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MV-ALGEBRAS AND PARTIALLY CYCLICALLY ORDERED GROUPS.

G. LELOUP

ABSTRACT. We prove that there exists a functorial correspondence between MV-algebras and partially
cyclically ordered groups which are the wound-rounds of lattice-ordered groups. It follows that some
results about cyclically ordered groups can be stated in terms of MV-algebras. For example, the study
of groups together with a cyclic order allows to get a first-order characterization of groups of unimodular
complex numbers and of finite cyclic groups. We deduce a characterization of pseudofinite MV-chains
and of pseudo-simple MV-chains (i.e. which share the same first-order properties as some simple ones).
We generalize these results to some non-linearly ordered MV-algebras, for example hyper-archimedean
MV-algebras.

Keywords: MV-algebras, MV-chains, partially cyclically ordered abelian groups, cyclically ordered abelian
groups, pseudofinite.

1. INTRODUCTION.

This article has been written in such a way that it can be read by someone who does not have prior
knowledge of cyclically ordered groups. We state the basic concepts of partially ordered groups that
we require. We also list all the definitions and properties about MV-algebras and logic that we need.
Whenever possible, in our proofs we try to use only properties of partially ordered groups, lattice-ordered
groups or linearly ordered groups.

Unless otherwise stated all groups in this paper are abelian groups.

Every MV-algebra can be obtained in the following way. Let (G, <,A,u) be a lattice-ordered group
(briefly ¢-group) together with a distinguished strong unit u > 0 (i.e. for every « € G there is a positive
integer n such that z < nu); such a group is called a unital ¢-group. We set [0,u] :={z € G | 0 < z < u}.
For every x, y in [0,u] we let z ®y = (v +y) Au and =z = u — 2. We see that the restriction of the
partial order < to [0,u] can be defined by s <y & Jzy =2 D .

Now, the quotient group C = G/Zu can be equipped with a partial cyclic order. First, we explain
what is a cyclic order. On a circle C, there is no canonical linear order, but there exists a canonical cyclic
order. Assume that one traverses a circle counterclockwise. For every = # y # z # x, we declare that
R(z,y, z) holds if one can find 2, y, z in this order starting from some point of the circle. Now, starting
from another point one can find them in the order y, z, x or z, , y. So in turn R(y, z,z) and R(z,z,y)
hold. We say that R is cyclic. Furthermore, for any x in C' the relation y <, z < R(z,y,2) is a linear
order relation on the set C\{xz}.
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These rules give the definition of a cyclic order. We generalize this definition to a (strict) partial cyclic
order by assuming that <, is a partial order relation which needs not be a linear order.

Turning to the cyclic order R(:,-,-) on the quotient group C' = G/Zu it is defined by setting R(x; +
Zu,xo + Zu, x5 + Zu) if there exists no and ng in Z such that 1 < 9 + nou < 3 + n3u < 1 + u (see
Proposition 3.5). One can prove that (C, R) satisfies for every x, y, z, v in C:

e R(x,y,2) = x#y+#z#x (R is strict)

e R(x,y,2) = R(y,z,x) (R is cyclic)

e by setting y <, z if either R(x,y,z) orx £y =zorxz =y # z or x =y = z, then <, is a partial

order relation on C'

o R(z,y,2) = R(x + v,y +v,z+v) (R is compatible)

o R(z,y,2) = R(—z,—y,—x).
Any group equipped with a ternary relation which satisfies those properties is called a partially cyclically
ordered group. If all the orders <, are linear orders, then (C, R) is called a cyclically ordered group. In
the case where C' = G /Zu, where G is a partially ordered group, we say that C' is the wound-round of a
partially ordered group, or a wound-round.

If A is an MV-algebra, then there is a unital ¢-group (G4, u) (uniquely determined up to isomorphism)
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2 G. LELOUP

such that A is isomorphic to the MV algebra [0, u4]. The group G 4 is called the Chang ¢-group of A. We
show that the MV-algebra A is definable in the partially cyclically ordered group (G 4/Zua, R). Tt follows
that there is a functorial correspondence between cyclically ordered groups and MV-chains (i.e. linearly
ordered MV-algebras). So some properties of MV chains can be deduced from analogous properties of
cyclically ordered groups.

In [8], D. Glusschankov constructed a functor between the category of projectable MV-algebras and
the category of projectable lattice-ordered groups. The approach of the present paper is different, and it
does not need to restrict to a subclass of MV-algebras.

In Section 2 we list basic properties of MV-algebras and of their Chang ¢-groups. We also give a few
basic notions of logic which we need in this paper. Section 3 starts with definitions and basic properties
of partially cyclically ordered groups. We focus on those partially cyclically ordered groups which can
be seen as wound-rounds of partially ordered groups or lattice-ordered groups. In particular, we show
that there is a functor from the category of unital partially ordered groups to the category of their
wound-rounds. The restriction of this functor to the linearly ordered groups gives rise to a full and
faithful functor. In Section 4 we show that there is a functor ©Z from the category of MV-algebras to
the category of partially cyclically ordered groups together with c-homomorphisms. We define a class
AC of partially cyclically ordered groups C' in which we can define an MV-algebra A(C) U {1} (Theorem
4.11). Then we prove that the wound-rounds of ¢-groups belong to AC (Theorem 4.16). Furthermore,
the subgroup generated by A(C') being the wound-round of an ¢-group is a first-order property (Theorem
4.17). Section 5 is dedicated to MV-chains. In this case the one-to-one mapping C — A(C') defines a
functorial correspondence between the class of MV-chains and the class of cyclically ordered groups. We
describe this functor. Next we prove that if A and A’ are two MV-chains, then A and A’ are elementarily
equivalent if, and only if, ©Z(A) and OZ(A’) are elementarily equivalent (Proposition 5.2). We also prove
that any two MV-chains are elementarily equivalent if, and only if, their Chang ¢-groups are elementarily
equivalent (Proposition 5.4). The class of pseudo-simple MV-chains is defined to be the elementary class
generated by the simple chains. We define in the same way the pseudofinite MV-chains. One can prove
that a pseudo-simple MV-chain is an MV-chain which is elementarily equivalent to some MV-subchain
of {x e R|0 <z <1}, and a pseudofinite MV-chain is an MV-chain which is elementarily equivalent to
some ultraproduct of finite MV-chains. We use the results of [12] on cyclically ordered groups to deduce
characterizations of pseudo-simple and of pseudofinite MV-chains. Furthermore, we get necessary and
sufficient conditions for such MV-chains being elementarily equivalent (Theorems 5.8, 5.9). In Section 6,
we generalize the results of Section 5 about pseudofinite and pseudo-simple MV-chains to pseudo-finite
and pseudo-hyperarchimedean MV-algebras which are cartesian products of finitely many MV-chains
(Theorems 6.4, 6.5).

The author would like to thank Daniele Mundici for his bibliographical advice and his suggestions.

2. MV-ALGEBRAS.
The reader can find more properties for example in [3, Chapter 1].
2.1. Definitions and basic properties.

Definition 2.1. An MV-algebra is a set A equipped with a binary operation @, a unary operation — and
a distinguished constant 0 satisfying the following equations. For every z, y and z:

MV1) 2@ (y®2)=(zDy) ® 2

MV2) zdy=ydz
MV3) 2@ 0=z
MV4) ——x =2z
MV5) @ =0 = -0

MV6) ~(-z@y) Dy =-(-y@z) D

If this holds, then we define 1 = =0, t @y = ~(-~x @ ~y) and ¢ < y & Iz, d 2z = y. Then <
is a partial order called the natural order on A. This partial order satisfies: z < y < -y < =z, and
A is a distributive lattice with smallest element 0, greatest element 1, where z Vy = —(-z @ y) D v,
x Ay =(=(zB-y)d-y) = (x®-y) ®y. The operations A (infimum) and V (supremum) are compatible
with @ and ®. Note that Condition MV6) can be written as z Vy = y V 2. In the case where < is a
linear order, A is called an MV-chain.

Following [3], if n is a positive integer and z is an element of a group, then we denote by nx the sum
x+ -+ (n times). If x belongs to an MV-algebra, then we set n.x =2 @ --- @« (n times). Further,
we will set 2" =2 O --- O .

If G is a partially ordered group and u € G, wu is said to be a strong unit if v > 0 and for every
z € G there is n € N such that z < nu. It follows that there exists n’ € N such that —x < n’u, hence
—n'u <z < nu. A unital {-group is an ¢-group (i.e. a lattice-ordered group) with distinguished strong
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unit v > 0. More generally, a unital partially (resp. linearly) ordered group is a partially (resp. linearly)
ordered group together with a distinguished strong unit.

Example 2.2. If (G, u) is a unital ¢-group, then the set [0,u] := {z € M | 0 < x < u} together with the
operations ¢ ®y = (z + y) Au, =& = u — z, and where 0 is the identity element of G, is an MV-algebra,
whose natural partial order is the restriction of the partial order on G. It is denoted I'(G,w). In this
case, t Oy = (z+y—u) V0, and it follows: (z P y)+(z O y) =2+ y.

A unital homomorphism between two unital partially ordered groups (G, u) and (G’,u’) is an order-
preserving group homomorphism f between G and G’ such that f(u) = v/. An f-homomorphism be-
tween two f-groups G and G’ is a group-homomorphism such that for every z, y in G we have that
flxny) = f(x) A fly) and f(zVy) = f(x)V f(y) (it follows that f is also an order-preserving homo-
morphism).

A homomorphism of MV-algebras is a function f from an MV-algebra A to an MV-algebra A’ such
that f(0) = 0 and for every z, y in A, f(x @y) = f(x) ® f(y) and f(—-x) =~ f(x).

The mapping I' : (G, u) — I'(G,u) is a full and faithful functor from the category A of unital ¢-groups
to the category MV of MV-algebras. If f is a unital £~-homomorphism between (G, u) and (G’,u’), then
I'(f) is the restriction of f to [0,u] ([3, Chapter 7]).

Now, for every MV-algebra A there exists a unital ¢-group (G a,ua), uniquely defined up to isomor-
phism, such that A is isomorphic to [0, u 4] together with above operations; (G4, u4) is called the Chang
C-group of A (see [3, Chapter 2]). We will sometimes let G4 stand for (Ga,u4). For further purposes
we describe this Chang ¢-group in Subsection 2.2. The mapping Z: A — (Ga4,u4) is a full and faithful
functor from the category MV to the category A. We do not describe here the unital ~-homomorphism
E(f), where f is a homomorphism of MV-algebras. The composite functors I'= and ZI' are naturally
equivalent to the identities of the respective categories (see [3, Theorems 7.1.2 and 7.1.7]).

The language of MV-algebras is Ly = (0, @, ). However, since <, A and V are definable in Ly, we
will assume that they belong to the language. We will denote by L, = (0, +, —, <) the language of (par-
tially) ordered groups, and by L;, = (0,4, —, A, V) the language of ¢-groups. When dealing with unital
¢-groups, we will add a constant symbol to the language, which will then be denoted by Ljo, = L, U{u},
and Ljozy = Lip U {Zu} will denote the language of ¢-groups together with a unary predicate for the
subgroup generated by wu.

The Chang f-group G4 of A is an Lj,,-structure where u is a constant predicate interpreted by the
distinguished strong unit of G4. Now, G4 is also an L;,z,-structure where Zu is a unary predicate
interpreted by: Zu(z) if, and only if,  belongs to the subgroup generated by the distinguished strong
unit; in this case we denote G4 by (Ga,Zua).

In the MV-algebra A, recall that * ® y stands for =(-z @ —y). In [0,us] C G4 we have that
2@y = (r+y—ua) V0. If Ais an MV-chain, then the formulaz >0and 0 =z 0z = --- = z"
is equivalent to: 0 <z <2.x < - < n.x < ugy.

We conclude this subsection by stating a lemma which we will need in Section 4, in particular in the
proof of Corollary 4.3.

Notations 2.3. In the following, if < y are elements of a partially ordered structure G, then we will
set [z, y] :={z € G|z <z <y}, [z,y[:= [z, y]\{y}, |z,y] := [z, y]\{z} and |z, y[ := [z, y]\{z, y}.
Lemma 2.4. Let G be an ¢-group and 0 < u € G.
(1) Either [0,u] = {0,u},
or there exists x € |0, u[ such that [0,u] = {0,u,z},
or there exists x € |0, u[ such that [0,u] = {0, u,z,u — x},
or for every x € |0, u[ there exists y € |0,u[ such that x <y ory < z.

(2) If 10, u[ contains x,y such that © <y, then for every z € ]0,u| there exists z’ € |0, u[ such that
z2< 2 orz <z

Proof. As noted a referee, this lemma follows from a property of distributive lattices, which we prove for
completeness. So we assume that G is a distributive lattice.

(1) If [0, u] contains two or three elements, the property is trivial. If it contains four elements 0, z, y, u,
then either [0, u] is linearly ordered, or x Ay = 0 and = V y = u. Now we assume that [0, u] contains at
least five elements, and we let « € |0, u[. By hypotheses, there exists 2’ # ¢” in [0, u[ \{z}. Tz Az’ =2a
orzVa =z then welet y =2'. ff x Aa” =2 or xVa’ =z, then we let y = 2”. Otherwise, since
every distributive lattice is cancellative (i.e. (x V2 =a VvV & ax Az =ax A7) = 2 =2"), we have
eV #FaxVvr' orx A FxAd. fxva #£xVa', thenzVa FuorzVz” #u Weset y=xVz' or
y=xVz”. Thecase x Az’ # x Az" is similar.

(2) This follows from (1). O
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Corollary 2.5. Let A be an MV-algebra. Then:

either A = {0, 1},

or there exists © € A\{0,1} such that A ={0,1,x},

or there exists x € A\{0,1} such that A= {0,1,z,—x},

or for every x € A\{0,1} there exists y € A\{0,1} such that x <y ory < x.

If A\{0,1} contains x,y such that x < y, then for every z € A\{0, 1} there exists z’ € A\{0,1} such that
2< 2 orz <z

2.2. Construction of the Chang /-group. The correspondence between MV-algebras and partially
cyclically ordered groups relies on the so-called good sequences defined for the construction of the Chang
¢-groups (see [13], [3, Chapter 2]). We describe this construction and we also define an analogue of the
good sequences in an /-group. We start with some properties of partially ordered groups.

Remark 2.6. We know that every cancellative abelian monoid M embeds canonically in a group G
generated by the image of M following the construction of Z from N. Now, one can deduce from properties
of partially ordered groups (see for example [1], Propositions 1.1.2, 1.1.8, and also 1.2.5) that:

(1) M is the positive cone of a compatible partial order on G if, and only if, for every x, y in M,
r4+y=0=x=y=0, and this partial order is given by x <y< 3z e M, y=x+ z,
(2) G is an L-group if, and only if, for every x, y in M, x ANy exists.

The following lemmas show that every element of the positive cone of a unital /-group can be associated
to a unique sequence of elements of [0,u]. So G is determined by its restriction to [0,u]. This property
will give rise to the construction of the Chang ¢-group.

Lemma 2.7. Assume that (G, u) is a unital £-group. Let 0 < x € G and m be a positive integer such that
x < mu. Then, there exists a unique sequence x1,...,xT, of elements of [0,u] such that x = x1+ -+,
and, for 1 <i<n—1, (u—a;) AN(@ig1 + -+ 2,) =0, and n < m.

Proof. For every y € G, we have that (u —y) A(z —y) =0« (uAz)—y=0<y =uAz. Set
21 =  Au. Then x; is the unique element of G such that (v — x1) A (x —z1) = 0. Since 0 < z, we have
that 0 < 3 <w,and 0 < zx—z1 =2 —(uhz) =2+ ((—u)V(—2)) = (z—u) V0 < (mu—u) V0 = (m—1)u.
By taking « — x; in place of z we get x5 € [0,u] such that (u — z2) A (x — 21 — z2) = 0, and we have
that x — 21 — 9 € [0, (m — 2)u], and so on. Hence there exists a unique sequence z1, ..., z, of elements
of [0,u] such that z =21+ -+ +x, and, for 1 <i<n—1, (u— ;) A(Tig1 + -+ x,) = 0. O

Lemma 2.8. The condition: for 1 <i <n—1, (u—ax;) A (2i41 + -+ x,) = 0 is equivalent to: for
1<i<n—1, (u—a;) Azit1 = 0. If this holds, then, for 1 <i<j<mn, (u—z;)Az; =0

Proof. Assume that for 1 <i<n—1, (u— ;) A(xje1 +--+x,) =0. Let i« < j < n. Since 0 < x;
and 0 < x; < 241 + -+ + Ty, it follows that (v — z;) Az; = 0. Now, let y, 2z, 2’ in [0, u] such that
(u—y)ANz=w—-2)AN2'=0,then 0< (u—YAZ =(u—y AzZAu=@u—-y) Az AN(z+u—2) <
(u—y)AN2Z'"Nz2)+ ((u—y) A2 A(u—z)) =0. Hence by induction we can prove that the condition: for
1<i<n-—1,(u—2;) ANx;r1 =0 implies for 1 <i<n—1, (u—a;) A (i1 + -+ x,) =0. O

Remark 2.9. By setting, for x, y in [0,u], z®y = (x+y) Au, we have that t@y = 0V (x+y—u). Hence,
using the fact that for every z in G we have that z = zV0+2A0, we get: x+y = (z@y)+(zQy). We deduce
from the proof of Lemma 2.7 that x®y is the unique element of [0, u] such that (u—zBy)A(x+y—xdy) = 0,
and then x +y —x @y € [0,u]. It follows that x = x &y < (u —x) Ay = 0. Furthermore, from the
equalityz+y=(z@y)+ (zQy) weget cPy=cxSx0y=y.

Now, we come to the Chang ¢-group.

Definition 2.10. Let A be an MV-algebra. A sequence (z;) of elements of A indexed by the natural
numbers 1, 2,... is said to be a good sequence if, for each i, z; ® ;41 = x;, and it contains only a finite
number of nonzero terms. If z = (z;) and y = (y;) are good sequences, then we define z = x + y by the
rules z1 = 1 B y1, 22 = T2 ® (1 © y1) B Y2, and more generally, for every positive integer :

Z2i =X; D (xi_l ®© y1) b---D (581 @yi—l) D Y-
We also define a partial order < by z <y < 3z, y =z + 2.

We see that A embeds into the monoid M4 of good sequences by x +— (2,0,0,...), and one can prove
that M4 is cancellative, it satisfies the properties 1) and 2) of Remark 2.6, where:

TNy = (z; Ny;), *Vy=(2; Vy), and

ify=a+ z, then z = (y;) + (—zp, "Tp-1,...,21,0,...), where z,, is the last non-zero term of (z;)
(see [3, Chapter 2]).

Consequently, M4 defines in a unique way an ¢-group, and the image of (1,0,...) in this ¢-group is a
strong unit. This unital /-group is the Chang ¢-group G4.
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The good sequence defining some = = (z1,...,Z,,0,...) of the positive cone of G 4 is the same as the
sequence defined in Lemmas 2.7 and 2.8, as shows the next proposition.

Proposition 2.11. Let z = (21,...,2,,0,...) in the positive cone of G4. Then x = (21,0,...)+ -+
(zn,0,...). The embedding x; — (x;,0,...) of A in Ga can be considered as an inclusion. Hence we can
assume that x; € G4 and write x = x1 + -+ + T,

Proof. Let (z;) be a good sequence, and for k > 1 let y = (x1,...,2%,0,...) + (£x+1,0,...). By Lemma
2.8 and Remark 2.9, we have, for 1 <i < j<k+1, z; ®x; =2; and x; © x; = z;. It follows that

Y1 =21 O Tp+1 = X1,

for2<i<n,y=2;® (-1 OTp11)®--- B (r100) B0 =x; B 441 = i,

Y1 =08 (2, Oxp11) P - B (21 ©0) B0 =08 Tp41 B0 = Tp41,
and fori > k+1,y; =0.

So by induction we get (x1,...,2,,0,...) = (21,0...)+ -+ (2,,0,...). The remainder of the proof
is straightforward. O

2.3. Elementary equivalence, interpretability. Two structures S and S’ for a language L are ele-
mentarily equivalent if any L-sentence is true in S if, and only if, it is true in S’. We let S = S’ stand
for S and S’ being elementarily equivalent. Furthermore if S C S’, then we say that S is an elementary
substructure of S’ (briefly S < S') if every existential formula with parameters in S which is true in S’ is
also true in S. We will need the following properties.

Theorem 2.12 ([9] Corollary 9.6.5 on p. 462, see also [4] Theorems 5.1, 5.2). Let L be a first-order
language.
(1) If I is a non-empty set and for each i € I, A; and B; are elementarily equivalent L-structures,
then [[;e; Ai = [1;er Bi (here I] denotes the direct product).
(2) If I is a non-empty set and for each i € I, A; and B; are L-structures with A; < B;, then

[Licr Ai < lies Bi-

If, for every i € I, S; is an L-structure and U is an ultrafilter on I, then the ultraproduct of the S;’s is
the quotient set ([],c;S;) / ~, where ~ is the equivalence relation: (z;) ~ (y;) & {i € I |z, =y;} € U.
If R is a unary predicate of L, then R((z;)) holds in the ultraproduct if the set {i € I | R(z;) holds in S;}
belongs to U. Every relation symbol and every function symbol is interpreted in the same way. An
elementary class is a class which is closed under ultraproducts.

A structure S; for a language L; is interpretable in a structure Sy for a language Lo if the following
holds.

e There is a one-to-one mapping ¢ from a subset 77 of Ss onto Sy,
e for every Li-formula ® of the form R(Z), F(Z) =y, x =y or = ¢ (where R is a relation symbol,
F is a function symbol and ¢ is a constant), there is an Lo-formula ®’ such that for every Z in
Ty, S1 | 2(p(2)) & 52 | ¥'(2),
(this is a particular case of the definition of interpretability p. 58 and pp. 212-214 in [9]).

Theorem 2.13 (Reduction Theorem 5.3.2, [9]). If S1, Si (resp. S, S%) are structures for the language
Ly (resp. L) such that Sy is interpretable in Sy and S is interpretable in S} by the same rules, then
Sy=5,=5=5] and Sy < S, = 51 < 51.

Since A = [0,u], a® b= (a+b) Au, na =u — a, it follows that the Ly -structure A is interpretable
in the Ljy,-structure (Ga,u4) and in the Lj,z,-structure (Ga,Zuy). Consequently, if A, A" are MV-
algebras such that (G,ua) = (Gar,uar) (vesp. (Ga,Zuas) = (Gar,Zuar)), then A = A’. The same holds
with < instead of =.

3. PARTIALLY CYCLICALLY ORDERED GROUPS.

In this section we state definitions and basic properties of partially cyclically ordered groups and
cyclically ordered groups. Then we turn to the wound-round partially cyclically ordered groups, in
particular we deduce a transfer theorem of elementary equivalence. Next we study the functor between
partially ordered groups and partially cyclically ordered groups.

Recall that all the groups are assumed to be abelian groups.
3.1. Basic properties.

Definitions 3.1. We say that a group C'is partially cyclically ordered (briefly a pco-group) if it is equipped
with a ternary relation R which satisfies (1), (2), (3), (4), (5) below.

(1) R is strict i.e., for every z, y, z in C: R(x,y,2) = #y # z # x.

(2) R is cyclic i.e., for every z, y, z in C: R(z,y,2) = R(y, z,x).
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(3) For every z, y, z in C set y <, z if either R(x,y,z) or y = z or y = x. Then for every z in C,
<, is a partial order relation on C. We set y <, z for y <, z and y # z. If y and z admit an
infimum (resp. a supremum) in (C, <.), then it will be denoted by y A, z (resp. y V 2).

(4) R is compatible, i.e., for every x, y, z, v in C, R(z,y,2) = Rz + v,y + v,z + v).

(5) For every z, y, z in C, R(z,y,2) = R(—z,—y, —x).

If for every € C the order <, is a linear order, then we say that C' is a cyclically ordered group (briefly
a co-group).

The language (0, +, —, R) of pco-groups will be denoted by L.
A c-homomorphism is a group homomorphism f between two pco-groups (or co-groups) such that for

every 2.y, z, if R(z,y,2) holds and f(z) # f(y) # f(2) # f(x), then R(f(x), f(y), f(2)) holds,

Two basic examples of co-groups are the following.

(1) Let U be the multiplicative group of unimodular complex numbers. For e (1 < j < 3) in U,
such that 0 < 0; < 2, we let R(e®, e ¢i%) if, and only if, either §; < 6y < 63 or 6y < 03 < 6y or
63 < 6, < B, (in other words, when one traverses the unit circle counterclockwise, starting from e+ one
finds first €2 then ¢%%3). Then U is a co-group. One sees that the group Tor(U) of torsion elements of
U (that is, the roots of 1 in the field of complex numbers) is a co-subgroup.

(2) Any linearly ordered group is a co-group once equipped with the ternary relation: R(z,y,z) iff
r<y<zory<z<zorz<ax<y. Such a cyclically ordered is called a linearly cyclically ordered
group. In the same way, any partially ordered group is a pco-group.

Now, a pco-group is not necessarily a co-group. Let (C1, R1) and (Ca, R2) be nontrivial co-groups and
C' = (1 xC4 be their cartesian product. For (z1, 23), (y1,y2) and (21, 22) in C, set R((x1,x2), (y1,Y2), (21, 22))
if, and only if, Ry(x1,y1, 21) and Ra(x2, Y2, 22). Then (C, R) is a pco-group which is not a co-group.

For notational convenience, if C' is a pco-group and z1,...,x, belong to C, we sometimes denote by
R(z1,...,zy,) the formula: R(zq,22,23) & R(x1,23,24) & ... & R(21,%pn—1,Ty). In the unit circle U,
R(xq,...,x,) means that starting from z; one finds the elements x5, . .., 2, in this order (this generalizes

the notation z7 < xy < -+ < x,, of the language of ordered groups).

Lemma 3.2. Let C be a pco-group, n > 3 and x1,...,x, in C.
(1) R(z1,...,2zn) ©VY(i,5,k) € [1,n] x [1,n] x [1,n], 1 <i<j<k<n= R(z;,z;,xx).
(2) Vy € C, R(z1,...,2) < R(x1+ Y, ..., Zn +Y).
(3) Vi € [1,7’1—1], R(Jﬁl,...,l'n) <:>R(1‘i+17...,33n,$1,...7JUi).

Proof. (1) < is straightforward. Assume that R(z1,...,z,) holds and let 1 < i < j < k < n. Then
R(z1,z;,x;41) and R(z1, i1, Tit2) hold. Therefore, since <, is transitive, R(z1, z;, Z;4+2) holds, and
so on. Hence R(z1,z;,2;) holds, and in the same way R(z1,z;,2;) holds. It follows that R(x;,xz1,x;)
and R(x;,xy,z1) hold. Hence R(z;, xk, z;) holds which implies that R(z;,z;, zx) holds.

(2) For every i in [2,n—1], R(x1, z;, x;+1) holds. Hence R(x1 4y, z; +y, x;+1+y) holds. Consequently,
R(zx1+y,...,zn +y) also holds.

(3) Assume that R(x1,...,z,) holds. We have that R(z1,x2,zy) holds and by (1) for every i in
[3,n —1]: R(z2,x;,2;+1) holds. Therefore R(xa,...,zy,x1) holds. Now, (3) follows by induction. O

We conclude this subsection with a characterization of the order relation <. That is, if C' is a pco-
group, then by the definition < is a partial order on the set C'. Conversely, if < is a partial order on an
abelian group, one can wonder under what conditions < is the order <y of some partial cyclic order on
this group.

This characterization will be the main tool of the proof of Proposition 3.5.

Proposition 3.3. Let C be a group. Then there exists a compatible partial cyclic order R on C if, and
only if, there exists a partial order < on the set C\{0} such that for all x and y in C\{0}: z < y =
(y—zrz<—c& —y< —zx).

If this holds, then we can set R(x,y,z) & 0 #y—x < z —x, and < is the restriction to C\{0} of the
relation <g.

Proof. Assume that C is a pco-group, and x <g y in C\{0}. Then R(0,,y) holds. Hence by compatibil-
ity: R(—x,0,y — ) holds so R(0,y — x, —z) holds i.e. y — 2 < —z. Furthermore, we have R(—y, —z,0),
hence R(0, —y, —z) holds, which implies —y <o —zx.

Assume that < is a strict partial order on C\{0} such that for all z and y in C\{0} we have that
r<yey—xz<—zx Foralz y, zin C set R(z,y,z2) if, and only if, 0 £y — 2 < z — x.

We prove that R satisfies (1), (2), (3), (4), (5) of Definition 3.1.

(1) R(z,y,z) impliessy —x #0, z—x#0and y —x # z — x hence z # y, x # z and y # 2.

(2) Assume that R(x,y,z) holds. This implies y — 2z < z —x, hence z —y = (z —2) — (y —z) <
—(y — ) = © — y. Therefore: R(y, z,x).
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(3) Let v € C and assume that R(x,y,z) and R(x,z,v) hold. Theny —z <z—z and z —ax <v —uz,
hence: y —x < v—ux ie R(z,y,v), so <, is transitive. Now, if R(x,y, z) holds, then y —z < z — z, hence
z—x £ y—ux ie " R(z, z,y). It follows that <, is a partial order.

(4) Assume that R(z,y, z) holds. Then 0 # y—x < z—a hence 0 # (y+v) — (z+v) < (z+v) — (z+v).
Therefore R(z + v,y + v,z + v).

(5) The relation R(zx,y,z) is equivalent to y — x < z — x, hence it implies z — z <  —y. This in
turn is equivalent to —z — (—x) < —y — (—x), that is R(—x,—z, —y). It follows that R(x,y,z) implies
R(-z,—y,—x). O

The relation < can make the construction of pco-groups easier. For example, let C = Z/6Z =
{0,1,2,3,—2,—1}, and set 1 <g 2, 1 <9 —1, —2 < 2, and —2 <y —1. One can check that in this case,
<o cannot be extended to a total order.

3.2. Wound-round pco-groups. First we look at the case of co-groups, starting with a basic example.

In the field C of complex numbers, the multiplicative group U of unimodular complex numbers is
the image of the additive group R of real numbers under the epimorphism 6 ~ €. It follows that
U is isomorphic to the quotient group R/27Z. Then one can define the cyclic order on R/27Z by:
R(xy + 27Z, w3 + 217,23 + 2nZ) if, and only if, there exists 2 in [0,2n[ such that z; — 2 € 272
(1 <j<3)and x;(l) < x;(z) < x;(g) for some o in the alternating group As of degree 3 (in other words,
x) <axh < ahorxh <axh <xhorah <zl <ah).

More generally, if (L,u) is a unital linearly ordered group, then the quotient group L/Zu can be
cyclically ordered by setting R(z1 + Zu, x> + Zu,z3 + Zu) if, and only if, there exists z/; in [0, u[ such
that z; — 2} € Zu (1 <j < 3) and :13:7(1) < x;@) < x;(3) for some o in the alternating group As of degree
3 ([5, p. 63]). We say that L/Zu is the wound-round of L. Now, every co-group can be obtained in this
way as shows the following theorem.

Theorem 3.4 (Rieger, [5]). Every co-group is the wound-round of a unique (up to isomorphism) unital
linearly ordered group (vw(C),uc).

The ordered group uww(C') defined above is called the unwound of C.

Now, we generalize this winding construction to partially ordered groups. First, note that if (G, u) is
a unital linearly ordered group, then for every x in G there is a unique ' in [0, u[ such that = — 2’ € Zu.
So, one can check that the condition “there exists  in [0, u[ such that z; — 2’ € Zu (1 < j < 3) and
x;(l) < 95;(2) < mfj(g) for some o in the alternating group As of degree 3” is equivalent to “there exist no
and ns3 in Z such that v1 < 29 + nou < 13 +n3u < r1 +u”.

Proposition 3.5. Let (G, <) be a partially ordered group, 0 < u € G, C be the quotient group C = G /Zu
and p be the canonical mapping from G onto C.
(1) For every x and y in G, there exists at most one n € Z such that x < y + nu < = + u.
(2) For every x1, xa, x3 in G, set R(p(x1), p(x2), p(x3)) if, and only if, there exist ny and ng in Z
such that x1 < 29 + nou < x3 + ngu < 1 + u. Then (C, R) is a pco-group.

Proof. (1) Assume that n and n’ are integers such that z < y+nu <z +wv and © < y +n'u < z + u.
Then —z — u < —y — n'u < —x. Therefore, by addition, —u < (n —n')u < u, hence n —n' = 0.

(2) Assume that x; < x2 + nou < x3 + ngu < x1 + u, let 24, =4, =5 in G such that p(z}) = p(a;)
(1 € {1,2,3}), and let nf, n), ns be the integers such that =} = z; + n;u (i € {1,2,3}). Then 2] —nju <
xh—nhu+nou < xh—nju+tngu < i —nju. Hence 2] < 25+ (ne+nf —nb)u < zh+(ns+nf—nb)u < x| +u.
So R is indeed a ternary relation on C.

We set p(0) <o p(z) <o ply) < R(p(0),p(x),p(y)), and we prove that < is a strict partial order
relation such that p(0) <o p(z) <o p(y) = p(y) — p(x) <o —p(x) & — p(y) <o —p(z).

By the definition, p(0) <o p(z) <o p(y) holds iff there exist m and n in Z such that 0 < z + mu <
y+nu < u. Trivially, < is anti-reflexive and it follows from (1) that it is anti-symmetric. The transitivity
is also trivial. Since x + mu < y + nu < u, we have that 0 <y —z + (n — m)u < —z + (1 — m)u. Now,
we have that —u < —y —nu < —x —mu < 0, hence 0 < —y+ (1 —n)u < —z+ (1 — Mu < u.
On the one hand, this proves —p(y) <o —p(z). On the other hand, this completes the inequality:
O<y—z+(n—m)u<—z+(1—m)u < u, and consequently p(y) — p(z) <o —p(z). Now, by Proposition
3.3, G/Zu is a pco-group. O

Definition 3.6. Let C' be a pco-group. We say that C is a wound-round if there exists a unital partially
ordered group (G, u) such that C' ~ G/Zu, partially cyclically ordered as in Proposition 3.5. If G is
an f-group, then we say that C is the wound-round of an £-group. If (G,w) is uniquely defined (up to
isomorphism), then it is called the unwound of C.

For example, let G be the lexicographically ordered group R?R, and G5 be the group R x R partially
ordered in the following way: (z,y) < (¢/,y') & z =2" and y < y'. In Gy and Gs, let u = (0,1). Then
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G1/Zu ~ Go/Zu. They are also c-isomorphic to pco-group R x (R/Z) equipped with the partial cyclic
order R’ defined by setting R'((x1,y1), (x2,y2), (x3,y3)) if, and only if, 21 = x5 = 23 and R(y1,y2,¥3),
where R is the cyclic order of R/Z defined in Proposition 3.5.

If C is the wound-round of a partially ordered group G together with 0 < u € G, then we can
assume that v is a strong unit. Indeed, one can easily check that the subset H := {z € G | 3(m,n) €
Z x 7, mu <z < nu} is a subgroup of G, and w is a strong unit of H. Now, if there exists y such that
R(p(0), p(z), p(y)) or R(p(0), p(y), p(z)) holds, then there exists n € Z such that 0 < x + nu < u. In
particular, —nu < x < (1 — n)u. Hence, x € H. Tt follows that we can restrict ourselves to the subgroup
H/Zu, or assume that v is a strong unit of G.

In the remainder of this paper, we will always assume that v is a strong unit.

The construction in Proposition 3.5 gives rise to a transfer principle of elementary equivalence. In
the linearly ordered case, [6, Theorem 4.1] proves that if (G, ) and (G’,u’) are unital linearly ordered
groups, then we have (G,u) = (G',v') & G/Zu = G' /7' and (G,u) < (G', ') & G/Zu < G'|Zu'.

The implication = uses the fact that the restriction of the canonical epimorphism p: G — C = G/Zu
to [0, u[ is a one-to-one mapping. In the case where (G, u) is a unital partially ordered group, one can
also define a subset G, such that the restriction of p to G, is one-to-one.

Lemma 3.7. Let (G,u) be a unital partially ordered group, C be the quotient group G/Zu, p be the
canonical mapping from G onto C and G, ={x € G |x > 0& x # u}. Then:

o the restriction of p to the subset G, is a one-to-one mapping onto C,
o for every x, y, z in Gu, p(x) + p(y) = p(z) & x4y — 2z € Zu and R(p(x), p(y), p(2)) holds if,
and only if, eitherx <y <zory<z<zorz<z<y.

Proof. Since u is a strong unit, for every x € G there exist integers m and n such that mu < x < nu,
and we can assume that m is maximal. Then x — mu € G,, hence the restriction of p to G, is onto.
Let x and y in G, such that p(x) = p(y), then © — y € Zu. Hence there exists an integer m such that
y = x + mu, and without loss of generality we can assume that m > 0. f m > 1, theny >z +u > u: a
contradiction. Hence m = 0, and y = x. So the restriction of p to GG, is one-to-one. The remainder of
the proof is straightforward using properties of subsection 2.3. O

This lemma implies sufficient conditions for two wound-rounds being elementarily equivalent.

Theorem 3.8. Let (G,u) be a unital partially ordered group, C be the quotient group C = G/Zu, p be
the canonical mapping from G onto C and G, = {x € G|z > 0& x # u}. Then:
e the pco-group C, in the language L., is interpretable in (G, Zu) in the language Loz,
o if (G',u') is a unital partially ordered group, then (G,Zu) = (G',Zv') = G/Zu = G'|Zu' (the
same holds with < instead of =).

Proof. Follows from Lemma 3.7 and properties of Subsection 2.3. O

3.3. The wound-round functor. We show that the wound-round mapping gives rise to a functor. Then
we prove that its restriction to the co-groups is full and faithful. Next, we look at the case of /-groups.

3.3.1. General case.

Proposition 3.9. The wound-round mapping defines a functor © from the category of unital partially
ordered groups, together with unital order-preserving group homomorphisms, to the category of pco-groups,
together with c-homomorphisms.

Proof. We prove that if f is a unital order-preserving homomorphism between the unital partially ordered
groups (G, u) and (G’,u’), then we can define a c-homomorphism between C := G/Zu and C" := G’ /Z4/'.
Let p (resp. p’) be the canonical epimorphism from G onto C' (resp. from G’ onto C”). Since f(Zu) = Zu/,
we can define a group homomorphism f between C and C’ by setting for every x € G f(p(x)) = p'(f(z)).
Let x < y < z in G such that f(p(z)) # f(p(y)) # f(p(2)) # f(p(x)). Since f is order-preserving, we have
that f(z) < f(y) < f(2). Now, f(z) # f(y) # f(z), so we have that f(z) < f(y) < f(z). We deduce that
if R(p(x),p(y), p(z)) holds and f(p(x)) # f(p(y)) # f(p(2)) # f(p(x)), then R(f(p(x)), f(p(y)), f(p(2))
holds. Hence f is a cchomomorphism. Now, one can check that if f o g is the composite of two unital
order-preserving homomorphisms, then fog= fog. g

3.3.2. Linearly ordered groups. First we show that a c-homomorphism is not necessarily the image
of a unital order-preserving homomorphism as in the proof of Proposition 3.9. Then we will define
the w-homomorphisms and we prove that the wound round functor between unital linearly ordered
groups, together with unital order preserving homomorphisms, and the co-groups, together with the w-
homomorphisms, is full and faithful.

We know that the kernels of order-preserving homomorphisms between partially ordered groups are
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the convex subgroups (see, for, example, [5, Theorem 7, p. 21]). Let f be a unital order-preserving homo-
morphism between partially ordered groups. Since f(u) = «/, f is not the zero homomorphism. Hence
ker f is a proper convex subgroup. Consequently, ker f is the p-image of a proper convex subgroup of G.
The kernel of a c-homomorphism between wound-rounds is not necessarily the p-image of a proper convex
subgroup. For example, let n > 2, G = G =7, u = 2n, v = 2. Then C = Z/2nZ and C' = Z/27Z.
Consider the homomorphism which sends the class of 1 modulo 2n to the class of 1 modulo 2. Since
C' = 7Z/27 is trivially cyclically ordered, this a c-homomorphism, but its kernel is not the image of a
proper convex subgroup of Z (since {0} is the only proper convex subgroup of Z).

In the linearly ordered case, we can characterize the c-homomorphisms f such that the kernel of f
is the p-image of a proper convex subgroup. For this purpose, we need to define the linear part of a
co-group, its winding part, its c-convex subgroups, and to state some properties of co-groups, which we
will use only in the remainder of this subsection.

e Linear part. Let (G, u) be a linearly ordered group with a strong unit, C' be the cyclically ordered
group G/Zu and p be the canonical epimorphism from G to C. Since G contains a strong unit, it contains
a greatest proper convex subgroup [(G). Then, the restriction of p to I(G) is one-to-one. We denote by
I(C) its image. It is called the linear part of C. Indeed, one can check that the restriction of R to
I(C) is a linear cyclic order. An element a is in the positive cone of I(C) if, and only if, it satisfies
R(0,a,2a,...,na), for every integer n > 2 ([11, Section 3]). Note that C is linearly cyclically ordered if,
and only if, [(C) = C.

e Winding part. The group C/I(C) is equipped with a structure of co-group which is induced by the
cyclic order on C' (see. [16, Proposition 2.9]). This cyclically ordered group is called the winding part of
C, and is denoted by U(C). Then, the cyclically ordered group U(C) embeds in a unique way in U ([11,
Lemma 5.1, Theorem 5.3]). If z € C, we denote by Uc(x) the image of its class x 4+ {(C'). Then there
exists a real number 6 such that Uc(x) = €¥. If x ¢ I(C), then 6 is not congruent to 0 modulo 27, we
let O (x) be the unique element of ]0, 27| such that Ug(z) = €@ If z € I(C), then we set O (z) = 0.

Denote by « the canonical unital order-preserving epimorphism from (G, u) onto (G/I(G),u + I(G))
(see diagram below). Since I(G) is the greatest proper convex subgroup of G, the ordered group G/I(G)
is archimedean. Hence it embeds in R, and there is a unique order preserving embedding 8 such that
Bu+1(G)) = 2. We let pr be the canonical epimorphism from (R, 27) to its wound-round U ~ Z/27Z.
We denote by a; the canonical c-epimorphism from C onto C/I(C'), and by /31 the unique c-embedding of
C/l(C) in U. Note that since I(C) is order isomorphic to I[(G), the co-group C/I(C) = U(C) is isomorphic
to the unwound of (G/I(G),u + I(G)). Hence there is a group epimorphism p; from (G/I(G),u + I(G))
onto C/I(C) such that p; o v = ayq 0 p.

The restriction of pg to [0, 27[ is one-to-one and onto. We denote by g the one-to-one mapping from
U onto [0,27[C R such that pg o 7r is the identity of U. We let I = (80 a)~%([0,2x[). Then I is the
interval [[(G),u+I(G)[=1(G)U{z € G |Y(y,z) € I(G) x I(G) y < < u+ z}. The restriction of p to
I is one-to-one and onto. We denote by 7 the one-to-one mapping from C' onto I such that p o 7 is the
identity of C'. We summarize this in the following commutative diagram.

I My (G ) s (GUG), u+ U(G)) —— s (R, 2m) ¢ (g o
\ lp lpl J’pw/
B1

C=G/tu —2—— C/I(C)=U(C) U

Here, «a, 8, a; and (; are homomorphisms of groups, but 7 and g are not. However, for a, b in
U the reals mg(a) + 7r(b) and 7g(a + b) are congruent modulo 27 (here and in the following lemma, in
order to make a distinction between the elements of linearly ordered groups and those of their wound-
rounds, we use the letters a,b,... when dealing with elements of C' or U). More exactly, we have
(@) + TR (D) = TR(a + b) if, and only if, Tr(a) + r(b) € [0,27[, and 7r(a) + TR(D) = Tr(a + b) + 27
otherwise. In the same way, for a, b in C, we have 7(a) + 7(b) = 7(a + b) if, and only if, 7(a) + 7(b) € I,
and 7(a) + 7(b) = 7(a + b) + u otherwise.

Let O¢ be the mapping from C' to [0, 27 defined above. Then 8¢ = 701 0a1. So, for a, b in C we have
Oc(a+b) = 7(froas(a)+B1oaq (b)), which is equal to O (a)+0c(b) if, and only if, Oc(a)+0c(b) € [0, 27].
Otherwise, 0¢c(a) + 8¢ (b) = Oc(a + b) + 2w. Consequently, for every z, y in I, we have x +y € I if, and
only if, 8c(p(x)) + 0c(p(y)) = 0c(p(x) + p(y)), which in turn is equivalent to ¢ (p(z)) + 0c(p(y)) < 2m.
Otherwise we have 0c(p(x)) + 0c(p(y)) = 0c(p(x) + p(y)) + 27.

e C-convex subgroups. Since the ordered groups I[(G) and [(C) are isomorphic, there is a one-to-one
mapping from the set convex subgroups of [(G) onto the set convex subgroups of I(C) (see [11, Section 4])
which preserves the inclusion order. The convex subgroups of I(C) are said to be c-conver subgroups of
C. We also assume that C is a c-convex subgroup of itself. The formal definition of c-convex subgroups
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is the following. A subgroup Cj of C' is a c-convex subgroup if Cy = C or it satisfies for every a, b in C,|
(beCr=b=p0)ord+#—b) & (be Cy & R(p(0),b,—b) & R(p(0),a,b)) = a € C;. Let H be a proper
convex subgroup of G. In any case p(H) is linearly ordered. If C is not linearly cyclically ordered, then
p(H) is a proper c-convex subgroup of C.

In order to study the functor between linearly ordered groups and co-groups, we define a new class
of homomorphisms. In the following definition and the following lemma, (G,u) and (G’,v’) are unital
linearly ordered groups, and the notations are the same as in the proof of Proposition 3.9.

Definition 3.10. A c-homomorphism from C to C’ is said to be a w-homomorphism if its kernel is a
linearly ordered c-convex subgroup of C.

Note that if f is a unital order-preserving homomorphism from (G,u) to (G’,u'), then f is a w-
homomorphism.

We can prove that ¢ being a w-homomorphism from C' to C’ is equivalent to ¢ being a c-homomorphism
and Va € C\{0} (2a = 0 or (R(0, a,2a) and =R(0, a,2a,3a))) = ¢(a) # 0'. Indeed, let C; be a c-convex
subgroup of C. Then C; is not linearly ordered if, and only if, C; = C and U(C') # {0}. So we have
to prove that in any case, if U(C) # {0} and Ya € C\{0} (2a = 0 or R(0,a,2a) and —~R(0, a, 2a,3a)) =
¢(a) # 0" holds, then ker¢ # C. By [6, Lemma 6.9 (1)], the formula R(0,a,2a) and —R(0, a, 2a, 3a) is
equivalent to (Ao (a) = 2F and 0 < 3a € I(C)), or 3 < fc(a) < 7 or (fc(a) = 7 and 0 > 2a € 1(C)).
Assume that U(C') # {0}. If C ~ Z/2Z, then it has a 2-torsion element. If U(C) ~ Z/2Z and C # Z/2Z,
then I(C) # {0}, and there is a € C such that (c(a) = 7 and 0 > 2a € [(C)). If U(C) contains at
least three elements, then it contains an element in the interval [ , [, and there is a € C such that
(Oc(a )leandOSi%aEl(C)) or 2 < Oc(a) < .

Now, we let ¢ be a w-homomorphism from C' to C’. Note that o satisfies the following properties.

1) o(I(C)) CU(C"). Indeed, let a € I(C). If a € keryp, then p(a) = 0" € I(C’). Assume that a > 0
belongs to I(C)\ ker . Since kerp is a convex subgroup of I(C), we have a > kerp, and for every
positive integer k: ka ¢ ker . Therefore, for every positive integer n, the elements 0, ¢(a),. .., np(a)
are pairwise distinct. Since a belongs to the positive cone of I(C), it satisfies R(0, a,...,na). Now, ¢ is
a c-homomorphism, so this implies R(0/, ¢(a),...,np(a)), which proves that ¢(a) € I[(C").

2) For every a € C, we have 0¢c:(p(a)) = 0c(a). Indeed, it follows that ¢ induces an homomorphism
from U(C) = C/I(C) to U(C") = C"/I(C"). Since ker ¢ C I(C'), this homomorphism is one-to-one. Now,
one can check that it is a c-homomorphism. In particular, for every a € C, we have 0¢/(p(a)) = 0c(a).

Lemma 3.11. There exists a unique unital order-preserving homomorphism f from (G,u) to (G',u’)
such that f = .

Proof. 1) Let f; and fo be unital order-preserving homomorphisms from (G,u) to (G',u’) such that
fi = fa. By the definition of C = G/Zu, the restriction p to [0, u[ is one-to-one. The same holds with G’
and [0, u'[. Therefore, for every x € [0, u[ we have fi(x) = fa(x). Now, we have fi(u) =u' = fa(u). Let
y € G. We know that there is a unique k € Z such that y — ku € [0,u[. Then fi(y) = fi(y — ku) + kv’ =
fo(y — ku) 4+ ku' = fo(y). Consequently, we have f; = fo. This proves that every w-homomorphism from
C to C' is induced by at most one unital order-preserving homomorphism from (G, u) to (G',v’).

2) We denote by I the interval [I[(G),u+I(G)[:=(G)U{z € G |VY(y,2) € (G) xI(G) y < x < u+ z}.
We define the subset I’ of G’ in the same way. For x € I, we let f(z) be the element of I’ such
that p'(f(z)) = ¢(p(z)). For x € G, there exists a unique k € Z such that v — ku € I. We set
f(x) = f(z — ku) + ku' (see diagram below). In particular, f(0) = 0’ and f(u) = «'. Furthermore,
recall that p (resp. p') induces a one-to-one mapping from I(G) (resp. [(G')) onto I(C) (resp. I(C")).
Furthermore recall that, since ¢ is a w-homomorphism, for every a € C we have 0¢c/(¢(a)) = 0c(a). So

Oo (p(p(2))) = Oo(p(x)). Hence

flx) el(G) & ku'+ flx—ku) €l(G)
& k=0& f(z) € U(G)
& wel&p(f(x)elc)
& zvel&op(p(x)el(C U
& zel&lo(plplx)) =
< zel&bc(p(x)=0
< zxzel&p(x)el(C)
< zel(G).

3) We prove that f is a group homomorphism. It suffices to consider two elements x, y in I. We
already noticed that © +y € I < 0c(p(x)) + 0c(p(y)) < 2m. In the same way, for every 2/, y' in I’ we
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have ' +y' € I' & 0o/ (p/(2')) + 0 (0 (v')) < 2m. Tt follows:

r+yel & Oc(p())+0c(p(y)) <2

& bor(p(p())) + 0o (p(p(y))) < 27
& 0o (p'(f())) +0c(p'(f(y)) <27
& fle)+fly) el

The restriction of p’ to I’ is a one-to-one mapping onto C’. We denote by 7’ its inverse. Then the
restriction of f to I is equal to the restriction of 7/ o pop to I.

mclublon f G/ / mclumon
C=G/u —F—— ' = G’/Zu

l/

For o/, V' in C" we have 7/(a') + 7/(b') = 7/(a’ + V') if, and only if, 7/(a’) + 7/ (V') € I'. Otherwise, we
have 7/(a’) + 7' (V) = 7/(d' + V') + u'.
Let x, y in I such that  +y € I. Since p and ¢ are homomorphisms of groups, we have

fla+y)=7opoplx+y)=1(pop(x)+voply)=1("(f(x)+ o (f(¥)

Now, (¢ 0 p(x)) + (¢ 0 p(y)) = 7'(p'(f(2))) + 7'(p'(f(y))) = f(z) + f(y) belongs to I', because
x+y € I. Therefore, f(x +y) =7 opop(z)+ 1 opoply) = f(z)+ f(y).
Assume that z, y belong to I, and = +y ¢ I (which implies f(z)+ f(y) ¢ I'). Thenz+y—u € I, so
(

!

flz+y) = flz+y—u)+u =1 opop(zr+y—u)+u =7 opoplx+y)+u =71 (pop(x)+pop(y))+u
Now, 7/(¢ o p(z)) + 7' (v o p(y)) = f(z) + f(y) € I'. Hence
m'(pop(a) +7'(pop(y) =T (pop(@)+vo(y) +u =7(poplx+y)+u
Therefore, f(x +y) = f(x) + f(y).

4) To prove that f is order preserving, it is sufficient to show that for every > 0 in G we have
flx) > 0. If x> I, then f(z) >« > 0. If z € I\I(G), then f(z) € I'\I(G'), since 0 < O¢c(p(z)) =
Oc (p(p(x))) = 0 (0 (f(x))). Hence f(x) > 0. Now, assume that z € [(G). Saying that x > 0 is
equivalent to saying that R(p(0), p(z),2p(z)) holds. If z € ker f, then f(z) = 0'. Now, if f(z) # 0,
then since f(x) € I(G'), we have 0" # f(x) # 2f(x) # 0. Now, p’ is a one-to-one mapping from
IG') onto 1(C7). So () # ¢/ (f(x)) # 20/ (f(2) # #/(0). Therefore B (p/(0'), o (f(x)), 2 (f(2))) =
R'(p o p(0),p o p(x),2¢ 0 p(x)) holds, since ¢ is a c-homomorphism. This proves that f(z) > 0'.

5) It follows that f is a unital order-preserving homomorphism. Furthermore, by the definition of f
we have f = . O

/

So, Rieger’s Theorem 3.4 can be generalized to a functorial mapping.

Proposition 3.12. The wound-round mapping defines a full and faithful functor from the category of
unital linearly ordered groups, together with unital order-preserving group homomorphisms, to the category
of co-groups, together with w-homomorphisms. The unwound mapping defines a full and faithful functor
from the category of co-groups, together with w-homomorphisms, to the category of unital linearly ordered
groups, together with unital order-preserving group homomorphisms. The composites of these two functors
are equivalent to the identities of respective categories (where the structures are are considered up to
isomorphism,).

3.3.3. {-groups. If C' is the wound-round of an /-group, one can wonder if any two elements have a
minimum and a maximum with respect to some partial order. For this purpose, we restrict to the
elements that we call non-isolated.

Definition 3.13. Let C be a pco-group, and denote by A(C') the set whose elements are 0 and all the
elements x € C\{0} such that there exists y € C\{0} satisfying x <o y or y <o z. The elements of A(C)
are called the non-isolated elements.

Note that if C' is the wound-round of an ¢-group, then for every z, y in A(C'), we have the following:
o = Aoy exists (the infimum of 2 and y in (A(C), <o)),
e () is the smallest element,
e Vo y does not exist if, and only if, (—x) Ag (—y) = 0, and if this holds, then for every z € A(C):
x<gz=1Y Lo 2.
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Furthermore, for every x € A(C) there exists a unique g € G such that 0 < g < u and p(g) = =, where
C ~ G/Zu, with v > 0 a strong unit of G. Now, assume that © € C\A(C). Then we have 0 <¢ z, and
x is not comparable with any other element. Therefore for every y € C, x Ag y = 0, and z V¢ y does not
exist.

Let f be a c-homomorphism between wound-rounds of ¢-groups C' and C’. We say that f is an lc-
homomorphism if for every z, y in A(C) we have f(z Ao y) = f(x) Ao f(y).

The wound-round mapping is not a functor from the category of ¢-groups to the category of wound-
rounds of f-groups together with fc-homomorphisms. Indeed, let G be the f-group R x R, v = (1,1),
G' =R, v =1,and f : R xR — R be the natural projection onto the first component. Then,
f is an f-homomorphism, and f(u) = u/. Let z = (%,2) and y = (%,4). Let p (resp. p') be the
canonical epimorphism from G onto C = G/Zu (resp. from G’ onto C' = G'/Zu'). We sow that
p(z) ¢ A(C) and p(y) ¢ A(C). Indeed, let n be an integer. Then 0 < 1 4+ n < 1 < n =0, and
0<2+4+n<1<emne{-2 -1} Hence there is no n such that  + nu € [0,u[. This implies p(z) ¢ A(C).
In the same way, p(y) ¢ A(C). Therefore p(z) Ao p(y) = p(0). Now, f(z) € [0,[, f(y) € [0,u/]
and f(z) A f(y) = 1. It follows that p/(f(z)) Ao p'(f(y)) = p'(f(y)) # p'(0). Consequently, the c-
homomorphism f: C — C’ induced by f (see Proposition 3.9) is not an fc-homomorphism.

However, we have the following.

Proposition 3.14. Let (G,u) and (G',u’) be unital £-groups, f be a one-to-one unital £-homomorphism
from (G, u) to (G',u') and f be the c-homomorphism defined in the proof of Proposition 3.9. Then, f is
an Lc-homomorphism from C := G/Zu to C' := G' /7’ .

Proof. The notations are the same as those of Proposition 3.9.
First we let z € G, and we prove that p'(f(z)) € A(C’) & p(z) € A(C).
Recall that, since € G, we have that p(x) € A(C) & = € [0,u]. We saw in Lemmas 2.7 and 2.8

that there is a unique sequence z1,...,x, such that x = z1+ -+ x,, 11 = Au, x2 = (xr — 1) Au, and
so on. Since f is a unital -homomorphism, we have that f(z1) = f(z) A/, f(a2) = (f(x) — f(x1)) AW/,
and so on. Now, f is one-to-one, so, for 1 < i < n, f(x;) =0 < x; = 0. Hence f(x1),..., f(x,) is the

sequence associated to f(z) as in Lemmas 2.7 and 2.8. It follows that
p(z) € A(C) ez el0u[en=1x f(z) € 0,u[ p(f(x) € AC").

Let z, y in G,,. If  and y belong to [0, u[, then f(x) and f(y) belong to [0,u'[ and f(zAy) = f(z) A f(y).
Therefore

Flp(@) nop(y)) = flp(zAy)) = o' (f(xAy) = p' (f(@) A Fy) = 0/ (f (@) Mo o' (f(w) = Fp(x)) Ao f(p(y)

).
If z ¢ [0, u[, then p(x) Ao p(y) = 0. Now, we have proved that f(z) ¢ [0,u'[, hence p'(f(x))Aop'(f(y)) = 0.
The case where y ¢ [0, u[ is similar. O

4. FROM MV-ALGEBRAS TO WOUND-ROUNDS OF /-GROUPS.

The correspondence between MV-algebras and pco-groups is defined as follows.

Let A be an MV-algebra and (G 4,u4) be its Chang ¢-group.

We saw in Section 2 that Z: A+ (Ga,ua) is a full and faithful functor from the category of MV-
algebras to the category of unital ¢-groups, where (G4, u4) is the Chang ¢-group of A. Through misuse
of language, we say that it is one-to-one, since it induces a one-to-one mapping between the classes of
isomorphic structures.

Now, the wound-round functor ©: (G, u) — G/Zu defined in Proposition 3.9 is a functor from the cate-
gory of unital ¢-groups to the category of wound-rounds of ¢-groups, together with the c-homomorphisms.
Trivially, (G, u) — ©(G, u) is onto.

So, this gives rise to a functor ©Z from the category of MV-algebras to the category of wound-rounds
of ¢-groups, together with the c-homomorphisms. The mapping A — ©Z(A) is onto.

Now, we will prove that the mapping A — ©Z(A) is one-to-one, by defining the inverse mapping.
Then we will extend this inverse mapping to a larger class of pco-groups.

Note that ©Z gives rise to a full and faithful functor when restricted to MV-chains and co-groups.

4.1. The inverse mapping of OZ. Let A be an MV-algebra. We denote by C'(A) the wound-round of
t-group G 4/Zu 4, instead of OZ(A).

First, we show that we can define a structure of MV-algebra which is isomorphic to A, on the set
of non isolated elements of C'(A). Then, by means of the same rules, we define an MV-algebra in the
set of non-isolated elements of any wound-round of ¢-group. It follows that if C' is the wound-round of
an ¢-group, then we can construct a unital ¢-group (G, u) such that C ~ G/Zu. We start setting some
properties of the order <y on the set of non isolated elements of a wound-round.
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4.1.1. The subset of non-isolated elements of a pco-group. Recall that, in a pco-group C, the set A(C)
of non-isolated elements is the set whose elements are 0 and all the z € C\{0} such that there exists
y € C\{0} satisfying x <q y or y <o  (Definition 3.13).

Remarks 4.1. (1) Let C be a pco-group and x, y in A(C)\{0}. By Proposition 3.3 since x <oy =
y—x <g—=x, ifv <oy in A(C) and z =y — z, then z € A(C)\{0}. So there exists z in A(C)
such that y = x + z. We see that this is similar to condition (1) in Remark 2.6.
(2) If —x <gy, thenz +y <o .
(3) Assume that C and C' are pco-groups. It follows from Proposition 3.3 that they are c-isomorphic
if, and only if, there is a group isomorphism ¢ from C onto C' such that for every x, y in C:

z € A(C) & p(z) € A(C) & z <oy & o(z) <o #(y)-
Note that z € A(C) & —z € A(C). We can say that A(C) is symmetric.

Proposition 4.2. Let (G, u) be a unital partially ordered group, N = {x € ]0,u[ | Jy € |0,u[z <y ory <
x}, and C be the wound-round pco-group G/Zu. Then, (N, <) and (A(C)\{0}, <o) are isomorphic ordered
sets.

Proof. Tt follows from (1) of Proposition 3.5 that the restriction of p to [0, u[ is one-to-one. In particular,
its restriction to IV is one-to-one. If x € N, then there exists y € N suchthat 0 < z <y or 0 <y < z.
It follows that p(z) <o p(y) or p(y) <o p(z). In particular, p(z) € A(C), and p is an homomorphism of
ordered sets from N to A(C). Now, let © € G such that p(z) € A(C) and = ¢ Zu. Then, there exist
y € G and integers n, n’ such that 0 <z +nu <y+nu<wor 0 <y+n'u<z+nu<u Inany case
x4+ nu € N. Since p(z + nu) = p(zx), it follows that the restriction of p from N to A(C)\{0} is onto.
Consequently, p is an isomorphism of ordered sets between (N, <) and (A(C)\{0}). O

We have already seen that an MV-algebra A is order-isomorphic to the subset [0,u4] of its Chang
l-group (Ga,ua). We get a similar result in the case of wound-round of ¢-groups.

Corollary 4.3. Let (G,u) be a unital £-group, C = G/Zu and p be the canonical mapping from G onto
C. We assume that A(C) # {0}. We add an element 1 to A(C) and we set x <o 1 for every x € A(C).
Then the ordered sets ([0,u], <) and (A(C)U {1}, <o) are isomorphic.

Proof. By the definition of A(C) and of <y in C = G/Zu, if A(C') # {0}, then there is z, y in G such
that 0 <z <y <wor 0 <y <z < u. Hence, by Lemma 2.4, N =|0,u[. Therefore the result follows
from Proposition 4.2. O

4.1.2. Interpretability of A in ©Z(A). We denote by p the canonical epimorphism from G4 onto C(A),
where, for € Gy4, p(x) € C(A) is the class of x modulo Zus. Without loss of generality, we assume
that A C G4 and 1 = u 4, we denote by ¢ the restriction of p to [0, u4[.

Assume that the set A(C'(A)) of non-isolated elements of C'(A) is nontrivial. Since ¢ is an isomorphism
of ordered sets between ([0,u4[, <) and (C(A), <o), for every z, y in [0,ual, p(z Ay) = p(z) No ¢(y),
and if © Vy < ua, then o(x Vy) = p(z) Vo ©(y).

The set A(C(A)) is nontrivial if A # {0,1}, A # {0,1,2} and A # {0,1,z, 2}, for some = (Lemma
2.4). One can see that if A = {0,1}, then C(A) = {0}. If A = {0,1,z}, then C(4) ~ Z/2Z.

A ={0,1,2,-2} is not an MV-chain, then C(A) ~ Z/27Z x 7Z/27Z, and in any case A(C(A)) = {0}. If
A={0,1,z, -z} is an MV-chain, then C(A) ~ Z/4Z.
In the following, we assume that A # {0,1}, A # {0,1,z} and A # {0,1, 2, ~z}, for some x.

Note that for every z in ]0,u4[, we have that o(—z) = —¢(x) (since ~x = uyg — x). So we can set
—p(x) = —p(x). We add an element 1 to A(C(A)), and we set p(ug) = 1. We let =¢(0) = 1 and
-1 =¢(0). If z € [0, 1], we let p(x) <o 1.

We turn to the image of x @ y.

Proposition 4.4. Let x, y in [0,ua], we have that p(x & y) = p(z) Ao (—e(y)) + ©(y).

Proof. We know that @y = (z+y) Aua, hence x®y = x A(ug —y)+y. Assume that xA(ug—y)+y <1
and y # 0 (the case y = 0 being trivial). Hence

plr@y) = ¢@dy)
= p(xA(ua—y)+y)
= @@ A(ua—y))+ey)
= () No p(ua —y) + (y)
= (@) No (m¢(y)) + ¢(y).



14 G. LELOUP

IfaoA(ua—y)+y =uaie A(ug—y) =wuag—y, then ug —y < z and y # 0. It follows that
0 <o ¢(ua —y) = —¢(y) <o ¢(x) and

() No (=) +¢(y) = @) Ao (—p(y)) + ¢(y)
= as&(y)ﬂa(y)
= plua)
= plzdy)

O

Corollary 4.5. The MV-algebra A, in the language Lyry, is interpretable in the Lj,-structure A(C(A)).
In particular, if A and A" are MV-algebras such that A(C(A)) = A(C(A")), then A = A’. The same
holds with < instead of =.

Proof. For every z, y in A(C(A))U{1} weset -z = —zif0# 2z #1, -0=1,-1=0,andz Py =
N y+yifaANg—y+yF#0orx=y=0,and we set x y = 1 otherwise. The remainder of the proof
follows from Theorem 2.13. g

4.1.3. Construction of the inverse mapping of O=.

Notation 4.6. If C' is a pco-group, then we add an element 1 to A(C') and we set, for every x € A(C),
r<plandl+z=2+1==zx.

Let C = G/Zu be the wound-round of an ¢-group. Set =0 = 1, =1 = 0 and for z € A(C)\{0} set
-z = —z. For every z, y in A(C) U{1} set
x@y=xNo (—y)t+yifzng(—y)+y#0orz=y=0,and
x @y = 1 otherwise.

It follows from Proposition 4.4 that A(C') U {1} is an MV-algebra which is isomorphic to the MV-
algebra T'(G, u). By the uniqueness of the Chang ¢-group, (G, u) is isomorphic to the Chang ¢-group of
A(C)U{1}. It follows that C ~ ©Z(A(C)U{1}). So we defined the inverse mapping of OZ, which proves
that it is-one-to-one (with the same misuse of language as above).

4.1.4. The unwound construction. Recall that if (G, ) is a unital partially ordered group and C' ~ G/Zu,
then we say that (G, u) is the unwound of C if whenever a unital partially ordered group (G’,v’) satisfies
C ~ G JZv, then (G,u) ~ (G',u') (Definition 3.6). For example every co-group is an unwound, that one
can get by Rieger’s construction.

Turning to the wound-round C' of an ¢-group, we show that it has an unwound, which is obtained by
the Chang ¢-group construction.

Proposition 4.7. If C is the wound-round of an {-group and A(C) is nontrivial, then C is generated by
A(C).

Proof. Let (G,u) be a unital ¢-group such that C ~ G/Zu, and let € G. By properties of ¢-groups,
there exist x4 and z_ in the positive cone of G such that x = x4 + z_ (see, for example, [1]). Now, by
Lemma 2.7, this positive cone is generated by [0,u]. Therefore G is generated by [0,u]. Since A(C) is
nontrivial, by (2) of Lemma 2.4, for every = € [0,u] we have p(x) € A(C). Consequently, C is generated
by A(C). O

If C is the wound-round of an ¢-group and A(C) is nontrivial, then one can construct the MV-algebra
A = A(C) U {1} associated to C. We can also construct the Chang ¢-group G4 of A. So, it suffices to
prove that C ~ G4 /Zus and C ~ G'/Zu' = (G',u') ~ (G 4,u4). This is the aim of the next proposition.

Proposition 4.8. Let C' be the wound-round of an £-group. Then C has an unwound, which is the Chang
L-group of the MV-algebra A(C) U {1}.

Proof. Recall that the MV-algebra A(C) U {1} is first-order definable in C, by the following rules.
o For x € A(C)\{0} set -z = —z, -0=1, -1 = 0.
e Forevery x, y in A(CYU{1} 2@y =axNo(-y)+yifzAg(-y)+y#Oorz=y=0,andzdy =1
otherwise.
In particular, we can assume that & belongs to the language. Trivially, if C' is isomorphic to the wound-
round of the Chang ¢-group of the MV-algebra A(C) U {1}, then it is the wound-round of an ¢-group.
Assume that C = G/Zu, where (G,u) is a unital ¢-group. Let A be the MV-algebra A(C) U {1},
(Ga,ua) be the Chang ¢-group of A and C” be the pco-group G 4/Zu 4.
We know that A ~ I'(Ga,ua), and we already noticed that A ~ I'(G,u). By uniqueness of the
Chang {¢-group, it follows that there is a unital f-isomorphism between (G,u) and (Ga,u4). Hence the
pco-groups C' and C” are isomorphic, and (G4, u4) is the unwound of C. O

Note that the wound-rounds of ¢-groups are infinite, as show the next proposition.
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Proposition 4.9. If C is the wound-round of an £-group and is not a co-group, then it is infinite.

Proof. Let (G,u) be a unital ¢-group such that C' ~ G/Zu. If C is not linearly ordered, then G is not
linearly ordered. Hence there exist > 0 and y > 0 in G such that z £ y and y £ 2. So x Ay < z and
r Ay < y. By taking x — xz A y instead of x, and y — = A y instead of y, we can assume that x > 0 and
y > 0 and z Ay = 0. By properties of /-groups, for every positive integer n we have nz Ay = 0=z Any
(this follows for example from 1.2.24 on p. 22 of [1]). In particular, z and y are not strong units. It
follows that, for every n € N\{0}, nz % u, hence z, 2z, ... nz,... belong to different classes modulo Zu,
therefore G/Zu is infinite. O

4.2, MV-algebra associated to a pco-group. We extend above construction of an MV-algebra in the
set of non-isolated elements of the wound-round of an ¢-group to a larger class of pco-groups which we
define now. In [8], the lattice-cyclically-ordered groups are defined to be pco-groups such that <, defines
a structure of distributive lattice with first element. In the present paper we look at a larger class of
groups.

Definitions 4.10. Let C be a pco-group. We will say that A(C) defines canonically an MV-algebra if it
satisfies the following.

(1) (A(C)U{1},<p) is a distributive lattice.

(2) For every z, yin A(C), z+y=xNoy+ 2z Voy.

(3) For every z, y, z in A(C)\{0}, we have that

z—y=(xNo(=2)+2)No (—y) — (¥ No (—2) + 2) Ao ().
We will denote by AC the class of pco-groups C' such that A(C') defines canonically an MV-algebra.

Our main purpose in this subsection is to define an MV-algebra in any element of AC (Theorem 4.11),
and to prove that AC contains the wound-rounds of ¢-groups (Theorem 4.16). We will also prove that
if C € AC, then the subgroup generated by A(C) being the wound-round of an ¢-group depends on the
first-order theory of C' (Theorem 4.17).

Theorem 4.11. Let C € AC. Set =0 =1, -1 =0 and for x € A(C)\{0} set ~x = —x. For every x, y
in A(C)U {1} set

r@y=zNo(~y)+yifzio(-y)+y#0orz=y=0, and

x®y =1 otherwise.

Then A(C)U {1} is an MV algebra with natural partial order <q.

Corollary 4.12. Let C be a pco-group. If A(C) defines canonically an MV-algebra, then the MV-algebra
A(C)U {1} defined in Theorem 4.11 is interpretable in C' U {1}, where 1 is a new element.

Note that if A is an MV-algebra such that there exist < y in ]0, 1[, then the MV-algebra A(C'(A))U{1}
(together with the operations defined in Theorem 4.11) is isomorphic to A. Indeed, since ]0, 1[ contains
z < y, we deduce from Corollary 2.5 that A(C(A)) is nonempty. By Corollary 4.3, the canonical
epimorphism p from the Chang ¢-group (Ga,u4) of A induces an isomorphism ¢ between the lattices
[0, ua] and A(C(A)) U{1}. Now, for g, hin J0,ual, ¢(g) A (—¢(h)) + ¢(h) = ©(g) A p(ua — h) +@(h) =
©((g + h) ANua). Hence p(g) A (mp(h)) + ¢(h) = 0 if, and only if, either g + h > uy or g+ h = 0.
Consequently, by Proposition 4.4, ¢ is an isomorphism of MV-algebras.

The proof of Theorem 4.11 is based on the following three lemmas.

Lemma 4.13. Let C be a pco-group such that, for every x and y in A(C), x No y exists. Let x, y in
ACN{0}. If —y # x Ao (—y), theny <o x Ao (=y) +y. In particular, x Ao (—y) +y belongs to A(C).

Proof. Since —y # x Ao (—y), we have that = Ag (—y) <o —y. By hypothesis, this is equivalent to
y <o —(z Ao (—y)). By Proposition 3.3, this is also equivalent to —z Ag (—y) — y <o —y. By hypothesis,
this in turn is equivalent to y <¢  Ag (—y) + y. The last assertion follows easily. O

Lemma 4.14. Let C be a pco-group. Let x, y in A(C) such that the infinum z = x Aoy of x and y in
(A(C), <o) exists. Then x — z and y — z belong to A(C), the infimum (x — z) Ao (y — 2) exists and is
equal to 0.

Proof. If x <o y, then z = z, y — 2 = y — ¢ <¢ —z (Proposition 3.3). Hence y — z € A(C), and
(y—2) No (x — z) =x — z = 0. The same holds if y <g . Now, assume that nor z < y nor y <o x. We
have that z <o x, hence © — z <oy —z. In particular, x — z € A(C). Let t € C such that 0 <ot <p z — 2.
Then we have: R(0,t,x — z,—z). Hence R(z,t + z,2,0) holds. Therefore R(0,z,t + z,z) holds, i.e.
z <gt+z<gx. Inthe same way, 0 <gt <gy—2z= 2 <gt+2z <o y. Hence, since z = x Ag y, this yields
a contradiction. Consequently, there is no ¢t € A(C)\{0} such that t <oz — 2 & t <g y — 2. O
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Let C be a pco-group such that, for every z and y in A(C), x Ag y exists. Then, the supremum z Vo y
exists if, and only if, (—x) Ag (—y) # 0. If this holds, then z Vo y = —((—z) Ag (—y)). Otherwise, there
isno z € A(C) such that z <g z and y <g z. If the supremum of = and y does not exist, then we will set
xVoy =1. So (A(C) U {1}, <p) is a lattice with smallest element 0 and greatest element 1.

Lemma 4.15. Let C € AC. Then, for every z, y in A(C)U{1}: 2@y =1 < (—y <o z & (z,y) # (0,0)).
In particular: —z & x = 1.

Proof. We have that x Ag ~y +y = 0 if, and only if, —y =2z Ag (—y). Soz N~y +y=0< —y <gz. In
particular, s @y =1 < (—y <o « and (x,y) # (0,0)). O

Proof of Theorem 4.11. Note that if 2 Vo y does not exist in A(C), then = Vo y = 1. By Lemma 4.13,
if x and y belong to A(C)\{0} and @y # 1, then zdy =z Ao~y +y € A(C). Let z, y in A(C)U{1}.
Ify=0,thenx®dy=a2Ngl4+0=2. Ifx=0,thenz®y=04+y=y. fy=0,thenaxdy=2+0==x.
Ify=1,then x A\g0+1=0,hencex py=1. f =1, then IN-y+y=-y+y=0. Hence x dy = 1.
It follows that in any case z @y € A(C) U {1}.

We have to prove that @ and — satisfy the axioms of Definition 2.1.

MV4) Trivially, for every z € A(C)U{1}: -—x = z.
MV3) and MV5) have already been proved (i.e. z ®0 =z, & -0 = —0).

MV2) (x@y = y®x) The case where x € {0,1} or y € {0,1} follows from above calculations. Assume
that « and y belong to A(C)\{0}. By Lemma 4.15, 2 @y =1 —y <pzx & -z <gy < ydz = 1.
Otherwise, z &y —y @ =z No (=y) +y — (y Ao (=) +7) = x Ao (=y) = (y Ao (=) = (z —y) =
x Mo (—y) + (—y) Vox — (x —y) = 0, by 2) of Definition 4.10.

MV6) (~(-zdy)®dy = —(-y®x) ® x) Trivially, we can assume that x # y. Since  Voy =y Vo z, it
is sufficient to prove that for all z, y in A(C') U {1} we have that =(-2 D y) By =z Vo y.

If y=0, then 7(—2 @ y) Py =—-(-axdy) =—(-x)=x=xVoy. If x =0, then ~(—zPy) By
-“loy)doy=-10y=00y=y=xVoy.

Ify=1,then ~(-z®y) @y =-(2dy)®l=1=zVey. Ifxz=1andye AC)\{0}, then
“(r@y)Dy=-ydy=1l=xVoy.

If  <g y, then, by Lemma 4.15, ~a @y =1, and ~(-z®y) Dy=0dy =y =z Vo y.

Otherwise, we have that -z @y = (—z) Ao (—y) +y # 0, and

“(hzdy) @y =(—((—2) Mo (—y) +y)By=(Voy—y) @y = (xVoy —y) Ao (—y) + .
Since y <¢ x Vo y, we have that x Voy —y <o —y (by Proposition 3.3). Hence (x Voy —y) Ao (—y) +y =
TVoY—yY+y=2xVoy.

MV1) (@ (y®z) = (x®y) ® z). This is trivial if z, y or z belongs to {0,1}. We assume that z, y,
z belong to A(C)\{0}. Assume that + @y = 1. Then, (x ®y) & z = 1. By Lemma 4.15, we have that
—y<pz. fy®z=1,then (zDy)®z=1=2@ (y® z). We assume that y ® z # 1. By Lemma 4.13,
Yy <oy ® z Hence —(y ® z) <g —y <o x. Therefore, z N (—(y@2))+ (yD2)=—(y®2)+ (ydz) =0.
It follows that (z®y)®z=1=z2® (y® 2).

Assume that @y # 1 # y ® z, so we have that —y Lo z and —y £g 2. Therefore:

(oY) ®z-2®(yD2) (roy)®2z—-(20y) O

= (@No (=) +y) Mo (=2) + 2z~ (2o (=) +9) No (—z) — =

(@ Mo (=y) + ) Mo (—=2) = (2 Ao (=y) +¥) No (=) — (& — 2).

Now, it follows from 3) of Definition 4.10 that (x y) Bz —z® (y ® z) = 0. O

A pco-group needs not define canonically an MV-algebra, as shows the following example. Let n
and ng be integers, greater than 4, C be the co-group Z/niZ and Cs be the co-group Z/nsZ. C; and
C5 define MV-algebras. We can define a pco-group Cy x Cy by setting R((x1, z2), (y1,92), (21,22)) <
R(x1,y1,21) & R(x2,y2,22). Then

A(Cy x C3) = C1 x Co \ [((Z/m1Z) x {0}) U ({0} x (Z/n2Z)) U {(ny — 1,1),(1,ne — 1)}].
Now, —(3,1) = (n1 — 3,n1 — 1) and (1,3) belong to A(C; x Cs), (3,1) %o (1,3), (1,3) £o (3,1), but

(1,3) = (3,1) = (n1 — 2,2) € A(Cy x C3). Hence the rule z € A(C),y € A(C) = (z+y € A(C) & x <y
—y or —y <p ) does not hold. Consequently C; x Cy does not define canonically an MV-algebra.

We can define another partial cyclic order on C; x Cy by setting (z1,22) <o (y1,%2) < (21 <p
y1 & x2 <g y2). In this case A(Cy x C3) = Cy x Oy, and we conclude in the same way that C; x Cs does

not define canonically an MV-algebra.
Now, Theorem 4.16 proves that the pco-group (Z x Z)/Z(n1,n3) defines canonically an MV-algebra.

Theorem 4.16. Let C be the wound-round of an £-group. Then C € AC.
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Proof. We have to prove that C satisfies conditions (1), (2), (3) of Definition 4.10.

Recall that we saw after Definition 3.13 that if C is the wound-round of an ¢-group, then for every x,
y in A(C), x Ag y exists. Furthermore, x V¢ y does not exist if, and only if, (—z) A (—y) = 0, and if this
holds, then for every z € A(C): = <¢ z = y Lo 2.

(1) Let (G, u) be a unital f-group such that C' ~ G/Zu and p be the natural mapping from G onto C.
By Lemma 3.7 the restriction of p is a one-to-one mapping from G, = {g € G |0 < g & g # 0} onto C.
We saw in Proposition 4.2 that A(C') can be identified with a subset of [0, u[. Let g, h in [0, u[ such that
p(g) € A(C) and p(h) € A(C). We have that g < h < p(g) <o p(h). It follows that p(g A h) € A(C),
p(g Nh) = p(g) No p(h), and if g V h # u, then p(g vV h) € A(C), p(g V h) = p(g) Vo p(h). By setting
p(u) =1, we have that gVh = u < p(g) Vo p(h) = 1, hence A(C)U{1} embeds into a sublattice of [0, u],
so it is a distributive lattice, with smallest element 0 and greatest element 1. Note that by Corollary 4.3,
it A(C') # {0}, then A(C) U {1} is isomorphic to the lattice [0, u].

(2) Let @, y in A(C), and g, h be the elements of [0, u[ such that p(g) = z and p(h) = y. Since G is an
{-group, we have that g+ h=gAh+gVh, with0<gAh<wuand 0<gVh<wu Wesaw in Corollary
4.3 that p induces an isomorphism of ordered sets between [0,u] and A(C). Hence p(g A h) = x Ao ¥,
and if gV h <wu, then p(gVh)=xVoy. f g+h € Gy, then gAh+ gV h € G,. Hence gV h < u and
r+y=plg+h)=plghh+gVh)=p(ghh)+plgVh) =xNoy+xVoy. Assume that g+ h ¢ G,
then g+ h —u € G,. If gV h < u, then we have that

z+y = plg)+p(h)
p(g+h—u)
= p(gANh+gVh—u)
p(g Ah)+p(gV h)
= xTNoy+xTVoy.
If gV h=u, then 2 Voy =1. Hence z Aoy + x Vo y = x Ag y (see Notation 4.6). Then:

r+y = plg) +p(h)
= plg+h—u)

p
=
= TNoYy.
(3) Let z, y, z in A(C)\{0} and g, h, k in ]0,u[ such that p(g) = =, p(h) =y and p(k) =
(@ No (=2) +2) Mo (=y) = (¥ Ao (—2) + 2) Ao (—2) =
(p(g) Mo p(u— k) + p(k)) Ao p(u—h) = (p(h) Ao p(u — k) + p(k)) Ao p(u — g) =
(p(g A (u—k)) + p(k)) Ao p(u = h) = (p((h) A (u— k) 4 p(k)) Ao p(u — g) =
p(g A (u—k)+ k) Ao p(u—h) —p(h A(u—k)+Ek) Ao p(u— g).
gAN(u—k)<u—k, hence gN (u—k)+k <u—k+k=u, hence p(g A (u—k)+ k) € A(C), and in the
same way p(h A (u—k)+ k) € A(C), so
(@ No (=2) +2) Ao (=) = (y Ao (—2) +2) Ao (=) =
p((g A (u—=k)+E)A(u—"h))=p((hA(u—Fk)+k)A(u—yg) =
pg+ k) Aun (uw—h) —p((h+k) Aun (u—g)) =
p(g+k)A(u—h)=(h+k)A(u=g)=p((g+k+h)Au—h—(h+k+g)Nu+g)=
p(g—h) =p(g) — p(h) =z —y.

\_/\_/

O

One can wonder if being the wound-round of an /-group can be characterized by first-order sentences.
We will see that this holds if the pco-group C is generated by A(C'). This characterization relies on good
sequences.

If C is a pco-group, then we denote by (A(C)) the subgroup of C' generated by A(C).

Theorem 4.17. Let C' € AC. The group (A(C)) being the wound-round of an {-group is expressible by
countably many first-order formulas of the language L..

Proof. Assume that (A(C)) = G/Zu, where (G,u) is a unital {-group. Let A be the MV-algebra A(C) U
{1}, (Ga,ua) be the Chang ¢-group of A. By Proposition 2.11, every element x of the positive cone of
G 4 is a sum of elements 1, ..., x, of A satisfying the conditions of Lemmas 2.7 and 2.8, where x < nu.
Furthermore, if x ;é w4, then the z;’s are different from u 4. Let call the sequence (z1,...,2,,0,...) the
good sequence associated to x. By Lemma 3.7, the canonical epimorphism p : G4 — G4/Zu, induces
a one-to-one mapping between G, = {z € Ga | 2 > 0 & z # ua} and (A(C)). It follows that every
element x of (A(C)) can be represented by a unique good sequence of elements of A(C). Furthermore,
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by Lemma 2.7, if x is a sum of n elements of A(C'), then the good sequence associated to = contains at
most n elements different from 0. So C' satisfies the following family of first-order formulas. For every
n € N\{0},

V(@1,... @) € A(C)" (Y1, yn) € AC)" /\ (Yi+1 No —¥i =0& y; = 0= y; 41 =0)

1<i<n

&I1+"'+$n:y1+"'+yn& (V(zl,...,zn) GA(C)TL /\ (Zi+1/\0721' :O&Zi:O:>Zi+1 :O)
1<i<n
w14+ Faxp=21++2) 21 =Y, 20 = Yn
Every element x of the positive cone of G4 is equivalent modulo Zuy to an element 2’ of G, ,, and the
good sequence associated to x’ is obtained by dropping the u4’s from the good sequence associated to x.
Hence so is the good sequence associated to p(z). Now, if z and y belong to G, ,, then the good sequence
associated to z = x + y is obtained by the rules z; = z; ® (2,1 O Y1) ® -+ D (21 O Yyi—1) ® y;. The good
sequence associated to p(z) is obtained by dropping the u4’s from the good sequence associated to z.
Therefore, C' satisfies the following family of first-order formulas. For every n € N\{0},

V(@1,. . mn) € A(C)" Y(y1, ..., yn) € A(C)" V(z1,...,20) € A(C)" /\ (Tiv1 No—zi =0

1<i<n
Eri=0=w0=0& N Winro—v=0&y=0=y1=0& N (zis1/0-2=0
1<i<n 1<i<n
&Zi=0=>zi+1=0)&m1+---+xn+y1+-~+yn=21+-~-+zn:> U

1<ip<n

U (i ®(@ic10y) @B (@1 OYi—1) Pyi = 1) & xijy B (Tig—1 O Y1) B - B (21 O Yig—1) B iy # 1

1<i<ig
& U 2 =20 (X1 0y1) @@ (11 Oyi1) Dy
i0<i<n

Conversely, assume that C' € AC and that C satisfies above families of formulas (recall that C' € AC is
expressible by countably many first-order formulas). We prove that (A(C)) is isomorphic to the wound-
round of G 4 /Zu 4, where A is the MV-algebra A(C)U{1}. The group operation on (A(C)) is determined
by A(C) and by above formulas, which are also satisfied by the group C/ = G4 /Zuy. It follows that
the groups (A(C)) and C’ are isomorphic. Furthermore, the ordered sets [0,u] and (A(C) U {1}, <o)
are isomorphic. By Corollary 4.3 they are isomorphic to (A(C") U {1}, <g). By Remarks 4.1, the pco-
groups C’ and (A(C)) are isomorphic. This proves that (A(C)) being the wound-round of an ¢-group is
expressible by countably many first-order formulas. O

5. CASE OF MV-CHAINS.

Here we focus on the correspondence between MV-chains and co-groups.

We first give a direct description of the restriction of the functor ©= to the class of MV-chains. Then,
we show that this correspondence preserves elementary equivalence. Thanks to this transfer principle,
we deduce, in the case of MV-chains, similar results to those of co-groups proved in [12].

5.1. Direct description of the functor ©=. We proved in Proposition 3.12 that © induces a functorial
one-to-one correspondence between co-groups and unital linearly ordered groups.

We saw the description of the wound-round G/Zu of a unital linearly ordered group (G, u) before
Rieger’s Theorem 3.4. Now, given a co-group C, the linearly ordered group ww(C) is the set Z x C
together with the following order and operation. The linear order < is the lexicographic order of (Z, <
) x (C,<0), uc = (1,0) and (m,z) + (n,y) = (m+n,z +y) if £ = y = 0 or ming(z,y) <o = + y, and
(m,z) 4+ (n,y) = (m+n+ 1,2 + y) otherwise (see [5]).

Now, we turn to =. The one-to-one correspondence between unital linearly ordered groups and MV-
chains is the following. A unital linearly ordered group (G, u) is associated to the MV-chain I'(G,u) =
[0,u] (see [2, Lemma 6]). Conversely, an MV-chain A is associated to its Chang ¢-group G 4.

The construction of the Chang ¢-group of (A(C)U{1},1), in the linearly ordered case, is similar to the
construction of the unwound of a co-group. Indeed, let A be an MV-chain. By [2, Lemmas 5 and 6], G4
is isomorphic to Z x (A\{1}) lexicographically ordered and with the rules: (m,z)+ (n,y) = (m+n,zdy)
ifrdy<1land (m,x)+ (n,y) = (m+n+1,206y) otherwise.

Furthermore, this correspondence is a functorial one (see Section 2).

The functor ©Z induces a functorial one-to-one correspondence between MV-chains and co-groups. If
A is an MV-chain, then C(A) = G4/Zu, is a co-group. Note that if C' is a co-group with at least three
elements, then A(C) = C. Tt follows that if C contains at least three elements, then the unital linearly
ordered group (uw(C), u¢) is isomorphic to the Chang ¢-group of (A(C) U {1},1).
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By the comments above, in the linearly ordered case, we can give a direct description of the functor
OZ and the description of its inverse is simpler than in Theorem 4.11.

Before going into details, let us note the following fact.

If p is the natural mapping from ww(C) onto C' ~ uw(C)/Zuc, then for g, h in [0, uc|[ we have that
p(g) <o p(h) & g < h,and if g < h # 0, then g < g+ h < g+ uc. So, p(g+ h) = p(g) + p(h) if,
and only if, g + h < wue, which in turn is equivalent to: p(g) <o p(g) + p(h). Otherwise, we have that
p(g) + p(h) = p(g + h — uc).

Proposition 5.1. Let A be an MV-chain.
(1) In the MV-chain A, the set C(A) is interpreted by A\{1}, the cyclic order is given by R(z,y, z) <
r<y<zory<z<axorz<az<y, the addition is given byx+y=zdy ifr ©y =0 and
T +y=1xQOy otherwise.
(2) In C(A) U {1}, the set A is interpreted by C(A) U {1}, —x is interpreted by —z if © ¢ {0,1},
=0=1 and -1 = 0. @ is interpreted by Ldx =1 and forz,y in C(A) ady=z+y ifx+y #0
and ming(z,y) <oz +y, 2 By=1ifx #£0#y and x +y <o ming(z,y), and 0 H 0 = 0.

Proof. (1) We saw in Section 2 that in G4 s @y = (z+y)Al,and 2@y = (x +y — 1) V0. Since
G 4 is linearly ordered, x ® y = min(z + y,1), and 2 ® y = max(z + y,1) — 1. Let z € [0, 1] such that
r+y—z2€Z-1,thenz=x+yifx+y <1and z=x+y — 1 otherwise.

(2) We saw that if g, h are the elements of [0, uc[C uw(C) such that p(g) = = and p(h) = y, then
g+ h <uc e ming(z,y) <o x + y. O

5.2. Transfer principles of elementary equivalence. We prove that the correspondence between
MV-chains and co-groups in Proposition 5.1 also preserves elementary equivalence.

Proposition 5.2. Let A be an MV-chain.
e The co-group C(A), in the language L., is interpretable in the Ly -structure A.
e The Ly -structure A is interpretable in the L. structure C(A) U {1}.
o If A and A’ are MV-chains, then:
A=A s CAu{1}=CA)U{1} & C(A) =C(4), and
A< A e CAU{1}<CAYU{1} & C(A) < C(A).

Proof. The first two items have been proved in Proposition 5.1.

It follows from Theorem 2.13 that A = A’ = C(4) = C(A’) and C(A)U{1} =C(A)u{1l} = A= A"
Now we see that C(A) = C(4') = C(A)U{1} = C(A") U{1}. The last proposition can be proved in the
same way. O

Proposition 5.3. Let A and (A;);en {0y be MV-chains, U be an ultrafilter on N\{0} and ITA; be the
ultraproduct of (As)iem\foy- Then A =T114; & C(A) =TIC(4;).

Proof. Let ® be an L sy -sentence and @, be the corresponding L.-sentence. Then: A = @ < C(A) = 2.,
and for every i in N\{0}, 4; E ® & C(A;) E ®.. Hence {i € N\{0} | 4; F @} € U & {i € N\{0} |
C(4;) E ®.} € U. The equivalence follows. O

We saw in Subsection 3.2 that if (G,u) and (G’,u’) are unital linearly ordered groups, then we have
(G,u) = (G'W) e G/Zu =G /Zu and (G,u) < (G',v') < G/Zu < G'/Zv'. In the same way we have
a transfer principle of elementary equivalence between the MV-chains and their Chang ¢-groups.

We consider the language Loyv = (0,4, —, <,®, ). The L,-structure Z will be seen as an Lopsv-
structure where r by =z < rx=y=z2=0and -t =y & x =y =0. If A is an MV-chain, then it will
be seen as an L,y y-structure, where c+y=z<zrc=y=z=0andr—y=z2x=y=2=0.

Proposition 5.4. Let A be an MV-chain.
o The Ly -structure A is interpretable in the Liozy-structure (Ga, Zua) (resp. in the Lig,-structure

(Ga,ua)).
o The Loz, -structure (G a,Zua) (resp. the Ligy,-structure (G a,ua)) is interpretable in the Lopy -
structure 7 x A.
o If A and A’ are MV-chains, then:
(Ga,Zup) = (GaryZup) S ZxA=ZLx A= A=A, and
(GA,’LLA) = (GA/,UA/) SIXA=ZxA = A=A
The same holds with < instead of =.

Proof. In (G4,Zua) (resp. in (Ga,u4a)), 1 is the smallest positive element of Zu (resp. 1 = u), the set A
is interpreted by {t € G4 |0 <z <wua}, @y = min(z + y,ua), "¢ = uyg — .

InZ x A, G4 is interpreted by Z x (A\{u}), Zu is interpreted by Z x {0} (resp. v = (1,0)). The order
relation is the lexicographic order: (m,z) < (n,y) < m < n or (m =n and = < y). The sum is defined
by (m,x)+ (n,y) = (m+n,z&y)ifzrPy <1,and (m,z)+ (n,y) =(m+n+1lLz0y) ifzpy=1.
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It follows from Theorem 2.13) that (Ga, Zua) = (Gar, Zua ) = A= A", (Ga,up) = (Garyua) = A=
A ZXA=ZxA = (Ga,Zup) = (Gar,Zua ) and Zx A=Z x A = (Ga,uas) = (Gar,uar) (the same
holds with <). Now, we deduce from Theorem 2.12 that in the language Lopv: A=A’ = ZxA=7ZxA".
Now, clearly, if A= A’ in Lysv, then A= A’ in L,pv (the same holds with <). O

5.3. MV-chains elementarily equivalent to archimedean ones. We deduce from [12] similar results
in the case of MV-chains. In particular we characterize pseudofinite and pseudo-hyperarchimedean MV-
chains.

First we list some results about co-groups, starting with definitions. Next, turning to MV-chains,
we also review some definitions. Then we will deduce characterizations of those MV-algebras which are
elementarily equivalent to archimedean ones.

Let C be a co-group.

(1) C is said to be c-archimedean if for every x and y in C'\{0} there exists an integer n > 0 such that
R(0,nz,y) does not hold. Note that R(0,nz,y) is equivalent to y <g nz, since (C, <) is linearly
ordered. So one can say that C' is c-archimedean if the ordered set (C, <) is archimedean.

(2) C is said to be discrete if there is e¢ € C\{0} such that for every x € C\{0,e¢} we have
R(0,ec,z). In the same way as above C being discrete is equivalent to the ordered set (C, <q)
being discretely ordered.

(3) C is said to be dense if it is not discrete.

(4) C is said to be c-regular if for every integer n > 2 and every 0 <g x1 <g -+ <g &, in C there
exists x € C such that 1 <o nx <o x, and & <¢ 2x <g --- <¢ (n —1)x <o nx. This is equivalent
to saying that its unwound is a regular linearly ordered group, that is, for every n > 2 and every
0<z <+ <ax,in uw(C) there exists € uw(C) such that 1 < nx < z,,.

(5) C is said to be pseudo-c-archimedean if C belongs to the elementary class generated by the
c-archimedean co-groups.

(6) C is said to be pseudofinite if C belongs to the elementary class generated by the finite co-groups.

One can prove that C' is c-archimedean if, and only if, its unwound is archimedean, and C is discrete
if, and only if, its unwound is a discrete linearly-ordered group (that is, it contains a smallest positive
element). Furthermore, C is dense if, and only if, its unwound is densely ordered, that is, for every x <y
in ww(C') there exists z € uw(C') such that z < z < y.

Now we state some main results of [12].

In the next theorem, the prime invariants of Zakon of an abelian group B are define as follows. If p
is a prime, then we define the p-th prime invariant of Zakon of B, denoted by [p] B, to be the maximum
number of p-incongruent elements in B. In the infinite case, we set [p]|B = oo, without distinguishing
between infinities of different cardinalities (see [17]).

Theorem 5.5 ([12] Theorem 1.9 and Lemma 4.16). (1) A dense co-group is pseudo-c-archimedean
if, and only if, it is c-reqular. If this holds, then it is elementarily equivalent to some c-
archimedean dense co-group.

(2) Any two dense c-regular co-groups are elementarily equivalent if, and only if, their torsion sub-
groups are isomorphic and they have the same family of prime invariants of Zakon. This in turn
is equivalent to: their torsion subgroups are isomorphic and their unwounds have the same family
of prime invariants of Zakon.

In the theorem below, if C is a discrete co-group, then for a prime p, integers n € N\{0} and k €
{0,...,p" — 1}, we denote by Dyn j, the formula: 3z, R(0,z,2x,...,(p" — 1)x) & p"z = kec. Here, ec
is the smallest positive element of C. Since it is definable, we can assume that it lies in the language.

Theorem 5.6 ([12] Theorems 1.11, 4.33 and 4.42). (1) Any two non-c-archimedean c-reqular dis-
crete co-groups are elementarily equivalent if, and only if, they satisfy the same formulas Dpn .
(2) A co-group is pseudofinite if, and only if, it is discrete and c-regular.
(3) Let U be a non-principal ultrafilter on N\{0}, C' be the ultraproduct of the co-groups Z/nZ, p be
a prime, n € N\{0} and k € {0,...,p" —1}. Then C satisfies the formula Dyn j, if, and only if,
the set p"N\{0} — k := {p"j — k | 7 € N\{0}} belongs to U.

We turn to the MV-chains. We start with definitions (see [3, Chapter 6]).

(1) In an ordered set, by an atom we mean an element x such that © > 0 and whenever y < x then
either y = 0 or y = x ([3, Definitions 6.4.2 and 6.7.1]).

(2) An f-group is hyperarchimedean if for every positive z and y there exists n € N\{0} such that
nr Ay = (n+ 1)z Ay (see [1, Theorem 14.1.2]).

(3) An MV-algebra is atomic if for each x # 0 there is an atom y with y < x. Tt is atomless if no
element is an atom ([3, Definition 6.7.1]).
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(4) An element z of an MV-algebra is archimedean if there exists n € N\{0} such that -z Vn.x = 1.
This is equivalent to saying that there exists n € N such that n.z = (n + 1).z ([3, Corollary
6.2.4]).

(5) An MV-algebra is hyperarchimedean if all its elements are archimedean ([3, Definition 6.3.1]).

(6) An MV-algebra is simple if it embeds in the interval [0, 1] of R ([3, Theorem 3.5.1]).

Note that if an MV-chain A is atomic, then it contains only one atom, and the underlying ordered set is
discretely ordered. If it is atomless, then the underlying ordered set is densely ordered.

Saying that an MV-chain is hyperarchimedean is equivalent to saying that it is simple.

Recall the notations, for x in an MV-algebra, 2.2 = @ z, 22 = 2 ®  and so on.

Definitions 5.7. Let A be an MV-chain.

(1) We say that A is regular if for every integer n > 2 and every 0 < 1 < -+ < z, in A there exists
x € Asuch that 73 <nzx <z,,and 0<zr <22 <---<(n-—1).x < n.z.

(2) We say that A is pseudo-simple if A belongs to the elementary class generated by the simple
MV-chains.

(3) We say that A is pseudofinite if A belongs to the elementary class generated by the finite MV-
chains.

Let A be an MV-chain, it is easy to see that A is regular if, and only if, C'(A) is c-regular. Since the
unwound of C(A) is isomorphic to the Chang ¢-group G4 of A, this is equivalent to saying that G4 is
regular. One can also see that A is atomic if, and only if, C'(A) is discrete. Moreover, A is simple if, and
only if, G4 is archimedean. Note that a linearly ordered group is hyperarchimedean if, and only if, it is
archimedean.

In the MV-chain A(C), the formula R(0,z,2z,...,(p" — 1)) can be reformulated as 0 < z < 2.2 <

- < (p" — 1).z, (which is equivalent to # # 0 and 0 = 22 = --- = 2P"~!, since 22 = 0 & 2.2 < 1)
hence we can define formulas Dy~ j, in MV-chains in the following way. If A is an atomic and not simple
MV-chain, then the atom €4 of A is definable (it is the smallest positive element). We can assume that
it lies in the language. For a prime p, for n € N\{0} and k € {0,...,p" — 1}, we denote by Dpn j the
formula: 3z, 0 <z <2z <--- < (p" —1).x) Ap™.x =k.ca.

In the same way, the torsion subgroup has an analogue in MV-chains. Let x be an element of an
MV-chain. We will say that = is a torsion element if there exists n € N\{0}, such that n.z = 1 and
z" = 0.

One can see that x € A\{1} is a torsion element in the MV-chain A if, and only if, it is a torsion
element in the group C'(A).

Now, thanks to Proposition 5.3, Theorems 5.5 and 5.6 can be expressed in terms of MV-chains.

Theorem 5.8. (1) Any atomless regular MV-chain is elementarily equivalent to some simple atom-
less MV-chain.
(2) Any two atomless reqular MV-chains are elementarily equivalent if, and only if, their subchain
of torsion elements are isomorphic and their Chang {-groups have the same family of prime
invariants of Zakon.

In particular, an atomless MV-chain is pseudo-simple if, and only if, it is regular.

Theorem 5.9. (1) Any two infinite atomic reqular MV-chains are elementarily equivalent if, and
only if, they satisfy the same formulas Dpn .
(2) An infinite MV-chain is pseudofinite if, and only if, it is atomic and regular.
(3) Let U be a non principal ultrafilter on N\{0}, A be the ultraproduct of the MV-chains [0,n], p be
a prime, n € N\{0} and k € {0,...,p" —1}. Then A satisfies the formula Dpyn j, if, and only if,
p"N\{0} -k e U.

6. NON-LINEARLY ORDERED CASE.

Let A be a finite MV-algebra. By [3, Proposition 3.6.5], A is isomorphic to a product of finite MV-
chains and its Chang ¢-group G 4 is isomorphic to some Z X - - - X Z. Now, an ultraproduct of MV-chains
need not be a product of a finite number of MV-chains. Hence we will focus on the MV-algebras which
are isomorphic to a product of n MV-chains, where n € N\{0}.

We will say that an MV-algebra is n-pseudofinite if it is elementarily equivalent to some ultraproduct
of a family of finite MV-algebras which are isomorphic to products of n MV-chains.

In the case of hyperarchimedean MV-algebras, we will make a similar restriction. If an MV-algebras
A is isomorphic to a product of n MV-chains [0, 14],...,[0,1,], then saying that A is hyperarchimedean
is equivalent to saying that each of [0,14],...,[0, 1,] is simple. Recall that simple and hyperarchimedean
MV-algebras have been defined and characterized before Definitions 5.7. We will say that an MV-
algebra is n-pseudo-hyperarchimedean if it is elementarily equivalent to some ultraproduct of a family of
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hyperarchimedean MV-algebras which are isomorphic to products of n simple MV-algebras.

By [3, Corollary 6.5.6], being hyperarchimedean is equivalent to being a boolean product of simple
MV-algebras. One can prove that if an hyperarchimedean MV-algebra is isomorphic to a finite product
of simple MV-algebras, then every sub-MV-algebra is projectable, hyperarchimedean and is isomorphic
to a finite product of simple MV-algebras.

Our goal is to get characterizations of n-pseudofinite and n-pseudo-hyperarchimedean MV-algebras,
and to give necessary and sufficient conditions for two such MV algebras being elementarily equivalent.

Let us list some properties of abelian ¢-groups (see [1]).
We let G be an £-group. We know that, for every z € G, there exists a unique pair z1, x_ of elements
of the positive cone of G such that x = x4 +x_ and x4 Axz_ =0. We let |z| ;= x4y +z_.

e Two elements z, y of G are said to be orthogonal if |z| A Jy| = 0. This is equivalent to: =4 Ay =
Tr ANy— =x_ ANy =x_ ANy_ = 0. A subset A of G is said to be orthogonal if its elements are
pairwise orthogonal. Every orthogonal subset is contained in a maximal orthogonal subset.

e If A C G, then the polar of A is the set AL :={y € G |Vz € A, |z| Aly| = 0}; if A= {z}, then
we let o+ := {z}+. The set A1 is called a bipolar. Every polar of G is a convex f-subgroup of
G. A polar At is said to be principal if AL = 211 for some x € G (see [1, Chapter 3]).

e An element z of G is said to be basic if 1 is a linearly ordered group, which is equivalent to
saying that the set [0, z] is linearly ordered. If z and y are basic elements, then either z < y or
y<zorxzAy=0.IfzAy>0, then - = y*, hence zt+ = y*+ (see [1, pp. 133-135]).

e The group G is said to be projectable if, for every z € G, G is the direct sum of x* and z++. Note
that being projectable is a first-order property. Indeed, let ,  in G. Theny € 2+ < 2 Ay =0,
andy € 2ttt ©Vz (A2 =0=yAz=0). Hence y € x* and y € x are first-order properties.

We will not characterize pseudofinite MV-algebras. However we can review basic properties that they sat-
isfy. Since an MV-algebra embeds in the positive cone of its Chang ¢-group, we have for every a: |a| = a.
Hence we can define orthogonal elements and polars in the following way. Let A be an MV-algebra. Two
elements a, b are orthogonal if aAb = 0. The polar of a subset B of Ais BX ={a € A| Vb€ BaAb=0}.
The MV-algebra A is said to be projectable if, for every a, b in A, b can be written in a unique way as
b =10y ® by, with b; € a* and by € at+.

One can also prove that an MV-algebra is projectable if, and only if, its Chang ¢-group is projectable.

Now, every finite MV-algebra is projectable, and every minimal principal polar is discrete. Conse-
quently, every pseudofinite MV-algebra is projectable, and its minimal principal polars are discrete and
regular.

Before characterizing n-pseudofinite and n-pseudo-hyperarchimedean MV-algebras, we characterize
those unital /-groups which are isomorphic to products of n MV-chains, and the MV-algebras which are
isomorphic to n MV-chains.

6.1. Products of n linearly ordered groups.

Lemma 6.1. If {z1,...,z,} is a mazimal orthogonal set of an £-group G whose elements are basic
elements, then:

e for every x € G there is some i € {1,...,n} such that v+ C -+,

e = > 0 is basic if, and only if, there exists i € {1,...,n} such that xr;+ = z++,

e the minimal principal polars of G are xi+,...
Proof. Let 0 < x € G. Since {z1,...,xz,} is maximal orthogonal, there is some i € {1,...,n} such that

x Ax; > 0. Now, [0, z;] is linearly ordered, hence for every y € G, we have that either x; Az < 2; Ay or
xi Ny <ax;ANx. Ma; Ay <a; Az, then x; Ay < a; A(zAy). Hence y € rt=>ye le Ifax, N <z; Ny,
then z; Az < x; A (z Ay). Hence y Az > 0. It follows that 2 C z;. Therefore z;-+ C zt+.

Let z > 0 and ¢ € {1,...,n} such that xt = xf- If x is basic, then we have that z; < x or x < z;.
Assume that z; < z. For every y > 0 we have that y Az; = yAx; Ax = y Az Az; = min(y Az, x;), since
[0, 2] is linearly ordered. Therefore: y A x; =0 < y A x = 0, hence 2+ = xf The case ¢ < x; is similar.

The last assertion follows trivially. O

By [10, Théoreme 6, Chapitre I}, we know that an ¢-group G is a direct sum of linearly ordered groups
if, and only if, the following holds:

e for every z11 which is minimal, G is the direct sum of z* and z

e cvery 1 contains some y which is minimal,

e there is at most a finite number of minimal y*+.

Therefore, G is the direct sum of n linearly ordered groups if, and only if, it contains a maximal
orthogonal set {x1,...,2z,} whose elements are basic elements and, for every ¢ € {1,...,n}, G is the

direct sum of z;- and x;-*. This is equivalent to saying that G is projectable and contains a maximal

11
)
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orthogonal set of n element which are basic.
Now, we also have the following result.

Proposition 6.2. Let (G,u) be a unital {-group. Then G is the product of n linearly ordered groups
if, and only if, G4 contains a mazimal orthogonal set {uy,...,u,}, whose elements are basic, such that
U=U] + "+ Up.

Proof. = is straightforward. Assume that G contains a maximal orthogonal set {u1,...,u,}, whose
elements are basic, such that u = u; + -+ + u,. We know that if x, y, z in G satisfy x Ay = 0, then
z+y=zVyand (x+2) Ay =z Ay (see, for example, [7, Lemma 2.3.4]). Let z € G4, and p € N\{0}
such that x < pu. We have that pu = puj + - -+ + pu,, where the pu;’s are pairwise orthogonal. Hence
r=xApu=xApus+---+TApu, € ur+---+urt. Note that, since {uy,...,u,} is a orthogonal, we
have that = (z Apuy) V-V (z A puy,). Assume that x =1 + -+ + 2, =21 V- V1, with ; € u-+
(1 <i<n). Then x; = x A pu;, which proves the uniqueness of the decomposition. It follows that G is
the direct sum of ui=, ..., urt. O

6.2. Products of n MV-chains. From [7, Lemma 2.3.4], which we recalled in the proof of Proposition
6.2, one deduces by induction that for every orthogonal family {x1,...,2,} in the positive cone of an
¢-group we have 1 + -+, =21 V---Vx,. Now, in an MV-algebra, if {x1,...,2,} is an orthogonal
family, then z1 & - ®x, =21 V-V 2.

The following proposition is similar to Lemma 6.4.5 in [3].

Proposition 6.3. Let A be an MV-algebra. Then, the Chang {-group of A is isomorphic to a product of
n linearly ordered groups if, and only if, there exist non zero elements uy,...,u, of A such that:

el=u & - Duy,,

o foralli, jin{l,....,n}: i% j=u; Au; =0,

o forallx,yin A, ifx <wu; andy < u;, thenx <y ory < .
If this holds, then the Chang (-group of A is interpretable in (Z X [0,u1[) X -+ X (Z X [0,uy[), where
(plvxlv cee ,pn,mn) < (qlayla .. 'aqnvyn) Zf: and O’ley Zf) fO’f‘ every i€ {]-a s 7n}; pi < gq; or (pz = 4g; and
x; < y;). The addition is defined componentwise, (p;, x;) + (qi,yi) = (Pi + ¢, T D ;) if x; By; < u;, and
(Piszi) + (qi,yi) = (pi + @ + 1,2 O yi) if v O yi = uy.

Proof. The equivalence follows from Proposition 6.2. Now let x € G44. We know that there exists a
good sequence (z1,...,xzp) of elements of [0,u] such that x = z1 + --- + zp, where, for 1 < k <p—1,
(u — x) A g1 = 0 (see Section 2). For j € {1,...,n} let x; = @1 + -+ + @5, with z; ; € uitt
(1 <i<mn). We have that w —z; = (vg — 1) + -+ (Un — @y ), hence u; —x;; > 0= 2; ;41 =0
ie x;; # uy = i j+1 = 0. Therefore we can write x as * = kjui + z1 + -+ + kyun + p, with
0 <k <panduz; €[0,u;] (1 <i<n). So, every element of G4 can be written in a unique way as
x = kw1 +- - A kyup o, with k; € Zand x; € [0,u;[ (1 <i<n). Let x = kyui+x1+ - +kpun+a,,
and y =liui +y1 + -+ lpup + yn in Ga.

Trivially, < y if, and only if, for every i € {1,...,n}, k; <l; or (k; =1; and z; < y;).

Set x+y = 2z = myus + 21 + - + Mmpuy + 2,. Since kju; + z; + Liu; +yi € uit, we have that
hence x; +y; —z; =0 and z; = x; + y; = x; P y; and m; = k; + [;. Otherwise, in the same way we prove
that z; = x; +y; —u; and m; = k; +1; + 1. Now, 2; ®y; = (2 +y;) ANu = (z; + y;) Au; = u; and
Oy =u—[(2u; —x; —yi) Aul = (z; +yi —u) VO =x; + y; — u;. O

Since in G4 we have that A = [0, u4], saying that G 4 is isomorphic to a product of n linearly ordered
groups is equivalent to saying that A is isomorphic to a product of n MV-chains.
It follows from Proposition 6.3 that being isomorphic to a product of n MV-chains is a first-order property.

6.3. n-pseudofinite MV-algebras. We define the language Lyv, = (0,®,,11,...,1,), with n new

constant symbols. Let (A1, 11), ..., (An, 15), (A}, 1)), ..., (AL,1)) be MV-chains. For i € {1,...,n},
we assume that (A4,1;) is an Ly ,-structure, by setting, for j € {1,...,n}, x = 1; if either ¢ = j and

x=1;, 0ori#jand z =0. We define in the same way the Lysy,-structures (A}, 17),..., (A, 1). Let
A be the Lpyyp-structure A; X --- x A, and A’ be the Ly -structure A} x -+ x AL.

Now, we consider families of MV-chains, (A1 a,, 11,01 )aserns---» (An,ans In,an)ancr, (we can do the
same thing with families of linearly ordered groups (T4 o, )aselys - - - » (Tn,an, Janel, ). Forevery (aq, ..., ap)
inI; x---xI, weset (A, an) ars -5 Injan) = (A1, X X A nans g5+ -5 Injay, ). Welet U be an
ultrafilter on [y x- - -x I, and (4, 11, ..., 1,) be the ultraproduct of the family (A, ... .an) 11,015 -5 Injan)-
We know that for ¢ € {1,...,n}, the canonical projection p;(U) on I; is an ultrafilter on I;. De-
note by A; the ultraproduct of the family (A;,,). Then one can prove that (A4,11,...,1,) ~ (41 x

- X Ap,1y,...,1,), where 1; is the greatest element of A;. Note that the maximal element of A is
T=1,4---+1,.
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Theorem 6.4. Let (A,1) and (A’,1") be MV-algebras.

(1) (A,1) is n-pseudofinite if, and only if, A is projectable, it is isomorphic to a product of n MV-
chains [0,11] X -+ x [0,1,] and, for everyi € {1,...,n}, the MV-chain [0,1;] is either finite or
infinite discrete reqular.

(2) If (A,1) and (A", 1") are n-pseudofinite, then (A, 11,...,1,) = (A", 1,...,1)) if, and only if, for
every i € {1,...,n} either the MV-chains [0,1;], [0,1;] are finite and isomorphic, or they are
infinite reqular and satisfy the same formulas Dpm .

Proof. (1) =. Let (A1,01,l1,00)anenis -5 (Anans lnan Janer, be families of MV-chains. For every
(a1,..., o) in Iy X - x I we set (A, an) 1,005+ lnsan) = (ALay X X Aoy 1ars -5 lnjay )
We let U be an ultrafilter on I; x --- x I, and for every i let A; be the ultraproduct of the family
(Aiq,;) (associated to p;(U)). If A is the ultraproduct of the family (Aa,,... .a,)s 11,015 -5 In,a, ), then
(A,19,...,1,) ~ (A1 x --- x Ap,11,...,1,). Now, by Theorem 5.9 every A; is an MV-chain which is
either finite or infinite discrete regular.

< If this holds, then in the language Ly, A is isomorphic to [0,1;] x -+ x [0,1,]. By Theorem 5.9,
every [0, 1;] is isomorphic to an ultraproduct of a family of finite MV-chains (4; «,, Li,a;)a;e1,- Hence, A

is isomorphic to the ultraproduct of the family (Aj o, X -+ X A par s iy -5 nan)-
(2) We deduce from Theorem 2.12 that in the language Ly, we have: (A, 11,...,1,) = (A, 1},...,1))
(A1,11) = (A}, 1)), ..., (An, 1,) = (A4),,1)). Hence, the result follows from Theorem 5.9. O

6.4. n-hyperarchimedean MV-algebras. In the same way as Theorem 6.4, and by using Theorem
5.8, one can prove the following.

Theorem 6.5. Let (A,1) and (A’,1") be MV-algebras.

(1) (A,1) is n-pseudo-hyperarchimedean if, and only if, A is projectable, it is isomorphic to a product
of n MV-chains [0,11] X --- x [0,1,] and, for everyi € {1,...,n}, the MV-chain [0,1;] is either
finite or infinite and regular.

(2) If (A,1) and (A',1") are n-pseudo-hyperarchimedean, then (A,11,...,1,) = (A", 1},...,1)) if,
and only if, for everyi € {1,...,n} either the MV-chains [0, 1;], [0, 1] are finite and isomorphic,
or they are both discrete infinite reqular and satisfy the same formulas Dym j, or they are infinite
dense reqular and their Chang (-groups have the same prime invariants of Zakon.

Data availability. Data sharing not applicable to this article as no data-sets were generated or analyzed
during the current study.
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