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Revisiting the existence of an effective stress for

wet granular soils with micromechanics

Jérôme Duriez, Richard Wan, Mehdi Pouragha and Félix Darve

Abstract

A possible effective stress variable for wet granular materials is numer-
ically investigated based on an adapted Discrete Element Method (DEM)
model for an ideal three-phase system. The DEM simulations consider
granular materials made of nearly monodisperse spherical particles, in
the pendular regime with the pore fluid mixture consisting of distinct
water menisci bridging particle pairs. The contact force-related stress
contribution to the total stresses is isolated and tested as the effective
stress candidate for dense or loose systems. It is first recalled that this
contact stress tensor is indeed an adequate effective stress that describes
stress limit states of wet samples with the same Mohr-Coulomb criterion
associated with their dry counterparts. As for constitutive relationships,
it is demonstrated that the contact stress tensor used in conjunction with
dry constitutive relations does describe the strains of wet samples during
an initial strain regime, but not beyond. Outside this so-called quasi-
static strain regime, whose extent is much greater for dense than loose
materials, dramatic changes in the contact network prevent macro-scale
contact stress-strain relationships to apply in the same manner to dry and
unsaturated conditions. The presented numerical results also reveal unex-
pected constitutive bifurcations for the loose material, related to stick-slip
macro-behavior.

1 Introduction

The presence of pore fluids in soils is ubiquitously encountered in geomechanics
and the change in mechanical behavior that ensues has been well recognized
as far back as the pioneering work of K. von Terzaghi [1]. The fully saturated
case first studied by Terzaghi is well understood now, while the more common
case of partially saturated (unsaturated) soils has been the subject of long-
standing investigation ever since Bishop’s work [2]. A notorious difficulty in
describing unsaturated soil behavior stems from the variety of internal forces to
be considered and the related stress variables for a given volume. The details of
interactions comprise distinct fluid pressures existing within the fluid volumes,
as well as surface tension forces along the interfaces between phases, in addition
to contact forces between solid grains. All these stress contributions eventually
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add up to form the total internal stresses, Σ, that are necessarily in equilibrium
with the external loads applied on the boundaries of the system [3, 4, 5].

In line with Terzaghi’s description of the saturated case, it would be of a
great value to also identify, if it exists, a ‘unique’ so-called effective stress vari-
able, σ1, that would govern both deformational and failure aspects of partially
saturated soils through classic constitutive equations. In its strongest form
which is investigated herein, the effective stress principle also implies that the
effective stress variable must apply to partially saturated conditions through
exactly the same constitutive equations derived in the dry case. This strong
form where a unique shear strength criterion and constitutive equation would
apply was indeed demonstrated by Terzaghi [1] and Biot [6] for both dry and
saturated conditions.

Some promising results have been obtained along the above line of thought
with numerical and experimental results unifying stress limit states observed in
both dry and unsaturated conditions under the same failure criteria [7, 8, 9,
10, 11, 12, 13]. Such results could be obtained by separating the total stresses
into two parts: (1) a fluid mixture stress contribution often denoted as suc-
tion stresses [9], and (2) a solid phase-related stress contribution which becomes
the appropriate variable to describe stress limit states. Note that for granu-
lar soils, suction stresses can be identified with capillary stresses, σcap, since
physico-chemical forces are negligible, whereas the solid-phase stress contribu-
tion encompasses grain-grain contact forces only, and is thus denoted herein as
contact stress, σcont [14, 11, 5].

However, it appears that an effective stress principle that would fully unify
the behaviors of biphasic and triphasic soils may be too strong to hold. For in-
stance, no unique strain-effective stress relationship could be identified from dry
and unsaturated conditions in [10], even though strains in soils are defined from
the solid phase strains [15], irrespective of what the saturation is in the pores.
In fact, for granular materials, these solid phase strains are readily calculated
from grain displacements along samples boundaries that encapsulate the effect
of every type of internal forces for any saturation. Despite this, as a means to
circumvent the effective stress principle, alternative approaches with two stress
variables have been proposed to describe partially saturated soils using two sets
of constitutive relations that separately apply to the net total stress and an-
other stress variable such as matric suction [16, 17]. A possible consensus to
the debate has nevertheless been proposed in [8, 18], stating that the effective
stress principle would still apply to unsaturated soils to describe their failure
and elastic behavior, as limited as it is.

It is proposed herein to lend further support to this consensus proposal
from a numerical micro-mechanical modeling exercise that will focus into the
above-mentioned contact stress σcont as an effective stress candidate, using the
Discrete Element Method (DEM). While previously mentioned works most often
rely on experimental or phenomenological approaches, the DEM clearly consti-
tutes another valuable approach, given the major role played by microstructure
in the macro-behavior, and considering that DEM may provide a direct access
to evaluate σcont while experimental measurements of the latter are still under
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development [19]. As such, the DEM has previously been adapted to unsatu-
rated conditions adopting a pore-scale description of the fluids distribution and
additional interaction laws between Discrete Elements (DE’s) to mimic the me-
chanical actions due to the fluid mixture [20, 14, 21, 12], which contributed to
elucidate the nature of stresses in partially saturated granular soils [14, 22, 5]
and the strength enhancements caused by unsaturation [21, 12, 11]. However,
DEM has been relatively little used to elucidate the stress-strain behavior of
unsaturated soils in an effective stress framework, apart from a preliminary
analysis in [11]. It is thus proposed herein to test and demonstrate that the
contact stress σcont also displays a stress-strain effective nature for the initial
strain behavior in addition to its already known stress-strength character, i.e.
that early stage deformations in unsaturated dense and loose granular systems
may be predicted from the constitutive relations of similar dry materials and
the contact stress.

To achieve this goal, Section 2 presents an existing DEM model [12] and
details of the sample generation procedure for dense or loose idealized granular
materials. The precision of the DEM results is necessarily assessed in Section 3;
in particular, unexpected constitutive bifurcations for loose materials are briefly
discussed. Then, Section 4 confirms that the contact stress, σcont, may serve
as an effective stress to describe granular material failure under unsaturated
conditions in a manner consistent with dry conditions. Finally, the possible ef-
fective nature of σcont and its ability in describing the stress-strain constitutive
behaviors of dense and loose packings are thoroughly investigated in Section 5.

2 Micro-mechanical description of wet granular

materials

2.1 Micro-mechanical stress description

It is well-known that fine granular soils in unsaturated conditions include various
internal forces at the microscopic scale—for instance, distinct air and water
pressures, ua and uw with ua ą uw due to air-water surface tension γ and small
pore sizes. This pressure difference, defined as the capillary pressure uc, can
also be identified to the suction s developed in granular materials, i.e.

s “ uc “ ua ´ uw (1)

In the general case, following a rather comprehensive microscopic treatment
[3, 22, 5] which involves homogenization, the macroscopic stress expression for
unsaturated granular materials emerges and can be formally written in terms
of the microscopic internal forces at hand:

Σ “
1

V

«

ÿ

c

~f c b~l ´ s

ˆ

Vw δ `

ż

Ssw

~n b ~x dS

˙

´ γ

ˆ
ż

Saw

pδ ´ ~n b ~nq dS `

ż

Γ

~ν b ~x dl

˙

ff

(2)
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Eq. (2), herein coined as the µUNSAT equation, is valid under quasistatic con-
ditions and considering the air pressure ua δ as a zero-reference for the total
stress Σ. Various stress contributions enter this µUNSAT equation and can be
identified as follows:

� contact forces ~f c, with ~l the branch vector linking the contacting particle
centroids;

� suction internal forces within the water volume Vw and along the wet-
ted solid surfaces Ssw being oriented by ~n and described by ~x locations,
measured from each particle centroid; and

� air-water surface tension internal forces that occur both within the air-
water interface Saw and along solid-air-water contact lines Γ where Saw

meets the solid surface along direction ~ν [5].

Restricting ourselves to idealized granular materials consisting of polydis-
persed spherical solid particles and to low water contents, the distribution of air
and water conforms with a pendular-regime state with distinct water menisci
bonding distinct spherical particle pairs (Fig. 1). Such a capillary bridge distri-

R2 ≥ R1

R1

θ
θ

δ2δ1

z

d

Figure 1: Water meniscus between a particle pair (half-view)

bution is specific to very low saturation regimes, up to roughly 5-10% degree of
saturation, Sr, defined as:

Sr “
Vw

Vv

“
Vw

V ´ Vs

(3)

with V, Vs, Vv, Vw being respectively the total volume, the volume of the solid
phase made of distinct particles, the voids volume, and the water phase volume.

In the pendular regime, all internal forces reduce to pair-wise interaction
forces: contact forces ~f c or resultant capillary forces ~f cap acting at every contact
c or meniscus m. As such, the total stresses, Σ, may here be also expressed in
terms of these interaction forces, according to the virial theorem [23, 24]:

Σ “
1

V

ÿ

c

~f c b~l `
1

V

ÿ

m

~f cap b~l (4)

Indeed, it has been demonstrated that both Eq. (2) and Eq. (4) are fully equiva-
lent in the pendular regime so that the capillary stress, σcap, may be indistinctly
expressed using either fluid and interface internal forces, or resultant capillary
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forces [3, 22, 25, 5]:

σ
cap “ ´

1

V

„

s

ˆ

Vw δ `

ż

Ssw

~n b ~x dS

˙

` γ

ˆ
ż

Saw

pδ ´ ~n b ~nq dS `

ż

Γ

~ν b ~x dl

˙

“
1

V

ÿ

m

~f cap b~l (5)

On the other hand, a solid phase contribution to the stress state of wet
granular materials can be identified in Eq. (2) or (4) as the contact stress tensor
σ

cont, i.e.

σ
cont “

1

V

ÿ

c

~f c b~l “ Σ ´ σ
cap (6)

While the contact stress tensor obviously coincides with the total stresses in
dry granular samples, it also appears to be an adequate effective stress-strength
variable for describing failure in wet samples in [11, 12]. Further investigations
also regarding its effective nature with respect to stress-strain constitutive de-
scription are carried out in the next sections from a micro-mechanical DEM
model that allows Eq. (2) or (4) to be used whereby the contact stress can be
readily isolated and subsequently related to strains, given pertinent information
on the microstructure.

In relation with the consideration of axisymmetric loading paths, with the
direction 1 as the axis of symmetry and serving as one of the principal directions,
the classical stress invariants p, q and η are used in addition to individual
components to describe stress tensors Σ and σcont, i.e.

p “
Σ1 ` Σ2 ` Σ3

3
“

Σ1 ` 2Σ3

3
, pcont “

σcont
1 ` σcont

2 ` σcont
3

3
“

σcont
1 ` 2 σcont

3

3
(7)

q “ Σ1 ´ Σ2 “ Σ1 ´ Σ3 , qcont “ σcont
1 ´ σcont

2 “ σcont
1 ´ σcont

3 (8)

η “
q

p
, ηcont “

qcont

pcont
(9)

2.2 DEM modelling of wet granular materials

Fitting our purpose, a previously proposed DEM model [12], built within the
YADE open-source code [26], outputs a comprehensive description of the mi-
crostructure of wet granular materials, allowing all stress contributions to be
measured explicitly from Eq. (2) or (4). According to the classical DEM com-
putation cycle, particle relative displacements caused by contact and capillary
forces are also determined, hence the strains in dry or wet conditions.

In order to reproduce wet conditions in the model sample, liquid bridges
are created at each new grain-grain contact, consistent with experimental ob-
servations [27]. Furthermore, uniform air and water pressures (i.e. a uniform
capillary pressure uc) are considered throughout the samples, in line with ther-
modynamic equilibrium and another DEM model [14]. As such, liquid bridge
geometries are computed solving the Laplace-Young equation for given values
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of uc “ s and the contact angle θ (Fig. 1). The capillary interaction between
capillary bonded DE’s is then fully determined with the capillary interaction
force ~f cap expressed in terms of γ, s, θ, the particle radii R1, R2 and the filling
angles δ1, δ2 (Fig. 1):

~f cap “ π R1 sin δ1 psR1 sin δ1 ` 2 γ sinpθ ` δ1qq ~z “ π R2 sin δ2 psR2 sin δ2 ` 2 γ sinpθ ` δ2qq ~z
(10)

In the event that previously contacting particles separate, capillary inter-
action continues until the interparticle distance d reaches a limit value, as a
function of s, θ and the radii, beyond which the Laplace-Young equation does
not yield a solution anymore. In such an instance, the meniscus breaks and
the capillary interaction is lost. All menisci creation and rupture occur in the
model in a fully drained manner, the water content and saturation ratio possibly
evolving during constant suction loading, see [12] for more details.

In addition to the capillary interaction described in the above, a contact in-
teraction is also applied between touching particles. Classical simplified contact
laws link contact forces ~f c to particle relative displacements, with a repulsive
linear elastic behavior relating the normal contact force to the normal relative
displacement, while a linear elastic-plastic relationship describes the tangential
movement.

All DEM model parameters are listed in Table 1. Three of them are re-
quired to describe the contact interaction: a local Coulombian friction coefficient
µ “ tanpϕq and two other parameters, kn{D̄ and kt{kn, giving the local elastic
stifnesses kn, kt from the average particle diameter D̄. Additional model pa-
rameters relate to the capillary interaction, such as the particle size distribution
which is chosen herein as uniform in number between silt-like extreme diame-
ters Dmin and Dmax. Also, the value of air-water surface tension at ambient
temperature is retained for γ while a small, though not zero, contact angle θ is
considered to enhance the mechanical effects of unsaturation [12] and facilitate
the analysis.

Table 1: DEM model parameters
kn{D̄ kt{kn tanpϕq Dmin Dmax γ θ

(MPa) (-) (-) (µm) (µm) (N/m) (0)
10 1 0.5 21 25 0.073 10

The DEMmodel finally provides a straightforward access to micro-quantities
related to both the liquid and solid phases, in addition to stresses and strains.
The solid phase for instance can be characterized in terms of an average contact
number zc:

zc “
2Nc ´ N1

Np ´ N1 ´ N0

(11)

with Nc the total number of contacts, N0 or N1 the number of excluded rattlers,
i.e. DE’s with zero or only one contact, and Np the total number of DE’s.
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Another useful solid phase characteristic is the contact fabric tensor F that
depends on the contact orientation ~n of all contacts c:

F “
1

Nc

ÿ

c

~n b ~n (12)

which leads to a measure of the contact anisotropy, ac, through the deviatoric
part of F :

ac “

c

3

2
||F ´

1

3
trpF q δ|| “

c

3

2
||F ´

1

3
δ|| (13)

2.3 Packing generation procedure

All simulations considered herein apply to either dense or loose numerical pack-
ings consisting of 20,000 spherical particles confined within a rectangular par-
allelepiped. Classically, dense or loose initially isotropic packings are obtained
through isotropic compression of an initial gas-like cloud of randomly located
particles, until some desired confining pressure is reached, and using different in-
terparticle friction coefficients during the process. Dense packings are achieved
using a very low friction coefficient µ “ tan(0.50q, allowing for optimal particle
re-organization during the isotropic compression. On the other hand, the gener-
ation of loose packings involves the same friction coefficient that will eventually
be used for the subsequent loading paths, i.e. µ “ 0.5 « tan(26.60q. Also, the
evolution of loose packings during the initial isotropic compression should be
as quasi-static as possible for the loosest state, i.e. purely contractant during
shearing, to be eventually reached. To do so, using a reasonably high load-
ing rate for computational cost reasons, numerical damping with a high (0.6)
damping coefficient [26] is also used during this stage. Later on, during all sub-
sequent loadings, a negligible amount of numerical damping (0.05 as damping
coefficient) is used, while quasi-staticity is always checked against a very low
level of unbalanced force ratio [26] (1 % or below) or kinetic over elastic energy
ratio (1 � or less).

With regard to wet granular materials, great care is taken to obtain wet
packings that are comparable to dry packings so that any effective stress discus-
sions can be pursued in an objective manner. Indeed, the behavior of sheared
dry granular materials depends on the mean contact stress pcont and packing
properties such as porosity n and average contact number zc. By definition,
using an effective stress defined as σ1 “ σ

cont is expected to lead to the same
dependencies for wet granular materials. However, it has been observed during
wet samples preparation that the final packing properties are naturally affected
by the presence of capillary forces, with much looser states in terms of n, or
somewhat zc, reached in wet than in dry conditions, for a given pcont. These
observations just correspond to experimental procedures such as moist tamping
to obtain looser soil samples, but would here constitute a bias in the comparison
between wet and dry results in an effective stress framework. Thus, capillary
interactions are disregarded at the start of wet samples generation and are in-
troduced only once the packing reaches the desired confining pressure. As a
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result, the influence of capillary forces on initial packing states is greatly mini-
mized, leading to pn, zc, p

contq states being as close as possible between dry and
wet packings (Fig. 2), thus ensuring a non-biased comparison of wet and dry
conditions.
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Figure 2: Initial microstructures of comparable samples to be tested in dry or
wet conditions (for two suction values): porosity (left) and coordination number
(right)

3 DEM results sensitivity and constitutive bi-

furcations

As a prelude to the constitutive comparisons of wet and dry behaviors in Sections
4 and 5, the precision of the dry numerical simulation results is first assessed.
The exercise consists of checking whether different numerical packings of the
same type, either dense or loose, can be generated with minimal variations in
macroscopic properties (n, zc) even though they involve different individual
particles (Fig. 2). Also, for the same values of n and zc, it will be clear in the
next sections that the results are not affected by the consideration of different
individual particles as long as constitutive bifurcations are avoided.

Indeed, the non-associativity of granular materials leads to a second possible
reason for numerical results dispersion through bifurcated behaviors when the
loading path is not controllable [28, 29], or, equivalently, does correspond to a
potentially unstable direction showing a negative second order work [30, 31, 32].

For further discussion, the same triaxial compression is repeated three times:
a classical mixed loading path (dε1 ą 0; dΣ2 “ dΣ3 “ 0) is imposed on dense
or loose packings during three runs of the same simulation. Runs #2 and #3
consider the exact same individual particles obtained after one unique run of
the sample generation procedure; whereas run #1 makes use of another – either
dense or loose – packing obtained after another run of the generation proce-
dure. Also, all numerical simulations have been executed in parallel, leading to
different round-off errors among the runs.
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Figure 3: Repeatability of a dry classical triaxial compression with 10 kPa
confining pressure on dense (left) and loose (right) packings
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First of all, the comparison of the results in Fig. 3 further validates the ro-
bustness of the sample generation procedure that was used to obtain comparable
dense or loose packings. As expected, only a minimal discrepancy in terms of
initial pn, zcq is observed between runs #1 and #2-3, in the loose case. Also, all
results eventually point to a critical state with a common final stress-porosity
state for both packings [33], complemented by final common values for micro-
quantities ac (not included in Fig. 3) and zc [34]. However, it is noted that the
numerical results, although very close to each other, are not strictly identical
even when initially considering the exact same individual particles with runs
#2-3.

As for the dense case, slight discrepancies are observed in the post-peak
regime, which is clearly related to constitutive bifurcations. As a matter of fact,
triaxial compression loading paths on dense packings are stable, i.e. controllable,
until peak stress and potentially unstable beyond [31]. The post-peak dispersion
of the dense results is nevertheless lower than what may be observed from lab
experiments. Indeed, the numerical model examined herein is a granular system
just large enough to represent a material REV, thus strain localization and field
heterogeneity are here absent, whereas these would magnify the dispersion of
dense experimental results.

A greater, though still limited, dispersion in results e.g. with regard to vol-
umetric behavior is observed for the loose case. As the plastic limit threshold
is reached around an axial logarithmic strain ε1 « 25%, the loading direction
dq “ 0 is clearly a potentially unstable one so that discrepancies are expected
between the runs. However, a close inspection of the results also reveals small
discrepancies before plastic limit, while the loading direction is generally con-
sidered to be stable for loose packings [31]. The deviation between the different
runs is actually accompanied by rugged strain-stress trends which are indicative
of local buckling failure of force chains and metastable regions, causing stress
release in a stick-slip mechanism [35, 36, 37, 34] also observed in the lab on loose
ideal discrete systems (glass bead samples) [38]. While the average qpε1q en-
velope monotonically increases toward the plastic limit, these sharp temporary
stress variations dq ă 0 produce a negative second order work d2w “ dq dε1,
contrary to the average loading direction, dq ą 0.

Bifurcated behaviors in relationship with stick-slip events are actually more
prominent along other loading paths than the classical triaxial compression just
considered in Fig. 3. Indeed, a dispersion in stress response clearly appears
before the plastic limit when applying a given strain loading path (Fig. 4) twice
to the exact same dry loose packing, considering two parallel runs of the same
simulation. Comparing the two runs, a stress discrepancy is detected from an
early axial strain ε1 « 1.2%. This strain corresponds to a stress ratio η « 0.4 –
while the plastic limit is reached for ηmax « 0.75 – and to the first significant
stick-slip event for this loose material (Fig. 3 and 4). Repeated stick slips then
exacerbate the stress discrepancy between the two runs, in terms of individual
stress components only. Indeed, the macro-scale stress ratio η is virtually unaf-
fected, such as micro-scale contact anisotropy ac. In connection with the greater
mean stress during the second run, a slightly greater average contact number
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zc is also measured for this run.
The non-exact repeatability of the behavior during the present strain control

test also implies a non-exact equivalence between strain control and e.g. mixed
control tests on loose packing. As an illustration, it is to note that the strain
control test (Fig. 4) just imposes a strain path previously measured during
the classical, mixed control, triaxial compression (Fig. 3). However, a ˘10 ´
15% variation in the lateral stress is observed during the strain control test, at
variance with the behavior during the mixed control test.

As a final remark, we note that the comparison of strain control and mixed
control tests could theoretically be also affected by the incrementally non-linear
behavior of granular materials, together with an absence of servo-control and
associated oscillations in the strain control test, as discussed in depth in [39].
However, it was also shown in [39] that this issue has a limited influence when
the servo-control is precise enough, such as done here.

4 Effective stress for failure description

4.1 Contact stress as an effective stress for failure descrip-

tion

The numerical model is now applied to a series of 28 triaxial tests (Table 2)
in dry and wet conditions, in order to precisely confirm the effective nature of
σcont with reference to a unique failure description in terms of stress limit states.
The first half of the test series considers wet conditions, with fourteen suction-
controlled tests being conducted at different suction levels, packing densities and
confining pressure values. The second half of the series considers as many dry
triaxial tests, seeking dry conditions that would allow a meaningful comparison
of the stress limit states with wet conditions.

As a starting point, it was successfully verified that the solid phase mi-
crostructure in terms of porosity and coordination number as depicted in the
previous Fig. 2 was comparable between the dry and wet specimens, thanks to
the robustness of the sample generation procedure described back in Section
2.3.

Also, the imposed constant lateral stress, Σ3, of any dry test is chosen as
the contact stress lateral component, σcont

3 , which is measured at failure during
the corresponding wet test using Eq. (2), (4) or (6). It is noted that such
micro-mechanical equations give significantly different insights than the classical
equation σ1 “ Σ ` s Sr δ inspired by Bishop [2], as further discussed in [22, 5].

As a result of these test choices, some dry tests consider virtually identical
microstructures and lateral pressure. These superfluous tests are still included
to check once more the reproducibility of the numerical results, now in terms of
shear strength.

Then, it is first of all verified that wet compression tests show an accurate
coincidence between the occurrences of total stress limit states and contact stress
limit states. During classical triaxial loadings in both dry and wet conditions,
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Table 2: Comparable dry and wet triaxial compression tests chosen for failure
analyses. Reported saturation values correspond to failure (limit stress) states

Wet Dry
Σ3 (kPa) s (kPa) Sr (%) Σ3 (kPa)

1 25 7.5 10.3
2 “ 7.6 11.4
10 “ 8.3 20.0

Dense 20 “ 8.9 30.4
packing 1 125 0.81 11.0

2 “ 0.83 12.2
10 “ 0.89 20.7
20 “ 0.94 30.9
2 25 5.0 9.3
10 “ 5.6 17.8

Loose 20 “ 5.9 28.1
packing 2 125 0.51 9.3

10 “ 0.56 17.8
20 “ 0.58 27.8

total stress limit states may be indistinctly defined from the occurrence of a
maximum deviatoric total stress qmax, or a maximum total stress ratio ηmax.
On the other hand, contact stress limit states during wet compression tests are
defined from the occurrence of a maximum contact stress ratio ηcontmax only, since
the lateral contact stress is not controlled as a loading parameter during such
tests and may evolve.

Whether Σ reaches its limit state at the same time as σcont does and vice-
versa, is verified by measuring the two following ratios for each test: ηcontpη “
ηmaxq{ηcontmax and ηpηcont “ ηcontmaxq{ηmax. An exact coincidence of the two limit
stress states would lead to both ratios being equal to 1. During the numerical
simulations, this ideal situation is very closely approximated for all tests (Fig. 5),
justifying to consider σcont limit states to interpret total stress limit states in
wet conditions.

Finally, the comparison is made between the contact stress limit states ob-
served in dry and in wet conditions as shown in Fig. 6. From this comparison
and considering for instance an average value of 20 kPa for the lateral stress,
it is observed that the maximum axial contact stress in wet conditions differs
from the dry one by approximately 7 % maximum, in the worst case of the
dense packing tested under a 25 kPa suction. For a 125 kPa suction or in the
loose packing, the wet vs. dry differences in strength are even smaller. Similar
comparisons considering the total stress or the above-mentioned Bishop’s stress
σ

Bish “ Σ ` s Sr δ would lead to much larger discrepancies between dry and
wet conditions: around 40% for the dense packing and 20% for the loose one.

As such, it appears that σcont, contrary to Σ or σBish, may indeed serve
as an adequate effective stress for failure description since there is a very close
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Figure 5: Coincidence of limit stress states for Σ and σcont in wet conditions
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agreement between contact stress limit states in wet conditions and contact
stress limit states in dry conditions, for a given solid packing.

4.2 Role of the solid phase microstructure

As expected, the possibility for wet and dry conditions to be compared at fail-
ure, using σcont as an effective stress, still requires special conditions for what
concerns the solid phase microstructure in terms of pn, zcq. Indeed, care was pre-
viously taken to obtain dry and wet samples showing as close as possible initial
microstructures (Fig. 2), enabling limit stress states to be unified (Fig. 6).

On the other hand, two extra wet tests are now considered, being performed
on two wet samples denoted “ws1” and “ws2” having distinct solid phase mi-
crostructures with respect to the reference dry tests (Fig. 7). In contrast to
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Figure 7: Initial microstructures of non-comparable samples tested in dry or
wet conditions: porosity (left) and coordination number (right)

the generation procedure presented back in Section 2.3 and used in the above,
these two samples have been generated applying unsaturated conditions from
the very start of the isotropic compression used for packing preparation. Also,
for both samples ws1 and ws2, the contact friction coefficient during the com-
pression was set to tanp0.50q. Once generated, the two samples ws1 and ws2
show comparable coordination numbers as previous so-called dense packings,
but different porosities, see Fig. 7. Sample ws1, prepared and tested under 25
kPa suction and 10 kPa confining pressure, shows an intermediate porosity be-
tween dense and loose dry packings. On the other hand, sample ws2, prepared
and tested under 125 kPa suction and 3 kPa confining pressure, shows in fact
the same porosity as loose dry packings, although having a coordination number
comparable to dense dry packing.

Once tested under unsaturated triaxial compression, these two samples show
contact stress limit states that cannot be precisely related to the dry limit states
of either the dense or the loose packings as illustrated in Fig. 8. The observed
discrepancy prompts the need to have a complete characterization of the solid
phase microstructure in terms of both n and zc, and an adequate generation
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procedure.
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Figure 8: Limit contact stress states in dry and wet conditions for non-
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5 Effective stress for constitutive behavior

5.1 Investigation method

A description of the pre-failure stress-strain behavior of dry granular materials
involves constitutive equations F or G that directly relate the strain and stress
loading paths together, i.e. rεpτq;´8 ă τ ď ts with rΣpτq;´8 ă τ ď ts, in the
absence of constitutive bifurcations:

εptq “ F
`

rΣpτq;´8 ă τ ď ts
˘

ô Σptq “ G
`

rεpτq;´8 ă τ ď ts
˘

(14)

Obviously, dry granular materials satisfy to the equality: Σ “ σcont. We also
note that the constitutive functionals F and G are expressed differently for a
dense or loose granular skeleton, and that such a functional formalism (14) may
be replaced with an incremental formalism for practical purposes.

An effective stress variable σ1 for wet granular materials obeying to the effec-
tive stress principle in its strongest form (i.e. including constitutive behavior)
would enter the same equations to describe the strains of wet soils, similarly to
the saturated case and Biot’s equations [6]:

εptq “ F
`

rσ1pτq;´8 ă τ ď ts
˘

ô σ
1ptq “ G

`

rεpτq;´8 ă τ ď ts
˘

(15)

As for dry or saturated conditions, the strains under unsaturated conditions
still originate from the solid skeleton of the granular material [15], arising from
grain relative displacements under the actions of both capillary and contact
forces. Because the contact-scale constitutive relations between contact forces
and particles relative displacement are identical in dry and wet conditions, it
is reasonable to investigate whether the same macro-scale constitutive relations
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F ,G also relate the contact stress σcont to the strains ε in wet conditions, i.e.
whether σcont is a complete stress-strength-strain effective variable:

εptq
?
“ F

`

rσcontpτq;´8 ă τ ď ts
˘

ô σ
contptq

?
“ G

`

rεpτq;´8 ă τ ď ts
˘

(16)

The validity of Eq. (16) involves the existence of G that is herein investigated
by comparing contact stress paths in dry and wet conditions for a given strain
path. The checking procedure involves two sets of DEM simulations as follows.

1) First, a triaxial compression test is performed on either dense or loose sam-
ples under wet condition by imposing a classical mixed control (dε1 ą 0; dΣ2 “
dΣ3 “ 0) load, while measuring the resulting contact stresses σcont together
with the strains ε.

2) The strain path measured in 1) is then applied as an axisymmetric strain
loading path (dε1; dε2 “ dε3) to a similar dense or loose packing, but in dry
conditions. Essentially, in this dry simulation, strains are directly imposed to
follow the same strain path as in the wet simulation in 1), and the resulting
contact i.e. total stresses are measured.

Thus, referring to the above, if the same constitutive relations hold between ε

and σcont, the contact stress path observed in the dry (strain-control) simula-
tion in 2) should correspond to the one in the wet (mixed-control) simulation in
1) for any saturation, provided that constitutive bifurcations are avoided. It is
recalled that the servo-control used in the mixed-control test is precise enough
so that the comparison should not be influenced by the control mode alone, in
spite of the incremental non-linearity of the behavior [39].

As a proof of concept, the proposed procedure is first tested in dry condi-
tions on both dense and loose samples. A dense and a loose sample are each
compressed under the two loading control modes previously mentioned so that
strain and stress paths, including micro-scale quantities, are measured as shown
in Fig. 9. In order to improve the clarity of Fig. 9, two slightly different lateral
stresses, both close to 10 kPa, are imposed to the dense and the loose samples
during the mixed control loading path.

Consistent with the existence of constitutive relations F ,G, a unique behav-
ior is displayed during the two tests initially as seen in Fig. 9. Then, individual
stress discrepancies occur for both samples due to the constitutive bifurcations
discussed back in Section 3. Basically, differences set in from an axial strain
ε1 « 1% which is close to the peak stress of the dense sample, or to the first
significant stick-slip event for the loose sample. From this point onwards, the
lateral stress deviates from a constant value during the strain controlled test.
The average contact numbers of dense or loose samples are also affected together
with the mean stress. However, a virtually unique behavior in terms of q{p and
ac is observed until 25% axial strain, irrespective of the control mode.

This proof of concept exercise clarifies the situation when constitutive bi-
furcations may affect a comparison between mixed control wet tests and strain
control dry tests, even though σ

cont would correspond to an effective stress for
wet granular materials according to Eq. (16).
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Figure 9: Loose and dense behaviors during dry axisymmetric compressions
with different control modes (mixed control or strain control)
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5.2 Quasi-static behavior

Dry-wet comparisons are now performed considering two pairs (A, B) of wet
mixed-control and dry strain-control tests, for each type of packing (dense or
loose). Within each test pair (A, B), and for each packing, the dry and wet
tests show comparable initial microstructures and contact stress. Additional
dry tests (A’, B’) are also considered and compared with wet tests (A, B) for
the dense packing in the case only total stress are comparable; see Table 3.

Table 3: Considered lateral stress and suction values for constitutive comparison
of wet mixed-control and dry strain-control tests. The two dry-wet test pairs
A, B show comparable initial contact stress and packing. Dry tests A’ and B’
serve an additional comparison in terms of total stress only with wet tests A, B
(for the dense packing)

Imposed Σ3; s (kPa) Initial Σ3 (kPa)
Wet A Wet B Dry A Dry B Dry A’ Dry B’

Dense sample 1;125 10;25 10.7 19.5 1 10
Loose sample 2;125 10;25 8.7 16.5 - -

Upon comparisons of the dense packings, both A and B test pairs show
very close contact stress behaviors when the same strain path is followed in dry
and wet conditions, until contact stress peaks at an axial strain ε1 « 1.5% for
test pair A, and ε1 « 3% for pair B (Fig. 10). Within this range, the macro-
scale strain-contact stress agreement holds for individual stress components in
addition to ηcont, and is complemented by close micro-scale trends for ac and
zc. This remarkable agreement shows the validity, within this range of the
tests, of dry constitutive equations to describe wet conditions through σcont

and Eq. (16).
On the other hand, it would obviously not be possible to unify dry and

wet constitutive behaviors considering total stress Σ instead of σcont. For
illustration purposes, this is still attempted comparing the dry tests A’ and B’
to the wet tests A and B for this dense packing (Table 3). As expected, this
leads to a much greater discrepancy for all the variables of interest (Fig. 11),
illustrating how the dry constitutive functionals F ,G do not relate Σ to ε in
wet conditions.

Past the initial agreement between strain and contact stress paths in dry
and wet conditions, greater discrepancies nevertheless set in upon loading of
the dense samples (Fig. 10). The applied strain path makes the contact stress
to eventually vanish in dry conditions, contrary to what was observed in wet
conditions, after the contact stress ratios had previously deviated between the
dry and wet tests. It is to note however that constitutive interpretations are
more difficult in this post-stress peak range, as previously discussed in Sections 3
and 5.1.

With regard to the loose packing, contact stress-strain behaviors favorably
compare between dry and wet conditions for what concerns the initial stiffnesses
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Figure 10: Contact stress interpretation of dry and wet dense constitutive be-
haviors. For “Dry A” test, meaningless ac, η

cont, zc data are disregarded once
contact stresses vanish, from ε1 « 3.6%
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Figure 11: Total stress interpretation of dry and wet dense constitutive behav-
iors. For “Dry A’ ” test, meaningless ac, η, zc data are disregarded once total
stresses vanish, from ε1 « 2.5%
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(Fig. 12), be it for individual principal contact stresses or the contact stress
ratio. This initial uniqueness of the macro-scale contact stress-strain behavior
also reflects at the micro-scale for both ac and zc. Again, this means that the
same constitutive functionals applied to σcont describe the initial stiffnesses of
dry and wet loose granular materials.

During further loading, discrepancies appear afterwards e.g. in ηcont, which
clearly illustrates the dry loose constitutive functionals do not relate ε with
σcont in wet conditions outside the very initial behavior range. In particu-
lar, maxima for ηcont values significantly differ between dry and wet condi-
tions even though it is to note that this maxima comparison does not relate to
the stress-strength effective nature of σcont previously discussed. Indeed, the
strain-controlled path in dry conditions does not necessarily reach the plastic
limit, just like an undrained triaxial compression on a saturated loose sample,
i.e. a constant-volume compression, would not reach the corresponding Mohr-
Coulomb criterion.

The extent of the validity range of σcont to serve as an effective stress
arguably relates to the different micro-scale strain regimes identified for granular
materials in [40, 41, 42]. As discussed therein, the rheological behavior of dense
samples first involves a so-called quasi-static strain regime during which an
increasing load is transmitted through a fixed contact network, without any
creation of new contacts. At the end of this strain regime denoted ’I’, some limit
load will trigger a drastic change in the contact network whereby new contacts
create, others being possibly lost, in order to sustain further load increase. On
the heels of the previous strain regime I, this strain regime with drastic changes
in contact topology is denoted by ’II’. As shown in [42], the extent of the quasi-
static regime I is reduced for looser granular materials, dwindling to nothing in
the case of the herein considered purely contractant loose sample. As such, the
quasi-static strain regime can be approximately identified with the pre-peak, or
the very initial (initial stiffness) phases of loading for dense or loose packings,
respectively. Within this domain, the uniqueness in dry and wet conditions of
contact stress-strain constitutive relationships is obviously established.

This micro-mechanical discussion somewhat relates to other fundamentally
different approaches in [8, 18, 43], which proposed that the elastic stiffnesses
of unsaturated soils are adequately described by a single-valued effective stress
which enters dry constitutive relations [8, 18], or pointed out the need for two
distinct effective stress variables in elastic and elasto-plastic regimes [43]. Even
though granular materials may lack the dichotomy between elastic and plastic
strains [44, 45], making impossible any strict equivalence between the strain
regime nature (I or II) and the elastic or elasto-plastic character of the behavior
[41, 42, 45], it could still be said that the quasi-static strain regime I obeying
σ1 “ σcont is closer to elasticity since it shows no changes in contact network
and less micro-scale sliding contacts than in the strain regime II [42], both
ingredients for plasticity in granular materials.
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Figure 12: Contact stress interpretation of dry and wet loose constitutive be-
haviors. For “Dry A” test, meaningless ac, η

cont, zc data are disregarded once
contact stresses vanish, from ε1 « 1.2%
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5.3 Influence of intergranular friction

The role of frictional sliding on impacting the effective nature of the contact
stress is further illustrated by considering an extreme case of the DEM model
similar to [46] where contact sliding is absent due to an ‘infinite’ friction coeffi-
cient for the contact interaction. This also corresponds to including an ‘infinite’
cohesion in the model since no threshold exists anymore for the tangential force,
as long as the interaction exists with a normal overlap and a normal force. Brit-
tle local ruptures nevertheless occur whenever the contact is lost during particle
separation, leading the shear force to instantaneously disappear with some loss
of elastic energy, which corresponds to a so-called acoustic emission [46].

This model is applied to the same type of loose packings that were previ-
ously considered, i.e. constructed with an initial local friction coefficient of 0.5,
before the frictional threshold is disregarded. First of all, it is noted that the
change in contact law obviously affects the overall mechanical behavior as seen
in Fig. 13. In contrast with the previous purely contractant behaviors of similar
loose packings, the modified model now shows some dilation during classical
dry triaxial compression. Also, a peak stress is now obtained, followed by a
softening behavior.

Regarding the dry-wet comparison for a given strain path, an improved
agreement between contact stress paths is actually obtained for the test pair B
(see Table 3) in the absence of contact plastic sliding. Focusing on the loose
packing which is the most sensitive to contact sliding in real frictional situations,
it is observed in Fig. 13 that the contact stress dry-wet agreement extends
well beyond the very initial behavior, now that the local plastic limit has been
removed so that tangential forces are unbounded.

5.4 Critical state line

The critical state, which is reached after large shear strains and packing reorga-
nizations, well beyond the quasi-static regime, is another instance of the failure
of σcont to represent an effective stress in wet conditions throughout the whole
behavior. In both dry and wet conditions, unique stress-porosity states are fi-
nally obtained whatever the initial packings (with higher axial strains in the wet
case than in the dry one), thus enabling one to define critical state lines (CSL)
in a n vs. pcont plot. The same CSL n vs. pcont should exist for dry and wet
granular soils if the contact stress governs in the same manner their ultimate
plastic flow. However, Fig. 14 shows a clear discrepancy in the CSL obtained
for the dry and wet triaxial tests presented back in Table 2. For the same final
mean contact stress, wet granular soils show much looser critical states than the
dry granular soils, serving as another evidence that the contact stress is to be
an effective stress in a limited strain regime only.

The discrepancy in terms of n vs. pcont adds to the expected discrepancy in
terms of total stress and n vs. p CSL (Fig. 14) between dry and wet conditions.
Such CSL differences in total stress have also been experimentally observed
on silty clay [47], and relate to a greater dilatancy of wet granular materials
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Figure 13: Influence of the interparticle friction coefficient µ “ tanpϕq on the
contact stress effective nature for a loose packing, considering the dry-wet test
pair B (see Table 3)
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Figure 14: Critical state data for dry and wet triaxial compressions

compared with dry ones [48].
Interestingly, the n vs. pcont CSL for wet conditions is also non-linear,

as already observed from DEM in [49], while the dry CSL classically is, in
the considered range of confining pressures. Logically, the numerical results in
fact suggest that the wet CSL would eventually correspond to the dry CSL for
very high confining pressures once the mechanical influence of partial saturation
becomes negligible, i.e. when the capillary stress contribution to the total stress
is small relative to the contact stress.

6 Conclusion

Multi-scale numerical simulations have brought new evidence on the existence of
an effective stress variable for wet granular materials as the contact stress based
on the action of intergranular contact forces. DEM results indeed show that
dry constitutive relations applied to the latter may describe both failure and
initial straining observed under unsaturated conditions in the pendular regime.
Possible extension of the present approach outside the pendular regime would
require other DEM models, such as those recently proposed by [21, 50].

While the present results suggest that another distinct effective stress vari-
able is required to describe the complete mechanical behavior, as previously
inferred in [43], a further exploration would be to try to generalize present re-
sults beyond the initial domain by explicitly decomposing the strain into various
components, while herein only one strain variable that reflects all microscopic
internal forces is being used. For instance, a “contact strain” and a “capillary
strain” could be defined to represent the force contributions of contact and cap-
illarity respectively to overall deformations. As such, the observed strains of
unsaturated soils would be expressed as a combination of contact and capil-
lary strains, while the dry constitutive relations would relate contact stress to
contact strain throughout the whole behavior.

Moreover, it is to note that the contact stress requires the knowledge of
intergranular contact forces which are readily computed in DEMmodels, but not
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easily accessible in dry real materials [19], not to mention the more interesting
unsaturated case. In the latter case, the shortcoming can be circumvented by
measuring the capillary stresses and, knowing the applied total stresses, the
contact stresses would readily ensue by difference using Eq. (6). Indeed, micro-
scale imaging techniques seem now capable of revealing the microstructure of
fluid mixture during lab experiments [51], hence paving the way to an estimation
of the capillary stresses, Eq. (5), in real materials, and ultimately the sought
after contact stresses.
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