢m flexible arm with a tip error
of 2.9 mm for a 42.7 mm deflection, which corresponds
to an error of 7% of the deflection. In their work, Payo
et al. [37] reconstruct a 120 cm beam with a tip error
of 3.8 mm for a 32 mm deflection, which corresponds to
an error of 12% of the deflection. The results of defor-
mations 3 and 4 which are 11% and 7% are consistent
with these tip errors results. The tip errors of deforma-
tion 1 and 2 are higher with values of 16% and 22% of
the beam deflection. The higher values of these errors
can be explained by the 3D property of these deforma-
tions, implying that two strain triplets are not enough
to capture all their complexities thus leading to less ac-
curate reconstructions. Consequently the less good re-
sults obtained in those two cases come from the beam
being instrumented with only six strain sensors. Never-
theless, to put these results into perspective it should be
noted that the reconstruction results of Gu et al. have
been obtained with 16 strain measures and the results
of Payo et al. with 10 strain measures. Furthermore,
in both works of Payo et al. and Gu et al. only small
displacement deformations were considered, the value
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(b) Deformation 4 : the beam deflection is 98.1 mm which corresponds to 22% of the beam length.

Fig. 10 Original shape (plain) and reconstructed shape (dotted) of a 2D deformed beam. Loads are located at
400 mm directed towards the (Oy) axis. Units are in millimeters.

of the beam deflection being approximately 3% of the
beam length whereas the deformations considered in
our work include larger deflections from 6% to 22% of
the beam length, as shown in table 3. Consequently, de-
spite the large deflections of the beams considered, the
beam shape reconstruction results presented in this pa-
per obtained from a limited number of strain measures
are consistent with the literature. These results demon-
strate the ability of the novel techniques presented in
this article to achieve the goal of monitoring beam de-
formed shapes correctly.

Differents improvements could be performed on the
beam instrumentation in order to increase the beam
shape reconstruction accuracy. In fact, as mentionned
previously, changing the number of strain sensors by
adding additional strain gauge triplets on the beam
would be an effective way to improve the reconstruc-
tion accuracy in case of 3D deformations. Interestingly,
the number of strain triplets is not the only change that
could be considered to improve the reconstruction ac-
curacy. The positioning of the strain sensors parallel to
the beam thus allows to have access to the bending in-
formations of the beam. By changing the direction of
the strain sensors to another direction, not parallel to
the beam, it would be possible to obtain informations

related to the torsion of the beam. Future work will
focus on the development of a model of beam instru-
mented with strain gauges able to capture both axial
and shear strain and how to use these to improve the
reconstruction accuracy.

7 Conclusion

A 3D shape monitoring system for beam with strain
gauges has been presented. The strain gauges were fixed
on the surface of the beam by groups of three on the
same cross section. An acquisition system was devel-
oped to measure the strain at each gauge locations. A
finite width strain gauge model was presented in or-
der to recover the estimates of the curvature and the
bending angle of the beam while taking into account
physical characteristics of 3D deformations. These esti-
mates were used as inputs of the 3D finite strain large
displacement beam shape reconstruction method to ap-
proximate the deformed beam shape. Results showed
that correct beam shape reconstructions were achieved
with only a limited number of strain measures, demon-
strating the effectiveness of beam instrumentation, the
strain gauge model and the reconstruction method pro-
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posed. Moreover, the creation of a finite width gauge
model is not restricted to beams with circular cross sec-
tion as the technique of strain field averaging over gauge
width can be applied to any cross section geometry.

The approach and model presented here are partic-
ularly suitable for applications monitoring beam under-
going 3D deformations with strain gauges of significant
size compared to the structure. In the medical field for
instance, needle shape monitoring from strain gauges,
such as in Hammond et al. [38] and Bonvilain et al.
[39] is a potential domain of application for the work
presented in this paper.
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