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Lyapunov functionals for output regulation of exponentially stable
semigroups via integral action and application to a hyperbolic systems

A. Terrand-Jeanne, V. Andrieu, V. Dos Santos Martins, C.-Z. Xu

Abstract— The paper deals with output feedback stabilization
of exponentially stable systems by integral controllers. We
propose appropriate Lyapunov functionals to prove exponential
stability of the closed-loop systems. An example of parabolic
PDE (partial differential equation) systems and an example of
hyperbolic systems are worked out to show how exponentially
stabilizing integral controllers are designed. The contribution
of the paper is extending the forwarding technique to infinite-
dimensional systems by elaborating Lyapunov functionals.

I. INTRODUCTION

The use of integral action to achieve output regulation
for infinite dimensional systems has been initiated by S.
Pojohlainen in [10]. It has been extended in a series of papers
by the same author (see [11] for instance) and some other
(see [?]) always considering bounded control operator and
following a spectral approach.

In the last two decades, Lyapunov approaches have al-
lowed to consider a large class of boundary control problems
(see for instance [2]). In this work our aim is to follow a
Lyapunov approach to solve an output regulation problem.
The results are separated into two parts.

In a first part, abstract Cauchy problems are considered. It
is shown how a Lyapunov functional can be constructed for a
linear system in closed loop with an integral controller when
some bounds are assumed on the control and measurement
operators. This gives an alternative proof to the results of S.
Pojohlainen in [10] (and [?]). It allows also to give explicit
value to the integral gain that solves the output regulation
problem.

In a second part, following the Lyapunov construction
procedure, we consider a boundary regulation problem for
a class of hyperbolic PDE systems. This result generalizes
many others which have been obtained so far in the regula-
tion of PDE hyperbolic systems (see for instance [7], [17],
(31, [15], [16], [14]).

The paper is organized as follows. Section [[I| is devoted
to the regulation of the measured output for stable abstract
Cauchy problems. It is given a general procedure, for an
exponentially stable semigroup in open-loop, to construct
a Lyapunov functional for the closed loop system obtained
with an integral controller. Inspired by this procedure, the
case of boundary regulation is considered for a general class
of hyperbolic PDE systems in Section The proof of the
theorem obtained in the context of hyperbolic systems is
given in Section
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Note that due to space limitation proofs of technical
lemmas have been removed and will be reported in a journal
version of this work.

Notation: subscripts ¢, s, tt, ... denote the first or second
derivative w.r.t. the variable ¢ or s. For an integer n, Iy, is
the identity matrix in R™*". Given an operator .4 over a
Hilbert space, A* denotes the adjoint operator. D,, is the set
of diagonal matrix in R™*".

II. GENERAL ABSTRACT CAUCHY PROBLEMS
A. Problem description

Let X be a Hilbert space with scalar product (,)x and
A:D(A) C X — X be the infinitesimal generator of a Cj-
semigroup denoted ¢ — e’. Let B and C be respectively
linear operators from R™ to A and from X to R™.

In this section, we consider the controlled Cauchy problem
with output 3 (A, B,C) in Kalman form, as follows

s =Ax+Bu+w, y=_Cuzx, (1

where w € X is an unknown constant vector and u is the
control input. We consider the following exponential stability
property for the operator .A.

Assumption 1 (Exponential Stability): The operator A
generates an exponentially stable Cy-semigroup. In other
words, there exist v and k both positive constants such that,
Vg € X and t € Ry

le?zollae < kexp(—vt)||zo|x- )

We are interested in the regulation problem. More pre-
cisely we are concerned with the problem of regulation of
the output y via the integral control

u=kKz, 2z =Y~ Yreys, 3)

where y,.; € R™ is a prescribed reference, z € R™, K; €
R™*™ g a full rank matrix and k; a positive real number.
The control law being dynamical, the state space has been
extended. Considering the system (A, B,C) in closed loop,
with integral control law given in the state space is now
X. = X x R™ which is a Hilbert space with inner product

<3'Jea7xeb>/'t'e = <$a7xb>x + Z(LTZb )

La

where z., = and x., =

denoted || - || x,. Let A, : D(A) x R™ — X, be the extended
operator defined as

x . .
b} . The associated norm is
b

A BK,»k;l} @)
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The regulation problem to solve can be rephrased as the
following.

Regulation problem: We wish to find a positive real number

k; and a full rank matrix F; such that V(w, yref) € X' xR™:

1) The system (I)-(3) is well-posed. In other words, for

all z.o = (0,20) € X, there exists a unique (weak)

jgg € COR,,X,)
defined V¢t > 0 and initial condition z.(0) = Zo.

2) There exists an equilibrium point denoted Zeoo =

Too

solution denoted z.(t) =

€ A., depending on w and y,.r, which is

oo
exponentially stable for the system (I)-(3). In other
words, there exist positive real numbers v, and k. such
that for all ¢ > 0

Xe S ke eXp_Vet ||:Ce() - meoo|‘Xe~

[#e(t) — Teoo|

3) The output y is regulated toward the reference ..
More precisely,

vera f—lg-&-moo |C$(t> - yref| =0. )

We know with the work of S. Pohjolainen in [11] (see also
[?]) that the following theorem holds.

Theorem 1 ([11], [?]): Under Assumption assume
that:

1) the operator B is bounded;
2) the operator C is A-bounded, i.e.

Ca| < c(llzllx + [|Az|x) , ¥ @ € D(A),

for some positive real number c;
3) the rank condition holds. In other words operators A,
B and C satisfy

rank{CA™'B} =m; (6)

then there exists a positive real number &k} and a m x m
matrix Kj;, such that for all 0 < k; < k} the operator A,
given in (@) is the generator of an exponentially stable Cy-
semigroup in the extended state space X.. More precisely,
the system () in closed loop with (B)) is well-posed and the
equilibrium is exponentially stable. Moreover, for all w and
Yref, equation (B) holds (i.e the regulation is achieved).

On the other hand, if one wants to address nonlinear
abstract Cauchy problems or unbounded operators, we may
need to follow a Lyapunov approach. For instance in the
context of boundary control, a Lyapunov functional approach
has allowed to tackle feedback stabilization of a large class
of PDEs (see for instance [2] or [5]).

It is well known (see for instance [8, Theorem 8.1.3])
that exponential stability of the operator A is equivalent to
existence of a bounded positive and self adjoint operator P
in £(X) such that

(Az, Pz)x + (Pz, Azx)x < —w|z|% , ¥V 2 € D(A), (7)

where w is a positive real number. We assume that this
Lyapunov operator P is given. The first question that we

intend to solve is the following: Knowing the Lyapunov
operator P, is it possible to construct a Lyapunov operator
P. associated to the extended operator A.?

To answer this question, we first give a construction
based on a well-known technique in the nonlinear finite
dimensional control community named the forwarding (see
for instance [9], [13] or more recently [4], or [1]).

B. A Lyapunov approach for regulation

Inspired by the forwarding techniques, the following result
can be obtained.

Theorem 2 (Forwarding Lyapunov functional): Assume
that all assumptions of Theorem [I] are satisfied and let P
in £(X) be a self adjoint operator such that [7| holds. Then
there exist a bounded operator M : X — R™ and positive
real numbers p and &, such that for all 0 < k; < k, there
exists w, > 0 such that the operator
| P+pMM  —pM*
B —pM pla
satisfies V xz. = (z,2) € D(A) x R™

Pe ®)

(Acte, Pette) x, + (Pewe, Ace) v, < —we(l|2]% + |2]%).
)
Proof: Let M : X — R™ be defined by M = CA~!. Note
that we have,
(Mz| = [CA™ 2| < e (A ]la + 2] x) < éllz]|x,

where ¢ is a positive real number. First inequality comes from
the fact that C is A—bounded while the second one express
the well-know property establishing that the inverse of an
operator generating a Cy—semigroups stable is bounded.
Hence, M is a bounded linear operator. Moreover, M
satisfies the following equation

MAx =Czx , Yz € D(A) . (10)

Let K; = (CA~'B)~! which exists due to the third assump-
tion of Theorem 1. Note that,

(T, Pete)x, = (x,Px)x + p(z — M) (2 — Mz). (11)

This candidate Lyapunov functional is similar to the one
given in [4, Equation (34)]. It is selected following a for-
warding approach.

Moreover, we have

(Aete, Pee) x, + (Pee, AcTe) x. =
(Az, Px)x + (Pzx, Ax) x
+2p(z — Mx) " (Cx — MAz) + ki(z, PBK;2) »
+ ki(PBK;z,2) x — 2p(z — Maz)T MBKk;z.
Let ||PBK;||3% = L which is well defined due to the

boundedness assumption on B. Employing equation (I0) and
MBK; = 14, the former inequality becomes

<Aexe77)exe>Xe + <PS$E7A€:C€>X6 =

<A‘T’IP:E>X + <vaAx>X + kz<$,PBKZZ>X
+ ki (PBK;z,2) x — 2p(z — Mz) k2. (12)



Given a, b positive constants, the following inequalities hold

1 al
Kiz)xy < —|z||3% + —|2]? 1
(z,PBK;z)x < 2aIIJL‘I\XJr 5 2|7, (13)
1 b 2
2T Mz < %||x||2+ ”A;” ||, (14)

it yields
<Ae$ey ,Pexe>.)c'e + <Pewe7 ~’4€=Te>)t'e

ki pk;
< (-w+ Ea 28 it

+ ki (p(=2 + M%) +aL) z[2 (15)

We pick b sufficiently small such that
—2+b|M|? <. (16)

In a second step, we select a sufficiently small and p
sufficiently large such that

p(—=2+ b|M|?) +aL < 0. (17)
Finally, picking k] sufficiently small such that
k} k;
—wt e P (18)
a b

the result is obtained with
w, = min {w —h Bk o M) — aL}. 0

a

C. Discussion on the result

A direct interest of the Lyapunov approach given in
Theorem [2] is that it allows to give an explicit value for
k} which appears in Theorem

Corollary 1 (Explicit integral gain): Given a  system
3(A,B,C) satisfying the assumptions of the Theorem
[[} points 1), 2), and 3) of Theorem [I] hold with
K;=(CA™'B)~! and

K z 19

T eaeeAa s Y

An interesting question would now to know in which aspect
this value may be optimal.

D. Illustration on a parabolic systems

Consider the problem of heating a bar of length L = 10
with both endpoints at temperature zero. We control the heat
flow in and out around the points s = 2, 5, and 7 and
measure the temperature at points 3, 6, and 8. The problem
is to find an integral controller such that the measurements
at s = 3, 6, and 8 are regulated to (for instance) 1, 3, and
2, respectively. Thus the control system is governed by the
following PDE

1(s,t) = dss(s,t) + 1[%73](s)u1(t) + ]l[gv%](s)uz(t)
+ ]l[g 15](8)U3(t), (S,t) S (0, 10) X (0700) (20)

2

where ¢ : [0,400) x [0,10] — R with boundary conditions

$(0,1) = $(10,¢) = 0

¢(s5,0) = ¢o(s),

where 1,4 : [0,10] — R denotes the characteristic function
on the interval [a,b], i.e.,

2L

A4 b
Liap)(s) = { (1) Vj SZ E:b%

The output and the reference are given as

(t,3) 1
y(t): ¢(t76) s Yref = 3
(t,8) 2
Let the state space be the Hilbert space X =

L?((0,10),R) with usual inner product, and let the input
space and the output space be equal to R3. Clearly, from
(21), we get the semigroup generator A : D(A) — X,
the input operator B : R® — X and the output operator
C: D(A) — R? as follows:
D(A) = {y € H?(0,10) | (0) = ¢(10) = 0},
and
Ap = pss Vo € D(A),
Bu = 1[%%]”1 + ]l[%%]ﬂg =+ 1[%7%]1143,

and

Co=[e3) »©6) «@®)]]

Moreover, note that with Sobolev embedding, an integration
by part and by completing the square, we have for all ¢ in
D(A)

10 10
sup lio(s)] < e / o(s)?ds + ¢ / oa(s)2ds
56(0,10) 0 0

10
< clloflx +e / 10(5) s (5)ds
0

< 2ellolla + el
_QC(PX QC(pssX~

Hence C is .A-bounded.
Moreover, by direct computation we find that

o159
CA'B=—1,8 20 18
4 10 14

It is easy to see that the above matrix is regular. Consequently
all Assumptions of Theorem [I] hold. With Corollary [1] it is
possible to compute explicitly the integral controller gain.
By direct computation we have for all ¢ in X

2 [y (s = 10)p(s)ds + [ (3 — s)p(s)ds
CA o = 3 10(8 —10)p(s)ds —|—f06(6 —s)p(s)ds | ,
21" (s = 10)p(s)ds + [ (8 = s)o(s)ds
which gives ||CA™L|| < 6.2466. We have

—-1.250 1.500 —1.125
K, =] 0500 —=2.000 2.250
0 1.000 —2.000

'XT denotes the transposed state



For the open-loop system, consider the Lyapunov operator
P = I4. Then the growth rate may be taken as w = Z5. It
is easy to see that || /;|| = 4.2433, and ||B|| < /3. Putting
together the numerical values into the formula (I9) allows
to estimate the tuning parameter

B — %
t2BEG| [lCATY
With Corollary [1} the integral controller (@) with 0 < k; <
2.1498 x 103 stabilizes exponentially the equilibrium along
solutions of the closed-loop system and drives asymptotically
the measured temperatures to the reference values for any
initial condition.

A~ 2.1498 % 1073,

III. CASE OF BOUNDARY REGULATION
A. Case of unbounded operators

It is interesting to remark that a possible way to remove
the boundedness assumption on the operators C and B can
be made as follow.

Corollary 2 (Regulation with unbounded operators):
Assume Assumption [1| holds and let P in £(X) be a self
adjoint operator such that [/ holds. Assume that:

1) the operator CA~! is bounded;

2) the rank condition holds, that is to say, the operators A,

B and C satisfy equation (). Let K; = (C.A_lB)il.

3) there exists a positive real numbers L and a such that

1 al
(z,PBK;z) < 2*a||x||gc + 7|Z|2%

4) the operator A, given in is the generator of Cpy-
semigroup in the extended state space X..

Then there exists a positive real number k] such that for
all 0 < k; < k; the operator A, is the generator of
an exponentially stable Cy-semigroup in the extended state
space X,. In other words, the equilibrium of the system (I) in
closed loop with the control law (3), is exponentially stable.

In the context of hyperbolic PDE systems with boundary
control, this is typically the kind of results that can be used in
order to achieve regulation. In the following section we adapt
this framework to hyperbolic PDE systems. Note however
that since the system is not given in a Kalman form, it is not a
direct application of Corollary 2} Nevertheless, the approach
follows exactly the same line.

B. System description
To illustrate the former abstract theory, we consider the
case of hyperbolic partial differential equations as studied in
[6]. More precisely, the system is given by a one dimensional
n X n hyperbolic system
¢t = Ao, , x €(0,1), t €[0,+00),

where ¢ : [0,400) x [0,1] - R"

A=diag{i,..., \n}

A >0vVie{l,... 0}

N <0Vie{l+1,...,n}

i # \V(i,5) € {1,...,n}? such that i # 7,

(22)

with the initial condition ¢(0,z) = ¢o(x) for « in [0,1]
where ¢ : [0,1] — R™ and with the boundary conditions

o1 (t,0)] _ . [o4(t,1)
Lf;—r(t, 1)} =K [qﬁf(t,o)] + Buy(t) + wp (23)
_[Kn K] [o+t1D] |, [B
- {Ki K;j Lzﬁt(t,())} + {Bj up(t) + wy (24)
where ¢ = [§+ with ¢ in RY, ¢~ in R™* and where

wp in R™ is an unknown disturbance, u(t) is a control input
taking values in R™ and K and B are matrices of appropriate
dimensions.

The output to be regulated to a prescribed value denoted
by yref, is given as a disturbed linear combination of the
boundary conditions. Namely, the outputs to regulate are in
R™ given as

A R i RS

where L; and Lo are two matrices in R™*™ and w, is an
unknown disturbance in R". We wish to find a positive real
number k; and a full rank matrix K; such that

u(t) = kiliz(t)  z(t) = y(t) — Yres 2(0) = 20

where z(t) takes value in R™ and zy € R™ solves the
regulation problem Yy,..r € R™.

The state space denoted by X, of the system 22)-23) in
closed loop with the control law (26) is the Hilbert space
defined as:

(26)

X. = (L*(0,1),R") x R™,
equipped with the norm defined for z. = (¢, z) in X, as:
lollx. = llllz2(0,1),rm) + I2]-
We introduce also a smoother state space defined as:
X1 = (H*(0,1),R") x R™.

C. Output regulation result

In this section, we give a set of sufficient conditions
allowing to solve the regulation problem as described in the
introduction. Our approach follows what we have done in
the former section.

Assumption 2 (Input-to-State Exponential Stability):
There exist a C'! function P : [0,1] — D, a real number
1> 0 and a positive definite matrix .S in R™*™ such that

—Py(s)A < —pP(s), 27
pla, < P(s) <ply, , Vs €0,1], (28)
and
Lae K;} {Idl 0 }
P(1HA
{0 Ko, (1) Ko Koo
K 0 ] [Ku K12:|
— P(O)A < -5 (29
{Krz Tan—r¢ 0) 0 Tap—e] — 29

As it will be seen in the following section, this assumption
is a sufficient condition for exponential stability of the



equilibrium of the open loop system. It can be found in [2]
in the case in which S may be semi-definite positive. The
positive definiteness of S is fundamental to get an input-to-
state stability (ISS) property of the open loop system with
respect to the disturbances on the boundary. More general
results are given in [12].

The second assumption is related to the rank condition.

Assumption 3 (Rank condition): The matrix

T = (L1 + Ly)(14, —K)'B (30)

is well defined and full rank.

With these assumptions, the following result may be ob-
tained.

Theorem 3 (Regulation for hyperbolic PDE systems):
Assume that Assumptions [2] and [3] are satisfied then with
K; =T~! there exists k} > 0 such that for all 0 < k; < k}
the output regulation is obtained. More precisely, for all
(wp, Wy, Yreg) in RP x R™ x R™, the following holds.

1) For all (¢, zp) in X, (resp. X1.) which satisfies the
boundary conditions (23) (resp. the C! compatibility
condition), there exists a unique weak solution to
(22)-(23)-(26) that we denote v and which belongs to
C°([0,4+00); X.) (Respectively, strong solution in:

CO([0,400); Xe1) N CH([0,+00); X2) ). (31)

2) There exists an equilibrium state denoted v., in X,
which is globally exponentially stable in X, for system
(22)-(23)-(26). More precisely, we have for all ¢t > 0:

[0(t) = voollx. < kexp(—vi)ljvo — voollx..  (32)

3) Moreover, if vy satisfies the C'*-compatibility condition
and is in A7., the regulation is achieved, i.e.

tLleroo |y(t) - yref| =0. (33)

The next section is devoted to the proof of this result.

IV. PROOF OF THEOREM

To prove the main result, we demonstrate that under some
conditions, the desired regulation is obtained provided there
exists a Lyapunov functional for system (22))-(23)-(26). Then,
it only remains to explicitly build the Lyapunov functional
to end the proof.

A. Stabilization implies regulation

In this first subsection, we explicitly give the equilibrium
state of the system 22)-23)-(26). We show also that if we
assume that k; and K; are selected such that this equilibrium
point is exponentially stable along the closed loop, then the
regulation is achieved.

1) Definition of the equilibrium: The first step of the study
is to exhibit equilibrium denoted ¢,z of the disturbed
hyperbolic PDE in closed loop with the boundary integral
control (i.e. system (22)-(Z0)).

We have the following proposition.

Proposition 1: Assumption [3] is a sufficient condition for
the existence of an equilibrium of the system (22)-23)-(26)

for all y,.y and wy. Moreover, if Assumption E] holds then
point 1) of Theorem [3] holds.

The proof of this result has been removed due to space
limitation and will be available in the journal version of this
paper.

We can introduce ¢(x,t) = (2,t) — ¢oo and Z(t) =
z(t) — zo0. It can be checked that ¢, Z satisfies the following
system:

_ q;Jr <t7 0) (Z’;+(t7 1) ) te [07 +OO)7
«o= o) e o)
(34)
with the boundary conditions
J)+ (tv O) _ QNS-O- (ta 1)
o R PR RO

2) Sufficient conditions for Regulation: In the following,
we show that the regulation problem can be rephrased as a
stabilization of the equilibrium state introduced previously.

Proposition 2: Assume Assumption [3holds and that there
exist a functional W : X, — R, and positive real numbers
w and L,, such that:

[vse — 0%,
Ly
Assume moreover that for all vg in &, and all ¢y in R such

that the solution v of system (22)-23)-(26) initiated from vy
is C! at t = t;, we have:

Wi(t) < —wW (1), (38)

where with a slight abuse of notation W (¢) = W (uv(t)). Then
points 1), 2) and 3) of Theorem [3] hold.

Sketch of the proof: Point 1) is directly obtained from Propo-
sition |1} The proof of point 2) is by now standard. The last
point is obtained employing Sobolev embedding and showing
the convergence of trajectories toward the equilibrium in the
supremum norm.

<W(0) < Lyllves =05, (37

With this proposition in hand, to prove the Theorem [3] it
is sufficient to construct a Lyapunov functional W which
satisfies (37)-(38) along C* solutions of (22)-@23)-26) or
equivalently along C'!' solutions of (34)-(33). This is consid-
ered in the next section following the route of Section [[I-B]

B. Lyapunov functional construction

B.1) Open loop ISS: Inspired by the Lyapunov functional
construction introduced in [6] (see also [2]), we know that
typical Lyapunov functionals allowing to exhibit stability
property for this type of hyperbolic PDE are given as
functional V' : L2((0,1),R") — R defined as

V(g) = / o(3)TP(s)pls)ds . (39)

0
where P : (0,1) — R™ " is a C' function. Typically in
[6], these functions are taken as exponentials. With a slight
abuse of notation, we write V' (¢) = V(¢(-,¢)) and we denote



by V(t) the time derivative of the Lyapunov functional
along solutions which are C' in time. In our context, with
assumption [2] it yields the following proposition.

Proposition 3: If Assumption [2]holds, there exists a posi-
tive real number c such that for every solution ¢ of 22)-(23)
initiated from (¢, Zo) in X, which satisfies

V(t) < —2uV(t) + clu(t)]? . (40)
The proof of this proposition has been removed due to space
limitation.

B.2) Forwarding approach to deal with the integral part:
Following the route of Section [[I-B] a Lyapunov functional
is designed from V' adding some terms to take into account
the state of the integral controller. Let the operator M :
LY((0,1); R™) — R™ be given as

1
sz/QMA”ﬂﬂ% 1)
0

1
:/ MiAT o (s) + M_AZ o _(s)ds  (42)
0

where ¢ = [gﬂ, M = [M; M_] and where M, and

M _ are two matrices respectively in R”*¢ and in R™* (»—0)
that have to be selected. Following the Lyapunov functional
construction in Theorem [2] we consider the candidate Lya-
punov functional W : L2((0,1); R") x R™ given as

W(p,2) =V(p)+p(z—Mp) (2= Myp).  (43)

Note that there exists a positive real number L,, such that
for all (¢, z) in X,

1
7 (I9ll% + 1217) < W, 2) < Lu (ll% + [21%) -

In the following theorem, it is shown that by selecting
properly K;, k;, M and p, this function is indeed a Lyapunov
functional for the closed loop system. Again, with a slight
abuse of notation, we write W (t) = W(é(-,t),2(t)) and
we denote by TW(t) the time derivative of the Lyapunov
functional along solutions which are C! in time.
Proposition 4: Assume that Assumptions [2] and [3] hold.
Then there exists a matrix K; and k] such that for all k; <

k¥, along C! solution of the system (34)-(33)-(36)

W(t) < —waW(t), Vt € Ry. (44)
The proof of this proposition is removed due to space
limitation.
With this proposition, the proof of Theorem |3| is com-
pleted.

V. CONCLUSION

In the last three decades, the regulation problem has been
studied for different classes of distributed parameter systems.
Most of existing results follow a semigroup approach and
the perturbation theory for linear operator. In this paper we
have shown that is was also possible to construct Lyapunov
functionals to address the regulation problem in the case
in which is used an integral action. This framework allows

to explicitly give an integral gain. Moreover, it is no more
necessary to impose boundedness of control or measurement
operators to guarantee the regulation. This is applied to
PDE hyperbolic systems and this allows to generalize many
available results in this field.
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