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MASS-CONSERVING SELF-SIMILAR SOLUTIONS TO
COAGULATION-FRAGMENTATION EQUATIONS

PHILIPPE LAURENCOT

ABSTRACT. Existence of mass-conserving self-similar solutions with a sufficiently small total mass
is proved for a specific class of homogeneous coagulation and fragmentation coefficients. The proof
combines a dynamical approach to construct such solutions for a regularised coagulation-fragmentation
equation in scaling variables and a compactness method.

1. INTRODUCTION

Coagulation-fragmentation equations are mean-field models describing the time evolution of the
size distribution function f of a system of particles varying their sizes due to the combined effect of
binary coalescence and multiple breakage. The dynamics of the size distribution function f(t,z) of
particles of size x € (0,00) at time ¢ > 0 is governed by the nonlinear integral equation

Of(t,x) =Cf(t,x)+ Ff(t,x), (t,z) € (0,00)?, (1.1a)
f(0,2) = f™(x), x € (0,00), (1.1b)

where
C@) = [ Ka=nfa=niw dy= [ K@nf@iwd.  ce@o0), (11
and
Ff(@) = —alz)f(z) + / (b, y) () dy,  x € (0,00) . (1.1d)

account for the coagulation and fragmentation processes, respectively. In (1.1c), the coagulation
kernel K is a non-negative and symmetric function defined on (0,00)? and K (z,y) = K(y,z) is the
rate at which two particles of respective sizes x and y collide and merge. In (1.1d), a(x) is the overall
fragmentation rate of particles of size x and the distribution of the sizes of fragments resulting from
the splitting of a particle of size y is the daughter distribution function x + b(z,y). Since we discard
the possibility of loss of matter during breakup, b is assumed to satisfy

y
/xb(:)s,y)dz:y, y>0, and b(z,y)=0, x>y>0; (1.2)
0
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2 PHILIPPE LAURENGOT

that is, the fragmentation of a particle of size y only produces particles of smaller sizes and no
matter is lost. Coagulation being also a mass-conserving process, we expect that matter is conserved
throughout time evolution; that is,

Mi(f(t)) = /Oooxf(t,:z) dr = o= My(f™) := /ooxfi"(:v) dz | t>0. (1.3)

0
Breakdown in finite time of the identity (1.3) may actually occur; that is, there is 7; € [0, 00) such
that
Mi(f(t)) < My(f™), t>T.

This feature is due, either to a runaway growth generated by a coagulation kernel increasing rapidly
for large sizes, a phenomenon known as gelation [25-27], or to the appearance of dust resulting
from an overall fragmentation rate a which is unbounded as x — 0, a phenomenon referred to as
shattering [13,28]. Loosely speaking, for the coagulation and fragmentation coefficients given by

K(z,y) = Ko (29 + 2" %), (2,y) € (0,00)%, (1.4a)
with a € [0,1], A € [2a,1 + ], and K > 0, and
a(z) = ax” , b(x,y) =b,(v,y) = (v+2)2"y™",  O<z<y, (1.4b)

with v € R, v € (—=2,00), and ay > 0, gelation after a finite time occurs when o > 1/2 in (1.4a)
and v € (0,A — 1) in (1.4b) [10, 11, 18, 20, 25, 27], while shattering is observed when v < 0 in
(1.4b) and there is no coagulation (K, = 0) [3,13,28]. In contrast, mass-conserving solutions to
(1.1) satisfying (1.3) for all £ > 0 exist when, either A € [0,1] and v > 0, or A € (1,2] and
v > A—1[2,4-7,9,10,12,21,23,34,35,38]. The previous discussion reveals that the value y = A—1 > 0
is a borderline case with respect to the occurrence of the gelation phenomenon. Indeed, on the one
hand, when A € (1,2], vy = A — 1, and @« > —v — 1 in (1.4), mass-conserving solutions to (1.1) on
[0, 00) exist when M, (f™) is sufficiently small [19], which is in accordance with numerical simulations
performed in [33] for the particular choice

a=1, A=2, vy=1, v=_0. (1.5)
On the other hand, gelation (in finite time) takes place when o = 1, A = 2, v = 1, v > —1, and
M;(f™) is large enough [7,33,37].

Besides, the choice vy = A — 1 > 0 in (1.4) has another interesting feature. Indeed, in this case,
equation (1.1a) satisfies a scale invariance which complies with the conservation of matter (1.3).
More precisely, if f is a solution to (1.1a) and r > 0, then the function f, defined by

folt,z) =2 f(r' ™, re) | (t,z) € [0,00) x (0,00) , (1.6)

is also a solution to (1.1a) and M, (f.(t)) = M;(f(r'=*t)) for t > 0. We then look for particular
solutions to (1.1a) which are left invariant by the transformation (1.6), that is, f, = f for all r > 0;
that is, according to (1.6), r2f(r'~*,rx) = f(t,x) for all (r,t,z) € (0,00)3. The choice r = t*/*~1)
in the previous identity gives

flt, o) = OV (Lat/OD) o (tx) € (0,00)%
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and raises the question of the existence of mass-conserving self-similar solutions of the form
(t, ) — t¥ A1y (xtl/(’\_l)) , (t,x) € (0,00)? . (1.7)

In (1.7), the profile ¢ is yet to be determined and is requested to have a finite total mass M; () = o €
(0,00). According to the numerical simulations performed in [33], such solutions exist for sufficiently
small values of ¢ and are expected to describe the long term dynamics of mass-conserving solutions to
(1.1) with the same total mass p. Thus, the existence, uniqueness, and properties of mass-conserving
self-similar solutions to (1.1a) of the form (1.7) are of high interest.

The purpose of this paper is to provide one step in that direction and figure out whether self-
similar solutions to (1.1a) of the form (1.6) do exist when v = A —1 > 0 in (1.4). Such a quest
is not hopeless. Indeed, on the one hand, when the parameters in (1.4) are given by (1.5), their
existence is supported by numerical simulations performed in [33], which indicate that there exist
mass-conserving self-similar solutions to (1.1a) of the form (1.7) with M;(¢)) = p, provided the ratio
ao/(0Ky) is large enough. On the other hand, if

a=1, A=2, ~y=1, wv=-1, (1.8)

then, for any ¢ > 0, the existence of a unique mass-conserving self-similar solution to (1.1a) of the
form (1.7) with M;(¢)) = o is shown in [24] and this particular solution is a global attractor for
the dynamics of (1.1) when the initial condition f satisfies M;(f™) = o. The approach developed
in [24] heavily relies on the specific structure of (1.1a) for the choice of parameters (1.8), which allows
us to use the Laplace transform, and is thus not likely to be adapted to the more general setting
considered herein. Instead, we first construct mass-conserving self-similar solution to (1.1a) of the
form (1.7) for a restricted class of daughter distribution functions b by a dynamical approach and
carefully keep track of the dependence of the estimates on the various parameters involved in K, a,
and b. We next use a compactness method to extend the existence result to a broader class of b.
Specifically, we consider

1 A
Ae (1,2, y:=Xx-1€(0,1], aelmax{?)\—l},i} , (1.9a)
and assume that the overall fragmentation rate a and the coagulation kernel K are given by
a(z) = agx™t, z € (0,00) , (1.9b)
K(zy) = Koz +2%%) ,  (2,9) € (0,00)", (1.9¢)

for some positive constants ag and Ky. We assume further that the daughter distribution function b
has the scaling form

b(x,y) = 1B (f) , O<z<y, (1.9d)
) )

where

1
B >0 ae. in (0,1), BeLY((0,1),2d2), / 2B(z) dz =1, (1.9¢)
0
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and there is v € (—2,0] such that

1
by = / 2mB(2)P dz < o0 (1.9f)
0
for all (m,p) € A,, the set A, being defined by
A, :={(m,p) € (—1,00) x [1,00) : m+pv > —1}. (1.9g)
Observe that A, is non-empty since
(m,1) e A, forall m>-v—1. (1.10a)
Also, if (m,1) € A,, then
1
(m,p) € A, forall pe [177m|:—| ) : (1.10b)

We finally assume that the small size behaviour of the coagulation kernel K is related to the possible
singularity of B for small sizes and require

—v—1<a. (1.11)
Since (—v/2,1] € A, by (1.10), we infer from (1.9f) and the inequality

! 1 %,
[ maine) az < s iy [ arp) s 2 2o
0 z€(0,1) 0

e(v+2)’
that !
by, == / z|Inz|B(z) dz < oo . (1.12)
0
We then set b
a0 O1n
. = . 1.1
O K2 (1.13)

For m € R, we define the weighted L'-space X, and the moment M,,(h) of order m of h € X,,, by
X, = L*((0,00), 2™dx) , M, (h) := / 2™h(x) dr .
0

We also denote the positive cone of X, by X;f, while X,,,, denotes the space X,,, endowed with its
weak topology.

For the above described class of coagulation and fragmentation coefficients, the main result of this
paper guarantees the existence of at least one mass-conserving self-similar solution to (1.1a) of the
form (1.7) (up to a rescaling, see Remark 1.2 below) with a sufficiently small total mass o.

Theorem 1.1. Consider coagulation and fragmentation coefficients K, a, and b satisfying (1.9) and
fix two auxiliary parameters

mo € (—v—1,a)N[0,1), my := max{mg,2 — A} € (0,1) . (1.14)
Let 0 € (0, 0.).
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(a) There are q; € (1,2) (defined in (2.9) below) and a non-negative profile
p € X NLU((0,00),2™dz) N () X,  Milp)=0, (1.15)

m>mg

such that (my,q1) € A, and

| @) — sl ety do =5 [ [ Kamleneie) dude

- [T et a (1.16)

for all ¥ € Oy, where
O = {9 € WH>(0,00) : 9(0) =0} , (1.17)

and
Xo(z,y) =0z +y) —dx) = 9y),  (2,9) € (0,00)*, (1.18)
No(y) = o) = [ o) dr, e (0.00) (119
(b) The function Fs defined by

Fo(t, ) := sx(t)*p (ws5(t)) (t,x) € [0,00) x (0,00) , (1.20)

with sx(t) == (1+ (A= 1))/O=V ¢t >0, is a mass-conserving weak solution to (1.1) on [0, 00)
with initial condition f™ = ¢ in the following sense: for any T > 0,

Fs € C([0,T], Xony ) N CO([0, T], Xy.) NV LZ((0,T), Xing)

and satisfies

/0 T (Fs(t.x) — o(0)(z) dz = / / N / " K (@, y)xo(e,y) Fs(s,2) Fs(s, ) dydads

/ / 7)Fs(s,z) dzds (1.21)

for allt € (0,00) and ¥ € ©,,,, where Oy := L>*(0,00) and
On = {0 € C™([0,00)) N L*(0,00) : ¥(0) =0}, m e (0,1) .

Remark 1.2. The self-similar ansatz (1.7) differs slightly from that of Fs in Theorem 1.1, see (1.20).
Howewver, they can both be mapped to each other, up to an Xy-invariant dilation of the profile. Indeed,
if Fs(t, ) = s\(t)%p (zsA(t)), (t,2) € (0,00)?, is a mass-conserving self-similar solution to (1.1a) of
the form (1.20), then it is actually well-defined for (t,x) € (—=1/(A —1),00) x (0,00). Combining
this property with the autonomous character of the coagulation-fragmentation equation (1.1a) implies
that Fs(t,x) :== Fs(t — (A —1)"1, 2), (t,x) € (0,00)?, is also a solution to (1.1a) and satisfies

Fy(t,a) == /0Dy (a/OD) | (1,2) € [0,00) x (0,00)
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with P(y) = (A — 1)"2O Ve (y(A = 1)"YAD) g > 0. In other words, Fs is a mass-conserving
self-similar solution to (1.1a) of the form (1.7) and it has total mass o, since Mi(p) = Mi(¢) = o
by (1.15).

On the one hand, Theorem 1.1 and Remark 1.2 provide the existence of mass-conserving self-similar
solutions to (1.1) of the form (1.7) with a sufficiently small total mass for the parameters given by
(1.5), which is in perfect agreement with the numerical simulations performed in [33]. It is yet unclear
whether p, is the largest value of p for which a mass-conserving self-similar solution to (1.1) of the
form (1.7) with total mass o exists. However, Theorem 1.1 cannot be valid for any ¢ > 0 in general.
Indeed, when the parameters in (1.9) are given by (1.5), gelation occurs for sufficiently large mass,
as indicated by explicit computations performed in [33,37] and proved in [7] when ao/(0Kj) < 1. On
the other hand, Theorem 1.1 provides the existence of mass-conserving self-similar solutions to (1.1)
of the form (1.7) with a sufficiently small total mass for the parameters given by (1.8), a result which
is far from optimal, since such a solution exists for any value of the total mass, according to [24].
A possible explanation for this discrepancy is that the absence of a threshold mass is due to the
non-integrability as x — 0 of the daughter distribution function b_;, which is not really exploited in
the proof of Theorem 1.1 below.

Let us now describe the approach we use in this paper to prove Theorem 1.1. Owing to the
homogeneity of K, a, and B, inserting the ansatz (1.20) in (1.1a) implies that ¢ solves the integro-
differential equation

VW) +200) = Col) + Fol) . we (0,00) (1.22)
Unfortunately, the equation (1.22) seems hardly tractable as an initial value problem with initial
condition at y = 0. Indeed, on the one hand, the right hand side of (1.22) depends not only on the
past (0,y) of y but also on its future (y, 00). On the other hand, the left hand side is degenerate, as
the factor y in front of dy/dy vanishes at y = 0. Assuming further that y?p(y) — 0 as y — 0, one
can get rid of the derivative in (1.22) and show that ¢ also satisfies the nonlinear integral equation

Voly) = /y " a(@)o(a) /O b dada — /0 ’ /y io oK (2, 2.)0(x)p(z,) de.de  (1.23)

for y € (0,00), see [13,36]. It is however unclear whether this alternative formulation is more helpful
than (1.22) to investigate the existence issue, though it has been extensively used to determine the
behaviour for small and large sizes of the profile of mass-conserving self-similar solutions to the
coagulation equation [16,26,31,32,36]. We thus employ a different approach here, which has already
proved successful for the coagulation equation [12,15,32] and the fragmentation equation [12,29]. Tt
relies on the construction of a convex and compact subset of X; which is left invariant by the evolution
equation associated to (1.22). This evolution equation is actually obtained from (1.1) by using the
so-called scaling or self-similar variables. More precisely, recalling that sy(t) = (1 + (A — 1)t)/A=1,
t > 0, we introduce the scaling variables

s:=1nsy(t), y = xs\(t) , (t,x) € [0,00) x (0,00) ,
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and the rescaled size distribution function

e()\—l)s -1
g(s,y) =e %f <ﬁ,y6_s) : (s,y) € [0,00) x (0,00) . (1.24)
Equivalently,
f(t,x2) = sx(t)*g (Insy(t), 252 (1)) (t,x) € [0,00) x (0,00) . (1.25)
Now, if f is a solution to (1.1), then g solves
0s9(s,y) = —y0y9(s.y) — 29(s,y) + Cy(s.y) + Fy(s,y) ,  (s,y) € (0,00)", (1.26a)
90,9)=f"(),  ye(0,00), (1.26b)

Comparing (1.22) and (1.26a), we readily see that ¢ is a stationary solution to (1.26a), so that
proving Theorem 1.1 amounts to find a steady-state solution to (1.26a). To this end, we shall use
a consequence of Schauder’s fixed point theorem which guarantees the existence of a steady state
for a dynamical system defined in a closed subset Y of a Banach space X which leaves invariant
a convex and compact subset of Y, see [1, Proposition 22.13] and [17, Proof of Theorem 5.2] (see
also [12, Theorem 1.2] for the extension of this result to a Banach space endowed with its weak
topology). Applying the just mentioned result requires identifying a suitable functional framework
in which, not only (1.26) is well-posed, but also leaves invariant a convex and compact subset of the
chosen function space. To achieve this goal, the assumption (1.9f) for any (m, p) € A, does not seem
to be sufficient and we first construct a family (b., B:).c(0,1) of approximations of (b, B), which satisfy
not only (1.9d) and (1.9e), but also (1.9f) for any (m,p) € Ay and B. € W1(0,1). We then prove
that the corresponding rescaled coagulation-fragmentation equation (1.26) is well-posed in X for
initial conditions f* € X&' N Xy, satisfying M;(f™) = 0 € (0, 0.). We also show the existence of
an invariant convex and compact subset Z, of X for the associated dynamical system. According to
the above mentioned result, this analysis guarantees the existence of a stationary solution ¢. € X" to
(1.26a) satisfying M;(¢.) = 0. Moreover, it turns out that there is a convex and sequentially weakly
compact subset Z of X; such that Z. C Z for all ¢ € (0,1). Consequently, (¢c)-c(0,1) is relatively
sequentially weakly compact in X; and the information derived from Z allows us to prove that cluster
points in X, of (¢)zc(0,1) as € — 0 solve (1.22), thereby completing the proof of Theorem 1.1.

Remark 1.3. In the companion paper [19], we prove that, given an initial condition f™ € XN
Xor_a satisfying My(f™) = o € (0, 04), the coagulation-fragmentation equation (1.1) has a unique
mass-conserving weak solution on [0,00) under the same assumptions (1.9) on the coagulation and
fragmentation coefficients. This result is perfectly consistent with the numerical simulations per-
formed in [33], as is Theorem 1.1.

2. SELF-SIMILAR SOLUTIONS: A REGULARISED PROBLEM

In this section, we assume that K, a, and b are coagulation and fragmentation coefficients satisfying
(1.9) and we fix g € (0, 04).

As already mentioned, two steps are needed to prove Theorem 1.1 and this section is devoted
to the first step; that is, the proof of Theorem 1.1 for a family (b.).~o of approximations of the
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daughter distribution function b. We begin with the construction of a suitably regularised version of
the daughter distribution function b. To this end, we fix a non-negative function ¢ € C5°(R) such
that

[e@ra=1. swpcc 1),
R
and set (.(2) :=e72((2¢72) for z € R and € € (0,1). For € € (0,1), we define

B. = /01 z/: C(z — 2)B(z) dzdz | (2.1a)

1 [t
B.(z) :== E/; (2 — 2z0)B(zy) dzy z€(0,1), (2.1Db)

and
be(x,y) = éBa (g) , O<z<y. (2.1c)

As we shall see below, see (2.2b), the parameter f3. is positive for ¢ > 0 sufficiently small, so that B.
is well-defined for such values of e. Indeed, thanks to (1.9e), (1.9f), and the properties of ,

1
B.>0 ae in (0,1), B.eL'((0,1),z2d) / Ba() dz=1, (2.22)
0

lim . =1, (2.2b)

and B. € LP((0,00), 2"dz) for all (m,p) € A, with
1 1
lim [ 2™|B.(z) — B(2)|F dz = lim/ z|Inz||B:(2) — B(2)| dz =0 . (2.2¢)
e=0 /g e=0 /g

An obvious consequence of (2.2¢) is that

ll_r)% bm,p,e = bm,p ) (m7p> € Au ) ll_r)% bln,e = by, ) (23>
where
1 1
brpe = / 2" B.(2)P dz , (m,p) e R x [1,00) , B ::/ z|In z|B.(z) dz .
0 0

Recalling that 1 4+ byix—a1 > 2b113—n1 due to 1 + X —a > 1, it follows from (2.2b) and (2.3) that
there is 9 € (0,1) such that, for € € (0, &¢),

bmg,l,a S 1 + bmo,l ) bl-i—)\—a,l,a S # <1 ) bml,ql,a S 1 + b7711,111 . (24)
An immediate consequence of (2.4) is that, for e € (0, &),
14 bisaa
sup {bm,l,e} S 1"‘ bmo,l ) sup {bm,l,e} S # . (25)
m>mo m>1+A—a

Morever,
B.(2) =0, z€[0,e —€%, B. e WH(0,1), (2.6)
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1
(2)] dz < 53@/}1@

Remark 2.1. In fact, if the function B in (1.9e) satisfies (1.9f) for any (m,p) € Ao, as well as
B(0) =0 and B € W"(0,1), then we may take B. = B. This is true in particular for the parabolic
daughter distribution function corresponding to B(z) = 12z(1 — z), z € (0,1).

and
dB.
dz

d¢
&(2)

/OBe(z) ds < sup {Be(z)}g/o . @7

Y
€Pe z€[0,1]

Next, since p € (0, o,), we infer from (2.3) that there is €, € (0, ¢¢) such that
ot o or. = aobun e ’
9 < 9K, In2
Finally, since m; + X — 1 € (mg, A) by (1.9a) and (my,1) € A, by (1.10a), we may fix
my+ 14+ q(A—2)
Uil

o<

e €(0,g,) . (2.8)

¢ € (1,2) such that (my,q) € A, and

€ (mo, A) . (2.9)
The main result of this section is then the following:

Proposition 2.2. Let ¢ € (0,g,). There is
. € X N L7((0,00), 2™ dz) NWH(0,00) N [ X,

m>A—2
such that My(p:) = 0 and

| 1) —a.i@eo ao =3 [ [7 K@ pole o) s

—/ a(x)Ny(x)p.(z) do | (2.10)

0
for all ¥ € ©1, where ©4 is defined in (1.17) and

Nocl)i=90) = [ o@bileg) da . y>o0.

Moreover,
(a) There is £ > 0 depending only on \, o, Ky, ag, B, v, mg, m1, qi, and o such that

/waln () ge(s) da + ﬁml (o) <0, (2.11a)
Myg(i2) < 0, (2.11b)
/00 ™M ()t de < 0. (2.11c)

(b) For allm > 1+ A\, there is L(m) > 0 depending only on \, a, Ky, ag, B, v, mg, my, q1, 0,
and m such that
M, (pe) < L(m) . (2.11d)



10 PHILIPPE LAURENGOT

The main steps in the proof of Proposition 2.2 are the derivation of (2.11a) and (2.11c). The former
is inspired from [12, Lemma 4.2] and combines a differential inequality for a superlinear moment,
involving here the weight * — zlnx, and a differential inequality for a sublinear moment. The
validity of (2.11a) requires the smallness condition ¢ € (0, p.), the value of g, being prescribed by
an algebraic inequality established in [19, Lemma 2.3|, see (2.20) below. As for (2.11c), it relies
on the monotonicity of z — ™ K (z,y) to handle the contribution of the coagulation term, similar
arguments being used in [7,8,22,30] to derive LP-estimates for solutions to coagulation-fragmentation
equations.

2.1. Scaling variables and well-posedness. Let ¢ € (0,£,). We begin with the existence and
uniqueness of a mass-conserving weak solution to

0s9-(8, 1) = —x0,9-(8,2) — 2g-(s,x) + Cg-(s, ) + Feg-(s,x) , (s,2) € (0,00)?, (2.12a)
9:(0,2) = f™(z) , z € (0,00) , (2.12b)
where F. denotes the fragmentation operator with b replaced with b..
Proposition 2.3. Consider an initial condition f™ € X; N Xy N Xoa—o such that
Mi(f")=o. (2.13)
There is a unique mass-conserving weak solution g. to (1.1) on [0, 00) satisfying
g: € C([0,T), Xpnyw) N LZ((0,T), Xpny) NLZ((0,T), Xox—o) forany T >0,
M;i(g-(s)) = o, s>0, (2.14)

and

/Ow(gs(s,x) f(x) dx—// [20,0(x) — 9(2)] ge (5., ) dads,
_// / K(z, y)xo(z, y)9:(sx, )=+, y) dydads,

// Y)No(y)ge(s:y) dyds. (2.15)

for all s € (0,00) and ¥ € ©,,,, where Oy := L>*(0,00) and
O :={0 € C™([0,00)) N L>(0,00) : ¥(0) =0} .
We recall that Ny in (2.15) is defined in Proposition 2.2,

Proof. Owing to (1.9a), (1.9b), (1.9¢), (2.1c), (2.2a), and the integrability properties of B., we are
in a position to apply [19, Theorem 1.2], which guarantees the existence and uniqueness of a mass-
conserving weak solution f. to the coagulation-fragmentation equation

O fe(t,x) =Cfe(t,x) + F.fe(t, x) | (t,z) € (0,00)?, (2.16a)
f-(0,2) = f"(x) x € (0,00) , (2.16D)
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which satisfies

£ € C0,T), Xony) O L((0,T), Xny) 1 L2((0,T), Xop o)
for any T'> 0 and M;(f.(t)) = o for t > 0. Setting
eA-Ds _ 1
CA—1
completes the proof of Proposition 2.3. O

U, (s; f™) (1) = go(s,2) = e % f. < ,xe‘s) , (s,x) € [0,00) x (0,00) , (2.17)

The next results are devoted to the derivation of a series of estimates satisfied by the weak solutions
to (2.12) provided by Proposition 2.3, except for Lemma 2.12 where the continuous dependence of
U, (; f) in X with respect to the initial condition is established.

Throughout the remainder of this section, ~ and (k;);>; are positive constants depending only on
A, a, Ky, ag, B, v, mg, my, q1, and p. Dependence upon additional parameters is indicated explicitly.

2.2. Moment Estimates. We begin with the derivation of estimates for moments of order m &
[my, 1], the parameter m; being defined in (1.14).

Lemma 2.4. Considere € (0,¢,) and f™ € Xy NXy4\ such that My(f™) = o and let g. = V.(-; f™)
be given by (2.17). For m € [my,1), there is k1(m) > 0 depending on m such that, fort >0,

/ xln(z) g.(s,z) do +
0 e

T Mea(5)

< max {/0 rln (z) f"(x) dz + ﬁMm(ﬂ"),m(m)} , s>0.
Proof. Let s > 0 and consider m € [mq,1). Then
Xm(@,y) = (@ +y)" —a™ —y" <0, (2,y) € (0,00)7,
and
Noelo)i= " = [ a™bla,) do = (1= o™ = b € (0.9).

Consequently, we infer from (1.9b), (2.5), (2.15) (with J(z) = 2™, x > 0), and the non-negativity of
g- and K that

M (92(5)) £ —(1 = 1) Mo (92(5)) + b M 1(5:(5))

< —(1 = m)Min(9e(5)) + ao(1 + bumg1) M yr-1(ge(s)) -
Observing that m + A — 1 € [1, \), it follows from (2.14) and Holder’s inequality that
Mopia-1(9:(5)) < Ma(ge(s) ™72 A7V M, (e (s)) /O
< Q=IO A1 (g () MHA-D/O=D)
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We combine the previous two inequalities and use Young’s inequality (since m + A —2 < A — 1) to
obtain

d e(1 —m) e(l1—m)

Dttt < -0 - mta(aeo) + Lo @) + L ey (21g)
with
0g 1= K02ln2(9* —0) >0, (2.19)
We next set J(z) = zlnx for z > 0 and recall the inequality
xi(z,y)=(x+y)In(z+y) —axhr—ylny <2In2/zy , (z,y) € (0,00)?, (2.20)

established in [19, Lemma 2.3|, along with the following consequence of (1.9a), (1.9¢), and Young’s
inequality

VITK (z,y) < Koy (x(2a—1)/2y(2)\—2a—1)/2 +x(2)\—2a—1)/2y(2a—1)/2)
20 —1 20 -2 —1 20 —2a0—1 20 —1
§Kwy< A—1 A1 A—1 yAl)

-1 TTan-n ¥ T n Y oo
<Ko (zry+ayt) . (2,y) € (0,00)% .
Also, by (2.1¢) and (2.2a),

1

Ny (y) =ylny — / yzln (y2)B.(z) dz = bicy , y € (0,00) .
0

We then infer from (1.9b), (1.9¢), (2.8), (2.14), and (2.15) (with ¥ = 1)) that

o0

ds Jo

ﬁ(x)ga(sa ZL’) dr < Ml(ge(s)) + 2[(0 In (2)M1(ge(s))M)\(ge(S)) - aobln,aM)\(ge(s))

< 0+2K0In2 (0 — 0.c) My(g-(s))
<o0-— 259M>\(g€(3)) )

the parameter ¢, being defined in (2.19). Combining (2.18) and the previous inequality, we find

U e(s) + Mn0c(5)) + G0 (9:05)) < maom) 2:21)
where
- 3
Upe(s) := /0 V(x)ge(s, x) doe + mMm(ga(s)) :
Since
a:’\_lzln:zjt%y\l_l), x € (0,00) ,
there holds . 1
M6 2 [ Oladgsa) dot =D anou o)
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Consequently, setting x3(m) := min{l —m, J,} and using once more (2.14), we obtain

d
EUme(s) + 3 (m)Upne(5)

< 50l malm) M6 - oA P ()

3 [wa(m) — (1 —m)]
e(1 —m)

IN

(ka(m) — 05) Mx(g:(s)) +

< Kkq(m) .

My (9:=(s)) + Ka(m)

Integrating with respect to s gives

s e—ns(m)s K4(m) . e—ns(m)s max /€4(m)
Upe(s) < Up,c(0) + ea(m) (1 ) < {Um,E(O), }

for s > 0 and Lemma 2.4 follows with xi(m) := k4(m)/k3(m). O

From now on, we assume that f satisfies

M;(f™) = o and /Oooxln (z) f™(x) do + )

A straightforward consequence of Lemma 2.4 is the following estimate.

Corollary 2.5. Consider e € (0,¢,) and f™ € X" N X1, satisfying (2.22) and let g. = V. (-; f™)
be given by (2.17). There is k5 > 0 such that

M, (f™) < ki(my) . (2.22)

/ zlInz|ge(s,x) do + My, (9:(5)) < ks , s>0.
0
Proof. Let s > 0. Since
2™
rllnz| — —— <zlhz <z[lnz|, x>0,
6(1 — ml)

it follows from (2.22) and Lemma 2.4 (with m = m;) that

o 1
| alialants.o) do + M a.60)
< 1 e\ d 7Mm 5
< [ o asn) do+ M 0.9
< ki(ma) ,
from which Corollary 2.5 follows. U

Thanks to Corollary 2.5, we may derive additional information on the behaviour of g. for large
sizes.
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Lemma 2.6. Consider ¢ € (0,¢,) and f™ € X§ N X1\ satisfying (2.22) and let g. = V.(-; f™) be
given by (2.17). Assume also that f™ € X,, for some m > 1+ X\ — «. Then there is kg(m) > 0
depending on m such that

M (9-(5)) < max {M,,(f™), ke(m)} | s>0.
Proof. Let s > 0. We infer from (2.2) and (2.15) that
%Mm(ge(S)) = (m = 1) My (ge(s)) + Prnc(s) = ao(1 = bm.c) Minga-1(9:(s)) , (2.23)

with | e oo
Pre(s) = 5/ / K (Y, )Xo (Y5 Y) 9e (5, ¥) 9 (8, y:) dydy
o Jo
On the one hand, since A > 1, it follows from (2.14), (2.22), and Hoélder’s inequality that
Min(9:(5)) < Mypra(ge(s)) D/ (mA=2) gD/ miA=2)
Equivalently,
Q(l_)\)/(m_l)Mm(ga(s))(m+)\_2)/(m_l) < Miya-1(9:(8)) -
In addition, by (2.5),

1—biia o
1= b, > LB g
Consequently,
—ao(1 = byn1.0) My a-1(9e(8)) < —40m M (g-(5)) =2/ =0 (2.24)

with (1=2)/(m=1)
1 — by g) o/
Ogm = ao(1 = bua 8’1)9 >0 . (2.25)

On the other hand, to estimate the contribution of the coagulation term, we argue as in [19,
Lemma 2.6]. Since m > 1, there is ¢,, > 0 depending only on m such that
Xm(2,y) = (x+y)" —a™ —y™ <cp (xy™ + 2" y) . (2,y) € (0,00),

and it follows from (1.9¢) and the previous inequality that

Cm [ [ m— m—
Pocls) <% [0 [ KGeay) (™ 407 ) gl 0g5,9) dyds
0 0

= Kocm/ / xy™ ! (xay’\_a + x’\_aya) 9-(s,2)g:(s,y) dydz
o Jo

= KoCm [M11a(9:(5)) Mimsr—a-1(9:(5)) + Miya—a(9:(5)) Mimya—1(9:(5))] -

Owing to (1.9a) and m > 1+ X —a > 1+a, both m+ A —a—1 and m+ a — 1 belong to [1,m] and
we deduce from (2.14), (2.22), and Holder’s inequality that

Mpira-1(g:(8)) < Q(H‘Ol_)‘)/(m_l)Mm(ge(s>>(771+)\—oe—2)/(m—l) 7
Mopia-1(g:(s)) < ==V M, (go(s)) o2/l



MASS-CONSERVING SELF-SIMILAR SOLUTIONS TO C-F EQUATIONS 15

Also, introducing

Q:(s,R) 12/ yg:(s,y) dy , R>1,
R

and noticing that 1 <14+ a <1+ X — a < m, we infer from (2.14), (2.22), and Hoélder’s inequality
that, for R > 1,

Mia(go(s)) < R° / £ge(s, ) dz

0o a/(m—1) 00 (m—1-a)/(m—1)
+ (/ z™g.(s,x) dz) (/ xge(s, x) dz)
R R

S RQ"— Q€(87R)(m—l—a)/(m—l)Mm(ge(s))a/(m—l)
< RQ"— Q()\—2a)/(m—1)Q€(S’R)(m—l—a—)\—l)/(m—l)Mm(ge(S»a/(m—l)

and

R
Misalgo(s) < B> / 2g.(s,7) do
0

00 (A—a)/(m—1) 00 (m+A—1—a)/(m—1)
+ </ z™g.(s,x) da:) </ xge(s, x) dx)
R R

< Ro+ Qs(s’R)(m+a—k—1)/(m—1)Mm(ge(s))(A—a)/(m—l) )
Collecting the above estimates, we find
Pre(s) < kg(m)R [My(ge(s)) " 2/0070 4 M (ge(s) A a2/ im=1]
+ Rr(m)Qe(s, R) "1 MTUN (g (5)) AR/ =
for R > 1. Owing to Corollary 2.5,

[e.e]

1 Ks
(s,R) < —— 1 < (s, < —
Q«(s, R) < ; ylinylg.(s,y) dy <
Introducing R,,, > 1 defined by
(m—1-X+a)/(m—1)
Rs5
K7(m) (ln Rm) = Og,m

and taking R = R,, in the previous estimate on P, .(s) give
Pre(s) < kg(m) R [Mn(ge(s)) "2/ 4 M, (g (s)) mtAmem2/my]
+ Ggum M (g2 (5)) A2/
Sincem+a—2<m+A—2andm+A—a—2<m+\—2, we apply Young’s inequality to obtain
Pre(8) < K(m) + 285, My (ge(s)) A2/ m=0) (2.26)
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We now combine (2.23), (2.24), and (2.26) and obtain

%Mm(gs(S)) < w(m) + (m — 1) My, (9o(8)) = 265 M (ge(s5)) M HA=2/m=1)
Hence, using once more Young’s inequality,
M (9:0)) < () = By Mo (g2 () 20
= Opum [KG(m)(m+>\—2)/(m—l) _ Mm(ga(s))(m+>\—2)/(m—1)} ’
with kg(m) = (kg(m)/8y,m) " D/ (M+A=2 " Lemma 2.6 is then a consequence of the comparison
principle. O]

We finally return to the behaviour for small sizes.

Lemma 2.7. Consider € € (0,¢,) and f™ € Xy N X1, satisfying (2.22) and let g. = V.(-; f™) be
gwen by (2.17). For m € [mg,my), there is kg(m) > 0 depending on m such that, if f'™ € X,,, then

Min(ge(s)) < max { My (f7), ko(m)Misae} . 520,

where
Mg = sup{Mi;a(g-(s))} < o0 .

5>0
Proof. We first note that M, . is indeed finite according to Lemma 2.6. Next, let s > 0. As at the
beginning of the proof of Lemma 2.4, we infer from (2.2), (2.5), and (2.12) that

My (0.(5)) < ~(1 = m) M (90(9) + by Movis 1 (9:(5)

< —(1 = m)Mu(9:(8)) + ao(1 + big1) Minia—1(ge(s)) -

Since m + A —1 € (m, 1+ \), we deduce from Hoélder’s inequality that

M ia-1(9:(5)) < Mipa(g=(5)) A AN, (g (s)) Bmm/ A=)
Consequently,

d

T Mn(9e(5)) < =(1 = m) My (g:(5)) + ao(1 + Bing,)) MU T AL (g (5)) B/ A=)

= (1 = m) M, (ge(s)) @/ AHA=m) {[@m) Migpa O D/ @r=m)
— My, (96(3))()\_1)/(1+>\_m) } )

with kg(m) := (ag(1 + byg.1)/(1 — m))IFA=m/O=D " Lemma 2.7 follows from the above differential
inequality and the comparison principle. (]

Up to now, we have derived estimates which do not depend on ¢ € (0,¢,) and which will thus be
of utmost importance in the next section to take the limit ¢ — 0. However, these estimates do not
provide enough control on the behaviour for small sizes for the proof of Proposition 2.2, for which
the next result is required.
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Lemma 2.8. Consider ¢ € (0,¢,) and f™ € X§ N X1\ satisfying (2.22) and let g. = V.(-; f™) be
given by (2.17). For m € (—1,0], there is ki9(m,e) > 0 depending on m and € such that

M, (g:(s)) < max{Mm(fm), Klo(m,e)/\/l1+,\75} . s>0.
Proof. The proof is exactly the same as that of Lemma 2.7 with the only difference that b,, ;. cannot

be bounded from above by a constant which does not depend on ¢ for all m € (—1,0], though it is
finite due to (2.6). O

2.3. Weighted L% -estimate. The last estimate which does not depend on ¢ € (0, ¢,) is the follow-
ing weighted L%'-estimate, the exponent ¢; being defined in (2.9).

Lemma 2.9. Consider € € (0,¢,) and f™ € Xy N X1, satisfying (2.22) and let g. = V.(-; f™) be
given by (2.17). If f™ also belongs to L9 ((0,00),y™ dy), then there is k1, > 0 such that

/ xmlge(saz)ql dz < max {/ xmlfin(x)m du, KllMZie} )
0 0
where py = (my + 1+ ¢\ —2))/q1 > mgy and

MNhE = Slilg{Mm (9e(s))} -

Proof. We first observe that, as p; € (mg, A) by (2.9), Lemma 2.6, Lemma 2.9, and Hélder’s inequality
imply that M, . is finite. We next set

Le(s) = —/ y"™ge(s,y)" dy,  s=0,
a1 Jo
and infer from (2.12) that

diLE(s) = —(2q1 — my — 1)L.(s) +/ ™ g.(s,2)"'Cy.(s,x) dx
S 0

—i—/ xmlge(s,x)ql_lfege(s,x) dz . (2.27)
0

On the one hand, we use a monotonicity argument as in [8,19,22,30] to estimate the contribution
of the coagulation term. More precisely, thanks to the symmetry of K and the subadditivity of
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T ™

Re(s) = /wx ge(s,2)" 7 'Coe(s,x) da
/ / (4 y)™ K (2, )g:(s, 2 + y)" " ge (s, 2)g: (s, y) dyda
_/0 /0 ™ K (x,y)g-(s, 2)" g-(s,y) dydx
= %/OOO /OOO (2™ 4+ y™) K(2,9)g:(s,x + y)" ' g.(s,2)g:(s,y) dyda
[ e Kt o s.0) duda
= /Ooo /wale(x,y)gs(sax+y)‘“‘195(8,x)g€(s,y) dydz

_/ / ™ K (2, y)ge(s,2)"g-(s,y) dydz .
0 0

We now use Young’s inequality to obtain

1 1
/ / ™MK (x,y) [795(3 T4yt + o —g:(s,2)"| g-(s,y) dydz
a / / xle(I’ y)ga(s, f)qlgE(Sa y) dydx
o Jo
— N~ 1 > = mi q1
= 2™ K (2,9)g:(s, 7 + y)"g(s,y) dydx
0~ 1 2
K(z,y)9-(s,2)"g-(s,y) dydz
. ql - ]‘ mi q1
= T K(x—y,y)gs(sax) 9=(s,y) dxdy
q1 0 y

. 1 o0 o0
o / / 2K (2, y)g(s,2)" g (5, y) dady .
q1 0 0

Owing to the monotonicity of x — 2™ K (z,y) for all y € (0, 00), the right hand side of the previous
inequality is non-positive. Consequently,

R.(s) = /0 2™ g.(s, )" Cg.(s,x) dz <0 . (2.28)
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On the other hand, it follows from (1.9b), (2.1c), and Fubini’s theorem that

S.(s) = / " g (s, yn! / " ()b, 9)ge(s,y) dyda

© Yy
= ao/ yA_296(57y>/ ™ B, (g) ge(s,2)" 1 dady .
0 0

Y x
/ ™ B, <—) g(s,2)" 1 da
0 Y
y (1 —1)/q1 y 2\ ¢ /¢
< (/ ™ g (s, )" da:) </ ™ B, (—) dx)
0 0 Y

<" N, Le(s) Tyl

< q§q1—1)/«n(1 + bmhql)l/‘hLa(s)(QI—l)/QIy(ml‘i'l)/m ’

Since

by (2.4) and Holder’s inequality, we conclude that

/ P g (s, 2) 0 Fag.(s, 2) d < S.(s)
0

< aoqt"™ ™ (1 by, ) My (9:(5)) Le(5) @700 (2.29)
Collecting (2.27), (2.28), and (2.29), we end up with
d 1—1)/q1 1 1— 1
ToLe(s) < (201 —my = D) Le(s) + aoqy™ ™V (L4 by )V My, e Le(s) @00
2q1 — -1
_ 17;';1 L. ()l [n}{‘“ Moo — g/ L (s)V0
a4
with k11 = (apq1)® (1 + by )/(2¢1 — my — 1), Lemma 2.9 follows from the above differential
inequality by the comparison principle. O]

2.4. Whlestimate. It turns out that the weighted L% -estimate derived in Lemma 2.9, though at the
heart of the proof of Theorem 1.1, is not sufficient to prove Proposition 2.2, and the final estimate
needed for the proof of Proposition 2.2 is the following W' !-estimate which depends strongly on
e €(0,g,).

Lemma 2.10. Consider ¢ € (0,2,) and f™ € X§ N X1\ satisfying (2.22) and let g. = V(-5 f™) be
given by (2.17). Assume also that f™ € X, o NWL(0,00). Then there is k12(g) > 0 depending on
€ such that

10:g=(s) Iy < max {{|0x f"[l1, k12(e) Mir_ac} s>0,
where

My = iglg{MA—2(ge(3))} :
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Proof. We first note that M,_,. is finite according to Lemma 2.8, as A —2 € (—1,0) by (1.9a).
Introducing G, := 0,¢., X. := sign(G.), and using that K(z,0) = 0, it follows from (2.12a) that G,
solves

0.G.(s,1) = -0, (s, ) — @+ﬂ / nym@yym)@@@)
/ K(y,z —y)g:(s,y)G(s,z —y) dy
/ 0Ky, x — )ge(s.y)g-(s, 7 — y) dy
- (fo +a@nto) + [T oK@ ) (s,

+ /oo a(y)0ib. (v, y)g-(s,y) dy (2.30)

for (s,z) € (0,00)% where 9; K and 9;b. denote the partial derivatives with respect to the first
variable of K and b., respectively.

Let s > 0. We multiply (2.30) by Y., integrate with respect to x over (0,00) and then infer from
(1.9b), (2.1c), and Fubini’s theorem that

C(5) < ~20Guls) s — aoMr(1C-(5))
_ / N / " K (@, 9)0e(5,9)|Ge(s,2)]| dyda
+ % /OOO /ooo K (2,9)9(5,9)|G(s, )| dydz
+ g/o /0 |01 K (2, y)19:(5,y)ge(s, x) dyda

"1dB.
+ ag <>\ — 1+ B.(1) +/ p (2) dz) My _2(g-(s)) .
0
Setting
1
B. =1+ B.(1) +/ 4B (2)| dz,
0 dZ

which is finite according to (2.6), and observing that

0< K (2,y) < Ko [y + 2], (2,y) € (0,00)°,
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due to (1.9a) and (1.9¢), we end up with

d
LGl < =20Ge(s)ll1 + aoB-M)-2(9:(5))

/ / 00K (2,9) |95, 9)9: (5, ) dyd
< “2|GL(s)]1 + a0BoMr o(g:(s))
3K,

+ 5 [Malge(8)) Ma-a-1(9:(5)) + Ma-1(9:(5)) Mr—a(g:(5))] -

We next infer from (1.9a) and Hélder’s inequality that

Mo (g-(5)) < My(go(s)) @2V CN M, (g.(s) /G
My_a_1(g:(5)) < My(ge(s))I=V/ BN N,y (ga(s))@F2N/G=A
Mac1(g:(5)) < Mi(g2(5)) @10 My (g.(5)) /6=
My _o(g:(s)) < M,y (95(5))(2 /G- pp, 2( (8))(a+1 @)/(3—)\) ’

so that, by (2.14) and (2.22),

Mo (9e(8)) Ma—a-1(9¢(5)) + Ma-1(9e(5)) Mr—a(9e(5)) < 20Mx—2(ge(5)) -

Collecting the above inequalities and using (2.7), we conclude that
d
3G+ 20Ge(3)lls < 2h12(e) Ma-ae

with r12(¢) := (agB: + 30Ky) /2. Integrating the previous differential inequality gives Lemma 2.10.
0

2.5. Invariant Set. The analysis performed in the previous three sections now allows us to construct
a compact and convex subset of X; which is left invariant by (2.12). Let us first recall that, owing
0 (2.9), the parameter u; (defined in Lemma 2.9) satisfies

m1 -+ 1 + ql()\ 2)
q1

1+ A>pu

>mg>—v—1. (2.31)
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For ¢ € (0,¢,), we define the subset Z. of X" as follows: h € Z. if and only if h satisfies the
following conditions:

heXfn () XunWh(0,00),  M(h)=0¢, (2.32a)
m>A—2
o 3
/0 P (2) h(e) do 4+ M () < () (2.32b)
M. (h) < kg(m) , m>1+ N, (2.32¢)
My, (h) < Kg(mo)re(1+ A) (2.32d)
M, (h) < kg(mg) A=)/ AFA=mo) g 4 Ay (2.32¢)
/ l’mlh(l’>q1 dz < IillIig(mo)ql(1+>\_’u1)/(1+)\_m0)li6(1 + >\)q1 y (232f)
0
My_a(h) < kio(A — 2,)kg(1+ A) | (2.32)
||ath1 S ng(c":‘):‘ilo(A — 2,5)%6(1 + )\) . (232}1)

Note that we may assume that F, :  — pe™ belongs to Z., after possibly taking larger constants
in (2.32) without changing their dependence with respect to the involved parameters. In particular,
Z. is non-empty.

As we shall see now, the outcome of the analysis performed in the previous sections provides the
invariance of Z. for the dynamics of (2.12) when € € (0,¢,).

Lemma 2.11. Consider e € (0,¢,) and f™ € Z.. Then W (s; f™) € Z. for all s > 0. Furthermore,
Z. is a non-empty, convex, and compact subset of X.

Proof. Let f™ € Z.. Setting g. = W.(+; f™), see (2.17), it satisfies (2.14) by Lemma 2.4, from which
we readily obtain that g.(s) € X" and M;(g.(s)) = o for all s > 0.

Next, let s > 0. We infer from (2.32b) and Lemma 2.4 (with m = m;) that g.(s) satisfies (2.32b).
Also, since f™ satisfies (2.22) according to (2.32b), we are in a position to apply Lemma 2.6 for
m>1+X>14X—a and deduce from (2.32¢) for f that (2.32¢) is satisfied by g.(s) for any
m > 1+ A. This property (with m = 14 \) along with Lemma 2.7 (with m = my) guarantees that
ge(s) satisfies (2.32d). We further use (2.32¢) (with m = 1+ \) and (2.32d) that we just established
for g. together with (2.31) and Hélder’s inequality to obtain

My, (9:(5)) < Miga(ge(s)) Wm0l EATmOI M, (ge(s)) AT/ A=)
< k(1 + )\)(Ml—mo)/(1+>\—m0) [k6(1 + )\)Kg(mo)](1+)\_u1)/(1+)\_m0)
< f-zg(mo)(1“‘“1)/(1“"”0);16(1 + ).
Hence, g.(s) satisfies (2.32¢) for s > 0. We now combine the just established property (2.32e) for g.

with Lemma 2.10 and realize that g.(s) satisfies (2.32f) for s > 0. Finally, since f™ satisfies (2.32g)
and (2.32h), it follows at once from the already proved property (2.32c) for g. (for m = 1 4+ \),
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Lemma 2.8, and Lemma 2.10 that g.(s) also satisfies (2.32g) and (2.32h). Summarizing, we have
shown that g.(s) € Z. for all s > 0.

Next, the set Z. is convex and its compactness in X follows from its boundedness in X, o N X,
the compactness of the embedding of W'(1/R, R) in L'(1/R, R), which holds true for all R > 1,
and Vitali’s theorem [14, Theorem 2.24]. O

To complete the proof of Proposition 2.2, the missing tile is the continuity of weak solutions to
(2.12) with respect to the initial condition which we establish now.

Lemma 2.12. Let ¢ € (0,¢,).

(a) For s >0, the map ™ — W (s; f™), defined in (2.17), is continuous from Z. endowed with
the norm topology of X1 to itself.
(b) For f™ € Z., the map s — W_(s; f™) belongs to C([0,0), X1).

In other words, V. : [0,00) X Z. — Z_ is a dynamical system for the norm topology of X;.
Proof of Lemma 2.12 (a). Consider (f{", fi*) € Z2 and put g;. := ¥.(-; fi"), i = 1,2. Arguing as in
the proof of [19, Theorem 1.2 (c)], it follows from (2 12) that, for s > 0,
d [e.9]
= [ W@l )~ gaels.o)] da
s Jo

dW
S/{ ]\glssx — goc(s,2)| do
0

o0

+ [9K0UE +aobo¢1£ W |gla S ZL’) g27€($,l’)| dx )
0

where W (z) = 2% + 2%, x > 0, and

Ve(8) 1= Ma(g1:(8)) + Ma(g2,:(5)) + Mox—a(g1.:(5)) + Mar—a(g2.(5)) -

Since both fi™ and fi* belong to Z., so do g1.(s) and go.(s) for all s > 0 by Lemma 2.11. Conse-
quently, as mo < o« < 2A —a <14 X by (1.9a) and (1.14),

V. = sup{u.(s)} < o0 .
>0
In addition,
aW'(x) = W(z) = (o — 1)az* + (A= 1a* <2* <W(ax), z € (0,00) ,
by (1.9a) and we infer from (2.5) and the previous differential inequality that, for s > 0,
| W@las.0) = goclosa)l do < e [CW@lgre) - fr@lde . 239

with I€13(8) =14+ 9K0‘/5 + CLQba’LE.
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Now, W(z) > x for x > 0 as a < 1 < A, while, for R > 1, it follows from (1.9a) and (1.14) that

o . . /R . .
/0 W)l fi"(x) = f5" ()| dy < i W) [fi"(x) + /3" (x)] da
+ n W ()| fi"(z) = £3" ()] dz

+ [CWEU @) + )] ds
R ) )
< (R 4 ) My (1) + M ()]
1—a A—1 RI ) — Fin(g T
(R +R >/1/R M) — f3 ()] d
+ (R R M) + Miga(f3")]

< {Rmo—wR-le—a / 2] fin(a) — ;"<a:>|dx] |
0

the last inequality relying on the property fi* € Z., ¢ = 1,2. Combining (2.33) and the previous
inequalities gives, for s > 0,

/ 2l (5,2) — g (s,)] da
0

< ager Oy ( / 2| fin(2) — fi(2) dx) |
0

with
L mo—a —1 11—«
w<r)'_11%2f1{R + R+ R} r>0.
Since w(r) — 0 as r — 0, the claimed continuity follows. O

Proof of Lemma 2.12 (b). Set g. = W.(; f). Let s > 0. We infer from (1.9a), (1.9b), (1.9¢), (1.14),
(2.1c), (2.7), (2.12a), (2.14), (2.22), and Holder’s inequality that

0 0sg- (s, x
/0 29255 s < 0,51+ 2Mo(o.(5)) + 3K 5.(5) Msa0.(5)
+ aop (1 + bO,l,E) M)\—l(ge(s))

< 0ege ()]l + 20* YV EI My o (ge(s5)) O
4 3K0Q(>\—2mo)/(1—mo)Mm0 (g5(8>)(2—>\)/(1—m0)

+ap(1+bo1c) Ql/(g_A)MA—2(95(8))(2_”/(3_” .
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Since ¢.(s) € Z. by Lemma 2.11, we further obtain
% 0sg:(s, )|
T dae < >0.
/0 Trr s, sz
Hence, for sy > sy > 0 and R > 1,

e R o
| elaetsnn) = gt ay < R+ py [l 2ol g,
0 0 €

+ R /Oo " ge(s2, ) + ge(s1, 7)) dw

0s9: —
< 232/ / | i] %) dxds+2R Asup{ M2 (g:(s))}
+x s>0

§2R I€15( )(82—81)—|—2R H6(1+>\) .

Choosing R = (sy — 51)" O+ if 5, — 5, < 1 and R = 1 otherwise in the previous inequality, we are
led to

/ ]g.(s2,7) — g-(s1,2)| dz < 2[ki5() 4+ Ke(L + N)] ((s2 — s1)Y A 4y — s1)
0

which provides the claimed continuity. 0
We have now established all the properties required to prove Proposition 2.2.

Proof of Proposition 2.2. Let € € (0,g,). Owing to Lemma 2.11 and Lemma 2.12, ¥ is a dynamical
system on Z. endowed with the norm topology of X; and Z. is a non-empty, convex, and compact
subset of X7, which is additionally left positively invariant by W.. A consequence of Schauder’s fixed
point theorem, see [1, Proposition 22.13] or [17, Proof of Theorem 5.2], implies that there is ¢. € Z.
such that W_(s;p.) = ¢, for all s > 0. In other words, ¢, is a stationary solution to (2.12a), from
which we deduce that it satisfies (2.10). Also, since . lies in Z,, it has the properties (2.11) due to
(2.32b), (2.32¢), (2.32d), and (2.32f). O

3. SELF-SIMILAR SOLUTIONS

In this section, we assume that K, a, and b are coagulation and fragmentation coefficients satisfying
(1.9) and we fix o € (0, o,). For € € (0,¢,), it follows from Proposition 2.2 that there is

p. € X; N L7((0,00),2™dz) NWH(0,00) N ) Xim
m>A—2

satisfying (2.10),

Ml(@a) =0, (31)
sup {M,,,(vc)} + sup {/ ™ (x)h d:c} < o0, (3.2)
e€(0,e0) €€(0,e,) 0
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and
sup {Mpn(p:)} < o0 (3:3)

e€(0,e0)
for all m > 14+ A. Since ¢¢ > 1 and m; < 1, we infer from (3.1), (3.2), the reflexivity of
L7((0,00), x™ dx), and Dunford-Pettis’ theorem that there are ¢ € X,,, N L?((0,00), 2™ dz) and a
subsequence (¢, )n>1 of (¥c)ee(0,¢,) Such that
Y., — ¢ in X, and in L%((0,00),2™dx) . (3.4)

Combining (3.2), (3.3), and (3.4), we further obtain that ¢ € X,,, and

0

p€eX,and ¢, —¢ in X, , m>mg . (3.5)

Since the positive cone X of X; is weakly closed in X, we infer from (3.1) and (3.5) (with m = 1)
that

p€ Xy and Mi(p)=op. (3.6)

We are left with taking the limit ¢ — 0 in (2.10). To this end, consider ¥ € O, the space ©; being
defined in (1.17), and note that

[9(2)] < [|0:0]|locz, @ €[0,00) . (3.7)
Then z +— ¥(x)/x belongs to L>*(0, 00) and it readily follows from (3.5) (with m = 1) that

lim 00[19(36) — 20,9(x)]¢., (x) der = lim OOO:C {@ - &ﬂ?(@] @, (x) dz

n—o0 J n—00 xX

= /000[19(:5) — 20, 0(x)]p(x) dzx . (3.8)

Similarly, x9 € L*((0, 00)?) and we argue as in [34], see also [7], to deduce from (1.9a), (1.9¢), (1.14),
and (3.5) (with m = « and m = A\ — a) that

hm/mAmmemmmew%mn@m

[ [ K@ nete) dude. (39)
Finally, by (1.9a), (1.9b), and (3.5) (with m = \),
[y = yay)e-, ()] = [y = ya(y)e(y)] in L'(0,00) (3.10)
while (2.1), (2.2a), and (3.7) entail, for y € (0, 00)
Nﬂ,sn y)
' ) ‘ / [9(y2)| Be, (=

< (1050l 2B, (2) dz ) = 2[00 - (3.11)
( o) )
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Using once more (3.7), we obtain, for y € (0, 00),

/Oy I(x)be, (z,y) do — /Oy V(z)b(z,y) dx

/0 9(y2)Bo, () — B(2)] dz

1
< 110,91 / 2|B..(2) — B(2)] dz .

Hence, thanks to (2.2¢) (with (m,p) = (1, 1)),
1 [Y 1 (Y
lim — [ J(x)b., (z,y) de = —/ V(z)b(z,y) do |
n—=oo Yy Jo Y Jo
which implies, in turn,
Ny, N,
i Ve (y) _ No(y)
Due to (3.10), (3.11), and (3.12), we are in a position to apply [14, Proposition 2.61] (which is a
consequence of Dunford-Pettis’ and Egorov’s theorems) and conclude that

, y€(0,00) . (3.12)

o0

Jim i a(y) Ny, (Y) =, (y) dy = /0 ooa(y)Nﬁ(y)w(y) dy . (3.13)

Having established (3.8), (3.9), and (3.13), we may take the limit ¢ — 0 in (2.10) and deduce that ¢
satisfies (1.16), thereby completing the proof of Theorem 1.1.
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