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COHERENCE OF MONOIDS BY INSERTIONS
AND CHINESE SYZYGIES

NoHRrRA HAGE PHILIPPE M ALBOS

Abstract — A data structure describes a way to organize and store a collection of data. It defines
primitive efficient functions and operations that can be applied to the data such as constructors,
modifications and access maps on the data. In this work, we consider data structures on strings as
combinatorial descriptions of structured words having a theory of normal forms defined by insertion
algorithms. We show that an insertion map of a string data structure induces a product on data
and we give necessary conditions making this product associative. Our construction allows us to
give a rewriting description of the cross-section property for the structure monoid of a string data
structure. We show how to compute a coherent presentation of the structure monoid made of rewriting
rules defined by insertion on words and whose syzygies are defined as relations among the insertion
algorithms. As an illustration, we show how our constructions can be applied to Chinese monoids by
making explicit the shape of syzygies of the Chinese congruence.
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1. INTRODUCTION

String data structures and syzygies

A data structure describes a way to organize, manage and store a collection of structured data. It
defines primitive efficient functions and operations that can be applied to the data such as constructors,
modifications and access maps on the data. In this article, we introduce the notion of string data structure
as a combinatorial description of structured words on ordered alphabets. Such data structures appear
in many contexts in combinatorial algebra, combinatorics and fundamental computer science through
combinatorial data structures, such as arrays, tableaux, staircases or binary search trees. For instance,
array data structures can be used to describe normal forms for plactic monoids of type A with Young
tableaux [[15} 33] 138, 45]], plactic monoids of classical types with symplectic and orthogonal tableaux,
[35}136]], Chinese monoids with staircases, [[10} [14], hypoplactic monoids with quasi-ribbon tableaux, [40]],
left and right patience sorting monoids with left and right patience sorting tableaux, [9, 44], and stalactic
monoids with stalactic tableaux [26, 41]]. Binary search trees, binary search trees with multiplicities
and pairs of twin binary search trees can be respectively used to describe normal forms for sylvester
monoids, [25]], taiga monoids, [41]], and Baxter monoids, [17]].

Cross-section by insertion. In all of these situations, structured data are constructed using insertion
algorithms, and give interpretations of congruence relations by a characterization of a cross-section
property for the presented monoids. Explicitly, given a string data structure S over an alphabet A defined by
a right insertion algorithm I, to each word w = x1x; ... Xy on A it is associated a structured data Cs(w)
obtained by insertion of the word w in the empty data () by application of insertion I step by step:

Cs(W) = (0 e~ W) = ((((0 e~ X1) evT X2) ~p o) ov] Xi1) T Xk

Structured data form a cross-section property for a congruence relation ~ on the free monoid A*: for
any words w,w’ on A, w ~ w' if and only if the insertion algorithm yields the same structured data:
Cs(w) = Cs(w').

In this work, we explain how insertion algorithms define a product on the structured data, and we
give necessary conditions on the insertion to induce an associative product. We relate the cross-section
property of the string data structure to a confluence property of a string rewriting system whose rewriting
rules are defined by insertion. Finally, using this construction, we show how to compute an economic
coherent presentation of the monoid presented by the data structure, made of generators, rewriting rules
describing the insertion of letters in words and syzygies of the presentation interpreted in terms of relations
among the insertion algorithms. This is the first step in an explicit construction of free resolutions of
these monoids by extending a coherent resolution in a polygraphic resolution, that is cofibrant objects in
the category of (oo, 1)-categories, [19,20], whose acyclicity is proved by an iterative construction of a
normalisation strategy.

Tableaux and plactic congruence. These constructions are well known for the plactic congruence ~p
of type A on the free monoid over [n] := {1,...,n}, generated by the Knuth relations zxy = xzy for
alT < x<y<z<nandyzx =yxzforall 1 < x <y < z < n, that emerged from the works of
Schensted [42]] and Knuth [29] on the combinatorial study of Young tableaux. The structure of plactic
monoid of type A of rank n, denoted by P,,, was introduced by Lascoux and Schiitzenberger in [33] as the
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monoid generated on [n] and submitted to the plactic congruence. Knuth proved in [29] that the set Yt of
Young tableaux over [n] satisfies the cross-section property for the plactic congruence ~p,_ . Schensted
introduced two algorithms to insert an element x of [n] into a tableau t of Yt,, [42]]: the right insertion
algorithm Sy, we denote t «~s, x and the left insertion algorithm S1, we denote x ~s, t, see[3.3.3] Denote
by Reot : Yt — [n]* the map that reads a tableau column by column from left to right and from bottom to
top. The insertion algorithms allow to define two internal products on Yt, by setting

txs, t' = (t evs, Reot(t')),  txs t' = (Reor(t) ~os, t)

for all tableaux t,t” in Yt,,. Knuth showed in [29] that these products define on Yt;, a structure of monoid
that is isomorphic to the plactic monoid Py, see also [34] for explicit description. In fact, as we will show
in Section 3] the associativity of these products is an immediate consequence of the commutation of the
two insertion algorithms, that is

Y s (tevs, X) = (Y wos t) ons, X

holds for all tableau t and x,y in [n], as shown by Schensted in [42]], see ‘We will show that these
insertion algorithms define string data structures on the set of Young tableaux. We explain how the
cross-section property is a consequence of these structures and how to relate this property to the confluence
property of a rewriting system defined on the set of Young tableaux. The study of plactic monoids of type A
using string rewriting systems on Knuth generators is not straightforward, in particular in rank greater
than 4 they do not admit finite completion with respect the lexicographic order, [31]]. Finite completions
can be obtained by adding new generators in the quasi-center of the monoid. In particular, by adding
column generators or row generators, the completion procedure ends producing a convergent presentation
of plactic monoids, [2} 4], see also [4, 16, 23] for classical types. Such convergent presentations can be used
to explicit coherent presentations of plactic monoids giving all the relations among the relations of the
presentations, [24]. In Section ] we will explain that the confluence of the column or row presentations
for plactic monoids are in fact a consequence of the commutation of Schensted’s insertion algorithms.

Main results and organization of the article

Let us present the main results of this article. Section [2] gives some preliminaries on presentations of
monoids by string rewriting systems and coherent presentation.

String data structures. In Section[3|we introduce the notion of string data structure over a totally ordered
alphabet as a set of combinatorial data describing structured words equipped with insertion and reading
maps. Explicitly, a string data structure S over an alphabet A is quadruple (D, ¢, I, R) made of a set D of
data, a reading map £ of words in A*, a reading map R : D — A* of the data and a one-element insertion
map I : D x A — D satisfying conditions given by Definition [3.1.1] The map I extends into a map
I; : D x A* — D defined by

Ig(d,u) = Ig(I(d,X]),Xz ...Xk) and I/g(d,?\) =d

for all d in D and u in A* with x7...xc = £(u). The map Cs := I;(),—) : A* — D is called the
constructor of S. We say that S is right (resp. left) if the insertion map I; is defined with respect to
the left-to-right reading {; (resp. right-to-left reading {,). In that case, I, (d, u) (resp. I, (d,u)) will be
denoted by d g U (resp. w ~~p, d).
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Structure monoid. We define an internal product x; on D by setting d x; d’ := I;(d, R(d’)) for all d, d’
in D. By definition the product «; is unitary, and the string data structure S is called associative if x
is associative. The set D with the product x; is a monoid called the structure monoid of S, denoted
by M(D, I). We say that an associative string data structure presents a monoid M if its structure monoid
is isomorphic to M. We will denote by R(D, S) the rewriting system on D, whose rules are

Ya,a’: d-d’ — d*I d’

for any d,d’ in D. The rewriting system R(D,S) is terminating, moreover it is confluent when S is
associative. It is thus a convergent presentation of the structure monoid M(D, I), and the set of R(D, S)-
normal forms satisfies the cross-section property for M(D, I). An associative string data structure S
over A satisfies the cross-section property for a congruence relation =~ on A*, if u ~ v holds if and only
if Cs(u) = Cg(v) holds for all u,v in A*. A string data structure S is compatible with a congruence
relation =~ on A*, if for all d in D and u,v in A*, u ~ v implies I;(d,u) = I;(d,v), and RCs(u) ~ u,
see Theorem states that when S is right (resp. left) associative, S is compatible with a
congruence relation ~ on A* if, and only if, it satisfies the cross-section property for = if, and only if, it
presents the quotient monoid A*/ & (resp. the opposite of the quotient monoid A*/ =).

Moreover, Proposition [3.1.18] states that when S is right (resp. left) associative, the rewriting
system R(R) on A, whose rules are defined by

Ya,ar : R(A)R(A") — R(d *; d')

for all d,d’ in D such that R(d x; d’) # R(d)R(d’), is convergent, and that S presents the monoid
(resp. opposite monoid) presented by R(R). It follows that R(R) is a convergent presentation of the
structure monoid M(D, I). As a consequence, one can prove that an associative string data structure S
satisfies the cross-section property for a congruence relation ~ by showing that R(R) presents the quotient
monoid A*/ =.

Commutation of insertions. One defines in [3.2.1] a string data bistructure over A as a quadru-
ple (D, L, ]J,R) such that the one-element insertions I and ] define on D a right and left string data
structure over A respectively and commute, that is the following condition

(x~1d) evjy = x 1 (d e~jy)

holds for all d in D and x,y in A. Theorem proves that commutation of insertion induces the
associativity of products %1 and xj and the commutation relation d x; d’ = d’ xj d for all d,d’ in D.
Moreover, the structure monoids M(D, I) and M(D, J) are anti-isomorphic. As an example, we show
in Subsection [3.3] that right and left Schensted’s insertion algorithms equip the set of Young tableaux
with a string data bistructure that presents the plactic monoid P;,. In we illustratre that Lecouvey’s
left insertion algorithms define left string data structures on symplectic tableaux, [35] and orthogonal
tableaux, [36] used to characterize cross-section properties for plactic monoids of classical type C, B and D
respectively. However, the existence of a right insertion algorithm on symplectic and orthogonal tableaux
that commutes with Lecouvey’s left insertion, and thus a string data bistructure on these tableaux is still an
open problem. In Subsection [3.4] we give other instances of string data bistructures: with hypoplactic
monoids and quasi-ribbon tableaux, [30} 40], sylvester monoids and binary search trees, [23]], patience
sorting monoids and patience sorting tableaux, [9, 44]]. Note that the existence of a string data bistructure
on quasi-ribbon tableaux, binary search trees, and patience sorting tableaux are still open problems.
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Generating string data structures and coherence by insertion. In general the rewriting system R(D, S)
is infinite. In some situations, we can reduce the set of generators to a finite subset Q of D in order to
define a finite string rewriting system R(Q, S) that is Tietze equivalent to R(D,S). In Subsection
we define generating set Q of a string data structure S as a subset Q of D such that any element d in D
can be decomposed as d = ¢ *] C2 *1 ... %] Ck, Where c1,...,Cx € Q, and that there exists a unique
decomposition d = ¢y *1 ... 1 €1, with cy,...,cy in Q satisfying ci x;cip1 € Qforall 1 <i<1—1,
and R(d) = R(c1)...R(cy) holds in A*. For instance, the set of columns over [n] and the set of rows
over [n] generate the set of Young tableaux Yt, equipped with Schensted’s insertions. We define the
rewriting system R(Q, S) on Q whose rules are

Yeer s c-¢’ = Rolc*c’)

for all c,c’ in Q, whenever c-c’ # Rq(c *; ¢’). In most applications, the termination of R(Q,S) can
be showed by introducing a well-founded order on the free monoid Q* as shown in A generating
set Q of S is called well-founded if the rewriting system R(Q,S) is terminating. When S is right
associative and Q is a well-founded generating set, Proposition states that R(Q, S) is a convergent
presentation of the structure monoid M(D,I). As a consequence, the set of R(Q,S)-normal forms
satisfies the cross-section property for M(D, I). The last result of Section Theorem shows how to
extend R(Q,S) into a coherent presentation of the monoid M(D, I) when S is a right associative string
data structure, and Q is a well-founded generating set. In that case, R(Q,S) extends into a coherent
convergent presentation of the monoid M(D, I) by adjunction of a generating 3-cell

T,Q

O-C,CI.C//

”ﬁ

/ / "
c-c'c MAc,c',c" Rol(c*pc’*1c”)

C%',X‘ c-Rolc' *1¢”) G%?

c-Rg(c/*1c”)

for any c,c’,c” in Q such that c-¢’ # Rg(cxr¢’) and ¢’-c” # R (c’ %1 ¢”). In particular, we show that
when D is equipped by a bistructure (D, I, ], R) and it is generated by a well-founded set Q, then the
generating 3-cells A¢ ¢ . can be written

T
O-CC"% "

c-c’-c” MAC,C/,CN Ro(c*rc *1c”)

1,Q

O—CCICN

where o "'Q and 0 are the leftmost and rightmost normalisation strategy corresponding to the application
of the insertions I and ] respectively.

String data structures on Chinese staircases. As an illustration we construct in Section [3] a string
data bistructure that presents the Chinese monoid introduced in [14] by Duchamp and Krob in their
classification of monoids with growth similar to that of the plactic monoid. The Chinese monoid of
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rank n, denoted by C,, is the monoid generated by [n] and submitted to the relations zyx = zxy = yzx
for all 1 < x <y < z < n. This Chinese congruence was interpreted in [10] by Chinese staircases and
the authors prove that the set Ch,, of Chinese staircases over [n] satisfies the cross-section property for
the monoid C,,. We recall in Subsection the structure of Chinese staircase and the right insertion
algorithm C, in Chinese staircases introduced in [10]], and we recall also the left insertion algorithm C;
introduced in [J]. Theorem [5.1.4] shows that these two insertions commute: for all staircase t in Chy,
and x,y in [n], the following equality holds in Chy,:

Y~ (tene, X) = (Y e t) &, X

As a consequence, the right and left insertions with the row reading R, defined in[5.1.T]induce a string
data bistructure on Chinese staircases over [n], that implies, by Theorem that the compositions ¢,
and xc, are associative.

In Subsection we construct a finite semi-quadratic convergent presentation R(Qyn,Cy,) of the
monoid C,, induced by the right string data structure C,, := (Chy, Cy, £}, R;), and whose set of genera-
tors Q, is made of columns over [n] of length at most 2 and square generators. We deduce that the set of
normal forms with respect to R(Qn, Cy,), called Chinese normal forms, satisfies the cross-section property
for the monoid C,,. Note that finite convergent presentations of Chinese monoids were already obtained
in [11} 22]], by completion of Chinese relations, and in [5] by adding column generators. However, these
presentations are not semi-quadratic, and thus it is difficult to extend these presentations into coherent
presentations of the Chinese monoid.

Finally, Theorem extends the rewriting system R(Qn, Cy,) into a finite coherent convergent
presentation of the monoid C,, by adjunction of generating 3-cells with the following degagonal form

Yei Yebo! Vo5 v
’Yu/,\% Ce Ce’Ct :> Ce Cp Cp/ :> Cs'Cg/*Cp/ :> Cs Cx-Ck/ skk’/
Cu-Cyv-Ct mxu,v,t Cl-Cm-Ck/

Yupit 7 CurCw Gy J=—— Ca Ca’Cy/ 57— CaCa-Car == C'C1"Car = V7
ww,w a,a’w’ a,a’,w’ o
for any cy, ¢y, ¢t in Qpn such that cy,-c, and c,-c¢ are not Chinese normal forms, and where the 2-cells y_ _
denote either a rewriting rule of R(Qn, C,,) or an identity.

2. PRELIMINARIES ON REWRITING

In this work we deal with presentations of monoids by string rewriting systems. In this preliminary section
we recall the basic notions of rewriting we use in this article. For a fuller account of the theory, we refer
the reader to [3]]. In Subsection we will recall from [[L6} 21] the notion of coherent presentation of a
monoid that extends the notion of a presentation by globular homotopy generators taking into account all
the relations amongst the relations.

We will denote by X* the free monoid of words written in the alphabet X, the product being
concatenation of words, and the identity being the empty word, denoted by A. Elements of X* are called
words. We will denote by u = x1...%, a word in X* of length k, where x1,..., Xy belong in X. The
length of a word u will be denoted by |ul.
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2.1. String rewriting systems

2.1.1. String rewriting systems. A (string) rewriting system on X is a subset R of X* x X*. Each
element (u,Vv) of R is called a rule and will be denoted by uw — v. A one step reduction is defined by
wuw’ — www’ for all words w,w’ in X* and rule § : u — v in R, and will be denoted by wRw’.
One step reductions form the reduction relation on X* denoted by —g. A rewriting path with respect
to R is a finite or infinite sequence 1y —gr W; —gr Uy —R ---. This corresponds to the reflexive and
transitive closure of the relation —g, that we denote by —¢. A word u in X* is R-reduced if there is
no reduction with source u. A R-normal form for a word u in X* is a R-reduced word v such that u
reduces into v. The rewriting system R ferminates if it has no infinite rewriting path, and it is (weakly)
normalizing if every word u in X* reduces to some R-normal form. A rewriting system R is reduced if, for
every rule  : uw — v in R, the source wis (R \ {})-reduced and the target v is R-reduced. The reflexive,
symmetric and transitive closure of —y is the congruence on X* generated by R, that we denote by ~.
The monoid presented by R is the quotient of the free monoid X* by the congruence ~g. A presentation of
a monoid M is a rewriting system whose presented monoid is isomorphic to M. Two rewriting systems
are Tietze equivalent if they present isomorphic monoids. Recall that a Tietze transformation between two
rewriting systems is a sequence of elementary Tietze transformations, defined on a rewriting system R on
an alphabet X by the following operations:

i) adjunction or elimination of an element x in X and of a rule 3 : u — X, where u is an element in X*
that does not contain x,

ii) adjunction or elimination of a rule 3 : w — v such that u and v are equivalent by the congruence
generated by R\ {p3}.

One shows that two rewriting systems are Tietze equivalent if, and only if, there exists a Tietze transformation
between them. We refer the reader to [[16, Subsection 2.1] for more details on Tietze transformations.

2.1.2. Confluence. A branching (resp. local branching) of a rewriting system R on an alphabet X is a
non ordered pair (f, g) of reductions (resp. one step reductions) of R on the same word. A branching is
aspherical if it is of the form (f, f), for a rewriting step f and Peiffer when it is of the form (fv,ug) for
rewriting steps f and g with source u and v respectively. The overlapping branchings are the remaining
local branchings. An overlapping local branching is critical if it is minimal for the order C generated
by the relations (f, g) T (wfw’,wgw’), given for all local branching (f, g) and words w, w’ in X*. A
branching (f, g) is confluent if there exist reductions f’ and g’ reducing to the same word:

u w (2.1.3)

The rewriting system R is confluent if all of its branchings are confluent, and convergent if it is both
confluent and terminating. If R is convergent, then every word u of X* has a unique normal form.
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2.1.4. Normalization strategies. Recall that a reduction strategy for a rewriting system R on X specifies
a way to apply the rules in a deterministic way. It is defined as a mapping & of every word u in X* to
a rewriting step ¥, with source u. When R is normalizing, a normalization strategy is a mapping o of
every word u to a rewriting path o, with source u and target a chosen normal form of u. For a reduced
rewriting system, we distinguish two canonical reduction strategies to reduce words: the leftmost one
and the rightmost one, according to the way we apply first the rewriting rule that reduces the leftmost or
the rightmost subword, and defined as follows. For every word u of X*, the set of rewriting steps with
source u can be ordered from left to right as follows. For two rewriting steps f = vyv’ and g = ww’
with source u, we have f < g if the length of v is strictly smaller than the length of w. If R is finite, then
the order < is total and the set of rewriting steps of source u is finite. Hence this set contains a smallest
element p,, and a greatest element 1,,, respectively called the leftmost and the rightmost rewriting steps
on u. If, moreover, the rewriting system terminates, the iteration of p (resp. 1) yields a normalization
strategy for R called the leftmost (resp. rightmost) normalization strategy of R:

O'I = Py *] GtT(pu) (resp. 01{ = Ny *1 Ufmu)). (2.1.5)

The leftmost (resp. rightmost) rewriting path on a word u is the rewriting path obtained by applying the
leftmost (resp. rightmost) normalization strategy o, (resp. o). We refer the reader to [19] for more
details on rewriting normalization strategies.

2.1.6. Semi-quadratic rewriting systems. A rewriting system R on X is semi-quadratic (resp. quadratic)
if for all v in R we have [s(y)| = 2 and [t(y)]| < 2 (resp. |s(y)| = [t(y)]| = 2). By definition, the sources
of the critical branchings of a semi-quadratic rewriting system are of length 3. When R is reduced,
there are at most two rewriting paths with respect to R with source a word of length 3. We will denote
by prp(w) (resp. oy (w)) the word obtained by the rewriting path of length p with source a word w
starting with the leftmost (resp. rightmost) reduction strategy. Given a word w, we will denote by £;(w)
(resp. £-(w)) the length of the leftmost (resp. rightmost) rewriting path from w to its normal form.

2.1.7. Cross-section property. Given a congruence ~ on the free monoid X*, we recall that a subset Y
of X* satisfies the cross-section property for the quotient monoid X*/ = if each equivalence class with
respect to & contains exactly one element of Y. If R is a convergent rewriting system that presents the
quotient monoid X*/ =, then the set of normal forms for R satisfies the cross-section property for .

2.2. Coherent presentations

We recall the notion of coherent presentation of monoids formulated in terms of polygraphs in [16]], and
we refer the reader to [21]] for a deeper presentation.

2.2.1. Two-dimensional polygraphs. Rewriting systems can be interpreted as 2-polygraphs with only
0-cell. Such a 2-polygraph P is given by a pair (P71, P2), where P; is a set and P; is a globular extension
of the free monoid P} seen as a 1-category, that is a set of generating 2-cells 3 : u = v relating 1-cells
in P}, where u and v denote the source and the farget of {3, respectively denoted by s1(f3) and t1(p). A
rewriting system R on an alphabet X can be described by such a 2-polygraph whose generating 1-cells are
given by X, and having a generating 2-cell u = v for every rule w — v in R. Recall that a (2, 1)-category
is a category enriched in groupoids. We will denote by PzT the (2, 1)-category freely generated by the
2-polygraph P, see [21], Section 2.4.] for expanded definitions.
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2.2.2. Coherent presentations. A (3, 1)-polygraph is a pair (P, P3) made of a 2-polygraph P and a
globular extension P3 of the (2, 1)-category P; , that is a set of 3-cells A : f = g relating 2-cells f and g
in P; , respectively denoted by s;(A) and t;(A) and satisfying the globular relations s1s3(A) = s1t2(A)
and t1s2(A) = t1t2(A). Such a 3-cell can be represented with the following globular shape:

@ or u JLA v
\v/ g

where - denotes the unique O-cell of P. We will denote by P; the free (3, 1)-category generated by the
(3, 1)-polygraph (P, P3). A pair (f, g) of 2-cells of PZT such that s1(f) = s1(g) and t;(f) = t;1(g) is
called a 2-sphere of PzT . An extended presentation of a monoid M is a (3, 1)-polygraph whose underlying
2-polygraph is a presentation of M. A coherent presentation of M is an extended presentation (P, P3) of M
such that the cellular extension P of the (2, 1)-category P, is acyclic, that is, for every 2-sphere (f, g)
of P;, there exists a 3-cell A in P; such that s;(A) = fand t;(A) = g.

2.2.3. Coherence from convergence. Recall coherent Squier’s theorem from [43, Theorem 5.2], see
also [21 Section 4.3], that states that, any convergent rewriting system R on X presenting a monoid M can
be extended into a coherent presentation of the monoid M having a generating 3-cell

f v !
/iUAf’g .
o=y

for every critical branching (f, g) of R, where f’ and g’ are chosen confluent rewriting paths.

3. STRING DATA STRUCTURES, CROSS-SECTION AND CONFLUENCE

In this section we define the notion of string data structure. In Subsection [3.2] we introduce the notion of
string data bistructure and we give necessary conditions making the corresponding string data structure
associative. In Subsection [3.3] we apply our constructions to the presentations of plactic monoids of
type A, by considering a string data bistructure that presents these monoids, defined by Young tableaux
and Schensted’s insertions. Finally, Subsection [3.4] presents several examples of string data structures.

Throughout the article A denotes a totally ordered alphabet. For a natural number n > 0, we will
denote the finite set {1, ..., n} with the natural order by [n]. A reading of wordson A'isamap{: A* — A*
sending a word X7 ...Xxx in A* on a word Xo(y) -+ Xoyy I A*, where o is a permutation on [k]. The
identity on A* will be called a left-fo-right reading, denoted by {;. The right-to-left reading is the map,
denoted by £, that sends a word x1X; ... X to its mirror image Xy ...X2Xq.



3. String data structures, cross-section and confluence

3.1. String data structures

3.1.1. String data structures. A string data structure S over an alphabet A is a quadruple (D, ¢, I, R)
made of a set D with a distinguished element (), a reading map £ of words on A and two maps R: D — A*
and I : D x A — D satisfying the four following conditions:

i) R(I(0,x)) = x forall xin A,
ii) the relation I;((); —)R = Idp holds, where Iy : D x A* — D is the map defined by
L(dy,u) = T(I(dyx1)y%x2...Xk)
for all d in D and win A*, with x7 ...x, = {(u), and I;(d,A) = d forall d € D,
iii) the map I,(, —) : A* — D is surjective,
iv) the map R is injective and R(() = A.

One says that R is the reading map of S, and that I inserts an element of A into an element of D. The
map [ is called the insertion map of words of A* into elements of D with respect to £. The map

CS = Ie(@,*) :A* =D

is called the constructor of S from words in A*. We will denote by tp : A — D the map that sends a
letter x in A on the single element data tp(x) = I((), x), that we will write simply x when no confusion
can arise.

A string data structure is called right (resp. left) if its insertion map is defined with respect to the
reading {; (resp. {;). For uin A* and d in D, we will denote I (d,u) (resp. I (d,u)) by d o U
(resp. w ~~, d). The relations

(d Mlel LLV) = (d MIZI u) MI(’,I v, (312)

(wv o, d) =u g, (v, d), (3.1.3)
hold for all d in D and u,v in A*.

3.1.4. Associative insertion. Given a string data structure S = (D, {, I, R) we define an internal product
on D by setting

d*; d’ = I(d,R(d")) (3.1.5)

for all d,d’ in D. By definition the relations d x; ) = d and ) x; d = d hold. Hence, the product *1 is
unitary with respect to (). A string data structure S is called associative if the product x| is associative. In
that case, for all word w = x1x2...xx in A*, we write Cg(W) = X7 *[ X2 *T .. . *] Xk.
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3.1. String data structures

3.1.6. Structure monoid. The set D with the product %1 is a monoid called the structure monoid of the
string data structure S, and denoted by M(D, I). We will denote u = v the equality of two words u
and v in the structure monoid. We say that an associative string data structure presents a monoid M if its
structure monoid is isomorphic to M. Two string data structures are said to be Tiefze equivalent if they
present isomorphic monoids. We will denote by R(D, S) the rewriting system on D, whose rules are

Ya,a’ - d-d/ — d*I d, (3.1.7)

for all d, d’ in D. Every application of a rewriting rule is strictly decreasing in the number of generators,
hence the rewriting system R(D,S) is terminating. Moreover, when S is associative, the rewriting
system R(D, S) is confluent. It is thus a convergent presentation of the structure monoid M(D, I). We
will denote by Nf(D, S) the set of R(D, S)-normal forms.

3.1.8. Proposition. Let S = (D, {,I,R) be an associative string data structure. The rewriting sys-
tem R(D, S) is Tietze equivalent to the rewriting system on D whose rules are

Y, (x) : d-tp(x) — d 1 p(x) (3.1.9)
forall din D and x in A.

Proof. Any rule (3.1.9) is a rule of R(D,S). Conversely, by definition of i, the equality d x; d’ =
d %1 X7 *1 ... % Xx holds in D, where x7 ...x, = £(R(d)). We have d-d’ = d-(x7 *1 ... %[ xx). Moreover,
there exist the following rewriting paths with respect to the rules of (3.1.9):

YX] X2 YX1*1X2 X3 ’YX1*1...*1Xk,] Xk
d-(x7-%X2+ . .- Xk) ’ d- (X7 %1 X200 Xg) —————— ... 4]
Ya X1 Yd*IX1 X2 'Yd*l)ﬂ*l...*p(k,] Xk
d-x1% oo X —————— (A xX7) X2 X . e /T d xp d’

Hence, for any rule y4 4/ in R(D, S), with d, d’ in D, the source d-d’ and the target d x; d’ are related by
a zigzag sequence of rewriting paths with respect to rules (3.1.9). O

3.1.10. Cross-section property. We say that an associative string data structure S over A satisfies the
cross-section property for a congruence relation ~ on A*, if u &~ v holds if and only if Cg(u) = Cg(v)
holds for all u,vin A*. That is, to each equivalence class with respect to = it corresponds exactly one
element in Im(Cs).

3.1.11. Compatibility with an equivalence relation. A string data structure S = (D, {, I, R) over A is
said to be compatible with a congruence relation ~ on A*, if it satisfies the following two conditions:

i) foralld € D and u,v € A*, u = v implies I;(d,u) = I;(d,v),
ii) RCg is equivalent to the identity with respect to the congruence ==, that is,

RCs(u) ~u for all win A*. (3.1.12)
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3. String data structures, cross-section and confluence

Denote by M the quotient of the free monoid A* by the congruence ~, and by u the image of a word u
in A* by the quotient morphism 7t : A* — M. If S is compatible with the relation ~, then the insertion
map I, induces a unique map I; : D x M — D such that the following diagram commutes:

I
DxA*—'3D
IdXﬂJ Z
I
DxM

3.1.13. Theorem. Let S be an associative right (resp. left) string data structure over A and let = be a
congruence relation on A*. The following conditions are equivalent

i) S satisfies the cross-section property for the congruence relation =,
ii) S is compatible with the congruence relation =,
iii) S presents the quotient monoid A*/ = (resp. the opposite of the quotient monoid A*/ =).

Proof. We prove the result for a right string data structure S = (D, £, I, R), the proof is similar for a left
one. Prove i) = ii). For all u,v € A*, u =~ v if and only if Cg(u) = Cg(v). The string data structure S
being right and associative, the equality

Ie(d,u) = d*I LD(X1) KT .. k] LD(Xk) = d*[ Cg(u) (3.1.14)

holds in D, foralld € D and u = xq...xx € A*. Then, forall d € D and u,v € A*, u = v implies
Ie(d,u) = Iy(d,v). Moreover, for all u € A*, we have CsRCg(u) = Cg(u). Then R(Cg(u)) = u,
showing (3.1.12). That proves ii).

Prove ii) = iii). The map Cg : A* — D induces amap Cs : A*/ ~— D defined by Cs(W) = Te(@, w)
for all w in A*. Let us prove that this map is bijective, whose inverse is the map R := mo R. We
have Cg(w) = Cs(w) for all w in A*. Hence CsR(d) = Cs(R(d)) = Cs(R(d)) = d for all d in D. On
the other hand, following , we have R Cs(W) = R(Cs(w)) = RCg(w) = W for every w € A*.
This proves that the map Cg is bijective. By definition Cs(A) = (J, let us prove that we have

Cs(uv) = Cs(un) »1 Cs(V) (3.1.15)

for all I, v in A*/ ~. We have

Fromit follows that Cs (1) x; Cs(V) = L (Cs(u),v). Moreover, the reading map £ being left-to-right,
we have Cs(uv) = (Cs(u) «~1, v). This proves relation (3.1.15).

Prove iii) = i). The structure monoids M(D, I) and the quotient monoid A*/ = are isomorphic. That
is, w & v if and only if Cg(u) =1 Cg(v) for all u,v in A*. This is our claim. O
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3.1. String data structures

3.1.16. Congruence generated by a string data structure. LetS = (D, {, I, R) be an associative string
data structure over A. We denote by R(R) the rewriting system on A, whose rules are defined by

Ya,ar : R(A)R(A") — R(d *; d') (3.1.17)

for all d,d’ in D such that R(d x; d’) # R(d)R(d’). We will denote by =5 the congruence relation on
the free monoid A* generated by the rules . The map R defined in the proof of Theorem
is a monoid morphism from the structure monoid M(D, I) to A*/ ~ss. Indeed, for all d,d’ in D the
equality R(d x; d’) = R(d)R(d’) holds in A*/ ~g and by definition we have R((}) = A. However, note
that the map R is not in general a morphism of monoids for an arbitrary congruence ~.

3.1.18. Proposition. For a right (resp. left) associative string data structure S, the following conditions
hold

i) the rewriting system R(R) on A is convergent,

ii) S presents the quotient monoid A*/ =ss (resp. the opposite of the quotient monoid A*/ ~g).

Proof. Consider a right string data structure S = (D, {, I, R), the proof is similar for a left one.

i) The termination of the rewriting system R(R) is a consequence of the termination of R(D,S).
Indeed, any rewriting sequence with respect to R(R) gives rise to a rewriting sequence with respect
to R(D, S). Hence if R(R) has an infinite rewriting path, so does for R(D, S). As R(D,S) is terminating
this proves that R(R) is terminating. According to Newman’s lemma, [39]], we prove confluence from
local confluence. It follows from the confluence of critical branchings of R(R). They have the form:

Ya,arR(d") P
VS R d)R(A")
R(d)R(d")R(d")

T R(AR(A % d") ——— R(d # (d 5 "))

R(d)Yd’,d” Yd,d’;d”

Yandhdlp (dxg d) %1 d7))

for all d,d’,d” in D such that R(d)R(d’) # R(d x; d’) and R(d’)R(d") # R(d’ x; d”). These critical
branching are confluent by associativity of .

ii) Following Theorem [3.1.13] it suffices to prove that S is compatible with the congruence relation ~g.
Suppose that u ~g v, for u, v in A* and prove that

(d e~p u) = (d e~ V)
holds for all d in D. The string data structure S being right, following (3.1.2)), we have
Cs(R(d)W) = (d evg, u)

for allu € A* and d € D. Since u =g v, we have R(d)u ~g R(d)v, and by the unique normal form
property of R(R), we have RCg(R(d)u) = RCs(R(d)v) for all d in D. The map R being injective,
we deduce that Cg(R(d)u) = Cg(R(d)v). That proves condition i) of Now consider a word
W = X1...Xp in A*. It can be written w = Rip(x1) ... Rip(xp ). Following i), the rewriting system R(R)
is convergent, hence any R(R)-reduction on w ends at the normal form R(tp(x1) % ...*s tp(%p)), that
is equal to RCg(w) by associativity of S. Tt follows that RCs(w) =g w, which proves condition ii)

of B.I11l O
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3. String data structures, cross-section and confluence

3.1.19. Remark. Conditionii) of Proposition shows that the rewriting system R(R) is a presentation
of the structure monoid M(D, I). Thus, one can prove that an associative string data structure S satisfies
the cross-section property for a congruence relation ~ on A* by showing that R(R) is a presentation
of the quotient monoid A*/ ~. Indeed, in that case we have u ~ v if and only if u ~g v if and only
if Cs(u) = Cg(v) for all u,vin A*.

3.2. Commutation of insertions

3.2.1. Commutation of insertions. A string data bistructure over A is a quadruple (D, I, ], R) such
that (D, £, [, R) (resp. (D, ¥, ], R)) is a right (resp. left) string data structure over A and such that the
one-element insertion maps I and | commute, that is the following condition

Y~y (dex) = (y~yd) erx, (32.2)
holds for all d in D and x,y in A.

3.2.3. Theorem. If (D, 1, ],R) is a string data bistructure over A, then the compositions 1 and %} are
associative and the following relation

dxd' =d»d (3.2.4)
holds for all d,d’ in D. Moreover, the structure monoids M(D, 1) and M(D, J) are anti-isomorphic.

Proof. LetS = (D, 4,1,R) and T = (D, £, J, R) be the right and left string data structures associated
to (D, I, ], R). Let us first show by induction on the length of w that

Cs(w) = Cr(w) (3.2.5)

holds for all w in A*. By definition, Cs(x) = Cr(x) holds for all x in A. Suppose that holds for
words of length n > 1 and consider wy a word in A*, where w = xv with x in A and [v| =n — 1. By
induction hypothesis, we have Cs(wy) = [(Cs(w),y) = [(Cr(w),y), and by commutation of I and ],
we have [(J(Cr(v),x),y) = J(I(Cr(v),y),x). As a consequence, we have

[(Cr(w),y) = I(J(Cr(v),x),y) = J(I(Cs(v),y),x) = J(Cs(vy), x).

By induction, we deduce that I(Ct(w),y) = J(Cr(vy), x). This proves the equality Cs(wy) = Ct(wy).
Having d 1 d’ = Cg(R(d)R(d’)) = Cr(R(d)R(d’)) = d’ j d for all d,d’ in D, the commutation
relation (3.2.4) is an immediate consequence of relation (3.2.5).

Prove associativity of x; and ;. From we have Cs(R(d)R(d’)R(d”)) = Cr(R(d)R(d’)R(d"))
forall d,d’,d” € D. But

Cs(R(d)R(d)R(d")) = (d*1d')x1d” and Crp(R(d)R(d)R(d")) = (d"»;d")*d

by definition, hence we have (d x; d’) xy d” = (d” %y d’) xj d for all d,d’, d” in D. By commutation
of I and ] we obtain
(d” *7 d,) *J d= d*I (d” *7 d/) = d*l (d,*l d”).
We deduce that the product x1 is associative. The proof of the associativity of xj is similar.
Finally, the anti-isomorphism between monoids M(D, I) and M(D, J) is a consequence of the fact
that the rewriting systems R(D, S) and R(D, T) are presentations of these monoids and the commutation
of x1 with *]. ]
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3.3. Example: plactic monoids of classical types

As consequence of this result, when (D, I, J, R) is a string data bistructure over A, for all d in D and x
in A, we can relate the definition of the insertions algorithm from each other using the following relations:

(d errx) = (R(d) ~j w(x)), (3.2.6)
(x ~jd) = (ip(x) e~ R(d)). (3.2.7)

3.3. Example: plactic monoids of classical types

3.3.1. Plactic monoids of type A. Recall that the plactic monoid of type A of rank n introduced in [33],
denoted by Py, is presented by the rewriting system on [n] whose rules are the Knuth relations, [29]:

Exyzizxy — xzy for T<x<y<z<n,

GxyziYzx —yxz for 1<x<y<z<n. (3.3.2)

We will denote by ~p, the congruence relation of [n]* generated by this presentation.

3.3.3. String data bistructures on Young tableaux. Knuth in [29] described the congruence ~p,, using
the notion of Young tableau. Recall from [45]] that a (Young) tableau over [n] is a collection of boxes in
left-justified rows

1 2|3 k1
X1 X7 | X3 1%
1 21,3 ka

X | X2 | %2 | X2

T]42

Xy | X

1

1+1

filled with elements of [n], where the entries weakly increase along each row, i.e. xi < x]i:r] forall k,i > 1,
and strictly increase down each column, i.e. xj < xj_ forall k,i > 1. Denote by Yt, the set of tableaux
over [n]. A column (resp. row) over [n] is a tableau such that every row (resp. column) contains exactly
one box. Denote by Col(n) the set of columns over [n].

Schensted introduced two algorithms to insert an element x of [n] into a tableau t of Yt,, [42]. The
right (or row) insertion algorithm S, computes a tableau (t «~g. x) as follows. If x is at least as large as
the last element of the top row of t, then put x to the right of this row. Otherwise, let y be the smallest
element of the top row of t such thaty > x. Then x replaces y in this row and y is bumped into the next
row where the process is repeated. The algorithm terminates when the element which is bumped is at least
as large as the last element of the next row. Then it is placed at the right of that row. For example, the four
steps to compute ( e~g, 2) are:

113]5] s,
2[4 — [2]4] ~s, 3] - [2]3] - [2]3] —
6] 6] 6] &~s, [&

“~s, [6]

The left (or column) insertion algorithm S; computes a tableau (x ~»s, t) as follows. If x is larger
than the first element of the leftmost column of t, then put x to the bottom of this column. Otherwise, lety
be the smallest element of the leftmost column of t such that y > x. Then x replaces y in this column
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3. String data structures, cross-section and confluence

and y is bumped into the next column where the process is repeated. The algorithm terminates when
the element which is bumped is greater than all the elements of the next column. Then it is placed at the
bottom of that column. Note that the left insertion algorithm can be deduce from the right one by the
relation (3.2.7). Indeed, we have:

(x ~s 1) = (x e~vs, R(1)).

For example, the four steps to compute (2 ~s, [3i[”) are:
6]

T3]5] 1815 z EI BEIE
24 = B — 4 — 4 = B

6 6] 6] 6] 6]

T T T T

2

Denote by Reor @ Yty — [n]* the map that reads tableaux column by column, from left to right
and from bottom to top. Schensted’s algorithms induce two string data structures on Yt,: a right
one Y}, := (Ytn, {1, S+, Reor) and a left one Y, := (Ytn, &, St, Reot). Note that the insertion S, with the
readings {; and R., does not induce an associative structure on Yt, as shown by the following example:

(1] % *xs. [ = [1]2[3] »¢ 1] = [1]1]3] TT2[3] = [T s [1] = O] % [2] %
( ) A 7l s g = s (s )
6] 6] 6] 6]

6]

CECE

Finally, note that we can show that the following equalities hold, see [29, Theorem 5],

Cyr (zxy) = Cyr (xzy) for T<x<y<z<n,
Cyr (yzx) = Cyr (yxz) for T<x<y<z<n.

More generally, Knuth showed that for any word w, w’ in [n]*, Cyr (W) = Cyr (w’) holds if and only
if w ~p, W’ holds, [29, Theorem 6], that is the string data structure Y], satisfies the cross-section property
for ~p,,.

3.3.4. Commutation of Schensted’s insertions. Schensted showed that S; and S; commute, [42,
Lemma 6]. Hence we have a string data bistructure (Yt Sy, Si, Reot) over [n]. From Theorem we
deduce that the string data structures Y7, and Y¢, are associative and the structure monoids M(Y7,, S;) and
M(Y¢, Sy) are anti-isomorphic. Note that Y], being compatible with ~p_, by Theorem the monoid
M(Y7,S;) is isomorphic to Py,. Let R? | be the reading map on Yt, obtained by reading the columns
from right to left and from top to bottom. The string data structure (Yty, {1, Sy, R2,,) is compatible with
the congruence generated by the following rules

zxy — xzy for T<x<y<z<n

yzx - yxz for T<x<y<z<n, (3.3.5)

as pointed out by Knuth in [29, Section 6]. Note that these relations are used to present the plactic monoid
of type A in the theory of crystal graphs, [12} 32, 37].
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3.4. Other examples

3.3.6. The plactic monoids of classical types. In Subsection we have given a string data bistructure
that presents plactic monoids of type A. Using Kashiwara’s theory of crystal bases, the plactic congruence
of plactic monoids of type A generated by the relations [3.3.5] characterizes the representations of the
general Lie algebra gl,, of n by n matrices, [12}32]. We refer the reader to [27] for details on crystal bases
theory and to [35H37] for characterizations of representations of Lie algebras by plactic congruences. More
generally, since Kashiwara’s theory of crystal bases also exists for all classical semisimple Lie algebras, a
plactic monoid was introduced for each of these algebras using a case-by-case analysis, [35H37/]]. To each
semisimple Lie algebra it is associated a finite alphabet A indexing a basis of the vector representation
of the algebra and a congruence ~p_(5) on the free monoid A* is defined using the crystal graph of the
standard representation. In this way, to each semisimple Lie algebra it corresponds a plactic monoid
defined as the quotient of A* by the congruence ~p,_(a). In particular, the plactic monoid of type C, B
and D corresponds respectively to the representations of the symplectic Lie algebra, the odd-dimensional
orthogonal Lie algebra and the even-dimensional orthogonal Lie algebra. Lecouvey in [35}36] introduced
the notion of admissible columns generalizing the notion of columns in type A , and the notions of
symplectic tableaux for type C and orthogonal tableaux for type B and D generalizing the notion of
tableaux for type A. He also introduced a Schensted-like left insertion on symplectic tableaux, see [35}
Section 4] and orthogonal tableaux, see [36), Section 3.3]. These insertion algorithms define a left string
data structure on the set of symplectic and orthogonal tableaux for type C, B, D. However, the existence of
a right insertion algorithm on symplectic and orthogonal tableaux that commutes with Lecouvey’s left
insertion, and thus a string data bistructure on these tableaux is still an open problem.

3.4. Other examples

3.4.1. The hypoplactic monoid. Recall that the hypoplactic monoid of rank n introduced in [30, 40],
is the monoid presented by the rewriting system on [n] and whose rules are the Knuth relations (3.3.2),
together with the following rules

zxty —»xzyt forT<x<<y<z<t<n and tyzx —ytxz forl<x<y<z<t<n

The congruence generated by this presentation can be described by using quasi-ribbon tableaux, [40],
and in terms of Kashiwara’s theory of crystal bases, [[7]]. Recall that a quasi-ribbon tableau over [n] is
a collection of boxes filled with elements of [n], where the entries weakly increase along each row and
strictly increase down each column, and where the columns are arranged from left to right so that the
bottom box in each column aligns with the top box of the next column. We will denote by Qr,, the set of
quasi-ribbon tableaux over [n]. Let denote by R. the reading map on Qr,, obtained by reading the columns
from left to right and from bottom to top. For instance, the following diagram

1(11]5
6|6|6
7
8[3]9]

is a quasi-ribbon tableau over [9] and its reading is 1165687689. Novelli proved in [40, Theorem 4.7] that
the set Qr,, satisfies the cross-section property for the hypoplactic monoid.

A right insertion algorithm H" : Qr,, x [n] — Qr,, that inserts an element x in [n] into a quasi-ribon
tableau t is introduced in [40, Algorithm 4.4] as follows. If x is smaller than each element of t, create a
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3. String data structures, cross-section and confluence

new box filled by x and attach t to the bottom of this box by its topmost and leftmost box. Otherwise, let y
be the rightmost and the bottommost element of t that is smaller or equal to x. Create a new box filled
by x to the right of the box containing y and attach the other boxes of t situated to the right and below
of [u] onto the bottom of [x]. This algorithm defines a right string data structure Q%, = (Qr,,, &, H", R¢)
over [n]. For instance the five steps to compute Cqr (142215) by insertion produce the following tableaux

[114] ]2 122 T T
7 7 72 72
7 45]

A left insertion algorithm H!: Qr,, x[n] — Qr,, that inserts an element x in [n] into a quasi-ribon tableau t
is also introduced in [5, Algorithm 4.4] as follows. If x is bigger than each element of t, create a new box
filled by x and attach t to the top of this box by its bottommost and rightmost box. Otherwise, let y be the
leftmost and the topmost element of t that is bigger or equal to x. Create a new box filled by x to the left
of the box containing y and attach the other boxes of t situated to the left and above of [Y] onto the top
of [x]. This algorithm defines a left string data structure Q}l = (Qry, &, Hy, R.) over [n]. For instance the
five steps to compute Cgy (142215) by insertion are

115 [1] (1] [1] [
2[5] 2|2]5] 2]2 2]2
415] 415]

—_

However, the commutation of the right insertion algorithm H" and the left insertion algorithm H', and
thus the existence of a string data bistructure on quasi-ribbon tableaux is still an open problem.

3.4.2. The sylvester monoid. The structure of sylvester monoids appeared in the combinatorial study
of Loday-Ronco’s algebra of planar binary trees related to non-commutative symmetric functions and
free symmetric functions, [25]]. Recall from [25, Definition 8] that the sylvester monoid of rank n is the
monoid presented by the rewriting system on [n] and whose rules are

ZXWY — XZWY forall1 <x<y<z<nandw € [n]*.

The sylvester monoid can be constructed using the notion of binary search trees and a Schensted-like left
insertion on these trees, [25 Definition 7], and also by using the theory of crystal bases, [8]. Recall that a
(right strict) binary search tree is a labelled rooted binary tree where the label of each node is greater than
or equal to the label of every node in its left sub-tree, and strictly less than every node in its right sub-tree.
We will denote by Bt,, the set of binary search trees on [n]. Denote by [ the reading map on Bt by
recursively performing the right to left postfix reading of the right sub-tree of a tree, then recursively
performing the right to left postfix reading of its left sub-tree and finally add the root of the tree. For
instance, the following tree
(6)

is a binary search tree on [8] and its reading is 78746. Note that the set Bt,, satisfies the cross-section
property for the sylvester monoid, [25]. The left insertion algorithm Ig;, introduced in [25, Subsection 3.3]
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3.4. Other examples

inserts an element x in [n] into a binary search tree t as follows. If t is empty, create a node and label it by x.
If t is non-empty, then if x is strictly greater than the label of the root node, then recursively insert x into
the right sub-tree of t. Otherwise recursively insert x into its right sub-tree. This algorithm defines a left
string data structure B!, = (Bty, £, Ipy,, L1) over [n]. For instance, the four steps to compute CBL (87476)

VLR A

Note that the existence of a string data bistructure on Bt,, is still an open problem.

3.4.3. The patience sorting monoids. Recall from [9, Section 3] that the left (resp. right) patience
sorting monoid, or IPS (resp. rPS) monoid for short, of rank n is the monoid presented by the rewriting
system on [n] and whose rules are

YXp ... X1X = YXXp...X] forx <y <x; <...<xp (resp. x <yYy<x; <...<Xp)e

Recall that an [PS (resp. rPS) tableau over [n] is a collection of boxes in bottom-justified columns, filled
with elements of [n], where the entries weakly (resp. strictly) increase along each row from left to right
and strictly (resp. weakly) decrease along each column from top to bottom. Denote by PL,, (resp. Pr;,) the
set of IPS (resp. rPS) tableaux over [n], and by R¢ the reading map on Pl,, (resp. Pry,) obtained by reading
the columns of an IPS (resp. rPS) tableau from left to right and from top to bottom. For instance, the
following tableaux

7]
23
[7]2]4] 0

7
45[

NNE

are respectively an IPS and an rPS tableaux over [5] and their readings are respectively 1421324
and 1422445.

A right insertion algorithm P{ : Pl, x [n] — Pl, (resp. P} : Pry x [n] — Pry) that inserts an
element x in [n] into an IPS (resp. rPS) tableau t is introduced in [44, Subsection 3.2] as follows. If x is
greater or equal (resp. greater) to every element of the bottom row of t, create a box filled by x to the
right of this row. Otherwise, let y be the leftmost element of the bottom row of t that is greater than (resp.
greater or equal to) x, replace y by x and attach the column containing y to to the top of the box filled by x.
This algorithm defines a right string data structure P, = (Ply, &1, P{, R®) (resp. PR}, = (Pry, &1, P7, R¢))
over [n]. For instance, the six steps to compute the IPS tableau Cpyr (1423241) are

7]
(4] [4] 413 413 23
[174] 1]z [1]2]3] 1]2]2 [112]2]4] [11]12]4]
and the six steps to compute the rPS tableau Cpgr (1423241) are
[4] [4] [4]
[4] [4] 2] 2] 12
[174] ]z [1]2]3] [1]2]3] [112]3]4] 1[2[3]4]

Note that a left insertion algorithm that inserts an element of [n] into an IPS (resp. rPS) tableau is also
introduced in [9 Algorithm 3.14], yielding a left string data structure over [n]. The commutation of this
algorithm with the right insertion algorithm P{ (resp. P]), and thus the existence of a string data bistructure
on these tableaux is still an open problem.
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4. Coherent presentations by insertion

4. COHERENT PRESENTATIONS BY INSERTION

In this section we show how to generate a string data structure (D, {, I, R) by a subset Q of D. This allows
us to consider an associated rewriting system R(Q, S) that presents the structure monoid M(D, I) with a
more economic set of rules than R(D,S). Finally, we explain in Subsection how to extend such a
rewriting system R(Q, S) into a coherent presentation of the monoid M(D, I), whose generating 3-cells
are interpreted in terms of strategy among insertions.

4.1. Generating set of a string data structure

In this subsection S = (D, {, I, R) denotes a right associative string data structure over A. Note that all
definitions and results remain valid when S is a left associative string data structure.

4.1.1. Generating set of a string data structure. A generating set for S is a subset Q of D such that
the three following conditions hold:

i) ip(x) € Qforallxin A,
ii) any element d in D can be decomposed as d = ¢ *[ €2 *7 . .. *] Cx, Where c1,...,cx € Q,

iii) there exists a unique decomposition d = ¢y *1 ... x1 ¢1, with cy,...,cy in Q satisfying the two
following conditions:
— CixCip € Qforall 1 <i<1—1,
— R(cy#*1...%1¢1) =R(cy)...R(¢cy) holds in A*.
We suppose that the empty element () in D is decomposed into an empty product. The decomposition
C1 1 .. .1 ¢t in iii) will be denoted by [d]g. For example, the set D is a generating set for S by considering
trivial decomposition in conditions ii) and iii), with [d]p = d forall din D. As an other trivial example, the
set tp (A) is a generating set for S. Indeed, following condition iii) of[3.1.1} any d in D can be decomposed
into a product for x of elements tp (x) with x in A. Moreover, we have [d],,a) = tp(X1) *1 ... *1 tp(x1)

for all d in D with R(d) = x; ...x;. The unicity of the decomposition follows from the injectivity of the
reading map R.

4.1.2. Given a generating set Q of S one defines a string data structure Sq := (D, {g, Ig, Rq) over Q by
setting

i) {q is the left-to-right reading of words on Q,

ii) Io: D x Q — Disdefined by Ig(d,c) = dxjcforallcin Q and d in D, and it induces an insertion
map Iy, : D x Q" — D defined by

IQQ(d,C1 te .'Ck) = IEQ(d*I C1,C2-.. .'Ck)
forall din D and ¢y,. .., cx in Q, where-denotes the product in Q*, and I, (d,A) = d,

iii) Ro : D — Q* is defined by Rg(d) = cy-cz-...-cy, forany d in D, with [d]q = c1 *1c2 %1 ... *1 Cy,
and c1,¢2,...,Ck in Q.

20



4.1. Generating set of a string data structure

4.1.3. Proposition. The string data structures S and Sq are Tietze equivalent.

Proof. By definition, the equality ¢ 1, ¢’ = c*; ¢’ holds in D for all ¢,c’ in Q. Hence for any
word w = cj-C2-...-cx in Q* we have CSQ (W) = ¢ %1 €2 *1 ... %[ cx. Now consider d,d’ in D. We
have d 1, d' = I, (d, Rq(d’)). Moreover there exists a unique decomposition [d']qg = cj *1 ... %1 ¢{
such that R(d’) = R(cq)...R(¢c{) and ¢/ *;c{,; € Qforall 1 <i<1—1. Hence

Ly, (dy Ro(d")) = IeQ(d,c{-. ..¢{) =1(d,R(d") =d* d'.
Hence the compositions 1 and *, coincide on D, that proves the Tietze equivalence of S and Sq. [
4.1.4. Given a generating set Q of S, we denote by R(Q,S) the rewriting system on Q whose rules are
Yeer i c-¢’ = Role*rc’) 4.1.5)

for all ¢, ¢’ in Q, whenever c-c’ # Rq(c %1 ¢’), and where-denotes the product in the free monoid on Q.
We will denote by Nf(Q, S) the set of R(Q, S)-normal forms. Note that when Q = D, we recover the
rewriting system R(D, S) defined in (3.1.7) and that presents the structure monoid M(D, I).

4.1.6. Well-founded generating set. A generating set Q of S is called well-founded (resp. quadratic)
if the rewriting system R(Q, S) is terminating (resp. quadratic). When Q is well-founded, we denote
by 0 "Q the leftmost reduction strategy on R(Q,S). Given d in D and ¢ in Q, by associativity of 1, the
rewriting path GRT(’;% a)c reduces Rq(d)-c to Rg(d %1 c). More generally, the strategy o " reduces any

word w in Q* to R Cs,, (w), that is, it defines a rewriting path
GJ;’Q tw —F RqCsq (W)

for all w in Q*. Note that, the rewriting system R(D, S) being convergent, any normalization strategy o
on R(D, S) reduces any word w in Q* to RoCs, (W).

4.1.7. Termination of R(Q,S). In most applications, the termination of R(Q,S) can be showed by
introducing a well-founded order on the free monoid Q* defined as follows. Given two well-founded
ordered sets (X1, <) and (X2, <), and twomaps g : Q — Xj and f : Q* — X3, one defines a lexicographic
order <4 on Q* by setting

u =g v ifandonlyif (f(u)<f(v)) or (f(u)=f(v)andg(c;) < g(c))

foralu=cy-...-.cxand v = c{ .. .-C{ in Q*. The order < 4 is well-founded, and we can prove the
termination of the rewriting system R(Q,S) by using such an order compatible with rules , that
is the inequalities f(Rq(c %1 ¢’)) < f(c-c’) and g(c1) < g(c) hold, where c; is the first element in the
decomposition of Rg(c*1¢’) in Q*. Then a reduction with respect to R(Q, S) must decrease a word in Q*
either with respect to f or with respect to g. In particular, this method is used to prove the termination of
the column presentation for the plactic monoids of type C in [6, [23]], and for other classical types A, B and
D in [6]], by introducing a well-founded order on the set of column generators corresponding to each type
and where the map f counts the number of columns and g is the length of each column. Note that for
the plactic monoid of type G, the termination of the column presentation cannot be proved by using the
lexicographic order of the form <y 4 since the Lecouvey insertion of one column into another one can
produce a tableau with three columns as shown in [6].
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4. Coherent presentations by insertion

4.1.8. Proposition. Let S = (D, {, I, R) be a right associative string data structure, and let Q be a well-
founded generating set of S. Then R(Q,S) is a convergent presentation of the structure monoid M(D, 1),
and the set Nf(Q, S) satisfies the cross-section property for the structure monoid M(D, I).

Proof. Prove that R(Q,S) is confluent. Any critical pair of R(Q,S) has the form (yc¢/-c”,c-yerer),

for c,c¢’;c¢” in Q. By.1.6, the target of the rewriting path og(’;%c*lc/)_c,, is RQCsq (Rqlc * c)-e.
Suppose Rq (¢ *1 c’) =cy-....cx, with¢qy...,cx in Q. The map {q being a left-to-right reading, we have

CSQ (RQ(C *1 C/)'C”) = IeQ (C] *1 C2 %7 ... %] Cx, C”).

Moreover, the equality c1*xpCa*1. . .*1Cx = cx1¢’ holds in D. Hence Csq (Rolexie’)c”) = (exre’)*rc”.
Similarly, one shows that the target of oZiSQ(C,*IC,,) isRq (c *1 (¢’ %1 c//))' Then any critical pair of R(Q, S)
has the following reduction diagram:

O-T)Q / "
c,c"C” Rq(cx1c’)-c

V/—)RQ(C x1c’)-¢" ———Ro((c*rc’) *xc”)

"

% c-Rqlc’ x1¢”) ——— Ro(c*1 (¢’ *x1¢"))

T,Q

c-Rg(c/*1c’”)

c-c'c

which is confluent by the associativity of the product x;. This proves that the rewriting system R(Q, S) is
locally confluent and thus confluent by termination hypothesis.

Prove that Sq is compatible with the congruence relation ~g(qs). Consider a word w in Q*. The
rewriting system R(Q, S) being terminating, the reduction strategy o *Q reduces w to Rq Csq (W) which
proves that RqCs,, (W) ~g(q,s) W, showing condition ii) of Suppose now that u ~gq,s) V,
for u,vin Q* and prove that I, (d, ) = Iy, (d, v) holds for all d in D. The string data structure Sq being
right associative, we have Iy, (d, u) = d x1, Cs, (u), forallu € A* and d € D. Since u =) v, by
the unique normal form property of R(Q, S), the equality RoCs, (u) = RqCs,, (v) holds. The map Rq
being injective, we obtain that Cs, (u) = Csq (v). We deduce that d *14 Csg (u) =d *1o Csq (v),
for all d in D. That proves condition i) of 3.1.T1] Then by Theorem [3.1.13|Sq presents the quotient
monoid Q*/ ~(q,s)- Hence, by Proposition the rewriting system R(Q, S) is a presentation of the
structure monoid M(D, I).

The fact that Nf(Q, S) satisfies the cross-section property for the monoid M(D, I) is an immediate
consequence of the confluence of R(Q, S) as explained in O

As a consequence of Proposition 4.1.8] when the generating set Q is well-founded, the rewriting
systems R(R) and R(Q,S) are Tietze-equivalent. Indeed, by this result the rewriting systems R(Q, S) is
Tietze-equivalent to R(D, S), that is Tietze-equivalent to R(R) by Proposition|3.1.18

4.1.9. Corollary. Let S = (D, {, 1, R) be a right associative string data structure.

i) If S has a finite well-founded generating set Q, then the structure monoid M(D, 1) has finite
derivation type and thus finite homological type.

ii) IfS has a quadratic well-founded generating set Q, then the structure monoid M(D, 1) is Koszul.
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4.1. Generating set of a string data structure

Proof. In [43] the authors showed that if a monoid admits a finite convergent presentation, then it is of
finite derivation type. Moreover, the property finite derivation type implies the property finite homological
type. If S has a finite well-founded generating set Q, then by Proposition m the monoid M(D, I)
admits R(Q, S) as a finite convergent presentation, and thus it has finite derivation type.

The assertion ii) is a consequence of the fact that a monoid having a quadratic convergent presentation
is Koszul, see [1} [18]. If S has a quadratic well-founded generating set Q, by Proposition the
rewriting system R(Q, S) is a quadratic convergent presentation of the structure monoid M(D, I), and
thus M(D, I) is Koszul. O

For instance, the plactic monoid of type A has finite derivation type, but it is not Koszul, [13]. As a
consequence, there is no quadratic well-founded generating set for Young structures of type A.

4.1.10. Example: column presentation of plactic monoids of type A. As an illustration, we prove
that the set of columns Col(n) defined in Example is a generating set for the associative string data
structure Y7,. For all x in [n], Cg(x) is a Young tableau with only one box filled by x, hence a column

in Col(n). Every d in Yt,, can be uniquely decomposed into a sequence (c1, . . ., cx) of columns in Col(n):
C1 C2 .«.. Cg
L] ]
HaH
H
where ci,...,ck are the columns of d from left to right. By definition of the tableau, we have

d = cy*s, ... *s, Ck, and ¢i *s, cit1 ¢ Col(n) for all 1 < i < k— 1. Moreover, by definition of the
reading map, the equality Reo1(d) = Reot(€1) ... Reot(ck) holds in [n]*.
The rules of the rewriting system R(Col(n), Y7, ) are of the form

. / /
Yeer i €€ = Regimy (€ *s, ¢7)

for all ¢, ¢’ in Col(n) such that c-¢’ # Reoym) (€ *s, ¢’), where the reading map Rejn) : Ytn — Col(n)*
sends a tableau to the product of its columns from left to right. By using a lexicographic order as defined
in[4.1.7] one shows that the rewriting system R(Col(n), Y},) is terminating. Following Proposition
the rewriting system R(Col(n), Y},) is convergent and Tietze-equivalent to R(Yty,, Y], ).

Note that Schensted’s insertion S; corresponds to the application of the leftmost normalisation
strategy o """ For instance, consider the word 453126 in [6]*. To compute the tableau Cyr (453126),
one applies the following successive rules of R(Colg, Y§) :

AEBDEIE Y mEnzeE S EEmEE e EmEie S MEmeE Y23 mee

2]6],

producing Cy¢(453126) = ; 2
7

Moreover, the readings of the source and the target of any rule of R(Col(n), Y] ) are related
by Knuth’s relations (3.3.2), that is Reo1(¢)Reot(c’) =p, Reot(c *s, ¢’), for all ¢,c” in Col(n) such
that c-¢’ # Reoin) (€ *s, ¢’). Indeed, it is sufficient to show that

Reot(d *s, tyr (x)) ~p, Reot(d)x 4.1.11)
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4. Coherent presentations by insertion

for all d in Yt,, and x in [n]. By definition of Schensted’s insertion, the process that occurs on the first
row of a tableau, is repeated on the next rows of the same tableau. Then, it is sufficient to show the
equivalence in the case where d is a row on [n]. Since R (1) and Reo(Vv) are strictly decreasing
words, the rows of the tableau u g, v are of length at most 2. Then it is also sufficient to show the
equivalence in the case where d is a row of length at most 2. Suppose that R, (d) = x1x;
with x7 < x; and let x be in [n] such that x; > x. There are two cases: X < x <X orx < x; < x2. In
the first case, Reot(d)x = x1x2x ~p,, X2X1x by applying &, xx,» and Reor(d *s, tyr (x)) = xpx7x. In the
second case, Reo1(d)x = x1%2x ~p, X1XX2 by applying (x x; x,, and Reer(d *xs, tyr (x)) = x1%x2. Then,
in the two cases, we obtain Reo1(d)x ~p,, Reot(d s, tyr (x)).

Finally, let us show that the string data structure Y}, presents the plactic monoid P;, by using the
properties of the string rewriting system R (Col(n), Y7, ), recovering then Knuth’s Theorem, [29] Theorem 6].
Following Theorem it suffices to prove that Y}, is compatible with the plactic congruence ~p,, .
Suppose that u ~p,_ v, for u,v in A* and prove that (d «~s, u) = (d «~s, v) holds for all d in D.
The string data structure Y], being right, following we have (d «~1g u) = d*s, Cyr (u), for
allu € A*and d € D. Moreover, forany 1 < x <y<z<n@esp. 1 <x <y <z<n),the
rules &y, (resp. (x,y,z) can be decomposed by rules in R(Col(n), Y7, ) as follows:

ax, \Z Cx, \Z
EE L PO EEE vl-EX LI EEE
y,‘ ‘V, (resp. y,‘ ‘V, )
V[x][y] Yyl [x]

Then, since u ~p,_ v, the words u and v are also related by the rules of R(Col(n),Y7},), and by
the unique normal form property of R(Col(n}, Y7} ), we obtain Cyr (1) = Cyr (v). We deduce that
d xyr Cyr (u) = d *yr Cyr (v), for all d in D. That proves condition i) of Now consider a
word W = Xp...%p in A*. To compute the tableau Cyr (W), one applies the leftmost normalisation
strategy o ™) on w. Then Cyr (w) and w are related by the rules of R(Col(n), Y7 ). The readings
of the source and the target of any rule of R(Col(n), Y},) being related by Knuth’s relations (3.3.2), it
follows that Reo1 Cyr (W) ~p, W, which proves condition ii) of

As a consequence, we obtain that the rewriting system R(Col(n), Y], ) is a finite convergent presentation
of the monoid P;,. By this way, we recover the results of [4, Theorem 3.4] and [2, Theorem 4.5].

4.1.12. Example: row presentation of plactic monoids of type A. Let consider the string data struc-
ture YE"W = (Ytn, &, Sty Rrow), Where S, is Schensted’s insertion recalled in and R,q is the
reading map on Yt, that reads a tableau row by row, from left to right and from bottom to top. We
denote by Row(n) the set of rows on [n]. The set Row(n) forms a generating set for YR, Indeed,
for all x in [n] the tableau Cyrow(x) belongs to Row(n). Every tableau d in Ytn can be uniquely
decomposed as d = 17 *s, ... *s, T, where 11, ..., Ty are the rows of d from bottom to top. By definition
of the tableau, Tj xs, Ti11 ¢ Row(n) for all 1 < 1 < k — 1, and by definition of the reading map, the
equality Ryoy (d) = Rrow(T1) - .. Ryow(T) holds in n]*.
The rules of the rewriting system R(Row(n), YRO) are of the form

! /
Yrpr 1TT RRow(n)(r *s, T')
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4.2. Coherent presentations and string data structures

for all r, 7’ in Row(n) such that 1 - 1/ # Rgoy(n) (T *s, 7’), and where Rrow(n) : Ytn — Row(n)* is the
reading map sending a tableau to the product of its rows from bottom to top. Using the arguments of [4.1.10}
one proves that the string data structure YRO" presents the plactic monoid P;,. Using a lexicographic
order as defined in one proves that R(Row(n), YROW) is terminating. Then by Proposition the
rewriting system R(Row (1), YROW) is a convergent presentation of the monoid P,,, that is infinite contrary
to the column presentation that is finite. By this way, we recover the result of [2, Theorem 3.2].

4.2. Coherent presentations and string data structures

4.2.1. Theorem. LetS be a right associative string data structure, and let Q be a well-founded generating
set of S. Then R(Q,S) extends into a coherent convergent presentation of the structure monoid M(D, 1)
by adjunction of a generating 3-cell

T
O-C~’C(;'C//

—_— .

c-c’-c” MACC,C,, Ro(c e’ *c”) (4.2.2)

Cm c-Ro(c’ x1c”) %{

c-Rg(c/*1c”)
foranyc,c’,c” in Q such that c-c’ # Rg(cxr¢’) and c¢’-c” # Rg(c’ *1 c”).

Proof. Any critical branching of R(Q, S) has the form

n
Yec’*C R / "
, qlexrc)-c
/ ///
-c
cyc\c> c-Ro(c’+1c”)

with ¢, ¢, ¢” in Q such that c-c’ # Rg(c*r¢’) and ¢’-¢” # Rg(c’ *1 ¢”). By Proposition|4.1.8) R(Q, S)
is confluent, hence such a critical branching is confluent with a confluence diagram as in (¢.2.2). We
conclude with coherent Squier’s theorem recalled in[2.2.3] O

c-C

4.2.3. Coherent presentations and insertion. Let (D, [, ], R) be a string data bistructure over A and
let S (resp. T) be the corresponding right (resp. left) string data structure. Given a well-founded generating
set Q of S, we consider the rewriting system R(Q, T)°P on Q, whose rules are

c-¢’ = Rolc' %5 ¢)
for any c,c’ in Q such that c-¢’ # Rg(c’ +j ¢). By definition, we have Rg(c’ xj ¢) = Rg(c 1 ¢’) for

all ¢, ¢’ in Q, thus the rewriting systems R(Q, T)°P and R(Q, S) coincide. If the rewriting system R(Q, S)
is convergent, by Theorem {.2.1] it can be extended into a coherent convergent presentation of the
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4. Coherent presentations by insertion

monoid M(D, I) by adjunction of a generating 3-cell

T,Q

O-CCICII

c-c'-c” m Ro(c*i ¢’ *c”)

al
0-cc”(g ”

for any ¢, c’,c” in Q such that c-¢’ # Rq(c*rc¢’) and ¢’-c” # Rg(c’ 1 ¢”) and where 0 Q (resp. Q)
is the leftmost (resp. rightmost) normalisation strategy with respect to the rewriting system R(Q, S)
(resp. R(Q, T)°P). In this way, the application of the leftmost (resp. rightmost) normalisation strategy o '»Q
(resp. 0-Q) on the word c-c’-c” corresponds to the application of the right (resp. left) insertion

() «~1 R(c)R(c/)R(c") (resp. R(c)R(c")R(c”) ~y 0).

4.2.4. Example. As an illustration, consider the string data bistructure (Ytyn, Sy, St, Reor) and the conver-
gent presentation R(Col(n), Y7,) of the plactic monoid P,, given in Example Let

c =[], , c” =[]

be columns in Col(n). We have

—_
—_

(0 «~s, Reot(€)Reot(e)Reot(c”)) = = (Reot(c)Reot(c)Reot(c”) ~s, 0).

[ &[] ]=

Moreover, the leftmost normalisation strategy o ™) with respect to R(Col(n), YT) reduces the
word c-¢’-c” into Reoyn) (Cyr, (Reot(€)Reot(€)Reot(c))) and the rightmost normalisation strategy gLCol(n)
with respect to R(Col(n), Y}, )°P reduces the word c-c’-c” into Regim) (Cye (Reot(€)Reot(€)Reot(€))),
as shown in the following diagram:

"
m

EEEE

[ ]

]

EEE
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4.2. Coherent presentations and string data structures

4.2.5. Example: coherent column presentations of plactic monoids of type A. By definition of
Schensted’s algorithms, the leftmost (resp. rightmost) normalization strategy with respect to R(Coly, Y7, )
(resp. R(Coly, Y& )°P) on the sources of its critical branchings, leads to the normal form, after applying
three steps of reductions rules. Then, by Theoremthe rewriting system R(Coly, Y7, ) can be extended
into a coherent convergent presentation by adjunction of the following generating 3-cells:

" C1Ycy,¢”
Y% e == cr-c3c4 %3&1
!/ " !/
c-c-c MAC’C/VCH C3:C5-C4

Yo e —— e e} =

7
'YC,C{ €2 C3chl,c§

such that c-¢” # Regim)(c *s, ¢’), and ¢’-¢” # Reoyn) (¢’ *s, ¢”), and where Reor, (¢ xs, ¢’) = c1-¢2,
Reol, (€2 *s, ¢”) = ¢3-C4, Reol, (€1 s, €3) = €5-C5, Reol, (€” *s, ¢) = ¢1-¢3, Reol, (€] *s, €) = ¢3-C4,
and Rcol, (cé *S, Cf;) = c5-c4. By this way, we recover the result in [24, Theorem 1].

4.2.6. Remark. In previous example, the shape of the generating 3-cell can be deduced from the
Schiitzenberger involution, as shown in [24, Remark 3.2.7]. More generally, for a well-founded generating
set Q of S, one shows that such an involution transforms the leftmost reduction strategy o "'Q of R(Q, S)
into the rightmost reduction strategy 0--Q of R(Q, T)°P, and conversely. We call involution on S with
respectto Q amap * : Q — Q, that we extend into amap * : Q* — Q™ by setting (cq-....cx)* = cf-....c]
for all cy,...,ck € Q, and satisfying the following conditions:

i) foru,v € Q% if u gy Q) v then u* ~gg5) V¥,
ii) if wis a R(Q,S)-normal form in Q*, then u* is a R(Q, S)-normal form.

As a consequence, for all uw € Q*, the equality RoCs, (u*) = (RoCs, (u))* holds. Indeed, the
rewriting system R(Q, S) being terminating, the reduction strategy o Q reduces u* to Rq Csq (UF),
proving that Ro Cs, (u*) ~z(q,s) W*. By condition i), we obtain (Rq Cs, (u*))* ~z(q,s) U. Moreover, by
condition ii), the word (R Cs, (u*))* isaR(Q, S)-normal form. Then, by the unique normal form property
of R(Q, S), the equality (RqCs,, (u*))* = RqCs, (1) holds, showing that RoCs,, (u*) = (R Cs, (u))*.

Moreover, by applying the involution on the sources and the targets of the rules of R(Q,S),
these rules turn into

Yerser 1€ - e* = (ReCsq (¢ - ¢/))* = RqCsqy (¢ - )

for all ¢, ¢’ in Q, whenever c-c’ # Rq(c *; ¢’). In this way, by applying the involution on the sources and
the targets of the reductions of the rightmost normalisation strategy -, we transform it into the leftmost
normalisation strategy o °Q, and conversely.

In particular for the string data structure Y], the Schiitzenberger involution * is defined on Col,, by
sending each column to its complement in Col,,. That is, for a column u in Col,, containing p boxes, u* is
the column containing n — p boxes filled by the complements of the elements of u. Moreover, one shows
that the Schiitzenberger involution satisfies the conditions i) and ii).
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5. String data structures for Chinese monoids

5. STRING DATA STRUCTURES FOR CHINESE MONOIDS

In this section we construct string data bistructures that present Chinese congruences. The Chinese monoid
of rank n. > 0, introduced in [14], and denoted by C,,, is presented by the rewriting system on [n], whose
rules are the Chinese relations:

zyx —yzx and zxy —yzx forall T<x<y<z<mn,

yyx —yxy and yxx —xyx forall 1<x<y<n. (5.0.1)

We recall in Subsection [5.1] the structure of Chinese staircase and the right insertion algorithm in
Chinese staircases introduced in [[10]], we recall also the right insertion algorithm introduced in [3]. The
main result of this section, Theorem [5.1.4] states that these two algorithms commute. In Subsection[5.2]
we give a construction of a semi-quadratic convergent presentation of the Chinese monoid, that we extend
in Subsection[5.3]into a coherent one.

5.1. Presentation of Chinese monoids by string data structures

We recall from [10] the notion of Chinese monoid and the representation of the Chinese monoid by
Chinese staircases that satisfy the cross-section property for the Chinese monoid.

5.1.1. Chinese staircases. A Ferrers diagram of shape (1,2,...,m) is a collection of boxes in right-
justified rows, whose rows (resp. columns) are indexed with [n] from top to bottom (resp. from right to
left) and where every i-th row contains i boxes for 1 < 1 < n. A (Chinese) staircase over [n] is a Ferrers
diagram of shape (1,2, ...,n) filled with non-negative integers. Denote by t;; (resp. t;) the contents of the
box in row i and column j for i > j (resp. 1 = j). A box filled by O is called empty. Denote by Ch,, the set
of staircases over [n] and by R, : Ch,, — [n]* the map that reads a staircase row by row, from right to left
and from top to bottom, and where the i-th row is read as follows (i1)% (i2)t2 ., (i(i — 1))t (i)4,
for 1 < i < n. For instance, for the following staircase t over [4]:

[t,] 1

tatar] 2

t3[t32t31) 3

[t4 43ftaoftar| 4
4 3 21

we have R, (1) = 111 (21)t21(2)2(31)t1(32)832(3)'3(41)%1(42)t42(43)%3 (4)' . Given a staircase over [n]

N
1

by removing the bottom row, we obtain a staircase over [n — 1], denoted by t’ on the picture. According
to this, a staircase t over [n] can be denoted by (t’, Ry), where R; is the bottom row of t, and t’ is the
staircase over [n — 1] obtained by removing the row Rj.
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5.1. Presentation of Chinese monoids by string data structures

5.1.2. The right insertion algorithm. Recall the right insertion map C, : Ch,, x[n] — Chy, introduced
in [10, Subsection 2.2]. Let t be a staircase and x an element in [n]. If x = n, then C,(t,x) = (t/,R]),
where R; is obtained from R; by adding 1 to t,. If x < n, let y; be maximal such that the entry in
column y; of Rj is non-zero or if such a y; does not exist, set y; = x. Three cases appear:

i) If x >y, then Ci(t,x) = (C;(t/,x), Ry),

ii) If x < y; < n, then C,(t,x) = (C:(t’,y1),R]), where R] is obtained from R; by subtracting 1
from t,y, and adding 1 to tyy,

iii) If x <y; =n, then C,(t,x) = (t’,R{), where R is obtained from R; by substracting 1 from t, and
adding 1 to tx.

1
For example, the three steps to compute ( Sl “~c, 1) are:

0]0]2]0]4

“3‘2]
[1]1 [1]1 [1]1 [1]1
1[0]2 — 1[0]2 — 1[0]2 &~c, B — 2[0]2
3 [Of1]3 «~c, & [oJa]1]3 I3
[O[o[2l@4 ~~c. [0 [ofo[ T4 [ofo] T4 [ofo] T4

7321 7321 F321 7321

5.1.3. The left insertion algorithm. A left insertion map C; : Ch,, x[n] — Ch,, that insets an element x
in [n] into a staircase t, is defined in [5, Algorithm 3.5] as follows. Let y be an element in [n] U {A},
initially set to A. There are two steps. In the first step, fori = 1,...,x — 1, iterate the following. If every
entry in the i-th row is empty, do nothing. Otherwise, let z be minimal such that t;, is non-zero. There are
two cases according to the values of y:

i) Supposey = A. If z < 1, decrement t;, by 1, increment t; by 1, and sety = z. If z = i, decrement t;
by 1, and sety = z.

ii) Supposey # A. If z < y, decrement t;, by 1, increment t; by 1, and sety = z. If z > y, do nothing.

In the second step, for i = x, if y = A, then increment t; by 1. Otherwise, decrement t;y by 1.
[0]1
;) are:
;)

For example, the three steps to compute (4 ~re, o
[olo]
73

EEREE

NN

@ ~c, [0 ok 0]t [0]1
1[0]2 - 0|2 - 0|2 - 0]2
[O[T[1]3 [o[1]7]3 [0]2]0]3 [0]2]0]3
[o]o]2]o]4 [ofo[T]T]4 [ofo[1]1]4 [ofo] T4
7321 7321 7321 7321
5.1.4. Theorem. For all staircase t in Chy, and x,y in [n], the following equality
Yy~ (tee, X) = (Y ~e t) e, x (5.1.5)

holds in Chy,.

By this result we deduce a string data bistructure (Ch,,, Cy, Ci, R;) on staircases over [n], and following
Theorem@ the compositions *c, and xc, are associative. Moreover, the insertions maps C, and Cy
can be deduced to each other by formulas (3.2.6)) and (3.2.7).

The rest of this section is devoted to the proof of Theorem We consider a staircase t = (t’, Ry)
and x,y in [n]. We prove the commutation relation by considering four cases according to the
values of x and y.
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5. String data structures for Chinese monoids

5.1.6. Case 1: x =y = n. The staircase t «~¢c, 1 is obtained from t by adding 1 to t,,.

Case 1. A. Suppose that any box in t’ is empty. The staircase n ~»¢, t is obtained from t by adding 1
to t,. Similarly, the staircase n ~»¢, (t «~c, M) is obtained from t «~c, n by adding 1T to ty.
Then n ~~¢, (t «~c, n) is obtained from t by adding 2 to t,,. Moreover, the staircase (n ~»¢c, t) «~c, N
is obtained from n ~~¢, t by adding 1 to t,,, and thus it is obtained from t by adding 2 to t,,. Hence

,,,,,,

|
ey (tove, m) = | - = (M~ct) &~

}111."1‘1 ct ‘tnl n
n e 1

Case 1. B. Suppose that t’ contains at least one non-empty box. The bottom row of the stair-
case N ~»¢, (t «~c, ) is obtained from the bottom one of t «~c, n by adding 1 to t,; where the
1-th column is the last one in which we have eliminating 1 after applying the first step of on the
remaining rows of t «~c, n. Then the staircase 1 ~»¢, (t «~¢, n) is obtained from t by adding 1 to ty;
and t, after performing the first step of on the remaining rows of t. Similarly, the bottom row
of n ~~¢, tis obtained from the bottom one of t by adding 1 to tn;. Then (n ~»¢, t) «~¢, n is obtained
from t by adding 1 to t,,; and t,, after performing the first step of on t’. Hence

.

nwe(teve, n) =

-==n
R

I

I

|

l
S
n e 1 e ]

where t” is the staircase obtained from t’ by applying the first step of on t’ when computing n ~>¢, t.

5.1.7. Case 2: y < n and x = n. The staircase t «~c. n is obtained from t by adding 1 to t,.
Since y < n, by definition of C;, when computing y ~»¢c, (t «~c, n) we only change the contents
of the boxes in t’ and no operations are performed in the bottom row of t «~c, n. Similarly, when
computing y ~~¢, t, we only change the contents of the boxes in t’ and no operations are done in R;.
Moreover, the staircase (y ~»c, t) «~c, 1 is obtained from y ~»¢, t by adding 1 to t,,. Hence

,,,,,,

|
y~ct e~vee ) = | o= (e t) &~cp n

}tn‘H cc ‘tn] n
n e e 1

where t” is the staircase obtained from t’ by applying the first step of on t’ when computing y ~~¢, t.
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5.1. Presentation of Chinese monoids by string data structures

5.1.8. Case 3: y = n and x < n. There are two subcases.

Case 3. A. Suppose that all the contents of the boxes in t” are zero. In this case, the staircase 1 ~»¢, t is
obtained from t by adding 1 to t,. Then (n ~»¢, t) «~c, x is obtained from n ~»¢, t by eliminating 1
from t, and by adding 1 to t, in its bottom row. Hence (n ~+c, t) «~c, x is obtained from t by
adding 1 to t,x. Let us compute the staircase n ~»¢, (t «~c, x). Let y; be maximal such that the entry in
column y; of Ry is non-zero. Three new subcases appear.

Case 3. A. 1. x > y;. We have t «~c, x = (t' «~¢, x,R;). Since all the boxes of t’ are empty, the
staircase t” «~c, x is obtained from t’ by adding 1 to t,. We obtain

tome, x = R

where the shaded area denotes empty boxes. Then the staircase n ~»¢, (t «~c, x) is obtained fromt «~c, x
by eliminating 1 from t, and by adding 1 to t,,. Hence the staircase n ~»¢, (t «~c, x) is obtained from t
by adding 1 to tyy in Ry.

Case 3. A. 2. x <yj =mn. We have t «~c, x = (t/,R]), where R} is obtained from R by eliminating 1
from t,, and by adding 1 to t,x. Moreover, the staircase n ~»c, (t «~c, x) is obtained from t «~c_ x by
adding 1 to t,,. Hence the staircase n ~»¢, (t «~c, x) is obtained from t by adding 1 to t, in Rj.

Case 3. A. 3. x <y <n. Wehave t «~¢c, x = (t' «~¢, y1,R]), where R} is obtained from R; by
eliminating 1 from tyy, and by adding 1 to tny, and t’ «~c_ y; is obtained from t’ by adding 1 to ty,.
Then, we obtain

| 1
| .
| :
1___.l___
I x
-
_ R T I B
te~ve,x = L(_)_L_]_L_L“_L‘___y]
i I ! :
I .
RO S R A
ty ety — T 1.
’ n, YT nxtl n
noo Y X 1

where the shaded area denotes empty boxes. Moreover, the staircase n ~»¢, (t «~c, x) is obtained
from t «~c, x by eliminating 1 from t, and t,,;,. Hence it is obtained from t by adding T to t, in Ry.
As a consequence, in the three subcases above we obtain:

[
‘.__J
nwee (terve x) = N L = (vegt) oo x

- - i
| ! 1
] tn‘ N }tn] n
n - X .. 1
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5. String data structures for Chinese monoids

where the shaded area denotes empty boxes.

Case 3. B. Suppose that t’ contains at least one non-empty box. Let y; be maximal such that the entry in
column yj of R; in non-zero. There are two subcases.

Case 3. B. 1. x <y; =n. We have t «~c, x = (t/,R]), where R{ is obtained from Ry by eliminating 1
from t, and by adding 1 to tny. The bottom row of n ~~»¢, (t «~c, x) is obtained from the bottom one
of t «~c, x by adding 1 to t,,;, where the 1-th column is the last one in which we have eliminating 1 after
applying the first step of on the remaining rows of t «~c, x. Then the staircase n. ~>¢, (t «~c, X) is
obtained from t by adding 1 to t,,; and t,x and by eliminating 1 from t,, after performing the first step
of 5.1.3] on the remaining rows of t. On the other hand, the staircase n ~+¢, t is obtained from t by
applying the first step of on t’ and by adding 1 to t,;. Moreover, the staircase (n ~»c, t) «~c, X is
obtained from n ~» ¢, t by eliminating 1 from t,, and by adding 1 to t,. That proves in this case.

Case 3. B. 2. x 2 yj or x < Y7 < n. The other cases being similar, we study the case x < y; <l < n,
where the 1-th column is the last one in which we have eliminating 1 after applying the first step of[5.1.3]
when computing n ~»¢c, t. We have

[

"""" |

_______ |

| I

= ::

T"J |

- - '

B o |

ITET | i

== g T +;—1»--—r—i—-""""]}z

1o I R 1

nWCLt = ‘L’ T L i 3

| | | [ \-‘ I .

| | | [ \" |:

| | | | 1 | ‘ |

L N |

| | | I | | .

L,,J,L,,J,L,,L,i,,,L,1_'___4'14
1o [ o I

: 1 1 1 \;: ::

| el Ry Y Ly B

I I O I I

n 1 n )2 [

where the shaded area represents empty boxes and the symbols +1 and —1 denote respectively adding 1 and
eliminating 1 on the corresponding box. Then, the staircase (n ~>¢, t) «~c, x is obtained from n ~~¢ t
by eliminating 1 from ty, by adding 1 to tn, by eliminating 1 from t(,,_;); where j is maximal such
that t(,,_1); is non-zero, by adding 1 to t(,,_1); and by performing the operations i), i) and iii) of on
the remaining rows of n ~~¢, tin the area that is not hashed.

On the other hand, the staircase t «~c, x is obtained from t by eliminating 1 from ty,;,, by adding 1
to tny, by eliminating 1 from t(,_1);, by adding 1 to t(,_),, and by performing the operations i), ii)
and iii) of on the remaining rows of t in the area that is not hashed, as shown in the following
diagram:
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............... 1
|
ro—
_—
|
—
. .
L e =~ ————————————————— il
Aol i
‘——‘—+—k——¢.—1~—-w—‘—— **************** ?2
] e e | 1
texe,x = Losiopemiobrii] :
| (I el e
| e L e
e R e, — |}
i
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| Uit o [ T |
| 1t o [ I B
T T T T U - 1
! 3 R ; o0 '+1 h—1
| bt [ [ [ e [ - Jn
n 1) )1 = )2 -1 Y1 X 1

where the shaded area represents empty boxes and the symbols +1 and —1 denote respectively adding 1 and
eliminating 1 on the corresponding box. Then, the staircase n ~»¢, (t «~c, x) is obtained from t «~c, x
by performing the first step of in the above area that is not hashed, by eliminating 1 from t,,_)y,
and by adding 1 to tyy,. That proves in this case.

5.1.9. Case4: x <nandy < n. Lety; be maximal such that the entry in column y; of Ry in non-zero.
Case 4. A. Suppose x < y; = 1. In this case, t «~c, x = (t/,R}]), where R{ is obtained from R; by
substracting 1 from t, and by adding 1 to tnx. Since y < m, when computing y ~»¢, (t «~c, x) we only
modify the contents of the boxes in t’. Then we obtain

Y e, (teve, X) =y ~e (T, R]) = (Y ~c, t,RY).

Moreover, we have y ~»c, t = (y ~»c, t/,Ry). Then (y ~c, t) «~c, x = (y ~»¢, t/,R}). That

proves (5.1.5) in this case.
Case 4. B. Suppose x > yj or x < Y7 < n. In this case, we have

tene, x = (1" e, 5,Kp),

where s = x and Ky = Ry for x > yy, and s = y; and K; is obtained from R; by substracting 1 from t;,
and by adding 1 to tny, for x < y; < n. Let us show the commutation relation (5.1.5)) by induction on [n].
Suppose that t is a staircase over [2] of the form:

t: ti|1
[tz 212
21

We prove (5.1.5)) for x =y = 1, by considering four cases according to the values of ti, t2, t1 € [n] U{0}.
In the following staircases over [2], the symbols +1, +2 and —1 denote respectively adding 1, adding 2 and
eliminating 1 in the corresponding box.
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5. String data structures for Chinese monoids

tenc, 1 Twet | T (teve, 1) = (1T wc 1) eng, 1

[1]1 [0]1 [0]1

t; =t; =0and ty; € [n] U{0} [0 2 [Tl 2 [o]r1]2
21 21 21

[t7] 1 1] 1 1] 1

t,t2 # 0 and tz; € [n] U {0} [—1+11z [t2]1] 2 Fil2 2
21 21 21

1] 1 1] 1 [t,] 1

t1 #0,t; =0and ty; € [n] U{0} [0z 2 [0l 2 [OJr]lz
21 21 21

[0]1 [0] 1 [0]1

t) #0,t1 =0and ty; € n] U{0} [71+1 2 [Jrl 2 [t2+1 2
21 21 21

Suppose now that the commutation relation (5.1.5)) is verified for staircases over [n — 1], and prove it
for a staircase t over [n]. By hypothesis, the equality y ~¢, (t e, x) =y v (t’ e~C, Sy K1) holds.
Since y < n, by definition of Cy, when computing y ~~¢, (t’ e~C, S, K1) we do not change the contents
of the boxes in K; and all the modifications are performed in t” «~¢, s. Then

Yy~ (t e, 8,Kp) = (Y~ (t e, 5),Kp).
The staircase t’ being a staircase over [n — 1], the following equality holds by induction hypothesis
(y e (e, 8),Ki) = ((Y ~c t) e, 5,Ki).
On the other hand, since y < n, the equality y ~¢c, t = (y ~e t, R1) holds. Then
(Yo t) e, x=((y we t) &, 5,K).

That proves (5.1.5)) in this case.

5.2. Semi-quadratic convergent presentations for Chinese monoids

In this subsection we construct a finite semi-quadratic convergent presentation of the Chinese monoid C;,
by adding the columns in [n]* of length at most 2 and square generators to the presentation (5.0.1). We
will denote by C,, the right string data structure (Chy,, Cy, £, R;).

5.2.1. Reduced column presentation. We consider one column generator cyy of length 2 for all 1 <
X < Y < n, one column generator cy, of length 1 for all 1 < x < mn, and one square generator cy for
all 1 < x < n, corresponding to the following three staircases:

1
- |‘
_;;5_’»; _m i
I . .
oty i ik Tz
| I 0 : | :
ettt i i —
M eer Yoo X oo ] mne-x -1 n--x -1
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5.2. Semi-quadratic convergent presentations for Chinese monoids

where the dashed area in each staircase represents empty boxes. We will denote by Q-, the set defined by
Qn = {cyx | T<x<y<n}U{en|T<x<n}u{c...,cn}

Let us define a map Rq,, : Chy, — Qj, that reads a staircase row by row, from right to left and from
top to bottom, and where the reading of the i-th row, for T <1 < n, is the word

Cit*...'Ci1°Ci2*..."Ci2°. . ."Ci* Cii*..."Cii
Y v
ti1 times ti, times %(ti — 1) times

in Q*, when t; is an odd number, or the word

Ci1*..."Ci1°Ci2*...-Ci2°v . .*Cii*. .. Cii
——
ti7 times tio times %ti times

in Q*, when t; is an even number. For instance, consider the following staircase t over [4]:

wlo|o
N[ N = wo
A wWN =

[4
4
we have RQn(t) = C€1°C2-C22-C31-C31-C31-C32°C471-C42-C42-C44-C44.

5.2.2. Lemma. The set Qn is a well-founded generating set of the string data structure C,,.

Proof. By definition tcy, (x) = cx belongs to Qy for all x in [n]. For ¢ in Qn \ {c1,...,cn}, thenc ¢, ¢
is the staircase whose all boxes are empty except the box corresponding to c that is filled by 2 (resp. 4)
if ¢ is a column generator of length 2 (resp. a square generator). For any ¢, ¢’ in Qy such that the
non-empty box of c is located above or to the right of the non-empty one of ¢’, then ¢ x¢, ¢’ is the
staircase whose all boxes are empty expect the two boxes corresponding to those of ¢ and ¢’. As a
consequence, for any ¢ in Qn \{c1, ..., cn} (resp. ¢, ¢’ in Qy), the staircase ¢ *c, ¢ (resp. ¢ xc, ¢) does not
belong to Q. Moreover, following the reading Rq, any staircase t in Ch;, can be uniquely decomposed
as t = ¢y, *¢, ... *c, Cy,, Where ¢y, ...,y belong to Qn, and the non-empty box of ¢, is located
above or to the right of the non-empty one of ¢, , forall 1 < i < 1— 1. By remark above and property of
the decomposition of t with respect the reading Rq,,, we have ¢, *c, cyu;,, & Qn. Finally, by definition
of Ry, we have R (t) = Ry(cy,) ... Ry(cy,) in [n]*. This proves that Qy, is a generating set of Cy,.

Following the termination of R(Qr, Cy,) can be proved using a lexicographic order induced by
the total order <cp, defined on Qn, by ¢y <ch Cy if

(u=yxandv=y forl<x<y<n) or [u<p or (fu=Mandu<iyv),

where <jex denotes the lexicographic order on [n]* induced by the natural order on [n].

We consider the rewriting system R(Qr, Cy,) on Qp, defined in Its rules are

Yuy : CuCy — RQH(Cu *C, Cv)
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such that ¢, ¢, # Rq,, (cu *c, ¢y). By definition of R(Qn, Cy,), the leftmost anf rightmost reductions are
the only reductions on a word ¢y, -c, - ¢t in Q;,. There will be denoted respectively by

Yiut = Yuv-Ct and Yusid = Cu Vvt (5.2.3)

5.2.4. Theorem. The rewriting system R(Qn,Cy) on Qy is a finite semi-quadratic convergent presenta-
tion of the Chinese monoid C,.

As a consequence of this result, the set of R(Q, Cy,)-normal forms, that we call Chinese normal
forms, satisfies the cross-section property for the monoid C,,. Note that this result is proved in [10}
Theorem 2.1], using combinatorial properties of the right insertion algorithm C, on Chinese staircases.

The rest of this section is devoted to the proof of Theorem The confluence of R(Qn, C,,) follows
from Proposition and Theorem Let us prove that R(Qn, Cy,) is a semi-quadratic presentation
of the monoid C,,. We first add the columns generators of length 2 and their defining rules. This forms a
non-confluent rewriting system that we complete into a presentation of C,,, that we call the precolumn
presentation. Then we show that the rules of R(Qy, C,,) are obtained from the precolumn presentation by
applying one step of Knuth-Bendix’s completion, [28]], on the precolumn presentation. Hence R(Qn, C,,)
is a presentation of the monoid C,.

5.2.5. Precolumn presentation. Consider the rewriting system Chy(n) on{cy,...,cy} and whose rules
are given by the following four families

Ex,y,z i €2 Cy Cx = Cy-Cz-Cx aNd Ty y, 1 Cz Cx Cy — Cy-CzoCx forall 1T<x<y<z<mn,
Ex;y : Cy Cy-Cx — Cy-Cx-Cy and Myy : Cy-Cx-Cx — Cx-Cy-Cx Tforall T<x<y<mn,
(5.2.6)
corresponding to the Chinese relations (5.0.1)), hence is a presentation of the monoid C,. We add to the
set of rules the following set of rules

HM) ={vyyx:cycx 2 Cyx | T<X<Y<NIU{yxx:iCxCx = Cu | T <x<n}
making a rewriting system Ch$(n) = I2(n) U Chz(n) on Q, that presents the monoid Cy,.

5.2.7. Lemma. Formn > 0O, the rewriting system PreColy(n) on Qn, whose set of rules is Tr(n) U Az(n),
where

Ar(n) = {vyyx i Cy-Cyx = Cyx-Cy for 1 <x <y <M and Yyyyx:Cyy-Cx = Cyx-Cy for 1 <x<y<mnj
U{ Yzy,x 1 Czy-Cx — Cy-Cox AN Yzyx 1Cz:Cyx — Cy-Cox for 1 <x<y<z<n}
U{ Yzxy 1 Cox'Cy = Cy-Cox for T<x<y<z<nih

is a finite semi-quadratic presentation of the Chinese monoid C,,.
Proof. We explicit a Tietze equivalence between the rewriting systems Ch$(n) and PreCol(n). For 1 <
X < Y < n, consider the following critical branching
Yox,y
€x,y_4 €y Cx-Cy = Cyx-Cy
Cy-Cy-Cx

Yﬁ Cy - Cyx
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of the rewriting system Ch§(n).

We consider the Tietze transformation that substitutes the

rule yyyx : Cy-Cyx — Cyx-Cy to the rule eyy, for every 1 < x <y < n. Similarly, we substi-

tute the rules yyx x, Yyy,x» Yy,xx» Yzy,x» Yzx,y and vz yx respectively to the rules 1y y, €xy, Nx,ys Ex,y,2> Nxy,z
and €y, using the following critical branchings of the rewriting system Ch§(mn):

Yx y,x yy y Yx U,x
‘WX% Cx*Cy Cx — Cx*Cyx / Cy CxCy %’cyx Cy ﬂ/ Cx*Cy-Cx o cX Cyx
A _
Cy-Cx-C CyCy-C - Cy-Cx-C -
y ExCx - y by Ex yExCx
\ "/yx,x ’Yyy X \) ’YU’XX
Yyx,x Cyx-Cx U,y,x Cyy- CX Yy, 5% Cy - Cxx
Yy,zx Yy,z% Yy,zx
5% Cy-Cz:Cx — Cy-Czx ,y/cy Cy* Cxﬂcy Czx XY,z 3 Cy-Cyz- Cxﬂcy Czx
A = :
Cz-Cy-Cx Cz-Cx Cy ' Cz'Cy Cx

"".'Yzy X

Yzg,x * Czy Cx

sz,y \} yz»yx

CzxCy

Z,Y,X Cz CUX

The set of rule y_ _ obtained in this way is equal to A,(n). This proves that the rewriting systems Ch$(n)

and PreCol,(n) are Tietze equivalent.

O]

5.2.8. Completion of the precolumn presentation. The rewriting system PreCol,(n) is not confluent,
it has the following non-confluent critical branchings, that can be completed by Knuth-Bendix comple-
tion, [28]], with respect to the total order <y into a confluent rewriting system by the dotted arrows as

follows:

iforevery T <x<y<z<tgn

— Yz,y y,tx
Yt% Cz Cry-Cx ch Cy- ctx ’—> Czy-Cix

Cty-Cz-Cx ‘
Y yty,zx

iii) forevery I <x <y <z<t<n:
Y Yz, tyx Yy, tx
ty} Cz-Ciy-Cx — CzCy-Cix *?y Czy - Cix
Ciz Cy-Cx
T Yizyx
Ytk) Ctz Cyx

iv)forevery 1 <x<y<z<<n:

YZ/’\Z% Czz Cyx
_YZZ,yX

Cz-Cz Cyx

E}c “Cy1*Cory —— Cors *C 4)C .C
Yz, z0% z'Cy-Cz TTax zy ZX/YZU,ZX zx'Czy

ii) forevery T <x<y<z<gn
_ Yax,zy
Y% Czx Cz'Cy — 2 Czx"Czy

Cz:Czx"Cy Yzy,zx

yzzx\y} Cz-Cy- Czyzy Z’ Szy Czx

Y yz,t@ Yz, y,tx
t% Cz Cix Cy 7 Cz Cy-Cix 4: Czy " Cix

Ctx'Cz-C
Y “Yix,zy

v)forevery ] <x <y <mn:
Yg@%) Cyy "Cxx
,}}’yU‘XX

CyCy Cxx

’Yy,y>xx) Cy Cx-Cy ’ny Cyx
U» yYx
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vi) forevery 1 <x<y<z<<n: vii) forevery 1 <y <m:
_ Yg ZX,X ’YI_T?( zx Y@ y Ciiay C
’Y% Cy'czx'cx%Cy'cx'czx%gcyx'czx % A
PR Cy-Cy-C Y
y ' Cy Cy yu,y
Czy Cx C e
o e T Y zyxex

'YSC .C
Yzy,5x  Czy Cxx v,5,5° “y Cyy

The rules of PreCol, (1) together with the family of the dotted rules defined by i)-vii) form the set

{ Yuv : curey = R, (cu*c, &) | cuycv € Qn }.

That is, the set of rules of R(Qn, Cy). Finally, by this construction, we prove that Cc, (cycy) is at most of
length 2 in Q},, showing the semi-quadraticity of the presentation.

5.3. Coherent presentations for Chinese monoids

In this subsection we extend the rewriting system R(Qq,, Cy,) into a finite coherent convergent presentation
of the Chinese monoid C,, with an explicit description of the generating 3-cells. The rewriting system
R(Qn, C,,) being semi-quadratic any rewriting path with source cy, - ¢, -cy is an alternated composition of
reductions of the form . Moreover, any rewriting rule y_ _ of R(Qn, C,,) can be written

YyX],Xz?(g : nyl 'CX2X3 — CX’O‘(]]XO‘(Z] .nyc(_?)) (531)

with y € [nl, x1,%2,x3 € [n] U{0} and o is a permutation on [n] U{0}, and where in (5.3.1), cyo denotes
the column generator ¢, for all T < x < n.

5.3.2. When cy, is not a square generator, then xq(7) takes value y only if rule (5.3.1) is one of the
commutation rules of the form

Cy-Cyx = Cyx'Cyy  Czy-Czx — Czx*Czy, Cyy-Cy — Cy-Cyy, Cyy:Cyx — Cyx'Cyy (5.3.3)

for x <y < z. When cyy, is a square generator, with y > x,, then x(7) takes value y only if rule (5.3.1)
is one of the form

CyyCx — Cyx'Cyy Cyy'Cxx — Cyx'Cyxy Czz'Cyx — Czx'Czy- (5.34)
We obtain the following bounds for the rewriting paths with source a critical branching of R(Qr, Cy,).

5.3.5. Proposition. For all ¢y, cy, ct in Qn such that ¢, -c,, and c,-ct are not Chinese normal forms, the
two following inequalities hold:

O(cy-cyct) <5, and €(cy-cy-cy) <5. (5.3.6)
The proof of this result is based on the two following preliminaries lemmas.

5.3.7. Lemma. Let cy,cy,Ctin Qn. If pr3(cu-cy-ci) is not a Chinese normal form, then the reductions
applied to obtain the words pip(cy-Cy-Ct), for 3 <p < 5, consist only on the commutation rules (m
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Proof. Let cyx,, Cxyx3y Cxyxs D€ in Qp such that cyy, -Cx,x; and cx,x; *Cx,xs are not Chinese normal forms.
By definition of R(Qn, C,,), we have

Cyx1"Cxax3 Cxaxs 7 Cxo(1)X0(2) Cyxo(3) Cxaxs 7 Cxo(1)%0(2) CXo/(0(3)) %07 (4) CYXor(5) 77 €2122 Cxo (1123 Cyxgr s)

where z1 = Xg1(5(2))> 22 = Xo7/(0/(0(3))) AN 23 = Xgr(g7(4)) such that o, ¢’ and o” are permutations
on [n] U{0}, and Cxo(11%0(2) " CUXe(3)> Cxor(0(31) %07 (4)  CUXo7 (5) and Cz,z, *Cx,;,z; are Chinese normal forms.

Suppose that Cxo(1)23 * Cyxgr(5) 1S TOL A Chinese normal form. Following the only possible
reduction that can be applied on it are of form (5.3.3) or (5.3.4). Let us prove that the rules (5.3.4) cannot
be applied. On the contrary, then xq(1) = z3 > y. Since ¢;,, “Cxg(r)z3 1S @ Chinese normal form, we
obtain that z; = z3 and Cxo(11%0(2) "X/ (0(3)) %0  (4) " CYXor(5) = Cz323 " Cz322 "Cyxgr(s)- Since z3 >y, we obtain
that ¢, ,, “Cyxgr(s) = Cxo/(0(3)) e’ (4) " CUX /5) is not a Chinese normal for.rn, which yields a contrad1<.:t10n.

Then we can only apply a commutation rule on ¢y, z; “Cyxgr(s)> with x5(1) =y, and we rewrite the
word C;, 7, “Cxo(1)23"Cyxgr(5) IO €225 Cyx s 5, *Cxg 123+ Suppose that ¢, 2"Cyx,/ 5 IS DOt A Chinese normal
form, then we can apply on it a rule of type @ or (5.3.4). As in the previous step, let us prove that the
rules (5.3.4) cannot be applied. On the contrary, then z; = zy > Y. Since Cz;z,Cx,(y)z; is a Chinese
normal form, we obtain that z; = z; = X4(7) = Yy, which yields a contradiction. Then we can only apply a
commutation rule on ¢, , “Cyxgs(s)-

We have thus proved that the reductions applied to obtain the words p1,4(ch1 “ Cxyx3 " Cxyxs)
and 91)5(09)(1 “Cxyx; *Cxyxs ) consist only on the commutation rules. This is our claim. ]

5.3.8. Lemma. Forall c,,c,,cy in Qn such that c,, is a square generator and the words ¢y, -c, and c-c¢
are not Chinese normal forms, the inequality {(cy-cy-ct) < 5 holds.

Proof. The word ¢y, - ¢, -ct can have the following forms

CrreCizCyx forx<y<z<tgrm, Cit'CzyCxx forx <y <z<i,
CrreCryCx forx<y<z<tgr, CrreCixCzy forx<y<z<t<r,
CttCzy-Cyx for x <y <z <, CitCzCyx  forx <y <z <,
Czz'Cyx-Cx for x <y < z, Cit'Czy-Cx forx <y<z<it,
Cit'Cox'Cy for x <y <z <, Czz°Cy-Cx forx <y < z.
For all these forms, we have {,(cy-cy-c¢) < 5. O

5.3.9. Proof of Proposition Let Cyx;, Cx,x; and Cy, x5 be in Qp such that cyx, “Cx,x; and Cx,x;Cxyxs
are not Chinese normal forms. Let us prove that {1 (Cyx, Cx,x;Cxqxs) < 5. Suppose that pi 7 (Cyx; Cxyx3Cxaxs)
is not a Chinese normal form. By definition of the rewriting rules in R(Qn, C,,), we obtain

Cyxy "Cxox3 " Cxgxs — CXO‘(])XO'(Z) 'CyXo(s)CMXs - CXD‘[])XO'(Z) 'CXU/(‘y(s))Xc’m)nya/(s) - CZ122'CXG(1JZ3'C9XU/(S)

where z1 = Xg1(5(2))> 22 = Xo7/(0/(0(3))) AN 23 = Xgrr(g7(4)) Such that o, ¢’ and o” are permutations
on [n] U{0}, and Cxo(11%e(2) " CUXe(3)> Cxor(0(3)) %07 (41" CUXor (5) and €z,7, *Cx,;,z; are Chinese normal forms.

Suppose that ¢ 23 Cyx,, 5, isnota Chinese normal form, then by Lemma we can only apply a
commutation rule on it and we rewrite the word ¢, -, “Cxg(1)23 Cyxgr(s) IO Cz12) Cyx /(5 Cx(r)23 Suppose
that ¢z, z, Cyx, 5, is not a Chinese normal form, then by Lemma@ we can only apply a commutation

rule on it and we rewrite c;,,, “Cyxgr(s) " Cx Into Cyx ;5 " Cz125  Cxy(1)239 where Cyxgr(s) " Cxo

o(1)23 (M (1)%3
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and Cyxgr(s)
that Cyxgr(5)Cxo

-Cz,z, are Chinese normal forms. Since c;,,, Cxg(1yz3 18 @ Chinese normal form, we obtain

(1)z3 18 @ Chinese normal form. This proves the first inequality in @

Let us prove that {;(Cyx, -Cx,x; *Cxsxs) < 5. Suppose that the word 07 3(Cyx; - Cxyx; *Cxqxs) is DOt @
Chinese normal form. By definition of the rewriting rules in R(Qn, Cy,), we have

Cyxq *Cxaxz "Cxaxs 7 Cyxy “Cxo(3)X0(4)  Cx2xg(s) - Cxo/mlh “Cyyz " Cxaxgs)
and (5.3.10)

Cxor(1yY1 " Cyyz " Cxaxg s - Cxor Y1 “Cxer2y21 “Cyzz — City “Cxgr1yt3 " Cyza

where Y1 = Xo/(6(3))s Y2 = Xo/(0(4))s 21 = Xo'(07(0(4)))s 22 = Xc'(o(5))» 11 = Xay(07(1))s 12 = Xoy(07(0(3)))
and t3 = Xg, (o"(¢’(0(1)))) Such that o, 0’, 0" and oy are permutations on [n] U {0}, and Cxo(3)X0
Cxgr (111 "Cyyas Cxgr(2)21 " Cyza and Ct,t, -Cx /)ts are Chinese normal forms.

(@) Cxaxg(s)»

o

Suppose that oy 4(Cyx; - Cxyx; - Cxyxs) is not a Chinese normal form. Then x4/(;) = y and the
second reduction of li IS Cyxy * Cxg(3)Xoa) *Cxaxes) — Cyyr “Cyya * Cxaxe(s)- Following , the
rule Vyx; xq (s xo(4) €an be of form (5.3.3) or (5.3.4). Let us prove that it cannot be of form (5.3.3). On
the contrary, since Cxo(3)Xa(4) " CxaXo(s) 1S @ Chinese normal form, we obtain x43) =y > x2. Moreover,
since Cyx, *Cx,x; is not a Chinese normal form, the inequality y < x; holds. Then y = x;. In this way, the
first reduction of (5.3.10) is Cyx; *Cyx; *Cyxs — Cyx; *Cyx; *Cyxs» Where Cyx; Cyxs is a Chinese normal form,
and its second reduction is Cyx; *Cyx; "Cyxs — Cyxz *Cyxs 'Cyx;- Since Gr73(cyxl “Cyxs 'nys) is not a Chinese
normal form, the word cy; - Cyx5 is not a Chinese normal form, which yields a contradiction.

Thus, the rule YyxiXe(3)Xe(4) 1S of form and cyy, is a square generator such that ¢y, - Cx,x;
and Cy,x;Cx,xs are not Chinese normal forms. Hence by Lemma we obtain £y (Cyx, Cxyxz Cxaxs) < O.
This proves the second inequality in (5.3.6).

5.3.11. Theorem. The rewriting system R(Qn, Cy,) extends into a finite coherent convergent presentation
of the Chinese monoid C,, by adjunction of a generating 3-cell

ye,e/7,\’t ‘Ye/,Tb,b’ ys,s/’,\b’ —_
’y@ Ce'ce"ct:>Ce'cb'Cb’:>CS'C5"Cb’:>CS'Ck’Ck’ ys,k,k’

Cu Cy Ct qu,v,t Cl*Cin*Ck/
Yyt 7 Curlw G/ J=——= Ca Ca’C/ 57— CaCa'Ca’ == CL'C1"Ca’ = V7
ww,w’ a,a’;w’ a,a’;w’ [

Jor any cy, ¢y, ¢t in Qn such that ¢, -c, and ¢, -c¢ are not Chinese normal forms, and where the 2-cells
Y—,— denote either a rewriting rule of R(Qn, Cy) or an identity.

Proof. Any critical branching of R(Qn, Cy,) has the form

Yiy R, (Cu*c, Cv)-cy
Cu‘Cv'Ct
% Cu'Rr(Cv *C, Ct)

for any ¢y, ¢y, Cct in Qn such that ¢y, -c, and ¢, -c¢ are not Chinese normal forms, that is confluent by

Theorem Moreover by Proposition [5.3.3] £i(cy-¢y-ct) < 5and €:(cy-cy-c) < 5. We conclude
with coherent Squier’s theorem recalled in[2.2.3] O
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5.3.12. Remark. Note that in the boundary of the generating 3-cell X, + some y_ _ can be identity
2-cells. However, following construction given in the proof of Proposition[5.3.3] if the source (resp. target)
of X,y ¢ is of length 5, then its target (resp. source) is of length at most 4.
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