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Abstract

We study existence and stability of solutions of (Eq) —Au + ﬁu +g(u)=vinQ, u=

0 on 02, where Q is a bounded, smooth domain of RN, N > 2, containing the origin,
n > — (N22)2 is a constant, g is a nondecreasing function satisfying some integral growth
assumption and v is a Radon measure on 2. We show that the situation differs according v is
diffuse or concentrated at the origin. When g is a power we introduce a capacity framework

to find necessary and sufficient condition for solvability.
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1 Introduction

Let © C RY (N > 2) be a bounded, smooth domain containing the origin. We define the elliptic
operator with Leray-Hardy potential £ by

u
=-A+ — 1.1
‘C# + |.7}‘2’ ( )

where p is a real number satisfying

(N —2)°

- (1.2)

B2 o = —

If g : R — R is a continuous nondecreasing function such that g(0) > 0, we are interested in the
nonlinear Poisson equation

Loau+g(u)=v in €,
ut+ g(u) (1.3)
u=0 on 0f2,
where v is a Radon measure in €.
When p = 0, problem (1.3) reduces to
—Au—+g(u) =v in €,
g(u) (1.4)
u=20 on 0,

which has been extensively studied by numerous authors in the last 30 years. A fundamental
contribution is due to Brezis [4], Benilan and Brezis [2], where v is bounded and the function
g : R — R is nondecreasing, positive on (0,+00) and satisfies the subcritical assumption in
dimension N > 3:

+00 N
/1 (9(s) — g(—s))silfmds < +00. (1.5)

They obtained the existence, uniqueness and stability of weak solutions for the problem. When
N = 2, Vazquez [21] introduced the exponential orders of growth of g defined by

B+(g) = inf {b >0: /Oog (t) e dt < oo} ,
1

. (1.6)
B-(g) = sup {b <0: / g (t) ePdt > oo}
—00
and proved that if v is any bounded measure in 2 with Lebesgue decomposition
V=1, + Zajéaj,
JEN
where v, is part of v with no atom, a; € {2 and o; € R satisfy
4 4
<a; < (1.7)
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then (1.4) admits a (unique) weak solution. Later on, Baras and Pierre [1] studied (1.4) when

g(u) = |u|P~ u for p > 1 and they discovered that if p > 2 the problem is well posed if and

only if v is absolutely continuous with respect to the Bessel capacity cg ,y with p’ = p%l.

It is known that by the improved Hardy inequality [8] and Lax-Milgram theorem, the non-
homogeneous problem

Lyou=f in Q, u=0 on 0N (1.8)

with f € L?(), has a unique solution in Hg(Q) if g > g, or in a weaker space H(Q) if u = o

[17]. A natural question is to find sharp condition of f for the existence or nonexistence of (1.8)

and the difficulty comes from the fact that the Hardy term |z|~?u may not be locally integrable

in . An attempt done by Dupaigne in [17] is to consider problem (1.8) when p € [ug,0) and
N > 3 in the sense of distributions

/uﬁugdx:/fﬁdx, VE e CX(0). (1.9)
Q Q

The corresponding semi-linear problem is studied by [3] with this approach.

We adopt here a different point of view in using a different notion of weak solutions. It is
known that the equation £,u = 0 in R™ \ {0} has two distinct radial solutions

|7~ ) if > po
Pu(z) =9 _n2 Y . and  Ty(x) = |2™®)
2l m () i =
with
N-2 N —2)2 N -2 N —2)2
(B =5~ ( 1 ) tpoand Ti(p) = ——5—+ ( 1 ) + p.

In the remaining of the paper and when there is no ambiguity, we put 7+ = 74 (1), 70 = 74 (1o),
7 =7_(p) and 7° = 7_(pp). It is noticeable that identity (1.9) cannot be used to express that
®,, is a fundamental solution, i.e. f = dg since ®,, is not locally integrable if 1 > 2N. Recently,
Chen, Quaas and Zhou found in [11] that the function ®, is the fundamental solution in the
sense that it solves

[, Bl dno) = a0), Ve e CHERY) (1.10)
where -

dyu(x) = Ty (w)de, £;5=—As—2‘x$<x,vs> (1.11)
and

2y —qo | SN if p> po,
c, = (1.12)

}SN_ll if u= po.
With the power-absorption nonlinearity in Q* = Q\ {0}, the precise behaviour near 0 of any

positive solution of
Lyu+uP =0 in D'(Q) (1.13)
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is given in [18] when p > 1. In this paper it appears a critical exponent

2
pL=1-—, (1.14)

T—

with the following properties: if p > py, any solution of (1.13) can be extended to be in D’(2).
If 1 < p < p;, any positive solution of (1.13) either satisfies

lim |z|7Tu(z) = £, (1.15)

z—0

where £ = £, ,, > 0 or there exists k > 0 such that

. u(z)
T

=k, (1.16)

and in that case v € L

(Q;dy,). In view of [11], it implies that u satisfies

/RN (uEZf + upf) dyu(z) = c,k€(0), VEe C’i’l(RN). (1.17)

Furthermore, it is proved in [18] that when p > pg and g : R — R, is a continuous nondecreasing
function satisfying

/100 (g9(s) = g(=s)) s~ "Pids < oo, (1.18)

then for any k > 0 there exists a radial solution of
Lu+g(u) =0 in D'(BY) (1.19)

satisfying (1.16), where B} := B1(0) \ {0}. When p = po and N > 3 it is proved in [18] that if
there exists b > 0 such that

! _N-2
/ g (—bs N2 In s) ds < oo, (1.20)
0

then there a exists a radial solution of (1.19) satisfying (1.16) with v = (N;Q)b. In fact this
condition is independent of b > 0, by contrast the case N = 2 and p = 0 where the introduction

of the exponential order of growth of g is a necessity. Moreover, it is easy to see that u satisfies

|, (€ + 86 dula) = cag(0), e € CLRY), (1.21)

In view of these results and identity (1.10), we introduce a definition of weak solutions
adapted to the operator £, in a measure framework. Since I', is singular at 0 if u < 0, there is
need of defining specific set of measures and we denote by M(X*;T,,), the set of Radon measures
v in Q0 such that

/ I',d|v| == sup {/ Cdlv| : € Ce(27),0< (¢ < Fu} < 0. (1.22)
Q* Q*



Leray-Hardy equations with absorption b)

If v € ML (Q*), we define its natural extension, with the same notation since there is no
ambiguity, as a measure in ) by

/Cdi/:sup{/ ndv :n € Ce.(7), O§n§C} for all ( € C.(Q), ¢ >0, (1.23)
Q Q*

a definition which is easily extended if v = vy —v_ € IM(Q*). Since the idea is to use the
weight I', in the expression of the weak solution, the expression I';,v has to be defined properly
if 7y < 0. We denote by M(Y;T,) the set of measures v on Q@ which coincide with the above
natural extension of v|g-€ M (% T,). If v € M (;T,) we define the measure I',v in the
following way

/Cd(Fuy) = sup {/ nludv :me C(27), 0<n < C} forall ( € C.(2), (> 0. (1.24)
Q Q*

If v =v4 —v_, Iy is defined acoordingly. Notice that the Dirac mass at 0 does not belong to
M(;T,) although it is a limit of {v,} C M(Q;T,,). We detote by M(Q;T,,) the set of measures
which can be written under the form

v = VLQ*—i_kéO? (125)

where v|g-€ M(;T,) and k € R. Before stating our main theorem we make precise the notion
of weak solution used in this article. We denote Q" :=Q\ {0}, p(x) = dist(z, Q) and

X, (Q) = {g € Co(Q) N CH (@) : |l L6 € LOO(Q)} : (1.26)

Clearly Cé’l(ﬁ) C X, ().
Definition 1.1 We say that u is a weak solution of (1.8) with v € M(QT,,) such that v =
vlosHhbo if u € LYQ, [2]Ad,), g(u) € L@, pdv,) and

/ [uﬁZf +g(u)§] dyu(z) = /fd(Fuu) +kE(0)  for all & € X,(2), (1.27)
Q Q

where Ly, is given by (1.10) and c, is defined in (1.12).

A measure for which problem (1.3) admits a solution is a g-good measure. In the regular
case we prove the following

Theorem A Let > 0 if N =2, u > pug if N > 3 and g : R — R be a Holder continuous
nondecreasing function such that g(r)r > 0 for any r € R. Then for any v € L*(Q,d~,), problem
(1.3) has a unique weak solution wu, such that for some c¢1 > 0,

lwwll L1 (,e-1dy,) < cllvllnig,ay,)-

Furthermore, if u, is the solution of (1.3) with right-hand side v € LY (2, dv,), there holds

[ T = w256 +latw) = gule] dula) < [ = v)sgnlu - u)gan(e)  (128)
Q Q
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and

[ T = ) 256 + (9() = )] dr(e) < [ (0= v)sgn fu = )edla) (129
Q Q
forall & € X,(Q2), £ > 0.

Definition 1.2 A continuous function g : R — R such that rg(r) > 0 for all r € R satisfies the
weak Ag-condition if there exists a positive nondecreasing function t € R — K(t) such that

lg(s+t)| < K(t)(|g(s)| + |g(t)]) forall (s,t) €e R xR s.t. st >0. (1.30)
It satisfies the As-condition if the above function K is constant.

Any power function or any exponential function satisfies the weak As-condition.

Theorem B Let p > 0 if N =2 or > po if N > 3 and g : R — R be a nondecreasing
continuous function such that g(r)r > 0 for any r € R. If g satisfies the weak As-condition and

l/@@—%@w+mwﬁw<m, (1.31)
1

where p, is given by (1.14), then for any v € My (4 T,) problem (1.3) admits a unique weak
solution u,, .

Note that min{p}, p5} = pj, for p > 0 and min{p}, p5} = py if p < 0. Furthermore, the
mapping: v + u, is increasing. In the case N > 3 and p = pg we have a more precise result.

Theorem C Assume that N > 3 and g : R — R is a continuous nondecreasing function
such that g(r)r > 0 for any r € R satisfying the weak Ag-condition and (1.5). Then for any
v =vlg + c kdo € M4 (S T,) problem (1.3) admits a unique weak solution .

Furthermore, if v| g« = 0, condition (1.5) can be replaced by the following weaker one

2

+2 2N
2 N2 dt < o0. (1.32)

2

ﬁﬂw&awmw

Normally, the estimates on the Green kernel plays an essential role for approximating the
solution of elliptic problems with absorption and Radon measure. However, we have banned the
estimates on the Green kernel for Hardy operators due to luck them for p > pg, and our main
idea is to separate the measure v* in M(2;T",) and the Dirac mass at the origin, and then to
glue the solutions with above measures respectively. This requires a very week new assumption:
the weak As-condition.

In the previous result, it is noticeable that if £ = 0 (resp. v|q+-= 0) only condition (1.5)
(resp. condition (1.32)) is needed. In the two cases the weak As-condition is unnecessary. In
the power case where g(u) = |u[P~u := g,(u),

{ Lyu+ gp(u) =v in €,

(1.33)
u=0  on 99,
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the following result follows from Theorem B and C.
Corollary D Let i > po if N > 3 and p > 0 if N = 2. Any nonzero measure v = v]a++cukdo €
M (4 T,) is gp-good if one of the following holds:
(i) 1 < p < pj, in the case v|q- = 0;
(7i) 1 < p < pf in the case k = 0;
(i4i) 1 < p < min {p;,p{;} in the case k # 0 and v|q~ # 0.

We remark that pj, is the sharp exponent for existence of (1.32) when v[o« = 0, while the
critical exponent becomes pj when k& = 0 and v has atom in Q \ {0}.

The supercritical case of equation (1.33) corresponds to the fact that not all measures are
gp-good and the case where k # 0 is already treated.
Theorem E Assume that N > 3. Then v = v|qg- € M(;T,) is gp-good if and only if for any

€ >0, ve = vX, 15 absolutely continuous with respect to the ca . -Bessel capacity.
Finally we characterize the compacts removable sets in 2.

Theorem F Assume that N > 3, p > 1 and K is a compact set of Q. Then any weak solution

of
Lyu+gp(u) =0 in Q\ K (1.34)

can be extended a weak solution of the same equation in whole Q if and only if
(1) coy(K)=01if0¢ K;
(ii) p = pu= if K ={0};
(1i) cop (K) =0if p>0,0€ K and K\ {0} # {0};
() cop(K) =0 and p > p;, if p<0,0€ K and K\ {0} # {0}.
The case (i) is already proved in [18, Theorem 1.2]. Notice also that if A # () necessarily

ca7(A) = 0 holds only if p > pg. Therefore, if y > 0 there holds p > pg > pj,, while if u <0,
then py < pj,.

The rest of this paper is organized as follows. In Section 2, we build the framework for weak
solutions of (1.3) involving L! data. Section 3 is devoted to solve existence and uniqueness of
weak solution of (1.3), where the absorption is subcritical and v is a related Radon measure.
Finally, we deal with the super critical case in Section 4 by characterized by Bessel Capacity.

2 L! data

Throughout this section we assume N > 2 and p > po and in what follows, we denote by ¢; with
1 € N a generic positive constant. We first recall some classical comparison results for Hardy
operator £,,. The next lemma is proved in [11, Lemma 2.1], and in [16, Lemma 2.1] if h(s) = s”.

Lemma 2.1 Let G be a bounded domain in RN such that 0 ¢ G, L : G x [0, +00) + [0, +00)
be a continuous function satisfying for any x € G,

h(z,s1) > h(x,s2) if 51> s9
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and functions u, v € CH1(G) N C(G) satisfy

{ Lyu+ h(z,u) > Lo+ h(z,v)  in G,

>
> on 0G,

then
w>v in G.

As an immediate consequence we have

Lemma 2.2 Assume that §) is a bounded C? domain containing 0. If L is a continuous function
as in Lemma 2.1 verifying furthermore L(x,0) = 0 for all x € Q, and u € CY(Q*) N C’(ﬁ*)
satisfies
Lyu+ L(z,u) =0 in QF,
u=0 on 09, (2.1)
lim u(m)@ll(aj) =0.

x—0

Then u = 0.

We recall that if u € L*(Q,|z|7'dy,) is a weak solution of

Lyu=f in Q, (2.2)
u=0 on 00
in the sense of Definition 1.1, it satisfies also
/QU,CZ(Q dyu(x) = /fo dyu(x) forall £ € X,(Q). (2.3)
If u is a weak solution of (2.2) there holds
Lyu=f inD(Q), (2.4)
and v = I‘;lu verifies
* o p—1 : *
Liv=T,f inD(Q). (2.5)

The following form of Kato’s inequality, proved in [11, Proposition 2.1], plays an essential
role in the obtention a priori estimates and uniqueness of weak solution of (1.3).

Proposition 2.1 If f € LY(, pdy,), then there exists a unique weak solution u € L' (Q, |z|~tdry,,)
of (2.2). Furthermore, for any & € X,(R2), £ > 0, we have

/Q\uLc:<s>dwﬂ<x><< jgfﬁgn(u)fﬁdﬁp(x) (2.6)

and

[ﬁﬁﬁﬂ%@sé%mwﬁwm» (2.7)
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The proof is done if £ € Cé’l(Q), but it is valid if £ € X,(2). The next result is proved in [12,
Lemma 2.3].
Lemma 2.3 Assume that u > uo and f € CH(2*) verifies

0 < f(x) < calol? (2.5)
for some T > 7_. Let uy be the solution of

Lyu=f in QF,

u=0 on 0f), (2.9)
. -1 .
ilg%)u(x)fbu (x) =
Then there holds:
(i) if T— <71 <714,
0<wup(zr) <cglz|” in QF (2.10)
(7’7’) ZfT =T+,
0<up(zr) <clz|"(1+(=Injz)4) in QF (2.11)
(i) if T > T4,
0 <uf(x) <cslz|™ in Q. (2.12)

Proof of Theorem A. Let HJ, 4(€2) be the closure of C§°(€2) under the norm of

u2
_ 2 __dx. 2.1
el \//Qwu! dx+u/ﬂ de (2.13)

Then H}MO(Q) is a Hilbert space with inner product

uv
= — 2.14
(g o = [ (Vo Voo + [ e (2.14)

and the embedding H}MO(Q) — LP(Q) is continuous and compact for p € [2,2*) with 2* = ]\2,—1172

when N > 3 and any p € [2],00 if N = 2. Furthermore, if n € C}(Q) has the value 1 in a
neighborhood of 0, then nI';, € HL’O(Q). We put

then G is a convex nonnegative function. If pv € L?(Q) we define the functional J, in the space
H}%o(Q) by

- 2 _ : 1
o) 2||U\Hiﬁo(ﬂ)+/QG(U)dx /qudx if G(v) € LM (Q, dy), o)

00 if G(v) ¢ LY(Q,dv,).
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The functional J is strictly convex, lower semicontinuous and coercive in H}LO(Q), hence it
7
admits a unique minimum w which satisfies

(w, )y (o) + /

Qg(u)vdx = /Qm;d:n forallv € H£7O(Q).

If £ € Cy''(Q) then v = €T, € H! ((Q), then

I
(0T )iy oy = [ (T () + [ (<Vu, VFM>+’“;|§) ¢da (2.16)

and

/(Vu,VFMfd:U = —/ (VE, VT )udr — /u{AI‘“d:U,
Q Q Q

since C3°(€2) is dense in H};,O(Q)' Furthermore, since u € LP() for any p < 2%, |z|~tu €

LY, dv,), hence uly§ € LY, dv,). Therefore

/Q(U£Z§+Q(U)§) dyy = /QV&M- (2.17)

Next, if v € L1(Q, pdy,) we consider a sequence {v,} C C§°(2) converging to v in L*(Q, pdy,)
and denote by {u,} the sequence of the corresponding minimizing problem in HL,O(Q)' By
Proposition 2.1 we have that, for any ¢ € X,(Q),

/Q (’un - umm;f + (9(un) — g(um))sgn(un — um)f) dyu < /Q(Vn — U )8g0(Un — Um)Edyy.
(2.18)
We denote by 7y the solution of

Lin=1 in Q n=0 on O (2.19)

Its existence is proved in [11, Lemma 2.2], as well as the estimate 0 < ny < ¢gp for some cg > 0.
Since g is monotone, we obtain from (2.18)

/Q (Tt — ] + 9ttn) — gm0} dyp < /Q 1V — Uliody (2.20)

Hence {u,} is a Cauchy sequence in L'(2,dv,). Let n; solve the equation
L= |zt in QF, n=0 on . (2.21)

In the particular case Q = Bj, function 7 (z) = 1 L—lz| verifies

N—1+274 (1))
Lym = |z|7' in Bj,
m =20 on 0B;

(we can always assume that Q C Bjp). As in the proof of [11, Lemma 2.2], for any z¢ € Q there
exists 79 > 0 such that B, (r¢) C Q and for ¢ > 0 small enough wy 4, (z) = t(rg — |z — xo|?) is a
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subsolution of (2.19), hence of (2.21). Therefore 7, exists. Using again the density of C§°(f2) in
HL’O(Q) and integrating on Q \ B, and letting € — 0, we obtain as a variant of (2.20)

/Q <|“n|;|“m| + Jg(un) — g(um)\m> d(x) < /Q]Vn — Ul (2.22)

Hence {u,} is a Cauchy sequence in L'(€, |z|~dv,) with limit u and {g(u,)} is a Cauchy
sequence in L'(Q, pdv,) with limit g(u). Then (2.17) holds. As for (1.28) it is a consequence of
(2.18) and (1.29) is proved similarly. O

3 The subcritical case

In this section as well as in the next one we always assume that N > 3 and p > po, or N = 2
and p > 0, since the case N = 2, y = 0, which necessitates specific tools, has already been
completely treated in [21].

We recall that the set M(Q*;T',) of Radon measures is defined in introduction as the set of
measures in Q* satisfying (1.22), and any positive measure v € MM (Q*;T',) is naturaly extended
by formula (1.23) as a positive measure in . The space M(Q;T,) is the space of measures v
on C.(Q2) such that

v = I/LQ*-f—kiéo, (31)

where v|o-€ M(Q*;T,).

3.1 The linear equation

Lemma 3.1 Ifv € M(Q;T,), then there exists a unique weak solution u € L'(Q, |x|~1dy,) to

Lyu=v in
(3.2)
u=0 on 9.

This solution is denoted by G,[v], and this defines the Green operator of L, in 2 with homoge-
neous Dirichlet conditions.

Proof. By linearity and using the result of [11] on fundamental solution, we can assume that
k=0and v > 0. Let {v,} C L}(Q, pdv,) be a sequence such that v, > 0 and

/ff‘uunda; — /ﬁd(f’uy) forall £ € X,(Q),
Q Q
and by Proposition 2.1, we may let u,, be the unique, nonnegative weak solution of

Lyu, =v, in €,
u, =0  on 0N

with n € N. There holds

/unﬁzfd’yu(x) = /funfud:c forall £ € X,(Q). (3.4)
Q Q
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Then wu,, > 0 and using the function 7; defined in the proof of Theorem A for test function, we
have

Uu
c / Un g — / T pvnda < c|v]laar,), (3.5)
oz Q

which implies that {u,} is bounded in L'(Q, Ldv,(z)).

e
For any e > 0 sufficiently small, set the test function £ in {¢ € X,(Q) : ( =0 in B}, then
we have that

/ unﬁzgd’m(z) = / Evpl'yde forall € € X,(2). (3.6)
O\Bc(0) Q\B(0)

Therefore, for any open sets O, 0’ verifying O C O' € 0" C Q\ B(0), there exists ¢ > 0
independent of n such that

unllzron < ellvllm@r,)-

Note that in Q \ B, the operator L}, is uniformly elliptic and the measure dv,, is equivalent
to the Hausdorff measure dz, then [24, Corollary 2.8] could be applied to obtain that for some
¢ > 0 independent of n but dependent of O’,

cllunllzrony + 17nllL1(@.dy,.)

[unllwrao) <
< cllvll.r,)-

That is, {u,} is uniformly bounded in W,29(€2\ {0}).
As a consequence, by the arbitrary of €, there exist a subsequence, still denoting {u, }» and
u such that
U, — u a.e. in .

Meanwhile, we deduce from Fatou’s lemma,

/udfyu < c/ mI ,dv. (3.7)
Q7] Q

We next claim that u,, — u in L'(Q,|z|7'dy,). Let w C Q2 be a Borel set and 1, be the

solution of . .
Eﬂww = ":U| Xw m Qa (38)
P, =0 on Of).

Then 1, < 11, thus it is uniformly bounded. Assuming that 2 C By, clearly 1), is bounded
from above by the solution ¥, of

* _ -1 :
‘CM\IJUJ - ’ZL’| Xw m B17 (39)
v, =0 on 0B;
and by standard rearrangement, supg, V., < suppg, ¥/, where W, solves
* _ —1 :
ﬁM\I/Z; = |£C’ Be(\w\) m Bl, (3'10)
Ur =0 on 0B,
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1

where €(|w|) = (”%) ~. Then W, is radially decreasing and limy,|_,o ¥y, = 0, uniformly on B.

This implies

li w(@) =0 iformly in Bj.
|w1|r_1>101[) () uniformly in B (3.11)
Using (3.4) with £ = ,,
/ﬁdfm(g;) = /ynl“uwwda: < sup ww/ynfuda; — 0 as |w| — 0.
w ¥ w Q w

Therefore {u,} is uniformly integrable for the measure |z|~*d~,. Letting n — oo in (3.4) implies
the claim. 0

3.2 Dirac masses

We assume that g : R — R is a continuous nondecreasing function such that rg(r) > 0 for all
r € R. The next lemma dealing with problem

(3.12)

Lyu+g(u) =kéy in Q,
u=0 on 0f)

is an extension of [18, Theorem 3.1, Theorem 3.2]. Actually it was quoted in this article as
Remark 3.1 and Remark 3.2 and we give here their proof. Notice also that when N > 3 and
i = pp we give a more complete result that [18, Theorem 3.2].

Lemma 3.2 Let k € R and g : R — R be a continuous nondecreasing function such that
rg(r) > 0 for all r € R. Then problem (3.12) admits a unique solution u := uys, if one of the
following conditions is satisfied:

(i) N > 2, u> up and g satisfies (1.18);
(ii) N >3, u = pg and g satisfies (1.32).

Proof. Without loss of generality we assume Br C 2 C B; for some R € (0,1).
(i) The case > po. It follows from [18, Theorem 3.1] that for any k£ € R there exists a radial
function vy 1 (resp. vy g) defined in B} (resp. Bj,) satisfying

Lyv+gv)=0 in Bf (resp.in Bp), (3.13)
vanishing respectively on dB; and 0Bpg and satisfying

’Uk@(l') T vk,R(:C) _ ﬁ
z—0 <I>H(:E) 20 (I)u(x) a CN' 1

Furthermore g(vg1) € LY(B1,dv,) (vesp. g(vk.r) € L'(Br,dv,)). Assume that k& > 0, then
0 < vg,r < vk, in Bj, and the extension of 0y g by 0 in Q* is a subsolution of (3.13) in * and
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it is still smaller than v, 1 in ©*. By the well known method on super and subsolutions (see e.g.
[26, Theorem 1.4.6]), there exists a function u in Q* satisfying 0y p < u < vy ; in Q* and

L+ g(u)=0 in QF,
0 on 01},

. (3.15)

lim u(z)

z—0 O ( ) C#'

By standard methods in the study of isolated singularities (see e.g. [18], [23], and [14] and [15]
for various extensions)

k
lim 2" Vu(z) = 7 — . (3.16)
z—0 cu |zl

For any € > 0 and £ € X,(Q),
0= / (Lu + g(u))TEda
O\B.

= [ utigdn(@) + (= ) SN EO)(1 + o)
Q\Be Cu

Using (1.12), we obtain
/Q wLEdn, () = KE(0). (3.17)

(ii) The case p = pp. In [18, Theorem 3.2] it is proved that if for some b > 0 there holds
o0 N—2
I:= / g (b7§1\17+2 In t) t72dt < oo, (3.18)
1

(N+2)b
2

then there exists a solution of (1.19) satisfying (1.16) with v = . Actually we claim that

N—2
the finiteness of this integral is independent of the value of b. To see that, set s = t¥+2, then

N +2

I= N—2/1 g(Bslns) s N2 s

with 8 = £2£2b. Set 7 = Bslns, then

Inl 1
Ins(1+—2—04 22 np = Ins=1In7(1+o0(1)) as s— oo.
Ins Ins

We infer that for € > 0 there exists s, > 2 and 7. = s.In s, such that
© _ 2N
/ g(Bslns)s N-2ds

Se

/ g (1) (1117')% T_%dT

< (146877, (3.19)
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which implies the claim. Next we prove as in case (i) the existence of vy 1 (resp. vy gr) defined
in B} (resp. Bj) satisfying

Ly,v+gv) =0 in B (resp.in Bp), (3.20)
vanishing respectively on 9B and 0Bpg and satisfying

lim (@) oy, OeRE@) K (3.21)

=0 @, (xz) 220 D,(2) Cuo

We end the proof as above. ]
Remark. It is important to notice that conditions (1.18) and (1.32) (or equivalently (1.20)) are
also necessary for the existence of radial solutions in a ball, hence their are also necessary for
the existence of non radial solutions of the Dirichlet problem (3.12).

3.3 Measures in Q*

We consider now the problem

{E#u +g(u)=v in Q, (3.22)

u=0 on 0f,
where v € M(Q*;T),).

Lemma 3.1 Let u > po. Assume that g satisfies (1.5) if N > 3 or the 5+(g) defined by (1.6)
satisfy B—(g) < 0 < By(g) if N =2, and let v € M(Q*;T,). If N =2, we assume that v can
be decomposed as v = vy + 3, aj0q; where v, has no atom, the o satisfy (1.7) and {a;} C Q.
Then problem (3.22) admits a unique weak solution.

Proof. We assume first that v > 0 and let ro = dist (z,99). For 0 < o < rg, we set Q7 = Q\{B,}
and v, = vx,, and for 0 < € < o we consider the following problem in {2

Lyu+g(u) =v, in QF,
u=0 on 09, (3.23)
vu=0 on 0B..

Since 0 ¢ Q€ problem (3.23) admits a unique solution w,, . which is smaller than G,[v] and
satisfies
0<upy,c<u,,e in Of forall 0 < € <e and 0 <o’ < o.

For any ¢ € Co (%) and € small enough so that supp (¢) C €, there holds

/Q (UVJ7€£Z£ + Q(Uuo,e)ﬁ) d’Yu = LfrudVg.

There exists u,, = lin% Uy, . and it satisfies the identity
€E—

/ (v £56 + g(un, )€) dry = / (T,dv, forall €€ CHH(QY). (3.24)
Q Q
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Using the maximum principle and Lemma 3.1, there holds
0 <y, <Gulvs] <GV (3.25)

Since v, vanishes in B,, G,[vs|(z) < ¢®,(x) in a neighborhood of 0, and w,, is also bounded
by ¢®, in this neighborhood. This implies that @;1(56)%,0 () = ¢ as & — 0 for some ¢ > 0.

Next let € € C2H(Q),

En(r):{ 9-1 (1+cos(27r0\x|>) if |2 <2,

0 if |z|> ¢
and &, = &4,. Then
/Q (v, £56n + g, )En) dy, = /Q &l udvs. (3.26)

When n — oo,

/fnfudua — /ffﬂdua
Q Q)

/Q(UJ)fnd’Yu — /g(ua)fd%w
Q Q

Now for the first inegral term in (3.26), we have

and

/Q U, LEndry, = /Q Ui L€y, + Ly + 1T, + 111,

where

I, = _/ uangnd’}’m
Bg

2

11, = —2/ ue(VE, Vi) dy,

Bg

and
11, = —T+/ U (s, Vi)

Bg |z|
Using the fact that £(z) — £(0) and V&(xz) — V&(0) we easily infer that I,,, I, and I11, to 0
when n — oo, the most complicated case being the case when p = g, which is the justification
of introducing the explicit cut-off function ¢,,. Therefore (3.24) is still valid if it is assumed that
£e C};’I(Q). This means that u,, is a weak solution of

{ Lyu+g(u) =1, in Q,

(3.27)
u=20 on 0f).

Furthermore u,, is unique and wu,, is a decreasing function of o with limit © when ¢ — 0.
Taking n; as test function, we have

/Q (el + mg(un,)) drs = /Q md () < /Q md (yuv)
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Using monotone convergence theorem we infer that u,, — u in L'(, |z|~dy,) and g(u,,) —
g(uy) in LY(Q,dy,). Hence u = u, is the weak solution of (3.22).

Next we consider a signed measure v = v; — v_. We denote by Uy e, U—p e and u,- . the
solutions of (3.23) in Q€ corresponding to v{, —v? and 17, € respectively. Then

U—po e < Uyo ¢ < Upg e (3.28)

The correspondence € — Uyg e and € — u_,o . are respectively increasing and decreasing. Fur-
thermore u,o . is locally bounded, hence by local compactness and up to a subsequence u, . con-
verges a.e. in B, to some function w,.. Since u_,o ( — u_, and Uyg e = Uyg in LYQ, |z| " dy,),
it follows by Vitali’s theorem that u,e . — uye in L1(Q,|z|7'dy,). Similarly, using the mono-
tonicity of g, g(uyes ) — g(upe) in LY(Q,dv,). By local compactness, u,e — u a.e. in .
Using the same argument of uniform integrability, we have that u,e — u in L*(Q,|2z|~'dv,) and
g(uye) = g(u) in L' (Q, dv,) when o — 0 and u satisfies

/Q (ulr &+ g(u)€) dyy, = /Q ¢d(dy,v) for any ¢ € CLH(Q¥). (3.29)

Finally the singularity at 0 is removable by the same argument as above which implies that u
solves (3.29) and thus u = u, is the weak solution of (3.22). O
3.4 Proof of Theorem B

The idea is to glue altogether two solutions one with the Dirac mass and the other with the
measure in %, this is the reason why the weak Ay condition is introduced.

Lemma 3.3 Let v = v|g«+kdy € M4 (2 T,) and o > 0. We assume that v|og«(B,) = 0. Then
there exists a unique weak solution to (1.3).

Proof. Set v, = v|qg+. It has support in , = Q\ B,. For 0 < € < o we consider the approximate
problem in Q¢ = Q\ B,

Lou+g(u) = vy in QF,
u=0 on 01, (3.30)
U = Uk, on 8B5,

where wuyg, is the solution of problem (3.12) obtained in Lemma 3.2. It follows from [24, Theorem
3.7] that problem (3.30) admits a unique weak solution denoted by U, ., thanks to the fact that
the operator is not singular in °. We recall that u,, . is the solution of (3.23) and G,[dy] the
fundamental solution in €. Then

max{Ursy, Uv, et < Upye < Uy, +kGy[do] in QF. (3.31)

Furthermore one has U,, . < U, ¢ in Q°, for 0 < ¢ < e. Since u,, < u, and both kG,[d] and

u, belong to LY(, |x|~1dy,), then it follows by the monotone convergence theorem that U,
converges in L(€, |z|7*dy,) and almost everywhere to some function U,, € L'(, |z|~ dv,).
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Since I';, is a supersolution for equation £,u + g(u) = 0 in By, for 0 < ¢y < o there exists
cs := cg(€p, o) > 0 such that

Uy, () < cglz|™ forall z € B,.

For any 6 > 0, there exists € such that u,, () < 0G,[0p](x) in Be,. Hence u,, + kG,[dp] <
(k4 0)G,[0o] in Be,, which implies

g(ng,e) < g((k‘ + 5)GH[50]) in Beo \Ee (3'32)

and

1
/g((k—iré)Gu[cSo])d%(x)g/ g<kc+j\x|r_)|x|f+dx:|szv1,/ gkt N1 gy
Q 0

Bl (o.9] _2+l o0 1 N
= - = —iTPu
09A+59(t)t 09/c+59(t)t mdt
cu Cu
< 00.

Now, using the local As-condition,with a’ = %66’, we see that

g(Uy, ) < g(uy, + feo ) < K(ad') ( (uy, ) + g(a’)) in Q. (3.33)

From (3.32) and (3.33) we infer that g(U,, ) is bounded in L'(Q€, dv,) independently of . If
€ € CH1(Q%), we have for € > 0 small enough so that supp (£) C Q€

[ Wi+ 9(0,.06) = [ €8s
Q Q
and letting ¢ — 0 we obtain that
[ Wetis 4 9(0,)6) = [ €T (3:34)

Let £ € Ccl’l(ﬁ) and 7, € CH1(RY) a nonnegative cut-off function such that 0 <n, < 1,7, =1
in BS, n, =0 in Bi, and choose £, for test function. Then

n

/( U, Herg( Va)nnf) dvu — /UuaAnd'Yu :/fnnrudya (3.35)
Q Q Q
with
An = AN, + 2(Vin, VE) + 27.6(Vn, 1) (3.36)
Clearly
T [ U €56 + 00 0u6) v, = [ (U 36+ 9(U.,))
and

lim §nnF dv, = /fI’MdVU.
Q

n—oo
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We take
b deos(nr(r—1)) i i<r<?,
N(r) =4 0 if r< %,
. 2
1 lf r > e
Then

n2m? 1 nt N —1+27, | 1
A, = cos|\nm|{r—— +————sm|(nw|(r—— .
2 n 2 T n

Letting € — 0 in (3.31), we have

Uy, (z) = kG,[00](z)(1 + o(1)) = CE\:UV*(I +o0(1)) as r — 0.

n
Hence 2|V g

Jggo QU,,aAndfyH = o = k. (3.37)
This implies that U,, is the solution of (1.3) with v replaced by v, + kdo. O

Lemma 3.4 Let v = v|g«+kdy € M4 (;T,). Then there exists a unique weak solution to

(1.3).

Proof. Following the notations of Lemma 3.3, we set v, = XBUVLQ* and denote by U, the
solution of

Lyu+g(u) =v, + kd in €,
iz g(u) 0 (3.38)
u=20 on 0f2.
It is a positive function and there holds
max{upsy, Uy, } < Uy, <y, + kG,[00] in Q. (3.39)

Since the mapping o — U, is decreasing, then there exists U = lin%) U,, and U satisfies (3.39).
o—

As a consequence U,, — U in L'(, |z|dy,) as ¢ — 0. We take n; for test function in the
weak formulation of (3.39), then

/Q (|2 Uy, + mg(Us,)) dry = /Q T udvy + ki1 (0).

By the monotone convergence theorem we obtain the identity

/ (2|70 + mg(U)) dry = / (v oe) + Em(0) = / md(yuv),
Q Q Q

and the fact that g(U,,) — ¢(U) in L*(Q, pdv,). Going to the limit as o — 0 in the weak

formulation of (3.38), we infer that U = u, is the solution of (1.3). O
Proof of Theorem B. Assume v = v|q++kdy € M(Q;T,,) satisfies k > 0 and let vy = vy [g«+kdo
and v_ = v_|g- the positive and the negative part of v. We denote by w,, and u_,_ the weak

solutions of (1.3) with respective data v, and —v_. For 0 < e < o such that B, C Q, we set
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Vg = XBUI/LQ*, with positive and negative part v,4 and v, and denote by U,,, ., Uy, _ . and
Uy, e the respective solutions of

Lyu+ g(u) =vey in QF,

u=0 on 09, (3.40)
U = Ugs, on JB.,
Lou+g(u) =—vo_ in Q°, (3.41)
u=20 on 02 U 0B,
and
Lyu+g(u) =vy in Q°
u=0 on 0N (3.42)
U = Ugs, on 0B,
Then
Uvpoe SUppe Uy, e (3.43)

Furthermore U, , . satisfies (3.31) and, in coherence with the notations of Lemma 3.1 with v,
replaced by —v,_
Uy, < U—ng,e = U-py_e- (3.44)

By compactness, {U,, ; }¢; converges almost everywhere in Q to some function U for some
sequence {¢;} converging to 0. Moreover U, ., converges to U, in L'(Q,|z| 'dy,) because
Upyie = Uy, +ks and u_p, ¢ — u_y, _ in LY, |z["'dy,) by Lemma 3.1 and (3.43) holds.
Similarly g(U,,.,;) converges to g(U) in L*(, pdv,). This implies that U satisfies

/ (UL + g(U)E) dy, = / (T,dv, for all € € CH(Q).
Q Q

In order to use test functions in Cf ’1(5), we proceed as in the proof of Lemma 3.3, using the
inequality (derived from (3.43)) and the

U—p,_ < Ul/g < Uy, +kbo - (345)
By (3.33), uy,, +ks, () = kG [00](x)(1 4 o(1)) when x — 0 and u_,,_ = o(G[dg]) near 0. This
implies U,, () = kG,[6 ]( )( +0(1)) as  — 0 and we conclude as in the proof of Lemma 3.3

that u = Uy, +kdg -
At end we let 0 — 0. Up to a sequence {o;} converging to 0 such that Uy +kdy U almost
everywhere and

u—y <UL Uy +kéo- (346>

Since by Lemma 3.4, u,,, 15, — Up, ks, i LY(9, |x\_1d’m) and g(uy,  +ks) = 9(Uu, 4ks,) D
LY(Q, pd,), we infer that the convergences of Uy, sy — U and g(uygj+k50) — ¢(U) occur
respectively in the same space, therefore U = u,4xs,, it is the weak solution of (1.3). O

Remark. In the course of the proof we have used the following result which is independent of
any assumption on g but for the monotonicity: If {v,} C M, (Q;T,) is an increasing sequence
of g-good measures converging to a measure v € M, (Q; I',,), then v is a g-good measure, {u,, }
converges to u, in L'(Q,|z|"'dy,) and {g(u,, )} converges to g(u,) in L*(Q, pdv,).
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3.5 Proof of Theorem C

The construction of a solution is essentially similar to the one of Theorem B, the only modifi-
cations lies in Lemma 3.3. Estimate (3.31) remains valid with

Uks, () = Bl 1||x] 7 In|z| 114 o(1)) = kG,[00)(z)(1+0(1)) as x — 0. (3.47)

Since uy, (z) < c|xl%, (3.32) holds with 6 > 0 arbitrarily small. Next

o+ 016, ) < [ o (it lal*3 el 1) o1 F o
= |SN- 1|/ |SN 1|T23 Inr~ 1) r7 dr
—010/ g(tlnt)t™ Nz < 00,

by (3.19) and (1.32). The end of the proof for Theorem C is similar to the one of Theorem B.
O

Proof of Corollary D. If g(r) = gp(r) = |r[P~r, p > 1, the existence of a solution with v = kdy
is obtained if

o0

o _ 2N N+2
/ (tP — [t|P)tPr=dt < oo if pu > po and / (tP — tP)t" N2 (Int)N—2dt < oo if u = po.
1 1

In both case p < p,,. If k= 0 and v|[o+# 0, the existence is ensured if (1.5) holds, hence
p < 325. Assertion (iii) follows. O

4 The supercritical case

4.1 Reduced measures

The notion of reduced measures introduced by Brezis, Marcus and Ponce [7] turned out to be
a useful tool in the construction of solutions in a measure framework. We will develop only the
aspect needed for the proof of theorem E. If k£ € N, we set

min{g(r), g(k)} if r>0,
gr(r) =

max{g(r),g(—k)} if »>0. (1)

Since g, satisfies (1.31) and (1.32), for any v € M (;T,) there exists a unique weak solution
U = Uy, of

Lou+ gp(u) =v in €,

{ I gk( ) (4.2)

u=20 on 0f2.
Furthermore, from the proof of Lemma 3.4 and Kato’s type estimates Proposition 2.1 we have

that
0<up, p <t k forall ¥ > k> 0. (4.3)
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Proposition 4.1 Let v € M, (4 T,). Then the sequence of weak solutions {u,;} of

Lyu+gp(u)=v in Q, (4.4)
u=0 on 0f2

decreases and converges, when k — 00, to some nonnegative function u and there exists a
measure v* € M (;T,) such that 0 < v* < v and u = uy~.

Proof. The proof is similar to the one of [7, Prop. 4.1]. Observe that u,j | v* and the sequence
{u,x} is uniformly integrable in L'(€2, |z|~*d~,). By Fatou’s lemma u satisfies

/ (" L56 + g(u)€) dyu(z) < / €d(T,w) forall € € Xu(Q), €= 0, (4.5)
Q Q

Hence u* is a subsolution of (1.3) and by construction it is the largest of all nonnegative subso-
lutions. The mapping

= /Q (u*ﬁzg +g(u*)§) dyu(z) forall £ € C°(Q),

is a positive distribution, hence a measure v*, called the reduced measure of v. It satisfies
0<v*<vandu* =u,~. O

Lemma 4.2 Let v,v/ € M (;0,). If v/ <v and v = v*, then V' = V.
Proof. Let u, j, be the weak solution of the truncated equation

{ Lou+ gp(u) =1 in Q,

(4.6)
u=2~0 on Of).

Then 0 < u, , < uy . By Proposition 4.1, we know that w, j | uy» = u, and w, ;| v'* a.e. in
LY(Q,|z|tdy,) and then
Eu(uu,k - uu) + gk(uu,k) - gk(uu) = g(uu) - gk(ul/)v
hence, by Proposition 2.1,
[ s = wplal o+ [ o) = gl mdy, < [ Jat) = gut)

By the increasing monotonicity of mapping k — gi(u,), we have gx(u,) — g(u,) in LY($, pdr,,)
as k — 400, hence

/Q (91 (1) — 9w Iy < 2 /Q 19(w) — gilu)Imdy — 0 as n — oc.

Because g (u), ) < gr(uy i) it follows by Vitali’s convergence theorem that gy (u, ;) — g(u™) in
LY(Q, pdry,). Using the weak formulation of (4.6), we infer that u* verifies

/ (W™ L€+ g(u™)E) dry, = /fd(’}/ul/,) for all £ € X,(2).
Q Q

This yields u* = u,. O

The next result follows from Lemma 4.2.
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Lemma 4.3 Assume that v = v|g«+kdy € M4 (4 T,), then v* = v*|q-+k*6 € ML (O T,)
with v* | g«< v|q+ and k* < k. More precisely,

(i) If p > po and g satisfies (1.31), then k = k*.

(i) If i = po and g satisfies (1.32), then k = k*.

(i) If pn > po (resp. p = o) and g does not satisfy (1.18) (resp. (1.32)), then k* = 0.

The next result is useful in applications.
Corollary 4.1 If v € M, (Q; I'y), then v* is the largest g-good measure smaller or equal to v.

Proof. Let A € M, (Q; I'y) be a g-good measure, A < v. Then \* = A < v*. Since v* is a g-good
measure the result follows. O

Proof of Theorem E. Assume that v > 0. By Lemma 4.2 and Remark at the end of Section 3.5
the following assertions are equivalent:
(i) v is gp-good.
(ii) For any o > 0, v, = Xpe V is gp-good.

If v, is good, then wu,, satisfies

—Auy, +ub =v, — Wuya in D'(Q") (4.7)

and since u,, (z) < clz|™ if |z| < § (4.7) holds in D'(€2). This implies that v € LP(2) and
|z| 2w, € LO‘(B%) for any a < ﬁ Using [1] the measure v, is absolutely continuous
with respect to the ¢y -Bessel capacity. If £ C €2 is a Borel set such that ¢y, (E) = 0, then
cop (ENBS) =0, hence v(E N BS) = v,(E N BS) = 0. By the monotone convergence theorem
v(E) =0.

Conversely, if v is nonnegative and absolutely continuous with respect to the cy,/-Bessel
capacity, then so is v, = x sV For 0 < e < § we consider the problem

—Au+Lu+u”:1/(, in Q°:=Q\ B,

||
u =20 on 0Bk, (4.8)
u=~0 on Of).

Since # is bounded in Q¢ and v, is absolutely continuous with respect to the ¢y, capacity
there exists a solution u,, . thanks to [1], unique by monotonicity. Now the mapping € — u,, .
is decreasing. We use the method developed in Lemma 3.1, when € — 0, we know that u,, ¢
increase to some u, which is dominated by G[v,| and satisfies

|z|? (4.9)

—Au%—Lu—i—u]":yc7 in Q%
u =0 on 0f2.

Because u, < G[vo] and vy = 0 in By, there holds u(z) < ¢j;I'y(z) in Bg, and then u, is a
solution in ? and u = u,,,. Letting ¢ — 0, we conclude as in Lemma 3.1 that w,_ converges to
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u,, which is the weak solution of

EE (4.10)

—Au—l—iujtup:y in Q,
u=0 on 0f.

If v is a signed measure absolutely continuous with respect to the ¢ ,/-capacity, so are v, and
v—. Hence there exists solutions wu,, and w,_. For 0 < e < § we construct w,, . with the
property that —u_,__ . <y, e < Uy, e, welet € — 0 and derive the existence of u,, which is
eventually the weak solution of

M -1 : *
—Au+ —su+ [ufPTru=vp, in Q*,
{ |z |2 o 7 (4.11)

u=0 on 0f2,

and satisfies —u_,_, <u,, <wuy, . Letting o — 0 we then derive that u = lin%) Uy, satisfies
o—r

|2 (4.12)

Aut+ Lot lulP~lu=v in QF,
u=0 on Jf.

Hence v = u,, and v is a good solution. O

Proof of Theorem F. Part 1. Without loss of generality we can assume that ) is a bounded
smooth domain. Let K C € be compact. If 0 € K and p < pj, there exists a solution ugs,,
hence K is not removable. If 0 ¢ K and cyp,(K) > 0, there exists a capacitary measure
v € W=2P(Q) N M (Q) with support in K. This measure is g,-good by Theorem E, hence K
is not removable.

Part 2. Conversely we first assume that 0 ¢ K. Then there exists a subdomain D C 2 such
that 0 ¢ D and K C D. Hence a solution u of (1.34) is also a solution of

—Au + ﬁu +|uftu=0 in D\K
x
and the coeflicient # is uniformly bounded in D. By [1, Theorem 3.1] it can be extended as a

C? solution of the same equation in €. Hence K is removable if ¢z, (K) = 0.

If 0 € K we have to assume at least p > p), in order that 0 is removable and p > pg in order
there exists non-empty set with zero cp ,/-capacity. Let ¢ € o 1(Q) with 0 < ¢ < 1, vanishing
in a compact neighborhood D of K. Since 0 ¢ Q \ D, we first consider the case where wu is
nonnegative and satisfies in the usual sense

“Au+ Pt wP =0 in Q\D.
||

Taking (%' for test function, we get

/ / 2p, /
—2p’/ uC?? YACdx — 2p' (29 — 1)/ug2p V¢ |Pdr + u/ “C—2da: + /&P uPdx = 0.
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There holds

1

2p'—1 20" p % o p I
‘/Quc Aldz| < </Q§ u da:) (/Q\AQ ¢ d:1:> ,
0< /ngzp’—2\vg\2d:c < (/Q@P’upda;y (/yvq?P da:) :

<‘2p , C2p ?
o< [ = (o) </ o7 > |

By standard estimates and Gagliardo-Nirenberg inequality (and since 0 < ¢ < 1),

=

and

1
( / |A<|p’<p’)p < culClhya

1

, rd
( [1we daz) < cuallChyan.

Finally, if p > pg := %, then 2p’ < N which implies that there exists c¢13 independent of ¢
(with value in [0,1]) such that

and

L 1

<2p’ v dx »’ )
(/Q|x2p'dx> < (/Bl|1132p'> ‘= C13.
= </(2p updm>

XP— (2 (2" — 1)erz — Plerz) [IK Iy X <0 (4.13)

Next we set

and we obtain if 4 > 0, if p > pg

and if p < 0if p > pg

XP — ((2p’(2p' — 1Deyg — p’clg) 1<l — clg,u) X <O0. (4.14)

However, the condition p > pg is ensured when p < 0 since p > p; > po. We consider a sequence
{n.} € S(RY) such that 0 < n,, < 1, 7, = 0 on a neighborhood of K and such that |7, ||;y2,, — 0
when n — oco. Such a sequence exists by [19] result since ¢y, (K) = 0. Let £ € C§°(£2) such
that 0 < £ < 1 and with value 1 in a neighborhood of K. We take ¢ := (, = (1 — n,,){ in the
above estimates. Letting n — oo, then ¢, — & in W2 and finally

p—1

Xl = 2 0pde ) T < (202 — Deys — / » 4.15
Qé uPdx < (20'(20" — Derg — pler) €l + crap—; (4.15)
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under the condition that p > pg if 4 < 0, in which case there also holds

uC?p
/Q |x‘2 dx < 013X (416)

However the condition p > pg is not necessary in order the left-hand side of (4.16) be bounded,
since we have

u¢?

o ——dz + XP < (2 (2p' — 1)c12 — P'er2) [[< o X, (4.17)

and X is bounded.
Next we take ¢ := (¢, = (1 — n,,)¢ for test function in (1.34) and get

—/ (1 = mp)AE — EANy, — 2(Vnp, VE) ) udz + 1 Tz |2dx+/Cnupdx—0
Q

Since

/u{Anndw < (/upfdx) ’ M llyy2er — 0 as n— oo
Q Q
and

1
P
< ( / up|vg|dx) IVl mmll e as 7 = 0,

/ WV, V) da
Q

then we conclude that u satisfies

. / uAEdz + 1 / u—ida: n / ¢uPda = 0, (4.18)
0 alzl Q

which proves that u satisfies the equation in the sense of distributions. By standard regularity
u is C? in Q*, and by the maximum principle u(z) < c14T,(z) in B,, C Q. Integrating by part
as in the proof of Lemma 3.2 we obtain that u satisfies

/Q (u£*§ + &uP) dyu(x) = 0 for every € € X,(Q). (4.19)

Finally, if u is a signed solution, then |u| is a subsolution. For € > 0 we set K. = {z € RV :
dist (z, K) < €}. If € is small enough K. C . Let v := v, be the solution of

—A’U—{—WU—{—UP—O in 2\ K,
v = |ul|ak. on 0K, (4.20)
v = |ulan on 09.

Then |u| < ve. Furthermore, by Keller-Osserman estimate as in [18], there holds

ve(x) < epsdist (a:,KE)_% forall x € Q\ K., (4.21)

where c14 > 0 depends on N, p and p. Using local regularity theory and the Arzela—:Ascoli
theorem, there exists a sequence {¢,} converging to 0 an a function v € C?(Q\ K)NC(Q\ K)
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such that {v.,} converges to v locally uniformly in Q\ K and in the C?_(Q2\ K)-topology. This
implies that v is a positive solution of (1.34) in Q \ K. Hence it is a solution in Q. This implies
that v € LP(Q) and |u(z)| < v(z) < cual’y(z) in *. We conclude as in the nonnegative case
that u is a weak solution in (). 0
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